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Abstract

This thesis presents and analyzes a novel observer-based control framework inte-
grating Deep Neural Networks (DNNs) with Sliding Mode Observers (SMOs). This
approach aims to achieve accurate approximation of the uncertain dynamics of the
system under control in presence of disturbances, dealt with Integral Sliding Mode
(ISM) to ensure robustness.

Drawing inspiration from adaptive control principles, the DNNs are trained online
via Lyapunov-based adaptation laws enhanced with Barrier Lyapunov Functions
(BLFs) to impose prescribed approximation error bound.

The framework is then applied to control scenarios in which the system must sat-
isfy states and input constraints, exploiting DNN-estimates in a Model Predictive
Control (MPC).

The DNN-SMO methodology has been theoretically analyzed and its validity ver-
ified through numerical simulations on two benchmark examples: a Duffing oscil-
lator and a 3-DoF robotic manipulator, demonstrating practical convergence and

constraint satisfaction.






Sommario

Questa tesi presenta e analizza un innovativo framework di controllo basato su osser-
vatori, integrando Reti Neurali Profonde (DNNs) con Osservatori a Modo Scorrevole
(SMOs). Tale approccio mira a un’accurata approssimazione della dinamica incerta
del sistema sotto controllo in presenza di disturbi, gestiti tramite Integral Sliding
Mode (ISM) per garantire robustezza.

Traendo ispirazione dai principi di controllo adattivo, le DNN vengono addestrate
online tramite leggi di adattamento basate sull’analisi di Lyapunov, potenziate con
Funzioni a Barriera di Lyapunov (BLFs) per imporre vincoli predefiniti sull’errore
di stima.

Il framework & poi applicato a sistemi soggetti a vincoli su stati e ingressi, sfrut-
tando le stime delle DNN all’interno di un Controllore Predittivo (MPC).

La metodologia DNN-SMO ¢ stata analizzata teoricamente e validata in simulazione
su: un oscillatore Duffing e un manipolatore robotico a 3 giunti, dimostrando con-

vergenza pratica e soddisfazione dei vincoli.
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Introduction

Modern control systems must operate under significant uncertainty, including dis-
turbances, modeling mismatches, and sensor noise. Traditional robust control ap-
proaches [I}, 2] address these via worst-case designs, often sacrificing performance or
increasing actuator stress. Moreover, when system models are entirely unavailable,
classical synthesis methods become inapplicable. Over recent decades, the surge
in data availability and computational power has driven widespread adoption of
Machine Learning (ML), particularly Artificial Neural Networks (ANNk), in engi-
neering, including control theory. Although [MI] roots trace to early least squares
methods, modern emerged with the Perceptron model [3] and gained promi-
nence via the Universal Approximation Theorem [4], proving that a single-hidden-
layer network can approximate any continuous function on compact sets to arbitrary
accuracy. Deeper architectures, called Deep Neural Networks (DNNK), further en-
hance expressiveness [5] 6]. Control theory has embraced [MI] positioning [DNNk as
ideal for data-driven control without parametric models due to their approximation
capabilities. However, despite theoretical promise, practical [ANN] control implemen-
tations reveal critical limitations: the main issue is that the training phase is done
offline and the approximation error, which is dependent on the network structure
and by the quality of the gathered data, is not properly dealt with, preventing an
effective control design. Moreover, the fact that the are trained offline does
not give any guarantees regarding approximation fidelity during system transients,
when operating conditions deviate significantly from training data distributions.
A viable solution to these limitations lies in Neural-Adaptive Control Works
such as [7), 8, 9] demonstrates the effectiveness of online weight adaptation for
based controllers on perturbed nonlinear systems with fully unknown dynamics,
even in the presence of state and input constraints. However, online adaptation is a
double-edged sword: analysis reveals poor approximation during initial transients,
particularly evident with Model Predictive Control (MPC]) integration, requiring an

auxiliary controller used in place of [MP(] until DNNs achieve sufficient accuracy.
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List of Figures

To address these aspects and enrich the existing literature, this thesis covers the

following topics:

design of a novel DNNlbased Sliding Mode Observer (DNN-SMO)) framework
with online parameter adaptation to estimate perturbed nonlinear system with
fully or partially unknown dynamics, built upon [SMOldriven neural adapta-

tion principles [10], separating estimation from control;

integration of Barrier Lyapunov Function (BLEF]) to explicitly constrain ob-
server sliding variables during transients, ensuring robust estimation perfor-

mance;

extension of the aforementioned framework to state and input constrained

systems via [MPC integration.

