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Abstract

This thesis compares control strategies for synchronous reluctance motors (Syn-

RMs), a machine technology of growing industrial relevance. Being free of rare-

earth materials, SynRMs avoid the supply-chain constraints and the environmental

and economic burden associated with rare-earth extraction, which is confined to a

limited number of sites worldwide. These advantages, however, come at the cost of

a more demanding control problem: the absence of permanent-magnet excitation,

together with pronounced magnetic saturation and cross-coupling between the axes,

makes the machine model strongly nonlinear and parameter-dependent over the op-

erating range.

Against this background, the thesis examines the proportional-integral (PI) reg-

ulator, still the reference solution in industrial drives, alongside two strategies of

current research interest: predictive control and incremental nonlinear dynamic in-

version (INDI). The latter, originally developed for fixed-wing flight control, con-

stitutes the main contribution of this work. Its incremental formulation relies on

measured or estimated derivatives of the state rather than on a complete model of

the plant, which limits the sensitivity to parameter mismatch that typically affects

model-based schemes applied to SynRM drives. All strategies are formulated in

the dq reference frame and first assessed in simulation under comparable operating

conditions.

The experimental implementation of the PI and INDI controllers is then de-

scribed in detail, from the discrete-time formulation to the tuning procedure adopted

on the test bench, providing a direct comparison between the state of the art and

the proposed approach. The measured responses confirm the advantages of INDI in

terms of tuning effort and dynamic performance, consistently with the preliminary

simulation study.
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1 Introduction

1 Introduction

In the current geopolitical context, characterised by growing instability in the

supply of strategic raw materials [1] and by an increasingly intense global technologi-

cal competition, the energy transition and the decarbonisation of industrial systems have

placed the efficiency of electrical machines and power electronic converters at the centre

of the debate [2]. Among electrical machines, synchronous reluctance motors (SynRM)

represent a valid alternative to induction motors and permanent magnet synchronous mo-

tors, being able to achieve good performance without the use of rare earth elements in

their construction. The European Commission, through the Directorate-General for Inter-

nal Market, Industry, Entrepreneurship and SMEs (DG GROW), periodically publishes

the Study on the Critical Raw Materials, which lists the raw materials deemed critical for

the European market and highlights the need to reduce strategic dependencies. According

to this study, China is by far the main supplier of rare earth elements to the European

Union. Europe imports 85% of its Neodymium (Nd) from China, one of the key elements

used in the production of permanent magnet motors [1]. Referring to the Table 1, the

rationale behind European Union Regulation 1252/2024, which aims to promote the de-

velopment of new technologies that lower the use of the aforementioned critical materials,

becomes evident. Annex II of the same regulation lists the materials considered critical

by the European Union, including some of the materials used in the construction of per-

manent magnets. Synchronous reluctance motors meet the need to reduce risks related to

the availability of critical materials and certainly offer competitive performance in terms

of energy savings. This context stimulate the objective of the thesis: to establish which

control strategy for synchronous reluctance motors is the most reliable and robust in in-

dustrial operation, and which delivers the best dynamic performance in tracking assigned

torque and speed references. To attempt to provide a possible answer to these questions,

four control strategies are presented: classic PI control, which represents the state of the

art in today’s industry; model-based predictive control; model-free predictive control; and

INDI control, which represents the novelties in control strategies for electric drives.
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1 Introduction

Table 1: Major global supplier countries of Critical Raw Materials – EU 2023. Source: European Com-
mission, DG GROW [1].

# Material St. Supplier Share

1 aluminium E Australia 28%

2 antimony E China 56%

3 arsenic P China 44%

4 baryte E China 32%

5 beryllium E USA 67%

6 bismuth P China 70%

7 boron E Turkiye 48%

8 cerium P China 85%

9 cobalt E DRC 63%

10 coking coal E China 53%

11 copper E Chile 28%

12 dysprosium P China 100%

13 erbium P China 100%

14 europium P China 100%

15 feldspar E Turkiye 32%

16 fluorspar E China 56%

17 gadolinium P China 100%

18 gallium P China 94%

19 germanium P China 83%

20 hafnium P France 49%

21 helium P USA 56%

22 holmium P China 100%

23 iridium P S. Africa 93%

24 lanthanum P China 85%

25 lithium P China 56%

26 lutetium P China 100%

27 magnesium P China 91%

28 manganese E S. Africa 29%

# Material St. Supplier Share

29 natural graphite E China 67%

30 neodymium P China 85%

31 niobium P Brazil 92%

32 nickel P China 33%

33 palladium P Russia 40%

34 phosphate rock E China 48%

35 phosphorus P China 79%

36 platinum P S. Africa 71%

37 praseodymium P China 85%

38 rhodium P S. Africa 81%

39 ruthenium P S. Africa 94%

40 samarium P China 85%

41 scandium P China 67%

42 silicon metal P China 76%

43 strontium E Iran 37%

44 tantalum E DRC 35%

45 terbium P China 100%

46 thulium P China 100%

47 titanium metal P China 43%

48 tungsten P China 86%

49 vanadium E China 62%

50 ytterbium P China 100%

51 yttrium P China 100%

Grouped materials

HREEs P China 100%

LREEs P China 85%

PGMs§ P S. Africa 75%

PGMs (Pd) P Russia 40%
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1 Introduction

Legend: E = Extraction stage; P = Processing stage.

HREEs: Dysprosium, erbium, europium, gadolinium, holmium, lutetium, terbium, thulium,

ytterbium, yttrium.

LREEs: Cerium, lanthanum, neodymium, praseodymium, samarium.

PGMs: Iridium, palladium, platinum, rhodium, ruthenium.

Comparing the different strategies required breaking the work down into three

successive phases. In the first phase, a study of the proposed control strategies was con-

ducted by reviewing previous publications on electrical drives, power electronics, and

advanced electrical drives. This study provided the mathematical foundations, design pa-

rameters, and potential critical issues for each of the presented models. In the second

phase, the models were implemented and simulated in a Matlab, Simulink environment

using a synchronous reluctance motor model with flux mapping and complete inductances

experimentally derived from previous studies conducted at the University of Nottingham.

The simulations were compared under nominal speed conditions and under field weaken-

ing with variable load.

In the experimental phase, a state of art PI control and a INDI techniques will be tested.

The following thesis is organized as follows.

Chapter 2 presents PMSM motors, laying the foundation for understanding synchronous

reluctance motors. Furthermore, the choice to present this type of motor is linked to the

fact that in the experimental phase, a motor of this type was used to simulate a variable

load, imposing a speed reference equal to zero and varying the torque limits.

Chapter 3 instead presents the synchronous reluctance motor under examination.

Chapter 4 presents the control strategies of PI (proportional-integral control), MB-PC

(model-based predictive control), MF-PC (model-free predictive control) with ultra-local

strategy and RLS (recursive least square) parameter search, and finally INDI (incremental

non-linear dynamic inversion) control.

The chapter 5 shows the implementation steps in the Matlab/Simulink environment, and

the related simulation results for all four controls. Chapter 6 presents the final experi-

mental section, which shows the setup, implementation, and experimental results.

The final results and conclusions are reported in chapter 7, which attempts to answer the

questions posed at the beginning of the thesis.
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2 Permanent Magnet Synchronous Motor

2 Permanent Magnet Synchronous Motor

The discussion of some concepts related to the SPM (Surface Permanent Mag-

net) motor is justified for two reasons. First, this type of machine will be recalled in the

experimental chapter of the thesis, which is part of the simulation bench, and specifically,

it will be used as a prime mover, while the SynRM motor will ack as a brake, Explor-

ing its working area. Second, the development of PI control, the first of the four control

strategies implemented and compared in this work, originated precisely from the perma-

nent magnet motor, before being subsequently extended and adapted to the synchronous

reluctance motor (SynRM), the main focus of this thesis.

Synchronous motors are able to deliver torque only at the synchronous speed

(linked to the supply frequency). Thanks to power electronics and sensors, it is possible

to vary the supply frequency and consequently the speed [3, 4]:

ωm = ωel
pp with ωel = 2π f ,

Where pp is the pole pairs of the motor. From a construction point of view, sinusoidal-

powered synchronous motors can be divided into two families based on the arrangement

of the permanent magnets in the rotor [5, 6]. The magnetic behaviour of the rotor is de-

scribed by the inductances seen along two orthogonal directions of the rotor reference

frame: the direct axis d, aligned with the direction of highest permeance, and the quadra-

ture axis q, displaced by ninety electrical degrees from it. The corresponding inductances

Ld and Lq relate the flux linkages to the currents flowing along the two axes [4, 7],

ψd = Ld id , ψq = Lq iq,

and their ratio quantifies the magnetic anisotropy of the rotor. When the two values are

the same the rotor is magnetically isotropic, and the reluctance seen by the stator field

does not depend on the rotor position; when they differ, the rotor tends to align with the

stator field, and this tendency produces a torque contribution of its own.

In surface-mounted permanent magnet motors (SPM), the magnets are glued or

wrapped to the external surface of the rotor, with the magnets facing directly into the air

gap.
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2 Permanent Magnet Synchronous Motor

This solution is constructively simple and guarantees a magnetically uniform air gap.

The permeability of the magnets is close to that of air, therefore the machine is substan-

tially isotropic [6, 8]

Ld ≈ Lq

The torque produced is exclusively magnetic and proportional to iq, with an optimal con-

trol strategy at id = 0 [7, 5].

In internal magnet motors (interior permanent magnet IPM), the magnets are inserted

inside the rotor core in seats made in the laminations. This configuration introduces a

significant magnetic anisotropy [9]

Ld ̸= Lq with Ld < Lq

which adds an additional torque contribution according to the equation shown in the chap-

ter 3.

Cm =
3
2

pp
[︁
ψpm iq +(Ld−Lq) id iq

]︁
(1)

To exploit both contributions, it is necessary to inject a contribution of id < 0 by identify-

ing the optimal point on the torque curve while minimizing the absorbed current [9, 10].

Thanks to their construction features, IPM motors offer greater robustness as the magnets

are immersed in the core, while SPM motors have the magnets glued or bandaged to the

surface [9, 8].

Below, an SPM motor will be used to apply a resistive torque to the SynRM motor under

test.

However, typical applications for these motors are in axis motion and robotics, where

frequent starts, stops, and reverse motion require a fast response that is sufficiently high-

performance even under variable load conditions. These motors are more expensive than

traditional induction motors, but they have nevertheless found widespread use in CNC

machine tools, industrial automation, robotics, and light traction applications [5, 3].

As mentioned, brushless motors use permanent magnets installed surface-mounted or im-

mersed in the rotor, which inevitably increases costs.
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2 Permanent Magnet Synchronous Motor 2.1 Motor Model

The main advantages of this type of motor include: smaller size for the same torque

compared to traditional induction motors high dynamic performance. Losses due to the

Joule effect are limited to the stator winding, while hysteresis and eddy current losses

can occur both in the stator body and in the rotor, in addition to mechanical losses due

to friction and ventilation [8]. The efficiency of this type of machine remains very high.

The main disadvantage, however, is the essential use of power electronics and associated

sensors [3].

2.1 Motor Model

The stator voltage equations in the three-phase reference system abc are [4, 5]:

Va = Rsia +
dψa

dt
(2)

Vb = Rsib +
dψb

dt
(3)

Vc = Rsic +
dψc

dt
(4)

J
dωm

dt
=Cm−Cr (5)

Where J is the moment of inertia, Cm the driving torque and Cr the resisting torque [11].

The linked fluxes of each phase include both the contribution of the stator currents through

the self and mutual inductances, and the flux produced by the permanent magnets [7, 4]:

ψa = La(θ)ia +Mab(θ)ib +Mac(θ)ic +ψpm,a(θ) (6)

ψb = Lb(θ)ib +Mba(θ)ia +Mbc(θ)ic +ψpm,b(θ) (7)

ψc = Lc(θ)ic +Mca(θ)ia +Mcb(θ)ib +ψpm,c(θ) (8)

Where ψpm,a(θ), ψpm,b(θ), ψpm,c(θ) are the flux linkages due to the rotor permanent

magnets on each stator phase, periodic functions of the rotor position θ . The stator equa-
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2 Permanent Magnet Synchronous Motor 2.1 Motor Model

tions can then be rewritten in compact form:

[Vs] = [Rs][Is]+
d
dt
[M(θ)][Is]+

d
dt
[Ψpm(θ)] (9)

Developing the time derivatives and applying the rule d
dt = ω

d
dθ

, we obtain for phase a:

Va = Rsia +ω
dLa(θ)

dθ
ia +ω

dMab(θ)

dθ
ib +ω

dMac(θ)

dθ
ic

+La(θ)
dia
dt

+Mab(θ)
dib
dt

+Mac(θ)
dic
dt

+ω
dψpm,a(θ)

dθ
(10)

with ωm = ω/pp mechanical speed of the rotor. The last term ω
dψpm,a

dθ
represents the

back-EMF induced by the rotating permanent magnet flux on phase a [5]. The stator

equations can be written in compact matrix form as:

[Vs] = [Rs][Is]+ω
d[L(θ)]

dθ
[Is]+ [L(θ)]

d[Is]

dt
+ω

d[Ψpm(θ)]

dθ
(11)

By multiplying scalarly by [Is]
T we obtain the power balance:

[Is]
T [Vs] = [Is]

T [Rs][Is]+ω[Is]
T d[L(θ)]

dθ
[Is]+ [Is]

T [L(θ)]
d[Is]

dt
+ω[Is]

T d[Ψpm(θ)]

dθ
(12)

Defining the magnetic energy stored in the system as [12]:

Em =
1
2
[Is]

T [L(θ)][Is] (13)

and computing its time derivative:

d
dt

Em =
d
dt
[Is]

T [L(θ)][Is]+
1
2
[Is]

T d[L(θ)]
dt

[Is] (14)

The mechanical power developed by the machine is:

Pm =
ω

2
[Is]

T d[L(θ)]
dθ

[Is]+ω[Is]
T d[Ψpm(θ)]

dθ
(15)

7



2 Permanent Magnet Synchronous Motor 2.1 Motor Model

and the electromagnetic torque in the abc system [12, 4]:

Cm =
pp

2
[Is]

T d[L(θ)]
dθ

[Is]+ pp[Is]
T d[Ψpm(θ)]

dθ
(16)

The torque now has two contributions: a reluctance term dependent on the inductance

variation with rotor position, and a magnetic term due to the interaction between stator

currents and the permanent magnet flux linkage. In surface-mounted PMSM (SPM), the

rotor is magnetically isotropic (Ld ≈ Lq), so the reluctance term vanishes and only the

magnetic term contributes to torque. In interior PMSM (IPM), both terms are present [9].

To simplify the analysis, we apply the Park transformation [T (θ)] [13, 4] which transfers

the quantities to the rotating reference frame attached to the rotor. The inductance matrix

in the abc system, periodic in θ , becomes constant in the dq0 system, and the permanent

magnet flux linkage vector becomes constant:

[Ψpm,dq0] = [T (θ)][Ψpm,abc(θ)] =

⎡⎢⎢⎢⎢⎢⎣
ψpm

0

0

⎤⎥⎥⎥⎥⎥⎦ (17)

where ψpm is the total flux linkage amplitude produced by the permanent magnets, aligned

with the d-axis by definition of the Park reference frame [7]. With Labc equal to [4, 14]:

⎡⎢⎢⎢⎢⎢⎢⎢⎣

L0 +L1−L2 cos(2θ) −L1

2
−L2 cos

(︃
2θ − 2π

3

)︃
−L1

2
−L2 cos

(︃
2θ − 4π

3

)︃
−L1

2
−L2 cos

(︃
2θ − 2π

3

)︃
L0 +L1−L2 cos

(︃
2θ − 4π

3

)︃
−L1

2
−L2 cos(2θ)

−L1

2
−L2 cos

(︃
2θ − 4π

3

)︃
−L1

2
−L2 cos(2θ) L0 +L1−L2 cos

(︃
2θ +

4π

3

)︃

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(18)

8



2 Permanent Magnet Synchronous Motor 2.1 Motor Model

and the Park transformation matrix [T (θ)]:

[T (θ)] =

⎡⎢⎢⎢⎢⎢⎢⎣
cos(θ) cos

(︃
θ − 2π

3

)︃
cos

(︃
θ +

2π

3

)︃
−sin(θ) −sin

(︃
θ − 2π

3

)︃
−sin

(︃
θ +

2π

3

)︃
1
2

1
2

1
2

⎤⎥⎥⎥⎥⎥⎥⎦ (19)

Applying the transformation to the full stator voltage equations and multiplying by [T (θ)]:

[Vdq0] = [Rs][idq0]+ [Ldq0]
d
dt
[idq0]

+ω

⎡⎢⎢⎢⎢⎢⎣
0 −1 0

1 0 0

0 0 0

⎤⎥⎥⎥⎥⎥⎦ [Ldq0][idq0]+ω

⎡⎢⎢⎢⎢⎢⎣
0 −1 0

1 0 0

0 0 0

⎤⎥⎥⎥⎥⎥⎦ [Ψpm,dq0] (20)

The stator voltage equations in the dq system take the form [7, 5]:

vd = Rsid +Ld
did
dt
−ωLqiq (21)

vq = Rsiq +Lq
diq
dt

+ωLdid +ωψpm (22)

where the terms ωLqiq and ωLdid represent the inductive decoupling voltages between

the d and q axes, and ωψpm is the back-EMF term generated by the permanent magnet

flux rotating with the rotor. Multiplying the d-axis voltage equation by id and the q-axis

equation by iq:

vdid = Rsi2d +Ldid
did
dt
−ωLqiqid (23)

vqiq = Rsi2q +Lqiq
diq
dt

+ωLdidiq +ωψpmiq (24)

Summing the two contributions, the instantaneous power balance in the dq frame is:

vdid + vqiq = Rs(i2d + i2q)+Ldid
did
dt

+Lqiq
diq
dt

+ω(Ld−Lq)idiq +ωψpmiq (25)

9



2 Permanent Magnet Synchronous Motor 2.1 Motor Model

where the first term represents Joule losses, the second and third the magnetic energy

variation, and the last two terms the mechanical power Pm = ωCm/pp. The magnetic

energy stored in the dq system is:

Em =
1
2
(Ldi2d +Lqi2q)+ψpmid (26)

Computing its time derivative and assuming constant inductances:

d
dt

Em = Ldid
did
dt

+Lqiq
diq
dt

+ψpm
did
dt

(27)

The term ψpm
did
dt

belongs to the reactive magnetic energy variation and does not con-

tribute to mechanical power production. Isolating the mechanical power term and dividing

by ω , the electromagnetic torque in the dq reference frame is [7, 9]:

Cm =
3
2

pp
[︁
ψpm iq +(Ld−Lq) id iq

]︁
(28)

The factor 3
2 arises from the amplitude conservation convention of the Park transforma-

tion [4, 14].