The thesis structured into two parts:

D |

Preliminaries on Sliding Mode and Neural Networks; Introduces all

preliminary concepts behind what is presented. Specifically, Chapter [I] covers
Sliding Mode Control Theory fundamentals including Sliding Mode Control
(SMC), Integral Sliding Mode ([SMI), and Sliding Mode Observer (SMO);
Chapter [2| presents Neural Networks foundations, from Deep Neural Network

architectures to Universal Approximation Theorem.

(D) |

Deep Neural Network-based Sliding Mode Observers; Details the

novel contributions. In particular, Chapter [3| presents the core
architecture; Chapter [@ employs the strategy to address the con-
trol design problem; while Chapter [5| demonstrates the effectiveness of the
presented methodology by simulations, including a sensitivity analysis to key

design parameters.

Finally, Chapter [f] summarizes the main theoretical contributions, simulation vali-

dations, and future research directions.
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Chapter 1

Preliminaries on Sliding Mode

Control Theory

This chapter introduces the main concepts of Sliding Mode Control, Integral Sliding
Mode and Sliding Mode Observer, providing the theoretical foundation essential for
the DNNlbased approach presented later in Chapter

1.1 Sliding Mode Control

In any practical control problem, discrepancies inevitably arise between the actual
plant and its mathematical model used for controller design. These mismatches
stem from unknown external disturbances, parametric uncertainties, and unmodeled
dynamics. Designing control laws that guarantee desired closed-loop performance
despite such uncertainties poses a significant challenge for control engineers. This
has motivated extensive research into the so-called robust control methodologies
which are supposed to solve this problem. Among these, Sliding Mode Control has
emerged. Consider a system characterized by a state vector x € X C R", with X
being a compact set containing the origin. Let o; : R™ — R, where i € {1,2,...,k},
with x > 0, and consider the relative surfaces given by o;(x) = 0, each representing
a sub-manifold of the state space. Their intersection defines the so-called sliding
manifold (see Figure [L.I). If the system state is forced onto o;(z) = 0, a sliding
motion is generated along that switching surface.

The idea behind is to design a controller which, starting from x(tp) = xo € X,
with ¢y assumed to be zero without loss of generality throughout the thesis, steers
the state onto the sliding manifold in finite time, maintaining sliding motion on all

switching surfaces simultaneously. Once attained, the system enters sliding mode,

7



1.1. Sliding Mode Control

0'1:0

Figure 1.1: Example of the sliding manifold ¢ = 0y given by the intersection of

k = 2 switching surfaces.

exhibiting reduced-order dynamics described by the so-called equivalent system,
which is implicitly defined by the sliding manifold, becoming insensitive to a signif-

icant class of parameter uncertainties and disturbances.

1.1.1 Control-Affine Systems

In classical [SMC] theory, the focus lies on control-affine systems, which are nonlinear
with respect to the state but linear with respect to the control input. As outlined

n [II], these systems take the form

&(t) = f(x(t),t) + B(z(t), t)u(t), (1.1)

where x € X C R"™ denotes the state vector with X being a compact set containing
the origin, u € R™ is the control input vector, t € R>¢ is time, f : X x R>g — R"
is the so-called drift dynamics, while B : X x R>o — R"*™ is the so-called control
effectiveness matrix. Within the framework, it is common to assume that both
f and B are smooth and bounded functions [12, [I3].

Assumption 1.1. The drift dynamics f(x(t),t) is a function of class C*(X). More-

over, there exist a known constant f € Rsq such that

sup[.f(z(t), )| < f,

reX

for allt € R>q.
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Assumption 1.2. The control effectiveness matriz B(x(t),t) is a function of class

CY(X). Moreover, there exist known constants b,b € Rsq such that
b < |IBx(t), )] <o,

forall x € X andt € R>.

1.1.2 Canonical Forms

Analysis of SMCl is simplified when the considered nonlinear system is expressed in

one of the following canonical forms [111 [I4].