The total electromagnetic torque of the PMSM consists of two distinct contributions:

• Magnetic torque: produced by the interaction between the stator q-axis current and

the permanent magnet flux linkage. This term is always present and is the dominant

contribution in SPM machines.

• Reluctance torque: produced by the magnetic anisotropy of the rotor. This term is

significant only in IPM machines where Ld ̸= Lq.

In the particular case of a Surface-mounted PMSM (SPM), the rotor is magnetically

isotropic (Ld = Lq), the reluctance term vanishes, and the torque simplifies to:

CSPM
m =

3
2

pp ψpm iq (29)

10



2 Permanent Magnet Synchronous Motor 2.2 PMSM field weakening theory

confirming that in SPM machines, torque is controlled exclusively through the q-axis

current iq, and the optimal control strategy sets id = 0 [7].

2.2 PMSM field weakening theory

An inverter powered permanent magnet motor has two physical limits that must

be respected to avoid possible malfunctions. The first is the current constraint imposed

by the thermal capacity of the stator windings. The second constraint is the voltage con-

straint, limited by the inverter power supply and its modulation strategy [10, 5]. Recalling

the voltage equations in the dq reference frame:

vd = Rsid +Ld
did
dt
−ωLqiq

vq = Rsiq +Lq
diq
dt

+ωLdid +ωψpm

and the torque:

Cm =
3
2

pp ψpm iq

The equations can be simplified by considering the machine operating at constant

speed.

did
dt

= 0

diq
dt

= 0

At high speeds, the resistive term is negligible, and the voltage equations are

further simplified [10].

vd ≈−ωLqiq (30)

vq ≈ ωLdid +ωψpm (31)

11



2 Permanent Magnet Synchronous Motor 2.2 PMSM field weakening theory

Applying the maximum voltage that the converter can generate:

v2
d + v2

q ≈ ω
2 (︁Lqiq

)︁2
+ω

2 (Ldid +ψm)
2 (32)

We obtain the final circumference and dividing by ω2

(Lsiq)2 +(Lsid +ψm)
2 ≤ V 2

max
ω2 (33)

with:

ψm = L f i f (34)

where L f is the (fictitious) excitation inductance and i f is the equivalent characteristic

current, constant in an already magnetized PM. These are not real control variables, but

equivalent parameters.As mentioned previously we are faced with a limit circumference,

precisely because Ld = Lq = L f . The centre of this circle is located at (−i f =−ψm
L f
,0) and

radius Vmax
Ls

. The current vector Is must always lie within the circumference of voltage cor-

responding to a given required electrical velocity [10, 9]. Unlike the voltage constraint,

the current constraint is purely thermal, in fact it is a rating plate limit on the stator wind-

ings and independent of the rotation speed [5]:

i2d + i2q ≤ I2
max (35)

12



3 Synchronous Reluctance Motor

Figure 1: dq plane voltage and current circumferences

3 Synchronous Reluctance Motor

In recent years, research has focused on developing motors that minimize the

use of rare earths to reduce environmental impact [1, 2]. Synchronous reluctance motors

(SynRM) are an alternative that can meet this requirement. SynRM motors, unlike per-

manent magnet motors, do not use magnets (rare earths), thus avoiding the issues related

to the supply of these materials, such as their availability and the environmental impact of

their extraction [1]. The torque these motors can deliver is related to the variation in stored

magnetic energy as a function of the relative positions of the rotor and stator [4]. Con-

structively, the stator resembles that of a common rotating asynchronous machine, while

the rotor has an anisotropic structure without permanent magnets. The rotor’s saliency is

achieved by flux barriers, consisting of holes and shapes in the rotor designed to direct

the flux appropriately [2]. For this reason, the machine is also known as a singly salient

13



3 Synchronous Reluctance Motor 3.1 Motor Model SynRM

reluctance motor.

It is a synchronous machine because the rotor moves in synchronism with the magnetic

field generated by the stator windings. As we will see in the demonstrations below, the

aim of the design is to maximize the ratio between the fictitious inductance on the direct

axis and the quadrature axis.

Ld
Lq
≃ 10÷20

with: Ld >> Lq > 0

It is precisely this ratio that determines the torque production of the machine [2]. The main

advantages include higher efficiency than induction motors, the absence of permanent

magnets, and simple construction [2]. In terms of application, they are used to replace

asynchronous motors in the low-to-medium power range with speeds not exceeding 3000

rpm [2].

3.1 Motor Model SynRM

The machine model is first derived in the three-phase abc reference frame, fixed

to the stator, and then transferred to the dq reference frame, rotating with the rotor. It

is assumed that the stator windings are symmetrical and sinusoidally distributed, that the

magnetic circuit is linear, and that the star point is isolated, so that the zero-sequence

component of the currents is zero [4, 15].

The voltage applied to the terminals of each phase balances the resistive drop

and the time variation of the flux linked with that phase [4]:

Va = Rs ia +
dψa

dt
(36)

Vb = Rs ib +
dψb

dt
(37)

Vc = Rs ic +
dψc

dt
(38)

where Va, Vb, Vc are the phase voltages, ia, ib, ic the phase currents, ψa, ψb, ψc

the flux linkages of the three phases, and Rs is the stator phase resistance, assumed to be

equal for the three phases.

14
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The electrical model is completed by the mechanical equation, which relates the

rotor acceleration to the imbalance between the torque produced by the machine and the

torque opposed by the load [11]:

J
dωm

dt
=Cm−Cr (39)

where J is the total moment of inertia of the rotating masses, Cm is the electro-

magnetic torque, and Cr is the load torque. The mechanical speed ωm is related to the

electrical angular frequency ω by ωm = ω/pp, where pp is the number of pole pairs. The

electrical rotor position is denoted by θ , so that dθ/dt = ω .

In the absence of permanent magnets and rotor windings, the flux linkage of each

phase is produced exclusively by the three stator currents, through the self- and mutual

inductances. These inductances depend on the rotor position θ , because the reluctance of

the magnetic path seen by each phase changes as the rotor moves [15, 4]:

ψa = La(θ) ia +Mab(θ) ib +Mac(θ) ic (40)

ψb = Mba(θ) ia +Lb(θ) ib +Mbc(θ) ic (41)

ψc = Mca(θ) ia +Mcb(θ) ib +Lc(θ) ic (42)

where La, Lb and Lc are the self-inductances of the three phases and M jk is the

mutual inductance between phases j and k, with M jk = Mk j by the reciprocity princi-

ple [12].

By collecting the phase quantities in the column vectors [Vs], [Is] and [Ψ], and

the inductances in the symmetric matrix [L(θ)], the three stator equations can be written

in compact form. Applying the product rule, the contribution due to the variation of the

inductances is separated from the one due to the variation of the currents:

[Vs] = [Rs][Is]+
d[Ψ]

dt
= [Rs][Is]+

d
dt

(︂
[L(θ)][Is]

)︂
= [Rs][Is]+

d[L(θ)]
dt

[Is]+ [L(θ)]
d[Is]

dt

(43)

Writing out phase a explicitly, the two groups of terms are immediately recog-
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nisable: the first three terms after the resistive drop derive from the variation of the induc-

tances, the last three from the variation of the currents.

Va = Rsia +
dLa(θ)

dt
ia +

dMab(θ)

dt
ib +

dMac(θ)

dt
ic

+La(θ)
dia
dt

+Mab(θ)
dib
dt

+Mac(θ)
dic
dt

(44)

Since the inductances depend on time only through the rotor position, the chain

rule d
dt = ω

d
dθ

can be applied, which gives for phase a:

Va = Rsia +ω
dLa(θ)

dθ
ia +ω

dMab(θ)

dθ
ib +ω

dMac(θ)

dθ
ic

+La(θ)
dia
dt

+Mab(θ)
dib
dt

+Mac(θ)
dic
dt

(45)

Unlike in a permanent magnet machine, none of the terms is independent of the

currents: there is no back-EMF, and the only mechanism available for torque production

is the variation of the inductances with the rotor position. The machine is therefore purely

anisotropic.

Extending the same considerations to the three phases leads to the compact ma-

trix form

[Vs] = [Rs][Is]+ω
d[L(θ)]

dθ
[Is]+ [L(θ)]

d[Is]

dt
(46)

in which [L(θ)] is the matrix of self- and mutual inductances introduced above.

The torque is identified through the energy balance [12]. Multiplying the com-

pact stator equation by [Is]
T gives the instantaneous power absorbed at the stator terminals:

[Is]
T [Vs] = [Is]

T [Rs][Is]+ω[Is]
T d[L(θ)]

dθ
[Is]+ [Is]

T [L(θ)]
d[Is]

dt
(47)

The first term represents the Joule losses in the windings, while the remaining

two contain both the variation of the energy stored in the magnetic field and the power

converted into mechanical form. To separate them, the magnetic energy stored in the
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system is defined explicitly,

Em =
1
2
[Is]

T [L(θ)][Is] (48)

and its time derivative is computed, so that the mechanical power Pm can be

isolated by difference [12, 4]:

d
dt

Em =
1
2

(︃
d[Is]

T

dt
[L(θ)][Is]+ [Is]

T d[L(θ)]
dt

[Is]+ [Is]
T [L(θ)]

d[Is]

dt

)︃
(49)

= [Is]
T [L(θ)]

d[Is]

dt
+

ω

2
[Is]

T d[L(θ)]
dθ

[Is] (50)

where the first and third terms have been combined by exploiting the symmetry

of [L(θ)], and the chain rule has been applied to the second.

Subtracting the Joule losses and the variation of magnetic energy from the power

balance, the remaining mechanical power developed by the motor is:

Pm =
ω

2
[Is]

T d[L(θ)]
dθ

[Is] (51)

Recalling that Pm = Cmωm = Cmω/pp, the electromagnetic torque in the abc

frame is obtained [12, 15]:

Cm =
pp

2
[Is]

T d[L(θ)]
dθ

[Is] (52)

The torque depends exclusively on the variation of the inductances with the rotor

position, which confirms the purely anisotropic nature of the synchronous reluctance ma-

chine: if the rotor were isotropic, the matrix [L] would be constant, its derivative would

be zero, and no torque could be produced [16].

The resulting model is correct, but unsuitable for control design because its coef-

ficients vary with the rotor position. To remove this dependency, the Park transformation

[T (θ)] [13, 4] is applied, which transfers the stator quantities to a reference frame rotating

with the rotor, with the d axis aligned with the direction of maximum permeance and the

q axis in quadrature. Under this transformation, the inductance matrix, periodic in θ in
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the abc frame, becomes constant and diagonal in the dq0 frame:

[Ldq0] = [T (θ)] [Labc] [T (θ)]−1 =

⎡⎢⎢⎢⎢⎢⎣
Ld 0 0

0 Lq 0

0 0 L0

⎤⎥⎥⎥⎥⎥⎦ (53)

The matrix [Labc] contains a constant part and a part oscillating at twice the

electrical position, since the magnetic circuit repeats itself every half electrical revolu-

tion [4, 14]:

[Labc] =

⎡⎢⎢⎢⎢⎢⎣
L0 +L1 +L2 cos(2θ) −L1

2 +L2 cos
(︁
2θ − 2

3π
)︁

−L1
2 +L2 cos

(︁
2θ − 4

3π
)︁

−L1
2 +L2 cos

(︁
2θ − 2

3π
)︁

L0 +L1 +L2 cos
(︁
2θ − 4

3π
)︁

−L1
2 +L2 cos(2θ)

−L1
2 +L2 cos

(︁
2θ − 4

3π
)︁

−L1
2 +L2 cos(2θ) L0 +L1 +L2 cos

(︁
2θ + 4

3π
)︁

⎤⎥⎥⎥⎥⎥⎦
(54)

where L0 is the leakage inductance of a phase, which does not cross the air

gap and is therefore independent of position, L1 is the average value of the magnetising

inductance, and L2 > 0 is the amplitude of its variation with position, a direct measure of

the rotor anisotropy. With this sign convention the self-inductance of phase a is maximum

when the d axis is aligned with the phase axis (θ = 0), and the transformation yields

Ld = L0 +
3
2
(L1 +L2) , Lq = L0 +

3
2
(L1−L2) (55)

so that Ld−Lq = 3L2: the anisotropy of the dq model coincides with the position-

dependent part of the abc inductances. The transformation matrix, in the amplitude-

invariant form adopted throughout this work, is

[T (θ)] =
2
3

⎡⎢⎢⎢⎢⎢⎢⎣
cos(θ) cos

(︁
θ − 2π

3

)︁
cos

(︁
θ + 2π

3

)︁
−sin(θ) −sin

(︁
θ − 2π

3

)︁
−sin

(︁
θ + 2π

3

)︁
1
2

1
2

1
2

⎤⎥⎥⎥⎥⎥⎥⎦ (56)

whose first two rows project the phase quantities onto the d and q axes, while the
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third extracts the zero-sequence component. The factor 2/3 makes the amplitude of the

dq quantities equal to the peak value of the corresponding phase quantities.

The transformation is now applied to the stator equations. Written in terms of

flux linkages, they read

[Vabc] = [Rs][Iabc]+
d
dt

(︂
[Labc(θ)][Iabc]

)︂
(57)

The phase quantities are expressed as functions of the dq0 components, [Vabc] =

[T (θ)]−1[Vdq0] and [Iabc] = [T (θ)]−1[idq0]. From Eq. (53),

[Labc] = [T (θ)]−1[Ldq0][T (θ)], so the flux linkages become

[Labc][Iabc] = [T (θ)]−1[Ldq0][idq0].

Substituting, and applying the product rule to the derivative of [T (θ)]−1:

[T (θ)]−1[Vdq0] = [Rs][T (θ)]−1[idq0]+ [T (θ)]−1[Ldq0]
d
dt
[idq0]

+ω
d[T (θ)]−1

dθ
[Ldq0][idq0] (58)

where the inductances in [Ldq0] are constant, so that only the currents and the

transformation matrix depend on time. Multiplying on the left by [T (θ)] to bring all

quantities into the rotating frame:

[Vdq0] = [T (θ)][Rs][T (θ)]−1[idq0]+[Ldq0]
d
dt
[idq0]+ω [T (θ)]

d[T (θ)]−1

dθ
[Ldq0][idq0] (59)

The resistance matrix, being a multiple of the identity, is unchanged by the trans-

formation, and the product [T (θ)]d[T (θ)]−1/dθ is a constant rotation matrix. The final

form is therefore:
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[Vdq0] = [Rs][idq0]+ [Ldq0]
d
dt
[idq0]

+ω

⎡⎢⎢⎢⎢⎢⎣
0 −1 0

1 0 0

0 0 0

⎤⎥⎥⎥⎥⎥⎦ [Ldq0][idq0] (60)

The last term does not derive from a physical variation of the flux, but from the

time derivative of the transformation matrix, that is, from the fact that the reference frame

is rotating: it collects the motional terms [14].

Since the star point is isolated, the zero-sequence component is zero, and the

previous equation reduces to two scalar equations, which constitute the model actually

used for control design [17, 15]:

vd = Rsid +Ld
did
dt
−ωLqiq (61)

vq = Rsiq +Lq
diq
dt

+ωLdid (62)

where vd and vq are the stator voltages in the rotor reference frame, id and iq are

the corresponding currents, and Ld and Lq are the synchronous inductances of the direct

and quadrature axes. The terms ωLqiq and ωLdid are the cross-coupling voltages between

the two axes: they make the two current loops interact and require the introduction of a

decoupling network in the controller [17].

The torque calculation is now repeated in the rotating frame. Multiplying the

d-axis equation by id and the q-axis equation by iq:

vdid = Rsi2d +Ldid
did
dt
−ωLqiqid (63)

vqiq = Rsi2q +Lqiq
diq
dt

+ωLdidiq (64)

With the amplitude-invariant transformation, the power in the dq frame is 3
2 times

the sum of the products vdid and vqiq, since [T (θ)]−T [T (θ)]−1 = diag
(︁3

2 ,
3
2 ,3

)︁
. Summing
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the two equations, the instantaneous power balance in the dq frame is therefore:

3
2
(︁
vdid + vqiq

)︁
=

3
2

[︃
Rs(i2d + i2q)+Ldid

did
dt

+Lqiq
diq
dt

+ω(Ld−Lq)idiq

]︃
(65)

where the first term represents the Joule losses, the second and third the variation

of magnetic energy, and the last the mechanical power Pm = ωCm/pp. That the second

and third terms coincide with the variation of stored energy is verified by writing the

magnetic energy in the dq frame, which is consistent with Eq. (48),

Em =
3
2
· 1

2
(︁
Ldi2d +Lqi2q

)︁
(66)

and differentiating it with respect to time under the hypothesis of constant induc-

tances:

d
dt

Em =
3
2

(︃
Ldid

did
dt

+Lqiq
diq
dt

)︃
(67)

Isolating the mechanical power term, Pm = 3
2 ω(Ld−Lq) id iq, and dividing by the

mechanical speed ωm =ω/pp, the electromagnetic torque in the dq frame is obtained [15,

2]:

Cm =
3
2

pp(Ld−Lq) id iq (68)

The factor 3
2 therefore follows from the power relation of the amplitude-invariant

Park transformation adopted in this work [4, 14]. The torque depends on the difference

(Ld−Lq), which expresses the magnetic anisotropy of the rotor, and requires both current

components to be different from zero. Unlike the surface permanent magnet machine, for

which the optimal strategy is id = 0, in the SynRM the current vector must be oriented

at an angle that balances the two components [17, 16]. Since there are no permanent

magnets, the SynRM produces torque exclusively through reluctance, which confirms its

purely anisotropic nature [2].
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3.1.1 Magnetic Saturation and Cross-Saturation

The SynRM under test has been characterised in previous work, in which its

flux maps were identified experimentally [18]. A distinctive feature of the SynRM is the

non-linear relationship between flux linkage and current, due to self-saturation and cross-

saturation phenomena [19, 20]. Self-saturation indicates that the d- and q-axis currents

saturate the flux linkage of their own axis, respectively. Cross-saturation, on the other

hand, describes the effect by which a change of the current on one axis modifies the flux

linkage of the other axis [19]. Consequently, the d- and q-axis flux linkages must be

treated as non-linear functions of the current vector [id, iq] [20]:

ψd = ψd(id, iq), ψq = ψq(id, iq) (69)

The flux maps are identified with the following procedure. A PMSM, operated

in speed control, is mechanically coupled to the SynRM under test, which is operated in

current control. By exploring a grid of operating points in the (id, iq) plane, the d- and

q-axis flux maps are reconstructed [20, 18]. The identification of these maps is not part

of this thesis; they are used as the starting point for the design of the control system. The

identified flux maps are shown in Fig. 2.

Figure 2: Identified d- and q-axis flux linkage maps.

The apparent inductances are defined as the ratio between the flux linkage and

the current of the same axis, and provide an average description of the magnetic behaviour
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at a given operating point [21]:

Ld(id, iq) =
ψd(id, iq)

id
(70)

Lq(id, iq) =
ψq(id, iq)

iq
(71)

They are shown in Fig. 3.

Figure 3: Apparent inductances Ld and Lq.

With saturation, the voltage equations of the SynRM must be written in terms of

flux linkages [22]:

vd = Rsid +
dψd

dt
−ωψq (72)

vq = Rsiq +
dψq

dt
+ωψd (73)

The motional terms ωψq and ωψd are described exactly by the apparent inductances,

since ψd = Ldid and ψq = Lqiq by definition. The flux derivatives, instead, must be ex-

panded with the chain rule, because each flux depends on both currents:

dψd

dt
=

∂ψd

∂ id

did
dt

+
∂ψd

∂ iq

diq
dt

(74)

dψq

dt
=

∂ψq

∂ id

did
dt

+
∂ψq

∂ iq

diq
dt

(75)
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For an accurate model, especially under dynamic conditions, it is therefore necessary to

use the differential (incremental) inductances, defined as the partial derivatives of the flux

linkages with respect to the currents [21, 19]:

Linc
dd =

∂ψd

∂ id
Linc

dq =
∂ψd

∂ iq
Linc

qd =
∂ψq

∂ id
Linc

qq =
∂ψq

∂ iq
(76)

They form a matrix that describes both self-saturation (diagonal terms) and cross-saturation

(off-diagonal terms):

⎡⎢⎣ψ̇d

ψ̇q

⎤⎥⎦=

⎡⎢⎣Linc
dd Linc

dq

Linc
qd Linc

qq

⎤⎥⎦
⎡⎢⎣i̇d

i̇q

⎤⎥⎦ (77)

The differential inductances computed from the identified maps are shown in Fig. 4. For

an ideal, lossless magnetic circuit, energy conservation implies Linc
dq = Linc

qd ; in maps ob-

tained from measurements the two cross terms may differ, owing to measurement uncer-

tainty and to effects not included in the lossless model, such as iron losses.

Figure 4: Differential inductances computed from the identified flux maps.

In short, the apparent inductances describe the steady-state relationship between

flux and current, and therefore the motional terms and the torque; the differential in-

ductances describe the transient behaviour, i.e. the response of the currents to a voltage

variation.
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3.2 SynRM field weakening theory

To extend the speed range of the SynRM, suitable control strategies must be

adopted. These strategies must respect the voltage and current constraints, so as to ensure

an acceptable control response over the entire extended operating range. This section

discusses the machine limits and the preferred current trajectories [17, 10]. The numerical

method used to compute them is presented in the next chapter, in Subsection 4.1.1, which

describes the functions shared by all control strategies. The starting point is the set of

electrical equations that govern the operation of the machine. The voltage equations (61)

and (62) in the dq reference frame are recalled here for convenience:

vd = Rsid +Ld
did
dt
−ωLqiq

vq = Rsiq +Lq
diq
dt

+ωLdid

together with the torque equation:

Cm =
3
2

pp(Ld−Lq) id iq

where id and iq are the stator currents in the dq reference frame, Ld and Lq are the d-

and q-axis inductances, Rs is the stator resistance, and ω is the electrical angular speed.

When saturation is taken into account, Ld and Lq are the apparent inductances of (70)–

(71), evaluated at the operating point: the torque expression remains valid in this form,

since Cm = 3
2 pp(ψdiq−ψqid).

The equations can be simplified by considering steady-state operation, in which

the dq currents are constant:

did
dt

= 0,
diq
dt

= 0

At high speed the resistive drop is negligible compared with the motional terms, and the
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voltage equations reduce to [17]:

vd ≈−ωLqiq (78)

vq ≈ ωLdid (79)

The maximum voltage that the converter can apply is limited by the DC-link voltage and

by the adopted modulation strategy [3]. With SVPWM in the linear modulation range and

the amplitude-invariant transformation, the maximum amplitude of the voltage vector is

Vmax =Vdc/
√

3:

v2
d + v2

q ≤V 2
max (80)

By substitution:

(ωLqiq)2 +(ωLdid)2 ≤V 2
max (81)

and dividing by ω2:

L2
di2d +L2

qi2q ≤
(︃

Vmax

ω

)︃2

= R2
v (82)

which is the equation of an ellipse centred at the origin of the dq plane, with semi-axes

along the d and q axes, respectively:

a =
Rv

Ld
=

Vmax

ωLd
b =

Rv

Lq
=

Vmax

ωLq
(83)

Since Ld > Lq, the semi-axis along q is the longer one (b > a), and the ellipse is elon-

gated in the direction of the q axis. Unlike the SPM case, where the voltage limit is a

circle centred at (−ψm/Ls, 0), the absence of permanent magnets places the centre at the

origin. As the equations show, the ellipses shrink as the electrical speed increases [17].

This constraint must be respected in field-weakening operation, otherwise the machine

could be driven towards an operating point that cannot be sustained because of the lack

of voltage. When saturation is considered, Ld and Lq vary with the operating point, and
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the voltage limit becomes a deformed ellipse: this is why its intersection with the current

limit is computed numerically.

The current constraint, on the other hand, represents a thermal limit of the ma-

chine. It is a rating-plate limit of the stator windings and, unlike the voltage constraint, it

does not depend on the rotational speed [10]:

i2d + i2q ≤ I2
max (84)

It is represented by a circle of radius Imax centred at the origin of the dq plane. The current

vector Is must always lie inside this circle and inside the voltage ellipse corresponding

to the required electrical speed. Both constraints are shown in Fig. 7, which gives an

overview of the admissible operating points [10, 17].

Figure 5: Voltage ellipses and current circle in the dq plane.
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4 Control Strategies

4.1 Common features

This chapter will discuss all the common features among the different control

strategies, such as the MTPA algorithm, machine management under field-weakening

conditions, ramps and speed PI, and the modulation method used in the simulations. The

following is a block diagram of the general structure of the four simulations. Some of

these blocks will be reused throughout the thesis, and therefore the introductory chapter

on control strategies is dedicated to these features. The four models differ only in the

strategies used in the inner current loop, each with its own peculiarities.

ωcmd
m

Ramp
generator

PI
speed

MTPA
FW

Current
loop

1
Jms+B

TL

ωm
ω∗m+ T ∗ i∗dq Te −

−
ωm

Figure 6: General Block diagram

4.1.1 MTPA, FW and MTPV control

The MTPA (maximum torque per ampere) function aims to identify the values

of id and iq that allows the electromagnetic torque value required by the speed loop to be

reached. This involves identifying the minimum of the torque function with respect to the

angle β between the vector I⃗s and the axis d of the dq plane. Setting:

id = Iscos(β ) (85)

iq = Issin(β ) (86)

and starting from the torque equation 68, we can obtain:

Cm =
3
2

pp(Ld−Lq)I2
s cos(β )sin(β ) (87)
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and using the double-angle formula:

sin(2β ) = 2cos(β )sin(β ) (88)

we obtain the torque equation shown as a function of the angle β .

Cm =
3
4

pp(Ld−Lq)I2
s sin(2β ) (89)

Deriving with respect to β :

dCm

dβ
=

3
2

pp(Ld−Lq) I2
s cos(2β ) = 0 (90)

which is satisfied for β = 45.

Figure 7: Isotorque in dq plane

To find the maximum torque per ampere, an iterative numerical method, New-

ton’s method, is used. This root finding algorithm produces progressively better approxi-

mations of the zeros of a real-valued function. The aim is to find the pair of currents on
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the dq plane that allow the required torque to be achieved, formulating the problem in

polar form:

id = Iscos(β )

iq = Issin(β )

The problem then is reduced to finding, for each θ of the search grid, the root of

the scalar function:

f (r) =Cm(r,θ)−Cre f = 0 (91)

Newton’s method locally approximates f (r) with its tangent and calculates its

intersection with the x axis, iteratively updating the estimate:

rk+1 = rk−
f (rk)

f ′(rk)
(92)

The derivative f ′(r) is estimated numerically using the forward Euler method:

f ′(r)≈ f (r+ ε)− f (r)
ε

(93)

In the implementation, ε was chosen to be equal to 10 mA. At each iteration, therefore,

two evaluations of the torque are required, to estimate the derivative and calculate the next

step. The iteration stops when the variation between two successive steps is negligible:

rk←max(rk, 0.01 In) (94)

The method is repeated for each angle within a sufficiently large round of the theoretical

value of 45◦. Of all the angles for which the Newton converges within tolerance, the one

with the smallest radius is selected:

r⋆ = min
θ
{r(θ) : |Cre f −Cm(r(θ),θ)| ≤ 0.01 |Cre f |} (95)
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In the implementation, I chose to set a rejection condition, meaning I evaluate

the torque from each angle, and if it is greater than the threshold value by 1%, I move

on to the evaluation of the next angle. If no angle converges within tolerance to Cre f

with |is| ≤ In, a scan is performed using |is|= In to find the point of maximum achievable

torque, the protection ensure a returns with physically valid operating point rather than

diverging or failing to converge.

The Newton method, applied here to the search for the MTPA, takes from the

classical iterative scheme [23], widely used in the analysis of power systems for the reso-

lution of non linear equations (for example in load flow).

Once ωb is exceeded, the MTPA is no longer admissible, because the voltage

constraint is active, so the point of maximum deliverable torque must be found, respect-

ing the voltage and current constraints, simultaneously. In this case, two conditions are

possible. The first occurs when the required torque Cre f is greater than or equal to the

torque deliverable at a given speed greater than ωb, while the second condition occurs

when the required speed is greater than ωb but the required torque Cre f is within the cur-

rent circumference. To manage these two conditions, two different strategies have been

implemented. When faced with the first condition in Field Weakening, the optimal oper-

ating point is at the intersection of the current circumference constraint and the voltage

ellipse constraint.

i2d + i2q = I2
n L2

di2d +L2
qi2q = R2

v (96)

Solving the system by substitution:

id =

√︄
R2

v− I2
n L2

q

L2
d−L2

q
iq =

√︂
I2
n − i2d (97)

Since Ld and Lq depend to id and iq, the closed formula cannot be solved in a single

step: therefore, Ld and Lq are recalculated at each new current point, and repeating until

convergence. The iteration stops when the variation between two successive iterations, on
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both components of the current vector, falls below a predetermined tolerance:

⃓⃓⃓
i(k)d − icirc

d

⃓⃓⃓
< δtol AND

⃓⃓⃓
i(k)q − icirc

q

⃓⃓⃓
< δtol (98)

When we encounter the second condition, that is, when the required torque is less than

the available torque at that given speed, the machine will operate within the current cir-

cumference and on the edge of the voltage ellipse. Again, by describing the currents in

polar coordinates:

id = Iscos(β )

iq = Issin(β )

we proceed iteratively for each angle θ , identifying the only radius that satisfies the im-

posed voltage constraint. In this case, too, Newton’s method is selected. For a given angle

θ , the radius that exactly satisfies the voltage constraint |ψ|=Rv is obtained directly from:

|ψ(r,θ)|= r
√︂

(Ld cosθ)2 +(Lq sinθ)2 = Rv (99)

obtaining:

r(θ) =
Rv√︁

(Ld cosθ)2 +(Lq sinθ)2
(100)

The radius is therefore limited by the more stringent of the two constraints:

rmax(θ) = min(In, r(θ)) (101)

For each θ within the selected set, f (r) =Cm(r,θ)−Cre f = 0 is solved exactly as in the

MTPA algorithm, with the only difference that at each iteration the radius is also limited

above rmax(θ), as well as below 0.01 In:

rk←min(max(rk, 0.01 In), rmax(θ)) (102)

Among all the angles that converge within 1% tolerance on the torque, the one with the
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minimum radius is selected. In summary, the same method used in the MTPA is used

[23], but with the maximum current radius no longer fixed at In, but varying as a function

of the ellipse.

Once a certain ωc is exceeded, the final control zone is reached, where a strong

field weakening occurs. Here, it is decided to intentionally lower id and iq refefences pro-

portionally with the increase in the required speed. This results in a significant reduction

of the available torque. The chosen critical speed is derived from the MTPA calculated

with the complete inductance matrix. The image below shows the behavior of the MTPA

control algorithm in the presence of the apparent inductance matrices, compared to the

behavior of the MTPA in the presence of the complete inductance matrix.

Figure 8: Complete inductances matrix vs Apparent inductances matrix

From the intersection point between the current circumference and the MTPA
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calculated with the complete matrices, the critical speed ωc is derived, beyond which the

maximum available torque is reduced. By fixing the radius to ωc, the radius is scaled

according to the required ω , according to:

r =
ωc

ω

√︂
i2d + i2q (103)

From which the references of id and iq are derived.

id(ω) = r ∗ cos(θ) (104)

iq(ω) = r ∗ sin(θ) (105)

4.1.2 Speed ramp control

The speed ramp allows to limit the speed derivative, thus limiting sudden changes

in the speed PI. This, in turn, avoids sudden changes in the generated torque reference,

and therefore current, thus avoiding mechanical stress on the motor shaft. The slope is

calculated as:

yk+1 = yk±
|ytarget|
tramp

·dt (106)

So the step for each period is:

step = slope ·dt (107)

With each call, the value go forward one step in the direction of the target with constant

acceleration [24] .

4.1.3 Speed PI controller

Starting from the mechanical equation of the SynRM motor, its transfer function

is obtained [11]:

Jm
dωm

dt
+Bωm = Tm−TL (108)
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where Jm is the total moment of inertia referred to the motor shaft, B the viscous friction

coefficient, ωm the mechanical angular speed, Tm the electromagnetic torque produced by

the machine and TL the load torque opposing the motion.

and applying the Laplace transform under zero load conditions:

Jmsωm(s)+Bωm(s) = Tm(s)−TL(s) (109)

the derivative operator is replaced by the complex variable s, under the assumption of zero

initial speed, so that the differential equation becomes algebraic in the Laplace domain.

ωm(s) =
1

Jms+B
[Tm(s)−TL(s)] (110)

the speed response is therefore governed by a first-order lag with time constant Jm/B and

static gain 1/B, driven by the net torque acting on the shaft.

The transfer function is:

Gm(s) =
ωm(s)
Te(s)

⃓⃓⃓⃓
TL=0

=
1

Jms+B
(111)

Gm(s) is the mechanical plant seen by the speed controller, that transfer from the torque

command to the shaft speed, with the load torque treated as an external disturbance and

set to zero for design purposes.

Defining the ratio a = Kiω/Kpω , the controller becomes:

GPI(s) = Kpω

(︂
1+

a
s

)︂
= Kpω

s+a
s

(112)

Kpω and Kiω are the proportional and integral gains of the speed regulator, while a locates

the controller zero and thus fixes the frequency below which the integral action dominates

and the open-loop transfer function, neglecting B:

L(s)≈
Kpω

Jm
· s+a

s2 (113)

the viscous term is dropped because B≪ Jmωn in the frequency range of interest, leaving

a double pole at the origin given by the mechanical integration and by the integral action
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of the controller.

The closed-loop comparison with the canonical second-order form s2+2ζ ωns+

ω2
n yields:

Kpω = 2ζ ωnJm a =
ωn

2ζ
(114)

ωn is the desired natural frequency of the speed loop and ζ its damping factor: the two

design specifications map directly onto the proportional gain and onto the position of the

controller zero.