Reduced Form Consider a control-affine system as in ([1.1)). If the control effec-

tiveness matrix has a structure

B(xz(t),t) =

0_(nfm)><m
B(x(t),t)

with B : X x R>¢ — R™*™ then the state vector can be partitioned into two

components, r1 € X1 C R*™ and z9 € Xy C R™, yielding the equivalent dynamics

i1(75) _ fl(x(f)7t) ’ (1.2)
o (t) fa(@(t),t) + B(x(t), t)u(t)

where f1 : X X R>g — R"7 and f2 : X x R>¢9 — R™ are the two components of

(t) =

the drift dynamics.

Controllability Form In this form, the control-affine system ((1.1)) can be de-
composed into m subsystems, each of them being a perturbed chain of integrators.
Represent the state as z(t) = {xlT(t) zy () ... xTTn(t)}T, where z; € R, for
i€{1,2,...,m}, with n; € N being the dimension of the i-th state vector such that

Yot n; = n. Each subsystem is characterized by the dynamics
T; = Almz(t) + fz(fE(t), t) + bz(l‘(t), t)u(t),

where A; € R"*" f;(x(t),t) € R™, and b;(z(t),t) € R™*™ are defined as

Oni—l O(nifl)xm Oni—l Ini—l
i\r(t), 1) = , bi(x(t),t) = , A = ,
R0 [fz‘,o(l‘(t%t)] 0 L;;(x@,t)] [ 0 oI,._j

with fio(z(t),t) € R and b; o(x(t),t) € R™.

9



1.1. Sliding Mode Control

Normal Form Given the following [MIMOI control-affine system

#(t) = f(2(t),t) + B(a(t), t)u(t)

where y € R™ is the output vector, while 7 : R™” x R — R™ is a sufficiently smooth
output map, with relative degree vector ¥ = [r; 12 --- rm]T and total relative

degree 7 < n, defined below.

Definition 1.1 (Relative degree.). Define r; € N as the minimum order of time-

derivative of the output element, namely, y§”) = Zggf, in which any component of

the control vector explicitly appears. The result is the so-called relative degree vector
F=1[r1 ro -+ 7t €N and its 1-norm defines the total relative degree of

the system, i.e., r = [|F|[1 = 7y |r4l.

The system can then be decomposed into m subsystems. For the i-th subsystem, a
set of so-called external variables z; ; for (i,7) € {1,2,...,m} x{1,2,...,r, — 1} are
defined including the output ¥; and its derivatives up to order r; — 1. The remaining
n — r variables, called internal variables, complete the transformation. Then, the

nominal canonical form of the system is

Zij = Zij+1 if je{1,2,...,r;, — 1}
Zigs = ai(2,M) + 2ptq Bi(z,m) up(t) if j =mr; (1.3)
n=(zn)

where z € R™*("=1) is the matrix collecting the external variables and n € R"" is

the vector collecting the internal variables.

1.1.3 The Sliding Manifold

As introduced in Section[I.1] the sliding manifold represents the target sub-manifold
of the state space toward which the systems states must be steered by the
This section offers a more precise definition, alongside some design examples. For the
control-affine system and let 0; : X — R, with i € {1,2,...,m}, be the sliding
variables. Then, for each o;, it is possible to define the corresponding sliding surface
as the set {x € X : 0;(z(t)) = 0}. Since the sliding manifold is the intersection of
all the m sliding surfaces, it is possible to define a new sliding variable ¢ : X — R™

that collects the sliding variables associated with the sliding surfaces, i.e.,
T
o(@®) = [o1(2(t) oa(x(t) - om(z®)] (1.4)

10



Chapter 1. Preliminaries on Sliding Mode Control Theory

and then define the sliding manifold as {z € X : o;(x(t)) = 0,Vi € {1,2,...,m}}.
The sliding manifold may be arbitrary nonlinear functions of the states [I5]. Nev-
ertheless, it is common to define it as linear combination of the system states
{zr € X : 0(x(t)) = Czx(t) = 0}, with C € R™*" a suitable design matrix. When
the system is in one of the canonical forms, some specific structures for the sliding

variable are known, as detailed next.