From the definition of a, the integral gain follows as:

Kiω = aKpω =
ωn

2ζ
·2ζ ωnJm = ω

2
n Jm (115)

the damping factor cancels out, so the integral gain depends only on the target bandwidth

and on the inertia, and scales with the square of ωn.

Furthermore, by separating the bands of the control loops, with the internal cur-

rent loop having a bandwidth at least an order of magnitude faster [11], its behavior ap-

proximates ideal:

Tm(s) = T ∗(s) (116)

T ∗ is the torque reference issued by the speed controller: since the current loop settles

well before the mechanical dynamics react, its own dynamics can be replaced by a unity

gain in the speed-loop design.

Multiplying the terms of the direct chain together, we obtain the open-loop trans-

fer function:

L(s) = GPI(s)Gm(s) =
Kpω s+Kiω

s(Jms+B)
(117)

this is the exact open-loop gain of the cascade controller-plant, with the viscous term

retained: the pole at the origin comes from the integrator and guarantees zero steady-state

error against a constant speed reference.

Here below a simplified speed loop used for the PI design, the current loop is

assumed ideal (Tm = T ∗), so the plant reduces to the mechanical transfer function.
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Figure 9: PI loop and plant diagram

4.1.4 Space Vector modulation

Space Vector Modulation was used in the simulations implemented in this thesis.

Specifically, in the simulation implementing PI control and the one implementing Non-

linear Dynamic Inversion control, a modulator for generating gate signals is essential. For

predictive control, however, this functionality is not necessary; the gate pulses are directly

generated by the control strategy itself. SVPWM (space vector PWM) modulation was

selected because it is the most widely used in electric drives, along with the third harmonic

injection method on classic sinusoidal modulation. The modulation method for two-level

inverters is presented below, the method presented below was taken from the book High-

Power Converters and AC Drives [25]. The operating states can be represented as in

the table below, where, for example, state ”110” indicates that switches S1, S3, and S2

are conductive. As underlined by the table the vector components are obtained through

Table 2: Voltage vectors of the two-level three-phase inverter

Configuration IGBT state Vsα Vsβ |Vs| θ

0 (Vs0) 000 0 0 0 –
1 (Vs1) 100 2

3 Vdc 0 2
3 Vdc 0

2 (Vs2) 110 1
3 Vdc

1√
3

Vdc
2
3 Vdc π/3

3 (Vs3) 010 −1
3 Vdc

1√
3

Vdc
2
3 Vdc 2π/3

4 (Vs4) 011 −2
3 Vdc 0 2

3 Vdc π

5 (Vs5) 001 −1
3 Vdc − 1√

3
Vdc

2
3 Vdc 4π/3

6 (Vs6) 101 1
3 Vdc − 1√

3
Vdc

2
3 Vdc 5π/3

7 (Vs7) 111 0 0 0 –

the amplitude-invariant Clarke transformation, with factor 2
3 , consistent with the control

side implementation: the amplitude of the active vectors, 2
3Vdc, coincides with the peak
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value of the phase voltage. The null vectors Vs0 and Vs7 produce the same null voltage

and their angle is undefined, they are called zero space vectors. Vs0 and Vs7 vectors differ

only in the switch states, and choosing between them in the SVPWM sequence minimizes

the number of switching operations. Assuming that the three-phase system is perfectly

balanced, we have:

Van +Vbn +Vcn = 0 (118)

where Van, Vbn, and Vcn are the phase voltages of the load applied to the two-level inverter.

From a mathematical point of view, one of the three phases is redundant, in fact given two

voltages, the third is directly calculable. For this reason, it is possible to transform the

three-phase system into an equivalent two-phase system.

⎡⎢⎢⎢⎢⎢⎣
Vα

Vβ

V0

⎤⎥⎥⎥⎥⎥⎦=
2
3

⎡⎢⎢⎢⎢⎢⎣
cos(θ) cos(θ − 2π

3 ) cos(θ + 2π

3 )

−sin(θ) −sin(θ − 2π

3 ) −sin(θ + 2π

3 )

1
2

1
2

1
2

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣
Va0

Vb0

Vc0

⎤⎥⎥⎥⎥⎥⎦ (119)

with θ = 0
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Figure 10: Space vector diagram

The Voltage vector can be expressed as:

V⃗ =Vα + jVβ (120)

in the αβ plane, and define the rotation operator:

α = e j 2π

3 =−1
2
+ j

√
3

2
(121)

from which:

α
2 = e j 4π

3 =−1
2
− j

√
3

2
α

3 = 1 1+α +α
2 = 0 (122)

The space vector becomes:

V⃗ =
2
3
(︁
Va0 +αVb0 +α

2Vc0
)︁

(123)
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It is important to emphasize that the space vectors, active and zero, are fixed in space,

while the reference voltage vector Vre f rotates in the plane at a frequency equal to 2π f ,

where f is the frequency of the inverter’s output voltage. From this consideration, given

the amplitude and direction of the reference voltage vector Vre f , it is possible to identify

the three closest stationary vectors. Based on this, the inverter switches will be activated

or deactivated via the gate signals they generate. When the reference voltage vector Vre f

passes through the sectors, different switches will be selected. Therefore, complete ro-

tation in the space of Vre f corresponds to one period of the output fundamental Voltage

in time. The voltage vector dwell time represents the duty cycle of the selected switches

during a sampling period Ts. The calculation of the dwell time is based on the volt-second

balancing principle, which states that the product of the reference voltage value Vre f mul-

tiplied by the sampling period Ts, is equal to the sum of the voltage value of the selected

space vectors by the time used for each of them.⎧⎪⎪⎨⎪⎪⎩
V⃗ref Ts = V⃗k Tk +V⃗k+1 Tk+1

Ts = Tk +Tk+1 +T0

(124)

Where Tk, Tk+1, and T0 are the dwell times of the space vectors Vk, Vk+1, and V0.

Projecting the volt-second balance onto the αβ axes and solving for the two unknowns,

the dwell times of the active vectors are obtained in closed form, where θ ∈ [0, π/3) is

the angle of Vre f measured from the leading vector Vk of the sector:

Tk =

√
3Ts |⃗Vre f |

Vdc
sin

(︂
π

3
−θ

)︂
Tk+1 =

√
3Ts |⃗Vre f |

Vdc
sin(θ)

T0 = Ts−Tk−Tk+1

(125)

The residual time T0 is split between the two zero vectors Vs0 and Vs7, so that the pulses

are centred within the sampling period and only one leg switches at each transition. The

maximum amplitude of the reference voltage vector is equal to the radius of the maximum

circle inscribed in the hexagon of the space vectors. The intersection point between a side

of the hexagon and the inscribed circle is located halfway along the side of the hexagon,
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that is, at 30° with respect to the direct axis. Therefore, multiplying the space vector

by the cosine of thirty degree yields the maximum voltage that can be expressed by the

reference voltage vector.

Vre f ,max =
2
3

Vdc

√
3

2
=

Vdc√
3

(126)

The maximum rms phase-to-phase voltage will be equal to:

Vre f ,SV PWM =
√

3(
Vre f ,max√

2
) = 0.707Vdc (127)

The maximum voltage that can be expressed by the classic sinusoidal PWM is equal to:

Vre f ,SPWM = 0.612Vdc (128)

We can therefore state that the ratio between the two maximum voltages is equal to 1.155,

indicating that SVPWM modulation is capable of generating 15.5% more voltage than

the classic modulation scheme. Immediately below, you can see the duty signal behavior

of phases A, B, and C for SVPWM modulation.

Figure 11: A, B and C phases duty
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It should be noted that by injecting the third harmonic into classic PWM modu-

lation, it is possible to achieve the same increase in generated voltage, obtaining the same

DC voltage utilization.

4.2 PI Current Control

Starting from the mathematical model of the system seen previously 3.1, and

represented in the image below [11]:

Figure 12: Mathematical model of SynRM motor

where the terms ωLdid and ωLqiq are the axis coupling terms, by implementing

the decoupling network, the system can be treated as an independent first-order system

[11], whose voltage-current transfer function is:

Plant(s) =
i(s)
v(s)

=
1

Ls+Rs
=

b
s+d

, b =
1
L
, d =

Rs

L
, (129)

where L takes the value Ld or Lq depending on the axis considered. The apparent induc-

tances of Eqs. (70)–(71) are used, consistently with the decoupling network; a rigorous

description of the current dynamics would require the differential inductances, which in

the saturated region are smaller and therefore make the actual loop faster and less damped
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than the nominal design. The cross terms Linc
dq and Linc

qd are neglected, leaving the residual

coupling to the integral action.

The regulator is a PI in the form: C(s) = Kp (s+ a)/s, with a = Ki/Kp The closed loop

transfer function is

Gcl(s) =
Kpb(s+a)

s2 +(d +Kpb)s+Kpba
. (130)

By identifying the denominator of the closed-loop transfer function just found,

with the canonical form of a second-order system s2 + 2ζ ω0s+ω2
0 we obtain the gain

expressions

Kp =
2ζ ω0−d

b
= 2ζ ω0L−Rs, Ki = aKp = ω

2
0 L, (131)

where the resistive contribution cancels out in the integral gain expression, which

therefore depends only on the axis inductance and the desired natural pulsation. The

regulators are calibrated by imposing the damping factor ζ and the natural frequency

fi = ω0/2π on both axes [11]; the values adopted in simulation and on the test bench

are reported in Sections ?? and 6.4 respectively. It should be noted that fi is the natural

frequency and not the closed-loop bandwidth, which is higher because of the zero at −a;

the same zero also increases the overshoot with respect to the value expected from ζ

alone. In choosing fi, the current loop must remain well above the speed loop and well

below the sampling frequency.

Since the regulator output is bounded by the available inverter voltage, the in-

tegral state is protected by back-calculation: whenever the unsaturated output uk differs

from the saturated one usat,k, the state is recomputed as xk+1 = xk +(usat,k− uk)/Ki, so

that the regulator output lies on the saturation boundary and the state stays consistent with

the voltage actually applied. This is relevant in field weakening, where the voltage limit

is active by design.

It should be noted that the design of the PIs is closely linked to the values of the

system parameters, since the inductances Ld and Lq are a function of the operating point

due to magnetic saturation. The defined gains will therefore be optimal for a specific

operating point and not for the entire operating range of the SynRM motor.
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4.3 Model-Based predictive Control

The MPC (model predictive control) control technique has been adopted in power

electronics since the 1980s, although the application of optimal control concepts dates

back two decades. The first applications in the 1980s were limited to low-switching

frequency converters due to computer limitations and the increased computation times

required by this control strategy [26].

The application of this strategy has increased considerably with the development

of faster and more powerful microprocessors [27]. The general behaviour of the predictive

controller family, of which the MPC strategy is only one example, is the use of a system

model, which must be as faithful to reality as possible, to predict future behaviour up to a

given time horizon and then select optimal actions to minimize a cost function represent-

ing the desired system behaviour. The framework offers several advantages, including

great versatility in application across different types of systems, easy understanding of

the applied concepts, and simple constraint management.

On the other hand, there are also disadvantages, including higher computational

costs. The fidelity of the model used must be as accurate as possible, otherwise, may

encounter situations where minimizing a cost function does not lead to the desired results.

As previously mentioned, the basic structure of the predictive model is made up of three

key elements: using a model to predict future behaviour, a cost function that represents the

desired result and then implementing the actions necessary to minimize the cost function.

The MPC method is applied to the current control problem, with the same two level and

three phase power converter. The converter used therefore has a defined set of switching

states, which can be used to predict the behaviour of the variables in each state. To

select the appropriate switching state, a selection criterion must be defined. The selection

criterion for the switching state to be implemented consists of evaluating the cost function

for each of the predicted states and then choosing the one that minimizes the function [28].

The method therefore requires the knowledge of the model already seen in section 3.1 .

The stator voltage equations of the SynRM in the rotor reference frame, already

derived as (61) and (62), are for prediction purposes written with the currents as state

variables, so the equations must be solved with respect to their derivatives.
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did
dt

=
1

Ld

(︂
vd−Rsid +ωLqiq

)︂
, (132)

diq
dt

=
1
Lq

(︂
vq−Rsiq−ωLdid

)︂
. (133)

Each derivative is driven by three contributions: the applied voltage, the resistive

drop, and the cross-coupling term produced by the rotation of the reference frame. Unlike

the PI scheme of Chapter section 4.2 , which requires an explicit decoupling network,

the predictive controller embeds the coupling in the model and therefore accounts for it

intrinsically.

Collecting the states in x = [ id iq ]T and the inputs in u = [vd vq ]
T , (132) and

(133) take the compact state-space form

dx
dt

= Ax+Bu, A =

⎡⎢⎢⎢⎣
−Rs

Ld

ωLq

Ld

−ωLd

Lq
−Rs

Lq

⎤⎥⎥⎥⎦ , B =

⎡⎢⎢⎢⎣
1

Ld
0

0
1
Lq

⎤⎥⎥⎥⎦ . (134)

The state matrix A depends on the electrical speed ω , so the system is linear but

time-varying; since ω changes slowly with respect to the sampling period, it is treated as

a constant parameter updated at every sampling instant.

The controller operates at a fixed sampling period Ts, and the voltage vector

applied by the inverter is held constant throughout each interval. The derivatives in (132)

and (133) can therefore be approximated by forward Euler differences,

di
dt
≈ i(k+1)− i(k)

Ts
, (135)

where k denotes the current sampling instant and k+1 the next one. The approx-

imation is acceptable provided Ts is small compared with the electrical time constants

Ld/Rs and Lq/Rs of the machine.

Substituting (135) into (132)–(133) and solving for the future currents gives the

second form, that is the prediction model actually evaluated by the controller:
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i p
d (k+1) = id(k)+

Ts

Ld

[︂
vd(k)−Rs id(k)+ω(k)Lq iq(k)

]︂
, (136)

i p
q (k+1) = iq(k)+

Ts

Lq

[︂
vq(k)−Rs iq(k)−ω(k)Ld id(k)

]︂
, (137)

where the superscript p marks a predicted quantity. Grouping the terms in id(k)

and iq(k) makes the structure of the recursion more explicit:

i p
d (k+1) =

(︃
1− RsTs

Ld

)︃
id(k)+

ω(k)Lq Ts

Ld
iq(k)+

Ts

Ld
vd(k), (138)

i p
q (k+1) =

(︃
1− RsTs

Lq

)︃
iq(k)−

ω(k)Ld Ts

Lq
id(k)+

Ts

Lq
vq(k). (139)

Equations (138)–(139) are evaluated once for each of the voltage vectors avail-

able from the two-level inverter. The measured currents id(k), iq(k) and the measured

speed ω(k) are common to all evaluations, so only the input term changes from one

candidate to the next: vd(k) and vq(k) are the Park projections of the vector under test.

Each prediction is scored by a cost function that measures how far the predicted cur-

rents lie from their references, generated by the MTPA and field weakening strategy of

section 4.1.1:

g j =
⃓⃓⃓
i∗d− i p

d, j(k+1)
⃓⃓⃓
+
⃓⃓⃓
i∗q− i p

q, j(k+1)
⃓⃓⃓
, j = 0, . . . ,7, (140)

where j indexes the eight switching states of the two-level inverter and i∗d , i∗q are

the current references. The vector minimising g j is applied during the following sampling

interval. The absolute value weights both axes equally; alternative formulations use the

squared error, or add terms penalising the switching frequency or enforcing constraints

[28].

It is important to note that for simplicity, the model assumes that the reference current

does not change significantly over the sampling interval, so we will consider i∗(k+1) =

i∗(k). This assumption may introduce a delay of one sample in tracking the reference,

which is not a problem if a high sampling rate is considered. A second delay arises from
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the computation itself: the vector selected at the instant k is actually applied during the

following interval, when the currents have already evolved. The formulation adopted here

keeps a one step horizon and does not compensate this actuation delay, so the decision is

optimal with respect to the state measured at k rather than to the state at which the vector

is applied. The known effect is an increased current ripple and a tendency to alternate

between adjacent vectors. The standard remedy [28] is a two step prediction, in which

the state at k+1 is first estimated using the vector already applied and the candidates are

then evaluated at k+2; its implementation is left as a possible extension.

Figure 13: Predictive current control block diagram

The image 13 highlights the central role of the cost function which actually

determines the distance between the given references and those predicted by the model.

4.4 Model-Free Predictive Control

From the previous chapters on PI-based models section 4.2 and predictive mod-

els with MPC algorithms section 4.3, a series of limitations are evident. The first major

limitation is the need to know the system model, for example, eq. (138) and eq. (139) of

the model based strategy. However, the system’s characteristic parameters vary over time

and vary as a function of operating conditions, so a model to follow should be variable.

This implies a computational cost that is too high to sustain, which is generally not a desir-

able condition in industrial applications. Furthermore, the initial parameter identification

process is not simply solvable, and therefore is another aspect to consider and deserves

more careful consideration. As the system evolves over time, it could diverge from the

model used, thus leading to a marked degradation in performance [29]. The idea to ad-

dress these issues is to observe the control system’s input and output values in the narrow
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neighbourhood of the current operating point, rather than estimating the global behavior

of the system being governed. This idea has given rise to a new category of controllers

based on online variable verification, called MFPC (model-free predictive control).

In some of these MFPC controls, the data-driven model is replaced by a lock-up table

containing the control system’s input and output data, which is updated at each sampling

cycle. The model is then linearized, attempting to predict the system’s behavior. There

are different types of MFPC controls; in this case, the ultra-local strategy is used. This

method is very similar to the original approach of model-free strategies, which uses a

model with one or more uncertain terms, estimated online by analysing the system’s in-

puts and outputs. The general block diagram of the MFPC strategy.

Figure 14: Model-Free Predictive control block diagram

The signal flow requires that the controller receiving the reference Y ∗ and, at

each sampling instant, selecting the actuation U(k) to apply. This is imposed on the

system, whose measured output Y (k) is not returned to the controller, but rather to the

ultra-local model block, which in turn receives the applied actuation. Starting from these

two quantities, the block produces the one-step prediction Ŷ (k+1), which closes the loop

on the controller and constitutes the quantity actually compared with the reference in the

cost function [29].

The ultra-local model ignores the physics of the system being controlled and
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describes only the relationship between inputs and outputs, according to the relationship:

⎧⎪⎨⎪⎩id(k+1) = id(k)+Ts(αd ud(k)+Fd(k))

iq(k+1) = iq(k)+Ts
(︁
αq uq(k)+Fq(k)

)︁ (141)

α is defined as a scale factor typically inizialized as 1
L [30], while F̂ is a term that captures

all the uncertainties of the system, such as resistance, which varies with temperature,

magnetic coupling, or parametric errors.

The system has four unknowns, as highlighted by eq. (141), but there are only

two equations. The numerical solution is to exploit the nature of the FCS (finite control

set) structure already seen in MPC control section 4.3, and by exploiting the null vectors

V0 and V7, eq. (141) are simplified to the form:

idq(k+1) = idq(k)+TsFdq(k) =⇒ Fdq(k) =
idq(k+1)− idq(k)

Ts
(142)

This allows us to derive the unknown F̂ on the d-axis and q-axis. Assuming that

F̂ remains stable for several control cycles, and therefore assuming this term is known,

using the non null vectors V1...6, the equation can be inverted to estimate the value of α .

αdq =

∆idq

Ts
− F̂dq(k)

udq(k)
, ∆idq = idq(k+1)− idq(k) (143)

This method is affected by noise, amplifying the current measurement error [29].

For that reason the RLS (recursive least square) method is introduced.

The RLS method starts from the linear formulation of the parameter model, that is, an

equation where the measured output of the system can be expressed as a scalar product

between a data vector and a vector of unknown coefficients.

y(k) = ϕ
T (k)θ + e(k) (144)
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Where y(k) is the output measurement, that is, the current, ϕ(k) is the regressor that

collects past current and voltage samples, and θ is the vector of unknown parameters to

be estimated. The error e(k) is the residual due to measurement errors and additional

unmodeled dynamics. It is linearity with respect to the θ parameters that makes the

method applicable. The optimum parameter to be identified is the estimate that minimizes

the weighted sum of the squares of the errors committed on the data collected up to the

current time.

J(θ ,k) =
k

∑
j=1

λ
k− j

[︂
y( j)−ϕ

T( j)θ
]︂2
, 0 < λ ≤ 1 (145)

Differentiating the estimate with respect to the parameters θ and setting it equal to zero:

∂J
∂θ

=−2
k

∑
j=1

λ
k− j

ϕ( j)
[︂
y( j)−ϕ

T( j)θ
]︂
= 0, (146)

And by separating the terms containing the unknown from the terms containing the data,

we obtain: [︄
k

∑
j=1

λ
k− j

ϕ( j)ϕT( j)

]︄
⏞ ⏟⏟ ⏞

R(k)

θ̂(k) =
k

∑
j=1

λ
k− j

ϕ( j)y( j)⏞ ⏟⏟ ⏞
f (k)

. (147)

Therefore, the system can be viewed as a linear system of the form,

R(k)θ̂(k) = f (k) (148)

with a solution equal to:

θ̂(k) = R−1(k) f (k) (149)

which formally solves the parameter identification problem.

The issue with the method is that the terms R(k) and f (k) are sums that encompass all

the past terms of the system, which should be preserved, and in a system to be used in

real time, this is not practical. To resolve this issue in the formulation, it is sufficient to
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operate algebraically, isolating the term with j = k of the equation eq. (147).

R(k) =
k−1

∑
j=1

λ
k− j

ϕ( j)ϕT( j) + ϕ(k)ϕT(k) (150)

Decomposing the exponent:

λ
k− j = λ

1+[(k−1)− j] = λ ·λ (k−1)− j (151)

Collecting the λ factor:

k−1

∑
j=1

λ
k− j

ϕ( j)ϕT( j) = λ

k−1

∑
j=1

λ
(k−1)− j

ϕ( j)ϕT( j) (152)

which is by definition the information relating only to the inputs of the previous step

R(k−1) =
k−1

∑
j=1

λ
(k−1)− j

ϕ( j)ϕT( j) (153)

obtaining by substitution the recursive laws, both for the inputs R(k) and for the outputs

f (k):

R(k) = λR(k−1)+ϕ(k)ϕT(k) (154)

f (k) = λ f (k−1)+ϕ(k)y(k) (155)

The solution requires R−1 and not R(k), so we need to find a recurrence that avoids matrix

inversion. Then, at the operational level, we introduce the covariance matrix P(k), defined

as:

P(k) = R(k)−1 (156)

Which represents the uncertainty in the parameter estimate.

The key to understanding the meaning of P(k) lies in the form of the added term ϕϕT,

which is the exterior product of a vector by itself, which in physics terms means that the

new data provides information along only one direction of the parameter space, namely
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the direction indicated by the current regressor. If a vector moves along only one direction,

it is reasonable to think that its inverse behaves in the same way, and this is precisely what

the Sherman and Morrison lemma expresses. [31]

(︂
A+uvT

)︂−1
= A−1− A−1uvTA−1

1+ vTA−1u
. (157)

applying the lemma 157 with A = λR(k− 1) and u = v = ϕ(k), and recalling

that A−1 = λ−1P(k−1), we obtain

P(k) =
1
λ

P(k−1)−

1
λ

P(k−1)ϕ(k)ϕT(k)
1
λ

P(k−1)

1+
1
λ

ϕT(k)P(k−1)ϕ(k)
, (158)

Simplifying the λ terms:

P(k) =
1
λ

[︃
P(k−1)− P(k−1)ϕ(k)ϕT(k)P(k−1)

λ +ϕT(k)P(k−1)ϕ(k)

]︃
. (159)

and introducing the adaptive gain which by definition is:

G(k) =
P(k−1)ϕ(k)

λ +ϕT(k)P(k−1)ϕ(k)
(160)

Substituting it, the covariance expression P(k) becomes

P(k) =
1
λ

[︂
P(k−1)−G(k)ϕ

T(k)P(k−1)
]︂

(161)

rewriting the normal equations eq. (147), with the covariance P(k), and replacing f (k)

with the recursive form:

θ̂(k) = P(k) [λ f (k−1)+ϕ(k)y(k)] (162)

From previous consideration can be obtained that f (k− 1) = R(k− 1)θ(k− 1), λR(k−

1) = R(k)−ϕϕT , and by definition P(k)R(k) = I with P(k)ϕ equal to G(k), can be ob-
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tained the final parametric update formula:

θ̂(k) = θ̂(k−1)+G(k)e(k) (163)

In addition to the final equation that represents the estimation of the parame-

ters, it is necessary to give a small, non-trivial example, which includes two parameters

θ = [2,3]T , which the algorithm does not know and must identify by observing the output

of the linear equation:

y(k) = ϕ
T(k)θ . (164)

The starting situation, shown in Fig. 15, is fixed by the initialization:

θ̂(0) =

⎡⎢⎣0

0

⎤⎥⎦ , P(0) = 100 I2. (165)
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Figure 15: RLS - Step 0

the eigenvalues of P(0) coincide, so the ellipse degenerates into a circle of radius
√

100 centred at the origin.

With ϕ(1) = [1, 2]T, which corresponds to y(1) = 8, the a priori error holds

e(1) = y(1)−ϕ
T(1)θ̂(0) = 8−0 = 8, (166)

the adaptive gain (160) results

G(1) =
P(0)ϕ(1)

λ +ϕT(1)P(0)ϕ(1)
=

1
1+500

⎡⎢⎣100

200

⎤⎥⎦=

⎡⎢⎣0,1996

0,3992

⎤⎥⎦ , (167)
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and the update (163) leads to

θ̂(1) = θ̂(0)+G(1)e(1) =

⎡⎢⎣1,5968

3,1936

⎤⎥⎦ . (168)

The estimation moves exactly along ϕ(1), since the direction of the normalized correction

coincides digit by digit with ϕ(1)/∥ϕ(1)∥: with P isotropic the gain is in fact reduced to

G ∝ ϕ . The covariance update (161) yields

P(1) =
1
λ

[︂
I−G(1)ϕT(1)

]︂
P(0) =

⎡⎢⎣ 80,04 −39,92

−39,92 20,16

⎤⎥⎦ , (169)

whose eigenvalues are 0,1996 and 100, with eigenvectors aligned and orthogonal to the

regressor, respectively.

The circumference has therefore flattened into a very elongated ellipse, with semi-axis

0,447 along ϕ(1) and semi-axis still equal to 10 in the orthogonal direction, as shown in

Fig. 16.
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Figure 16: RLS - Step 1

With ϕ(2) = [1,5, 1]T and y(2) = 6 the error drops to

e(2) = y(2)−ϕ
T(2)θ̂(1) = 6−5,5888 = 0,4112, (170)

a value much lower than the initial one since much of the information is already acquired.

The gain becomes

G(2) =
P(1)ϕ(2)

λ +ϕT(2)P(1)ϕ(2)
=

1
1+80,49

⎡⎢⎣ 80,14

−39,72

⎤⎥⎦=

⎡⎢⎣ 0,9834

−0,4874

⎤⎥⎦ , (171)

and the direction of the correction is [0,896,−0,444], which does not coincide with

ϕ(2)/∥ϕ(2)∥ = [0,832, 0,555] but rather with the major axis of P(1). The algorithm
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therefore moves almost entirely along the still uncertain direction, leaving what has al-

ready been learned almost intact: this confirms that in the product P(k−1)ϕ(k) the gain

represents the direction of the regressor distorted by the covariance and not the regressor

itself. The estimate reaches

θ̂(2) = θ̂(1)+G(2)e(2) =

⎡⎢⎣2,0012

2,9932

⎤⎥⎦ , (172)

with final semi-axes reduced to 1,377 and 0,359, as illustrated in Fig. 17: two linearly

independent regressors have saturated both directions of a two-dimensional space, satis-

fying the persistent excitation condition.

The residual error, on the order of a few thousandths, constitutes the last trace of the initial

condition θ̂(0) = 0, which acts like fictitious a priori information and is forgotten only

asymptotically.
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Figure 17: RLS - Step 2

Once the recursive algorithm RLS has returned the parameter vector θ̂dq(k),

these are used within the ultra-local model, which requires the scale factor and the uncer-

tain term separately. Since the estimate provides the input-output relationship coefficients

as a whole, the uncertain term is extracted by difference, subtracting the contribution of

the voltage applied in the previous step.

F̂d(k) = ϕ
T
d (k) θ̂d(k)−αd vd(k−1), F̂q(k) = ϕ

T
q (k) θ̂q(k)−αq vq(k−1), (173)

in which αd and αq are assumed to be equal to the inverses of the nominal direct and

quadrature -axis inductances and are not updated, while vd(k−1) and vq(k−1) were the

optimum in the previous sampling period.

With these components, we evaluate, for each candidate, the current that would be ob-
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tained by applying the corresponding vector, according to the prediction law of the ultra-

local model.

i p
d (k+1,n) = id(k)+Ts

[︁
αd vd(n)+ F̂d(k)

]︁
, (174)

i p
q (k+1,n) = iq(k)+Ts

[︁
αq vq(n)+ F̂q(k)

]︁
. (175)

The predictions thus obtained are compared with the current references using the cost

function, assumed equal to the Euclidean norm of the error,

g(n) =
√︂(︁

i∗d− i p
d (k+1,n)

)︁2
+
(︁
i∗q− i p

q (k+1,n)
)︁2
, (176)

and the optimal vector is identified as the one that minimizes it,

nopt = arg min
n∈{0,...,7}

g(n), (177)

which is then applied to the inverter in the next period. The voltage vopt
d and

vopt
q are stored together with the measured currents, since they constitute elements of the

regressor that the estimation algorithm will use in the next step. This is the point where

the loop is closed, the controller’s output becoming the estimator’s input.

4.5 INDI Control

The idea of introducing this latter control strategy arose from the investigation of

methods used in other fields of engineering. Non-linear dynamic inversion and its incre-

mental variants have been very successful in flight control: the F-35 is the first production

fighter to incorporate a dynamic inversion control law over the whole flight envelope [32].

The system’s non-linearities are cancelled using a feedback control law for a non-

linear plant, an idea developed for multivariable systems in the late 1960s and early 1970s

[33]. Its control-oriented formulation, now known as feedback linearization or non-linear

dynamic inversion (NDI), has become established in the non-linear control literature [34].

A system is said to be affine in control when the input u appears linearly, while
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the dependence on the state x remains non-linear. Consider therefore a plant written in

input-affine form

ẋ = f (x)+G(x)u, y = h(x), (178)

with x ∈ Rn the state vector, u ∈ Rm the vector of control inputs, and y ∈ Rp the vector

of measured outputs. Observing the structure of (178), we note that the right-hand side

is a first-degree polynomial in u: it contains a term independent of the input, f (x), and

a multiplicative term, G(x)u. Terms of the type u2, sin(u), or cross products uiu j are

not allowed. Hence the affine name, analogous to the straight line z = mξ + q, where,

however, the coefficients q and m vary with the operating point.

f (x) drift field. Describes the autonomous evolution of the system, that is, the dynamics

observed in the absence of any control action (u = 0). It includes the internal cou-

plings, the dissipative terms, and, in general, all the non-linearities of the state. The

point xe such that f (xe) = 0 constitutes an unforced equilibrium of the system.

G(x) matrix of input fields. Its columns g1(x), . . . ,gm(x) represent the directions in the

state space along which each input is able to act:

G(x)u =
m

∑
i=1

gi(x)ui. (179)

The essential aspect is that these directions depend on the state: the same command

produces different effects at different operating points.

h(x) output map. It defines the quantities actually available for measurement, generally

non-linear functions of the state. In (178) the output does not explicitly depend on

u, a hypothesis that excludes the direct transmission term and guarantees non-zero

relative degree with respect to each input.

When f , G, and h do not explicitly depend on time, the system is said to be time-invariant;

the case f (x) = Ax, G(x) = B, and h(x) = Cx brings (178) back to the classical linear

model, which therefore represents a special case of it.

This structure has a direct consequence for control design. Since u enters lin-

early, its effect on the state is described by a coefficient depending on x alone, and this
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property is preserved when the equations are manipulated. The output, on the other hand,

does not depend on the input directly: y = h(x) is a function of the state only. To make

the input appear, the output must be differentiated along the dynamics, once or more;

when the input finally shows up, it still does so linearly, so the resulting expression can be

solved for u by algebraic inversion. This is the idea behind non-linear dynamic inversion:

rather than approximating the plant around an operating point, the input is chosen so as

to cancel the non-linear terms exactly, leaving a linear relation between the output and a

new, artificial input.

Let r be the relative degree of the output, that is, the number of times y must be

differentiated before the input appears explicitly.

That derivative can then be expressed as

y(r) = aν(x)+Bν(x)u ≜ ν , (180)

where ν is called the pseudo control and Bν the control effectiveness. In the multivariable

case each output has its own relative degree ri, the set {r1, . . . ,rm} being the vector relative

degree, and Bν(x) becomes the decoupling matrix of the plant. Provided Bν is invertible,

solving (180) for the input gives the inversion law

ucmd = B−1
ν (x) [νdes−aν(x)] , (181)

which cancels every non-linearity and leaves the linear relation y(r) = νdes.

Figure 18: Non-linear dynamic inversion as a static state feedback, adapted from [34]

In the rotor reference frame the stator voltage balance of the synchronous reluc-
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tance machine derived in Chapter 3.1 reads

⎡⎢⎣vd

vq

⎤⎥⎦= Rs

⎡⎢⎣id

iq

⎤⎥⎦+
d
dt

⎡⎢⎣ψd

ψq

⎤⎥⎦+ωe

⎡⎢⎣−ψq

ψd

⎤⎥⎦ , (182)

and, introducing the incremental inductance matrix

L(i) =
∂ψ

∂ i
=

⎡⎢⎣Ldd Ldq

Lqd Lqq

⎤⎥⎦ ,
dψ

dt
= L(i) i̇, (183)

the current dynamics take the form (178) with state and input x = [ id iq ]⊤, u = [vd vq ]
⊤:

i̇ =−L−1

⎛⎜⎝Rsi+ωe

⎡⎢⎣−ψq

ψd

⎤⎥⎦
⎞⎟⎠

⏞ ⏟⏟ ⏞
aν (x)

+ L−1⏞⏟⏟⏞
Bν (x)

v. (184)

The controlled output is the current vector itself, so that r = 1 on both axes and the pseudo

control is the current derivative, ν = i̇. The control effectiveness is the inverse of the

incremental inductance matrix, and its invertibility requires detL(i) ̸= 0. Substituting

(184) into (181) gives

vcmd = Rsi+ωe

⎡⎢⎣−ψq

ψd

⎤⎥⎦+L(i)νdes, (185)

which is exactly the voltage decoupling network of the field-oriented scheme of Chap-

ter 3.1. Its weakness is equally apparent: every term of aν must be known accurately,

while Rs drifts with winding temperature and the flux linkages are saturated and cross-

saturated functions affected by the uncertainty of the identification.

The incremental formulation removes that dependence. Let u0 be the input ap-

plied at the previous sampling instant and ν0 the corresponding pseudo control, so that

ν0 = aν(x0)+Bν(x0)u0. Writing the same balance for the desired pseudo control and sub-
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tracting the two expressions, the state-dependent term aν(x0) cancels and there remains

νdes−ν0 = Bν(x0)(ucmd−u0) , (186)

whence the incremental inversion law

ucmd = u0 +B−1
ν (x0)(νdes−ν0) . (187)

Both terms of the subtraction are evaluated at x0, so the cancellation is exact only to the

extent that aν(x)≃ aν(x0) and Bν(x)≃ Bν(x0) over one sampling period. This time scale

separation between the state evolution and the control update is the assumption on which

the whole incremental formulation rests, and it ties the validity of the method directly to

the sampling frequency. Only the control effectiveness survives: the resistive drop and

the speed-dependent terms no longer appear, and are instead accounted for implicitly by

the applied input u0 and by the measured plant response ν0. Equation (187) requires the

current derivative, which no transducer of the drive provides and which cannot be obtained

by numerical differentiation of the sampled currents without amplifying the switching

ripple. It is therefore estimated by blending an on-board model of the machine with the

measurement,

ˆ̇i = i̇OBM +Kaug
(︁
i̇0− i̇OBM

)︁
=
(︁
1−Kaug

)︁
i̇OBM +Kaug i̇0, (188)

where i̇OBM is evaluated from (184) at the measured operating point and the correction

term is low-pass filtered with cut-off frequency fcut. The augmentation gain Kaug is a

linear weight between the two sources: the model estimate is smooth but biased by pa-

rameter error, the measured one is unbiased but noisy, and the blend trades one against

the other. It should be noted that the on-board model reintroduces the very quantities the

incremental formulation had removed, since i̇OBM is computed from Rs and from the flux

linkages: the parameter error re-enters the loop weighted by
(︁
1−Kaug

)︁
, and full indepen-

dence from the machine parameters is recovered only in the limit Kaug→ 1, at the cost of

the measurement noise. The choice of Kaug is therefore a compromise between parameter

sensitivity and noise rejection.
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Substituting B−1
ν = L(i) and ∆i̇ = i̇des− ˆ̇i into (187), the law implemented on the

two axes reads

vd,cmd = vd,0 +Ldd ∆i̇d +Ldq ∆i̇q, (189)

vq,cmd = vq,0 +Lqd ∆i̇d +Lqq ∆i̇q, (190)

where vd,0 and vq,0 are retained by a unit delay of period Ts in the feedback branch.

The off-diagonal terms couple the two channels: omitting them would leave the cross-

saturation contribution uncompensated. The desired pseudo control is produced by a

first-order reference model,

i̇des = ωc (iref− i) , (191)

the forward derivative of the reference being zero, since the current references generated

by the MTPA and field-weakening strategy are piecewise constant. Combining (191) with

the linearized closed loop i̇ = i̇des yields

i(s)
iref(s)

=
ωc

s+ωc
, (192)

a first-order response whose bandwidth is set directly by ωc and does not depend on Ldd ,

Lqq or Rs. This is the practical advantage of the method: the same bandwidth can be

assigned to both axes despite the anisotropy of the machine, without computing gains

from the machine parameters.

64



5 Simulation

5 Simulation

For each of the four control strategies analyzed, the block diagram representing

the implementation and the results obtained from the simulations conducted according to

the reference scenario will be presented. In particular, for each model the following will

be reported:

• the currents id and iq, compared between the reference value and the measured

value;

• the mechanical speed ωm, compared between the reference value and the measured

value;

• the plane id–iq, with the operating point trajectory superimposed on the character-

istic curves (MTPA, voltage ellipse, limit current circle);

• the phase currents iabc;

• the phase voltages vabc.

This set of graphs, common to all four strategies, allows a direct and systematic

comparison of performance. For each model, additional graphs are added to analyze

parameters specific to the specific control strategy. To ensure a valid comparison between

the four simulations analyzed in this thesis: PI, INDI, FCS-MPC, and MFPC, a single

reference scenario is used. The velocity profile ωre f imposes four successive steps (158,

220, 240, and 260 rad/s) at t = 0,1,2,3 s, while the load torque profile Tload follows

a more complex pattern, with transitions at t = 0.25,0.5,0.75,1,2,2.5,3 and 4 s, up to

a maximum of 5 Nm. Using a single reference pair for all four simulations eliminates

any confounding variables related to the operating scenario, thus isolating performance

differences (following error, ripple, robustness) to the intrinsic characteristics of each

control algorithm.
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Figure 19: Speed reference and Load torque profile

5.1 PI model simulation

The first proposed model implements the field-oriented control (FOC) scheme

with PI regulators to control the motion of the SynRM motor through a three-phase in-

verter with two voltage levels.

The generic scheme can be considered as a set of three interconnected macrogroups: the

external speed loop, the internal current loop, and the system to be controlled.
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Figure 20: Block diagram of the PI model proposed for SynRM drives

The external speed loop takes the speed reference provided by the profile gen-

erator. The ramp block processes the requested speed reference signal to provide at the

downstream PI controller a smoother reference, avoiding sudden changes that could cause

system oscillations. The ramp generates a reference that takes one second to reach the

nominal speed of the SynRM motor. The generated reference is compared by the sum-

ming block to the speed feedback read by a dedicated sensor keyed on the motor shaft.

The error between the two signals is sent to the input of the speed controller. The PI con-

troller, according to the structure, section 4.1.3, generates the torque reference required to

accelerate the motor to the required speed and balance the load torque required by the pro-

file generator. The torque reference, once processed with appropriate scaling, generates

the required current reference i∗q:

T ∗m =
3
2

pp(Ld−Lq)i∗di∗q (193)

obtaining:

i∗q =
T ∗m

3
2 pp(Ld−Lq)i∗d

(194)

The generated torque current reference i∗q is limited upper and lower by the value gener-

ated by the reference generator function i∗d and i∗q, called in the simulation ”MTPA FW

MTPV SOLVER”. The saturated torque current reference is compared via a summing
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node to the appropriately transformed current feedback in the dq frame. The error be-

tween the reference and the measured current value on the quadrature axis is sent to the

input of the PI regulator. In parallel with this regulator, there is a second PI regulator

for the direct axis. The regulators discussed so far feature a saturator structure and anti-

windup mechanism [35]; the diagram below shows the implementation.

Figure 21: PI control detail

More sophisticated and high-performance anti-windup schemes exist, but I chose

to keep the implementation simple for the first model. Although simple to implement,

the saturator and anti-windup scheme allows for output limitation and prevents control

instability. In the event of a saturated loop, the integrator would continue to operate, so

the anti-windup mechanism corrects the regulator’s behavior.

The regulator gains are computed from (131) by imposing a damping factor ζ = 0.707

and a natural frequency fi = 1 kHz on both axes [11]. With a sampling and modulation

frequency of 20 kHz, the current loop remains one decade above the speed loop and well

below the sampling frequency. The voltage references in the dq plane are then added to

the decoupling network, recalling the motor equations:

ed =−ωeLqiq (195)

eq =+ωeLdid (196)

They must be added to the voltage references crosswise with respect to the axis voltage.

The result of this step generates the voltage references u∗d and u∗q.

These are transformed into the natural frame abc to allow for dead-time corrections. The

function of dead-time compensation calculates the three correction voltages in the natural

frame to be added to the three references V ∗a , V ∗b , and V ∗c , to compensate for the voltage
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error introduced by the dead time inserted between the switching of the two switches on

each leg of the inverter. During the dead time interval Td , both IGBTs on one leg are off,

and the phase current closes through the freewheeling diodes. The phase potential in this

interval is not determined by the gate signals, but exclusively by the direction of the phase

current. If iphase > 0 the outgoing current conducts, and the node remains locked to the

negative potential; consequently, the actual voltage is lower than the commanded voltage;

If iphase < 0 the incoming current conducts, and the upper diode remains locked to the

positive potential; consequently, the actual voltage is higher than the commanded voltage.

The voltage error is equal to:

∆V =
Td

Ts
∗Vdc ∗ sign(i) (197)

The references thus corrected are transformed back into the αβ . The dead-time com-

pensation implemented in this work follows the average-value feedforward approach, in

which the compensation voltage is computed from the switching period, the dead time

and the polarity of the phase currents [36].

The duties generated by the SVPWM method section 4.1.4, are then compared with a

triangular reference signal to activate the appropriate switches via the appropriate gate

signals. The feedback from the speed and current loops, after processing, is sent to the

comparison summing nodes.

For the PI strategy discussed, the results are shown through a series of indicative graphs.

The results obtained listed below refer to the scenario shown at the beginning of this chap-

ter.

• the currents id and iq, compare between the reference value generated by the MTPA

algorithm and the value measured in the feedback;

• the mechanical speed ωm, compare between the non ramped reference and the mea-

sured value;

• the plane id–iq, with the operating point trajectory superimposed on the character-

istic curves (MTPA locus, voltage ellipse and limit current circle);
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• Ld and Lq computed by interpolation of the apparent inductances map;

• the phase currents iabc;

• the phase voltages vabc;

• Is vector angle θMT PA;

• Torque comparison.

The graph shows, for each axis of the dq reference, the comparison between the

reference current generated by the MTPA algorithm and the measured value.

Tracking on both axes is accurate throughout the entire test profile. The measured value

reaches the reference at each step with limited overshoot, and the steady-state error is

reduced to only the switching ripple, without deviation.

During implementation, several issues related to reference tracking on the q axis were

encountered. The tracking anomaly was caused by an error in the planning of the decou-

pling network; in fact, fixed inductance values were originally used throughout the test.

The anomaly is visible in the graph below.

Figure 22: current in dq frame decoupling networ issue

To ensure effective operation of the network, it was necessary to use inductances

obtained by interpolating the inductance maps. This behaviour further highlights the

strong dependence on parameters in this control strategy.
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Figure 23: current in dq frame

The analysis of the results proceed by comparing the speed reference, taken be-

fore the ramp generator, with the value measured on the shaft. The deviation between the

two traces during transients does not represent a tracking error, but the desired effect of

the ramp block, which converts each step into a limited slope profile to avoid impulsive

torque demands. At steady state, the measured speed coincides with the required value

on all steps, with no residual error and no overshoot, confirming the correct dynamic

separation between the outer and inner loop.

Figure 24: mechanical speed

The graph below, is the most representative of those shown, represents the tra-

jectory of the operating point in the current plane dq, superimposed on the characteristic
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curves of the machine, the theoretical trajectory of the MTPA, the current limit circum-

ference and the voltage ellipses related to different speeds. The simulated trajectory is

arranged along the minimum current points in the constant torque region and, when the

base speed is exceeded, moves along the boundary imposed by the current and voltage

constraints. The overlap between the operating point and the theoretical point confirms

the consistency between the inductance maps used in the control and those used to plot

the characteristic curves.

Figure 25: dq plane

The graph shows the values obtained by interpolating the apparent inductance

maps at the operating point reached at each instant. Both quantities vary significantly

along the test profile, as a direct consequence of magnetic saturation. This behaviour

justifies the precise evaluation of the inductances adopted in the decoupling network and

in the scaling network of the torque reference signal to the current reference on the q-axis.
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Figure 26: Interpolated Ld and Lq

The analysis proceed by checking the three-phase currents and voltages. The

current graph allows us to evaluate the symmetry of the three-phase system, the harmonic

content of the waveforms, and the amplitude of the switching ripple. Particular attention is

paid to the zero-crossing regions, where the residual effects of the inverter’s nonlinearity

are evident, and to the transitions between the different operating points, where the vari-

ation in amplitude and frequency reflects the evolution of the torque and speed reference.

The voltage graph, on the other hand, allows us to verify the correct exploitation of the

available bus voltage and to identify the moment at which the voltage vector magnitude

reaches the limit imposed by the DC bus, a condition that marks the entry into the field

weakening region.
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Figure 27: three phase current in natural frame abc

Figure 28: three phase voltege in natural frame abc

The graph shows the angle of the stator current vector in the dq frame, the an-

gular position of the operating point along the trajectory shown in the idiq plane. In the

constant-torque region, the angle takes the value that minimizes the current amplitude for
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the required torque. Above the base speed, the angle increases, as the operating point

leaves the MTPA locus and moves along the iso-torque curve, or along the limit current

circumference if the required current vector exceeds this. Once a certain critical speed

is exceeded, the angle remains fixed and the machine descends linearly toward the axes’

origin.

Figure 29: Current vector Is angle

To complete the analysis of the result graphs, we present a graph comparing the

reference torque generated by the speed loop with the electromagnetic torque produced by

the machine and with the value estimated from the currents measured through the apparent

inductance maps. The three traces overlap along the entire profile: the correspondence

between the reference and the produced torque confirms the correct functioning of the

control chain, while the correspondence between the produced torque and the estimated

torque validates the maps and the torque expression adopted, as the estimate is obtained

from an independent calculation based on the measured currents. The reference torque

deviates from the estimate under motor acceleration conditions, but the current remains

constrained by the current on the q-axis, as this represents the positive and negative limits

of the required reference on q-axis loop.
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Figure 30: Torque reference vs Estimated Torque and measured Torque

5.2 Model-Based simulation

The second proposed model is a predictive model based on SynRM characteris-

tics.

Again, the generic scheme can be considered as a set of three interconnected macrogroups:

the external speed loop, the internal MPC-based current loop, and the system to be con-

trolled.

Figure 31: Block diagram of MPCC model for SynRM

The current loop uses the MPC algorithm to define the switch states. The steps

of the MPC algorithm implemented in the simulation phase and described in detail in this

chapter take shape in the diagram in fig.32.
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Figure 32: Flowchart of FCS-MPCC for a two-level inverter

The algorithm is composed of three main phases: error evaluation and integral

calculation with Antiwindup, evaluation of each individual admissible state, and output

generation of commands that minimize the cost function g.
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The cycle begins with the measurement of the stator currents id(k), iq(k) and the

rotor position and speed θ(k),ω(k), the latter being necessary for both the Park projection

of the candidate vectors and the motion terms of the prediction model.

The second phase updates the integral action. The current errors are accumulated, con-

strained to Imax, and the augmented references i∗d , i∗q are formed. This phase has no coun-

terpart in the classical formulation [28], where the absence of an integral action leaves a

steady-state current error whenever the prediction model does not exactly match the ma-

chine [37]. Two routes are available to recover zero steady-state error. In [38] an integral

contribution is embedded in the cost function itself, so that it is evaluated for every can-

didate switching state and its weight has to be traded off against the tracking term. The

scheme adopted here follows instead the cascaded approach of [37]: the integral state acts

on the current references through (202), it is updated once per sampling period outside

the evaluation loop, and the cost function (145) remains a plain Euclidean norm of the

tracking error. The integrator is protected against windup by the back-calculation scheme

of (200), following [39].

ed(k) = i∗d(k)− id(k), eq(k) = i∗q(k)− iq(k), (198)

The integral state is inherently unbounded: whenever the available inverter volt-

age is insufficient to track the reference, the accumulated error keeps growing and the

controller winds up. To prevent this, the unconstrained integral state σu is limited to the

rated current of the machine, Imax, according to (199), and the difference between the

saturated and unconstrained values is feedback to the integrator input as in (200)–(201).

This value is not saturated, so to prevent the term from growing above the limits,

it is saturated at the motor’s nominal current.

σ
s = sat

(︁
σ

u)︁=
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Imax if σ u > Imax,

−Imax if σ u <−Imax,

σ u otherwise,

(199)

the result is feedback into the integrator according to the feedback scheme 31.
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σd(k) = σd(k−1)+
[︂(︁

σ
s

d (k)−σ
u

d (k)
)︁
+ ed(k)

]︂
Ts, (200)

σq(k) = σq(k−1)+
[︂(︁

σ
s

q (k)−σ
u

q (k)
)︁
+ eq(k)

]︂
Ts. (201)

The references to be passed to the cost function are obtained by adding the reference

required by the MTPA function to the weighted integral state [38].

i∗∗d (k) = i∗d(k)+λi σd(k), i∗∗q (k) = i∗q(k)+λi σq(k) (202)

where λi is the integral gain, dimensionally the inverse of a time, since σ has the

dimensions of a current multiplied by a time.

The cost function also has a slightly different form than the one usually expressed (140),

among the reference formulations discussed in [28, Chap. 10], the Euclidean norm of the

error vector in the dq plane was adopted:

g j =

√︃(︂
i∗∗d (k)− i p

d, j(k+1)
)︂2

+
(︂

i∗∗q (k)− i p
q, j(k+1)

)︂2
, j = 0, . . . ,7, (203)

where j indicates the switching states of the two-level inverter and the superscript

p denotes a predicted quantity.

The third phase is the prediction loop, repeated for j = 0, . . . ,7. For each index,

the corresponding switching triplet (Sa,Sb,Sc) is retrieved; The inverter model produces

the following stationary components:

vα =
2
3

Vdc

(︃
Sa−

Sb

2
− Sc

2

)︃
, vβ =

Vdc√
3
(Sb−Sc) , (204)

that the Park transformation projects onto the rotor reference system:

vd, j = vα cosθ + vβ sinθ vq, j =−vα sinθ + vβ cosθ (205)

The predicted currents are derived from (136)–(137), and the cost (203) is stored

in position j of an array. Only vd, j and vq, j change over the eight evaluations: the mea-
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sured quantities, the interpolated inductances at the operating point, and the integral terms

are common to all and are calculated only once, which reduces the body of the loop to

a few arithmetic operations. Once the matrix is completed, the index that minimizes the

cost is selected:

J = arg min
j∈{0,...,7}

g j, (206)

the corresponding switching state is applied to the inverter gates for the entire

subsequent sampling interval. No modulator is involved: the controller output is a switch-

ing pattern, not a voltage reference, which is the distinguishing feature of the Finite Con-

trol Set approach.

Also on this model simulation are verified several functional aspects, such as

the correct tracking of the references and the shape of the inverter’s output currents and

voltages.

Furthermore, the graphs related to the distribution of the vectors used and the result of the

cost function are analysed. The predictive controller was tested on the same speed and

load profile presented in the graph 19.

Figure Figure 33 shows that the controller follows both current references throughout the

profile, without any steady-state offset on either axes: the algorithm shows in the diagram

Figure 32 is able to remove the residual error between references and measured current.

The oscillation, which can be clearly seen in the graph, is greater than the one

obtained with the PI controller in Chapter 4.2. A notable feature is the asymmetry between

the axes: the amplitude of the oscillation on the quadrature current is greater than the

direct axis, which is the consequence of saliency, since a given voltage error produces a

current variation inversely proportional to the inductance. Since Lq is much smaller than

Ld , the current error is more evident on the quadrature axis.
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Figure 33: Current in dq frame MPC control

Figure 34 shows the imposed speed profile. After an initial ramp that brings

the machine to the base speed ωbase = 158rad/s in 0.5 seconds, three subsequent phases

bring the motor to 220,240 and 260rad/s all above the base speed and therefore in the

field weakening region.

The measured speed follows the reference without overshoot.

Figure 34: Mechanical speed MPC control

Figure Figure 35 summarizes the entire test in the dq current plane.

At low speed, the operating points, shown in blue, lie on the MTPA locus; as the required

torque increases, the points follow the trajectory generated by the MTPA algorithm. In

the field-weakening region, the d and q current references progressively deviate from the

MTPA trajectory, while still remaining within the current circle and the voltage ellipse.
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The trajectory therefore confirms that the reference generation stage correctly transitions

from the MTPA strategy to field-weakening. The visible thickness of the point cloud is

the current oscillation observed in fig. 33, represented here as a dispersion around the

nominal operating point and not a temporal trend.

Figure 35: dq plane MPC control

Figure 36 shows the interpolated apparent inductances at each sampling time.

Both Ld and Lq decrease as the load increases, which quantifies the saturation of the

machine in the tested range. The variation is far from negligible, and justifies the interpo-

lation of the maps at each step rather than the use of constant parameters. Essentially, the

calculated inductances are equal to the inductances calculated in the PI strategy simulation

fig. 26.
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Figure 36: Interpolated Ld and Lq

Also in this simulation, the phase current trends are observed fig. 37. The wave-

forms remain sinusoidal and balanced, with an amplitude that increases with the load up

to the nominal value, and a frequency that increases with speed. The current limit is re-

spected throughout the path; the peaks approach but never exceed the dotted lines, only

in the sections of the profile where the contribution from the speed increase request is

added to the required load, bringing the motor to the new required reference speed. The

thickness of the trace is the same as the one observed in the dq frame.

Figure 37: Three phase current in abc frame

Figure Figure 38 shows the voltages applied to the machine. Unlike the mod-

ulated case, a regular pulse pattern cannot be recognized: the width and position of the

pulses vary continuously, because the controller decides at each sampling instant which

state to apply without any carrier to synchronize with. The drive, therefore, does not have
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a switching frequency in the usual sense, but only an average switching frequency, and

the harmonic content is distributed over a wide band rather than concentrated around a

single carrier and its multiples.

The average switching frequency and its ratio to the switching frequency are extracted

from the simulation.

Let j(k) ∈ {0, . . . ,7} be the index of the voltage vector selected at the k-th sampling

instant: a commutation event is counted whenever the index changes between two con-

secutive instants,

Nsw =
N−1

∑
k=1
{| j(k+1)− j(k)|> 0} , (207)

where N is the number of samples contained in the observation window Tsim = t(N)−t(1).

Since every change of the applied vector is shared among the three legs of the inverter,

the mean switching frequency per phase is estimated as

f̄sw =
Nsw

3Tsim
, (208)

which is conveniently normalised to the sampling frequency fs = 1/Ts = 20kHz. The

ratio

f̄sw/ fs (209)

represents the average fraction of sampling periods that actually produce a commutation.

A transition in (208) between two non adjacent vectors involves more than one phase, but

is counted only one time, so the function return an an underestimate value. In the specific

case of the simulation, the following results can be observed:

The results are indeed consistent with the behaviour observed in [28].

The switching frequency remains below the structural limit of fs/2, which arises from the

fact that at most one switch per leg can occur at any sampling time, and lies close to the

fs/5– fs/4 band typically observed in finite control set schemes [28].
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Table 3: Estimated switching activity of the FCS–MPCC controller.

Quantity Symbol Value Unit

Sampling period Ts 50 µs
Sampling frequency fs 20000 Hz
Observation window Tsim 3.50 s
Number of samples N 70000 –
Vector changes Nsw 56572 –
Commutation density Nsw/N 0.808 –
Mean switching frequency f̄sw 5387.9 Hz
Normalised rate f̄sw/ fs 0.269 –

Figure 38: Three phase voltage in abc frame

The current vector angle, fig. 39, increases from 46deg up tp 72deg as the oper-

ating point moves along the MTPA locus and then in the field weakening phase, where it

stabilizes at a constant value. The angle behaviour closely follows that seen in the chapter

on the PI model simulation fig. 29.
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Figure 39: Current vector Is angle
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The fig. 40 figure shows torque results. The top graph compares the torque refer-

ence generated by the speed controller with the measured torque. The reference generated

by the speed control circuit exhibits pronounced peaks at each speed increase, but is still

limited to the current value, so that the torque delivered never exceeds the nominal value

indicated by the horizontal dashed lines. The measured torque closely follows the refer-

ence value in the lower part of the graph, with an oscillation consistent with what is seen

in the current graphs. The bottom graph compares the torque estimated by the MTPA

algorithm with the torque reference generated by the speed controller.Up to two seconds,

the torque estimated from the MTPA reference values coincides with the reference value.

As the timeline progresses, these two values diverge. This is not a malfunction, but rather

the phase in which the estimate binds the current references to the circumference.

Figure 40: Torque reference vs Estimated Torque and measured Torque

The top graph of fig. 41 shows the value of the cost function after minimization,

the residual distance between the predicted current and its reference among the eight

candidates. It is therefore the most direct measure of the intrinsic limitation of the Finite

Control Set approach: it quantifies how far the controller necessarily remains from the

target because no available voltage vector can bring the current exactly to the reference

value within a sampling period.

The residual follows the growth of the speed rather than the load. The reason

lies in the prediction model (136)–(137): the motion terms are proportional to ω , so as

the speed increases, a progressively larger fraction of the available voltage is absorbed to

balance them, and the remaining margin to correct the current error decreases. Isolated
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peaks, on the other hand, coincide with the reference steps.

The lower graph shows the applied switching state index. The selection contin-

uously alternates between the active vectors and the null vector at a non-constant rate,

which is the visible signature of the method’s variable switching frequency.

Figure 41: Cost function g and selected vector J

Figure Figure 42 aggregates the same information across the entire simulation.

The six active vectors are used uniformly; the absence of asymmetry between the six ac-

tive vectors confirms that Park’s projection of the candidate vectors and the flow maps are

consistent across all sectors.

The distribution of the null vectors, however, is strongly skewed: V0 represents 12.3% of

the sampling periods, while V7 is never selected. This is not a numerical artifact of the

simulation, but a structural consequence of the implementation. The two states (0,0,0)

and (1,1,1) produce the same zero voltage vector via (204), thus identical forecasts and

identical costs; The minimization (206) is solved by the min operator, which returns the

first occurrence of the minimum, and the loop analyses the states in increasing order. Each

parity is then assigned to V0, and V7 becomes unreachable by construction.
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A future improvement of the algorithm is to analyse the current state of the

switch and the selected switch state to minimize the number of physical commutations. In

fact, applying V0 instead of V7 or vice versa would allow the null vector to be reached by

switching a single leg of the inverter instead of three, with a direct reduction in switching

losses. This solution is also suggested in the literature. [28, Chap. 10].

Figure 42: Distribution J vector
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5.3 Model-Free simulation

The MFPC control strategy is also implemented and executed, as in the previous

cases. The Ultralocal model presented in 4.4 is implemented as shown in the flow chart

below.

Figure 43: Ultralocal model

The recursive RLS parameter identification algorithm is embedded within the

Ultra Local model, also described in detail in 4.4 and here presented in flow chart form.
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Figure 44: RLS algorithm

The two interconnected algorithms are inserted within a complex system already

used in previous models, using the MTPA algorithms to generate current references in

the dq plane, and an external speed loop that governs the motion of the system to be

controlled, the synRM seen in detail in the 3.1 section.
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Figure 45: MFPCC control

In this case, we begin by showing the graph of the dq current 46, which, un-

like previous simulations, compares the measured currents with the current predicted by

the model-free algorithm. It is interesting to note how the traces on both the direct and

quadrature axes are super imposable, confirming that the uncertain term F̂dq is indeed

capable of capturing the unmodeled dynamics.

Figure 46: current feedback and current predicted

For completeness and comparison, Fig. 47 shows the speed tracking, which is

free of overshoot and the steady-state error is zero in all segments.
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Figure 47: mechanical speed MFPC control

In the dq plane shown below, 48, highlights the respect of the trajectory gen-

erated by the MTPA algorithm common to all control strategies.The oscillation around

the optimal point of the trajectory is common to the predictive algorithm based on the

machine model discussed in the previous section 5.2.
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Figure 48: dq plane MFPC control
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Essentially, the calculated inductances are equal to the inductances calculated in

the PI strategy simulation Fig. 26, and in the MPC strategy 36. The inductances adopted

in the model are fixed and equal to αd = 1/0,51 and αq = 1/0,0824, which differ signif-

icantly from what is shown in the figure. The reference tracking of the MFPC strategy

implemented here is nevertheless sufficiently accurate, and this in no way contradicts the

formulation, but rather reinforces it experimentally. The error in the parameters αd and

αq is entirely absorbed by the term F̂dq.

Figure 49: Interpolated Ld and Lq

The phase currents, in Fig. 50, remain within the permissible band of ±3,8 A

for the entire duration of the test, with a sinusoidal waveform and switching ripple typ-

ical of finite command set control, in which the absence of a modulator results in a dis-

tributed spectrum rather than concentrated on multiples of the carrier; the phase voltages,

in Fig. 51, show the characteristic behavior generated by the direct selection of the inverter

vectors.
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Figure 50: Three phase current in abc frame

Figure 51: Three phase voltage in abc frame

The angle of the vector, evolves from 46◦ and 72◦ following the variation of the

current references.
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Figure 52: Current vector Is angle

In Fig. 53 the torque tracking is shown, where the measured and estimated torque

coherently track the reference generated by the speed loop.

Figure 53: Torque reference vs Estimated Torque and measured Torque

Figure 54: Cost function g and selected vector J
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The figure 55shows that the selection of J vectors is uniform and occurs around

12,0%. The null vector, on the other hand, is used approximately twice as often; it is

selected whenever the error is close to zero without further voltage application. Even in

this case, the vector applying the voltage V7 is never selected, as this strategy is affected

by the same behavior already seen in the implementation of the MPC model 5.2.

Figure 55: Distribution J vector

5.4 INDI simulation

As for the strategies discussed in the sections section 4.5, the control law (189)–

(190) has been implemented in Simulink and tested with the SynRM motor model, under

the same operating conditions, so that the results can be compared directly. The complete

block diagram is shown in Fig. 56. The outer speed loop and the reference generation are

unchanged with respect to the field-oriented scheme: the speed PI produces the torque

demand, and the MTPA, field-weakening and MTPV strategies convert it into the current

references id,ref and iq,ref. What changes is the current loop, which is composed of four

blocks. The reference model implements (191) and generates the desired pseudo control

from the tracking error, one instance per axis. The bandwidths ωc,d and ωc,q of the ref-

erence model are not chosen independently: they are derived from the design of the PI

current controller, so that the two strategies are tuned with the same criterion. This is

possible because INDI can be rewritten as a discrete PI controller, in which the inverse of

the integral time, T−1
I = Ki/Kp, sets the pole of the desired error dynamics ė+ωc e = 0

[40].
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The PI gains are obtained by placing the closed-loop poles of each axis at the

natural frequency ωn = 2π fi with damping factor ζ :

Kp = 2ζ ωnL−Rs, Ki = ω
2
n L, (210)

with L = Ld or Lq for the two axes. The bandwidth of the reference model is then the zero

of the equivalent PI:

ωc,d =
Ki,d

Kp,d
, ωc,q =

Ki,q

Kp,q
. (211)

With ζ = 0.707, fi = 4 kHz, Ld = 0.1595 H, Lq = 0.0824 H and Rs = 6.2 Ω, one obtains

ωc,d ≃ 17.8×103 rad/s and ωc,q ≃ 17.8×103 rad/s . The PI controller, designed with the

same procedure at fi = 1 kHz, has Ki/Kp ≃ 4.5× 103 rad/s, so the desired dynamics of

INDI are about four times faster.

The on-board model evaluates i̇OBM from (184) at the measured operating point,

and interpolates the incremental inductance matrix from the flux maps of Chapter 3.1.

The augmentation branch computes the correction term of (188) from the measured cur-

rents, scaled by Kaug and filtered at fcut, and adds it to the model estimate. The dynamic

inversion block finally applies (189)–(190), taking the previously applied voltages from

the unit delay placed in the feedback branch and the inductance terms from the on-board

model. The resulting voltage references are passed to the space vector modulator operat-

ing at fsw = 20kHz, as in the PI scheme case.
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5 Simulation 5.4 INDI simulation

Figure 56: Complete block diagram of the INDI current control scheme.

The same test profile adopted for all others strategies has been applied, Fig. 57

shows the mechanical speed together with its reference, and Fig. 58 the corresponding d

and q axis currents.
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Figure 57: Speed reference and measured speed with the INDI controller.

Figure 58: Direct and quadrature axis currents and their references.

The trajectory followed in the (id, iq) plane is reported in Fig. 59, superimposed

on the constant torque curves and on the current and voltage limit curves. It confirms that

the operating point moves along the MTPA locus up to the base speed and then follows

the field-weakening trajectory, as imposed by the reference generation stage.
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5 Simulation 5.4 INDI simulation

Figure 59: Operating trajectory in the (id , iq) plane

Fig. 60 isolates the internal signals of the incremental law, which have no coun-

terpart in the schemes examined so far: the desired pseudo control i̇des produced by the

reference model, the estimate i̇OBM supplied by the on-board model, and the correction

term contributed by the augmentation branch. The comparison makes the role of the

blend (188) explicit. In steady state the model estimate follows the actual current deriva-

tive closely and the augmentation term remains small, so the loop behaves essentially as

a model-based inversion. During the transients, and wherever the operating point moves

into regions where the interpolated inductances are less accurate, the correction grows

and compensates the residual model error, which is precisely the mechanism that makes

the controller tolerant to parameter mismatch.
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5 Simulation 5.4 INDI simulation

Figure 60: Desired pseudo control, on-board model estimate and augmentation correction on the d and q
axis.

The electromagnetic torque is reported in Fig. 61, together with the reference

imposed by the speed loop. Since the machine is controlled through its currents, the torque

is not regulated directly: it follows from the current pair through the torque expression

derived in Chapter 3.1, and its accuracy therefore reflects the accuracy with which the

current loop tracks the references produced by the MTPA and field-weakening strategy.

Figure 61: Reference and electromagnetic torque with the INDI controller.
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6 Experimental

The control strategies discussed so far have been developed and compared in

simulation. This chapter moves the comparison into hardware, the PI current controller

of Chapter 4.2 and the hybrid INDI controller of Chapter 4.5 are implemented on the same

control board and operate through the same power stage. Only the control law changes

between the two sets of measurements, while sampling time, modulation, dead time, cur-

rent sensing and DC-link arrangement remain unchanged. Any difference observed in the

results can therefore be attributed to the control algorithm itself rather than to the exper-

imental platform. The test bench consists of two machines mechanically coupled on a

common shaft.

Figure 62: view of the test bench

The SynRM under test is operated as a brake, while a brushless machine acts

as the prime mover and is regulated in speed. The brushless drive therefore imposes the

mechanical operating point of the bench, and the SynRM develop the braking torque that

loads the prime mover.
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6.1 Test setup

The experimental test bench consists of two mechanically coupled motors: the

SynRM under test (Table 4) and a PMSM motor acting as prime mover (Table 5).

The prime mover, an Estun EMG-10AFB22, is driven by an Estun ProNet servo

drive operating in speed control mode, and therefore imposes the shaft speed of the bench.

The SynRM is supplied by a custom two-level voltage source inverter controlled by the

uCube control platform [41]. On the SynRM side only the current loop is closed: the d

and q axis current references i∗d , i∗q are imposed directly from a Matlab script following

the shape of the in Fig. 63, so that the machine operates as a brake against the speed-

controlled prime mover.

Figure 63: reference used in the experimental phase

The DC link of the inverter is supplied by an ITECH IT7900P regenerative grid

simulator. operated as a DC source and set to Vdc = 280 V [64].
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Figure 64: Regenerative Power supply unit

The uCube, developed at the power electronics laboratory of the University of

Nottingham. The uCube is based on the off-the-shelf Microzed board from Avnet, a

low-cost development board based on the Xilinx Zynq-7000 All Programmable SoC. The

Zynq is a single device with dual-core ARM Cortex-A9 based Processing System (PS) and

a Field Programmable Gate Array (FPGA) Programmable Logic (PL) [41]. The control

algorithm runs as C code on one core, while the second core handles the communication

with a host PC, where a MATLAB interface is used to set references and parameters and

to download the acquired data. The FPGA handles the PWM modulators, with config-

urable switching frequency and dead time, the interfaces to the expansion boards, and

a hardware trip that disables the PWM outputs within less than 1 µs when a measured

quantity exceeds its threshold [41].
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Figure 65: uCube control board

The currents of the SynRM are measured by a dedicated sensor board and ac-

quired by the uCube. The rotor position is measured by a Tamagawa TS5700N8501

absolute encoder, with a resolution of 17 bit per revolution (131072 counts/rev).
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6.2 SynRM characteristics

Table 4: Rated data of the SynRM under test (ABB M3AL 90 LA 4) [42].

Quantity Symbol Value

Performance at nominal speed (400 V network)

Rated output power PN 1.1 kW

Rated speed nN 1500 r/min

Electrical frequency fel 50 Hz

Number of pole pairs p 2

Rated current IN 3.0 A

Rated torque TN 7.0 N m

Overload torque ratio TOL/TN 1.5

Efficiency (full load) η 81.4 %

Performance at maximum speed

Output power P 1.1 kW

Maximum speed nmax 1800 r/min

Torque T2 5.8 N m

Overload torque ratio TOL/T2 1.2

Mechanical data

Rotor inertia J 0.00202 kg m2

Weight m 13 kg

Frame size / mounting – 90 / IM B3 (foot)

Protection / cooling – IP55 / IC 411

Insulation / temp. rise – Class F / Class F

Suggested drive – ACS850-04-03A0-5

108



6 Experimental 6.3 PMSM characteristics

6.3 PMSM characteristics

Table 5: Rated data of the prime mover (Estun EMG-10AFB22 PMSM servo motor) [43].

Quantity Symbol Value

Electrical and mechanical ratings

Supply voltage VN 200 V AC

Rated output power PN 1.0 kW

Rated torque TN 4.78 N m

Instantaneous peak torque Tpk 14.3 N m

Rated current IN 5.8 Arms

Instantaneous max. current Imax 17.4 Arms

Rated speed nN 2000 r/min

Maximum speed nmax 3000 r/min

Torque constant kT 0.82 N m/Arms

Rotor inertia J 13.2×10−4 kg m2

Feedback and construction

Encoder – 20-bit incremental (220 counts/rev)

Insulation class – F

Enclosure / cooling – IP65 / totally enclosed, self-cooled

Shaft end – Straight, key and screw thread

Options – None (no brake, no oil seal)

Flange size – 130 mm

6.4 PI control test result

The figure 66 shows the operating points required during the PI control test

on the id/iq plane. It also displays the current limit circle and the MTPA trajectories

calculated from the apparent (green) and incremental (purple) inductance matrices. The

two current reference steps drive the machine to the points (0.69 A, 0.58 A) and (1.49

A, 1.60 A). Both points lie on the MTPA curve, well within the current limit, in the
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6 Experimental 6.4 PI control test result

low-current region where the two MTPA trajectories nearly coincide. On the test bench

the PI gains are again computed from (131) with ζ = 0.707, but the natural frequencies

are reduced to fi,d = 155 Hz on the d axis and fi,q = 315 Hz on the q axis. The 1 kHz

design adopted in simulation section 5.1 proved too aggressive on the real drive: in the

saturated region the incremental inductances are smaller than the apparent ones used in

the design, so the actual loop is faster and less damped than expected, and the computation

and modulation delay further reduces the phase margin.

Figure 66: working point of the SynRM

During the test, the rotor speed is imposed by the PMSM motor and remains

around 22 rad/s Fig. 67.

In the interval between 0.28 s and 0.65 s, when the higher current reference is applied, the

speed oscillates between 15 and 30 rad/s.

The torque produced by the SynRM acts as a load disturbance on the drive motor’s speed

control loop, the tuning of this loop could be improved to effectively reject the distur-

bance, thereby maintaining a stable speed. The SynRM’s torque ripple contributes to

accentuating this phenomenon.

When the currents return to zero, the disturbance disappears, leaving only a slight peri-

odic ripple.
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The electrical angle exhibits a smooth sawtooth pattern between 0 and 2π with a constant

slope, confirming the accuracy of the rotor position measurement throughout the test.

Figure 67: Electrical angle and mechanical speed of the SynRM
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6 Experimental 6.4 PI control test result

The measured d-axis current 68,follows the reference steps of 0.69 A and 1.49

A with a fast response. There is a small overshoot at the first step and a slight undershoot

when the reference returns to zero at 0.65 s. In steady state the current shows a periodic

ripple of a few tens of mA around the reference, with no appreciable steady-state error, as

expected from the integral action of the PI regulator.

Figure 68: Tracking of the current reference on d axis

d-axis step from 0.69 A to 1.49 A. The measured current reaches the reference

within about ten samples and peaks at 1.59 A, corresponding to a 12.4 % overshoot of

the step amplitude. The subsequent undershoot brings the current down to 1.42 A, at the

lower edge of the 5 % settling band, before the response settles 41 samples around 2.05

ms after the commutation 69.
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6 Experimental 6.4 PI control test result

Figure 69: Tracking of the current reference on d axis zoom

The q-axis current 70 tracks the 0.58 A and 1.6 A references with a dynamic

response similar to the d axis.

The ripple is slightly larger here, with periodic spikes up to about 1.7 A that can be linked

to the rotor anisotropy and the resulting torque ripple.

After the references are removed, the current settles to zero with only small residual noise.

Figure 70: Tracking of the current reference on q axis

q-axis step from 0.58 A to 1.60 A. The rise is markedly slower than on the d axis
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despite the wider design bandwidth, taking about 24 samples to reach the peak value of

1.77 A (16.5 % overshoot). The disturbance visible before the step, with the current dip-

ping to 0.46 A, is caused by the preceding transition on the d-axis reference and illustrates

the residual cross-coupling between the two axes 71.

Figure 71: Tracking of the current reference on q axis zoom

The dynamic tracking performance of the PI current control is summarised in

Table 6. The figures refer to the reference steps of Figure 63, acquired at 200 rpm with a

sampling frequency of 20 kHz; overshoot is referred to the step amplitude and the settling

time to a 5 % band around the final value.
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Table 6: PI current control: measured step response of the d and q current loops.

Quantity d axis q axis

Initial current [A] 0.69 0.58

Final reference [A] 1.49 1.60

Step amplitude [A] 0.80 1.02

Peak value [A] 1.59 1.77

Overshoot [%] 12.4 16.5

Rise time (10–90%) [ms] 0.20 0.90

Settling time (5% band) [ms] 2.05 1.85

The phase currents 72 are balanced and sinusoidal, with a 120° phase shift.

Their amplitude is approximately 0.9 A during the first stage and approximately 2.2 A

during the second stage.

These values correspond to the magnitude of the current vectors in the dq reference frame,

confirming the consistency between the Park transformation and the current measurement

chain.

Figure 72: Measured three phase currents
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6.5 INDI control test result

The results reported in this section were obtained with the INDI controller run-

ning on the same control board and power stage and same references used for the PI tests.

The desired dynamics were set to ωc,d = 2550 rad/s (406 Hz) and ωc,q = 5050 rad/s (804

Hz), with an augmentation gain Kaug = 1.0 on the augmentation branch. The machine

under test was operated as a brake while the prime mover held the shaft at 200 rpm the

control and sampling frequency was 20 kHz, so that one sample on the horizontal axis

corresponds to 50 µsecond.

Figure 73 shows the complete test sequence on the d axis. The reference is raised

in two steps and then brought back to zero, so that the loop is exercised at two different

levels of saturation of the machine. The measured current follows the reference at both

levels with no steady-state error, confirming that the incremental law does not require an

explicit integral action to reject the constant terms of the model.

Figure 73: Tracking of the current reference on d axis

The zoomed view of Figure 74 resolves the transient on the second step, from

0.69 A to 1.49 A. The current leaves the initial level within two samples of the reference

commutation and peaks at 1.66 A nine samples later, after which it recovers and enters

the 5 % settling band. The undershoot that follows the peak brings the current down to
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about 1.42 A, at the lower edge of the band, before the response settles.

Figure 74: Tracking of the current reference on d axis zoom at the step

The q-axis response of Figure 75 follows the same sequence and shows the same

qualitative behaviour. The ripple on this axis has comparable frequency and slightly larger

amplitude than on the d axis, which is consistent with the lower inductance of the q

axis: for a given voltage disturbance the resulting current deviation is larger where the

inductance is smaller.

Figure 75: Tracking of the current reference on q axis
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Figure 76 details the corresponding transient on the q axis, from 0.58 A to 1.60

A. The peak value of 1.85 A is reached thirteen samples after the commutation. It is worth

noting that the rise is slower than on the d axis even though the q loop is tuned for a wider

bandwidth and the machine presents a lower inductance on that axis; the same behaviour

is observed with the PI controller.

Figure 76: Tracking of the current reference on q axis zoom at the step

The figures extracted from the two transients are collected in Table 7. Overshoot

is referred to the amplitude of the step, and the settling time to a 5 % band around the final

value.
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Table 7: INDI current control: measured step response of the d and q current loops.

Quantity d axis q axis

Initial current [A] 0.69 0.58

Final reference [A] 1.49 1.60

Step amplitude [A] 0.80 1.02

Peak value [A] 1.66 1.85

Overshoot [%] 21.6 24.6

Rise time (10–90%) [ms] 0.20 0.45

Settling time (5% band) [ms] 1.25 1.40

Since the inductance matrix acts as the control gain of the incremental law, with

B−1 = L, it is essential to verify that the on-board model is effectively interpolating the

identified maps rather than falling back on constant values. Figure 77 confirms that this

is the case: the four inductances change at each transition of the current references and

return to their unsaturated values once the references are removed. The d-axis term de-

creases from 0.62 H to 0.47 H between no load and the highest current level, whereas the

q-axis term falls from 0.242 H to 0.082 H. This dependence of the gain on the operat-

ing point is precisely what a constant-parameter inversion cannot reproduce, and it is the

reason why the maps are embedded in the on-board model.
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6 Experimental 6.5 INDI control test result

Figure 77: Inductances reconstructed by the on-board model

Figure 78 reports the same test observed in the stationary frame. The three phase

currents remain balanced throughout the sequence and their envelope reproduces the two

levels imposed on the dq references, which provides an independent check on the con-

sistency of the transformations and on the correctness of the rotor position used by the

control.

Figure 78: Measured three phase currents
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7 Conclusions

The steady-state quality of the phase currents produced by the four current con-

trol strategies was assessed at maximum torque and rated speed. The evaluation window

is t ∈ [0.9, 1.0] s, which spans five periods of the electrical fundamental ( f1 = 50 Hz).

The Total Harmonic Distortion was computed on phase a from the FFT of the signal,

including harmonics up to the 40th order (2 kHz):

THDI =

√︂
∑

40
n=2 I2

n

I1
·100%. (212)

The time-domain waveforms are shown in Fig. 79, their comparison with the

theoretical sinusoid in Fig. 80, and the resulting THD values in Fig. 81 and Table 8.

Figure 79: Phase-a current at maximum torque and rated speed, window [0.9, 1.0] s: PI, INDI, MPC and
MFPC. The INDI trace is largely superimposed on the MPC and MFPC traces.
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Figure 80: Phase-a current of the four controllers compared with the theoretical sinusoid (3.1 A peak,
f1 = 50 Hz), window [0.9, 1.0] s. The phase of the theoretical sinusoid is aligned with the PI fundamental
for visual reference.

Table 8: Phase-a current THD at maximum torque and rated speed, window [0.9, 1.0] s, harmonics up to
the 40th order.

Controller THD [%] ∆ vs PI [%] Modulation

PI 0.280 — SVPWM, fsw = 20 kHz

INDI 0.157 −43.9 SVPWM, fsw = 20 kHz

MPC 0.434 +55.0 FCS, variable fsw

MFPC 0.580 +107.1 FCS, variable fsw

Figure 81: Phase-a current THD of the four controllers, window [0.9, 1.0] s, harmonics up to the 40th
order.

The first observation is that all four strategies deliver highly sinusoidal currents.

The THD is well below 1 % in every case, and the fundamental amplitude matches the
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expected peak value of 3.1 A. The differences discussed below therefore concern the

degree of refinement of the current waveform, not its acceptability for the drive.

INDI achieves the lowest distortion of the whole comparison (0.157 %), a reduc-

tion of about 44 % with respect to the PI controller (0.280 %). This result is consistent

with the structure of the two controllers. The PI relies on a feedforward decoupling net-

work to compensate the coupling between the d and q axes. INDI instead inverts the

incremental dynamics at every sampling step using the full inductance matrix supplied by

the on-board model. Residual coupling and the saturation-dependent variation of the in-

ductances are therefore compensated directly, rather than being left to the integral action.

In addition, the first-order closed-loop dynamics of INDI allow a wider current bandwidth

than the PI (up to 4 kHz on the d axis versus 1 kHz). Low-order disturbances are thus

rejected more effectively.

Both predictive controllers show a higher THD than the modulated ones: 0.434 %

for MPC and 0.580 % for MFPC. This is mainly a structural consequence of the finite-

control-set approach. Without a modulator, a single voltage vector is applied over each

sampling period, and the switching frequency is variable (about 5.4 kHz on average at

fs = 20 kHz). The resulting spectrum is spread over a wide frequency range, including

the low-frequency band covered by the THD. With SVPWM, by contrast, the switching

harmonics of PI and INDI are concentrated around multiples of 20 kHz, well outside that

band. For the same reason, the high-frequency ripple visible on the MPC and MFPC

waveforms in Fig. 79 is only partially captured by a THD limited to the 40th harmonic.

The THD therefore tends to understate, rather than overstate, the difference in ripple be-

tween the two families.

MFPC shows a THD about 34 % higher than the model-based MPC. This result

must be read in the light of the conditions of the test. In simulation, the model-based

predictor uses the same machine parameters as the plant, so it operates under nominally

matched conditions. This is the most favourable scenario for a model-based predictor: its

prediction error is limited to the discretisation and to the unmodelled effects.

MFPC does not use the physical model. It replaces it with the ultra-local model,

whose lumped term F̂ is estimated online by RLS from measured current increments.

This estimate inevitably contains measurement-driven fluctuations, which persist to some
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extent even after the 1 kHz low-pass filter. They translate into a prediction error and, oc-

casionally, into the selection of a sub-optimal voltage vector, which appears as additional

ripple. The higher THD is thus the cost of discarding the model in a situation where the

model is exact. It does not contradict the literature, where the advantage of model-free

predictive control is established chiefly in terms of robustness to parameter mismatch and

on experimental set-ups in which the real plant deviates from its nominal description.

Fig. 80 shows that the INDI, MPC and MFPC currents are practically superim-

posed, while the PI current exhibits a small, constant phase displacement with respect to

them. Since the absolute phase of ia in each simulation also depends on the electrical

rotor angle and on the (id, iq) operating point reached by each controller, this displace-

ment should be interpreted with care. The tracking error in the dq frame remains the most

reliable indicator of the dynamic performance of the current loops.

In terms of steady-state current quality at the rated operating point, the four

strategies rank as INDI, PI, MPC and MFPC, with all THD values below 0.6 %. INDI

combines the lowest distortion with the widest bandwidth, which makes it the most at-

tractive option among the modulated controllers. The predictive controllers pay for their

fast, modulator-free dynamics with a broader current spectrum. Between the two predic-

tive controllers, the model-based one is favoured by the ideal knowledge of the machine

parameters available in simulation. A robustness analysis with deliberately mismatched

controller parameters, together with the experimental validation on the test bench, is re-

quired to assess whether the model-free approach recovers its expected advantage under

realistic operating conditions.

The simulation results are complemented by an experimental comparison be-

tween the PI and INDI controllers on the test bench. Fig. 82 shows the phase-c current

of the two controllers over an analysis window of 0.704 s, which spans five electrical

periods, and Fig. 83 the corresponding THD.
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Figure 82: Experimental phase-c current of the PI and INDI controllers.

Figure 83: Experimental phase-c current THD of the PI and INDI controllers

In steady state the two controllers are practically indistinguishable. The currents

have the same amplitude (about 2.2 A peak) and the measured THD is 3.39 % for the PI

and 3.24 % for INDI. The difference of 0.15 percentage points (about 4 %) is small and, on

a single acquisition, cannot be regarded as significant. This differs from the simulation,

where INDI reduced the THD by about 44 % with respect to the PI. Two aspects must

be considered. First, the experimental THD is more than one order of magnitude higher

than the simulated one for both controllers. This suggests that it is set by effects that

neither controller compensates and that are likely absent or reduced in simulation, such

as current measurement noise and quantisation, and inverter dead time and nonlinearity,

not considered in the simulations. Second, the operating point of the test bench differs

from the rated one used in simulation (about 2.2 A peak and a fundamental frequency of

roughly 7 Hz, against 3.1 A and 50 Hz), so the absolute THD values of the two sets of
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results are not directly comparable. As in simulation, the constant displacement between

the two traces in Fig. 82 depends on the rotor position at the instant of acquisition and

should not be read as a difference in tracking performance.

The difference between the two controllers emerges instead in the dynamic re-

sponse.

Figure 84: Experimental d-axis current of the PI and INDI controllers with their references. Each acquisi-
tion is aligned on its own reference step.
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Figure 85: Experimental q-axis current of the PI and INDI controllers with their references. Each acquisi-
tion is aligned on its own reference step.

In the step response of Fig. 84 and 85, INDI reaches the reference faster than

the PI. This is consistent with the design of the two loops: the closed-loop bandwidth of

INDI is considerably wider up to 406 Hz on the d axis against 155 Hz for the PI, and

804 Hz on q axis against 315 Hz for PI, so the current follows a variation of the reference

more rapidly. The advantage in bandwidth, which is masked in the steady-state THD by

the non-idealities discussed above, is therefore clearly visible during transients.
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