Reduced Form Given the state partition 1 € X1 C R"™™ and xo € Xy, C R™,

a natural sliding manifold design is the linear combination
o(x(t)) = o(x1(t), z2(t)) = Cra(t) + Caza(t),

where C7 € R™*(=m) and Cy € R™*™ being non-singular. When the system is in

sliding mode, it exhibits the reduced order dynamics
2o (t) —Cy ' Cran (1)
-
] |4 (o —cramo] )
where f; is defined in .

)

Controllability Form  With the system decomposed into m different subsys-
tems, one can design a sliding surface for each subsystem o;(x;(t)) = ¢; 7;(t), where

¢; € R™ is a design vector. On the i-th surface, o;(x;) = 0, the associated subsystem

reduces to
&ij = Tijy1, if j €{1,2,...,n; — 1}
Tip, = _Ci,lni St e i =,
for i € {1,2,...,m}. Thus, the vectors ¢; must be chosen so that the characteristic

polynomial defining x; ., is Hurwitz.

Normal Form System stability in this representation is related on the so-called
zero dynamics, obtained by posing equal to zero the outputs and their derivatives,
i.e. the external variables. Hence, it is convenient to design m different sliding vari-
ables 0; : R"™! — R as linear combination of the external variables from as
0i(2i(t)) = ¢ zi, for all i € {1,2,...,m}, with design vector ¢; € R"~! chosen as in

the controllability form.

1.1.4 The Control Law

The next step involves designing the [SMC| control law, characterized by high fre-

quency switching behavior. Literature offers different control laws.

11



1.1. Sliding Mode Control

Relay Control This controller sets each i-th component of the control input
vector to one of two distinct values, based on the sign of the corresponding sliding
variable o;(z(t)) from the sliding variable vector o : X — R™ defined as in (1.4)),

then the control law is
uf (x(t),t) if oi(x(t)) > 0,
u; (x(t),t) if oi(z(t)) <0,

with i € {1,2,...,m}. The values u;",u; € R must be designed during the design
phase. The standard discontinuous law based on —K sign(o) is a particular case of

the Relay Control Law.

Unit Vector Control Ideal for MIMOI system, this method [I5] directs control
along the unit vector which indicates the direction toward the sliding manifold.
Specifically, with sliding variable vector o : X — R™ from (1.4]), the control law
u € R™ is given by
o(x(t))
u(t) = —K(x(t), t) 57— ——5m (1.5)
lo(z(6)]

where K : X x R>¢g — R™*™ is a positive definite design gain matrix.

State Feedback Control with Switching Gain The control law is given by

with state-dependent design gain matrix I' : X — R™*" whose entries rely on the
sliding variable vector o : X — R™, defined as in ([1.4)). In particular

Vi ifoi(a(t))x;(t) > 0
Lij(z(t) =
Vi i oi(z(t))z;(t) <0

forie {1,2,...,m}and j € {1,2,...,n}.

1.1.5 Existence and Reaching conditions

A core requirement for is the existence of the sliding motion. Let ¢, € R>¢
denote the so-called reaching time, marking when states from some initial condition
z(0) = zog € X reach the sliding manifold. Then, if the condition o(z(t)) = Oy, is
satisfied for ¢t > ¢,., the sliding mode is said to be ideal [12]. This allows to distinguish
two phases of the system motion: the so-called reaching phase, during which the

system states are approaching the manifold, and the sliding phase, in which the

12



Chapter 1. Preliminaries on Sliding Mode Control Theory

system evolves on the sliding manifold. From a theoretical point of view, the sliding
mode existence problem can be treated as a stability problem. In particular, it must
be ensured the attractiveness of the sliding manifold for some initial conditions
x(0) = zp € X. To prove it, one can rely on Lyapunov’s second method [I4]. The
standard choice for the Lyapunov-like Function to prove the existence of a sliding

mode is

v(x(t)) = %UT(fﬂ(t))U(fﬂ(t)), (1.6)

for which the aim is to obtain that the first time-derivative satisfies the so-called

reaching condition [15]
o(a(t) = o' (x(t)(x(t) <O0.

Achieving a sliding mode in a finite time #,, hinges crucially on satisfying the -

#(w(t)) < —1/20( (1)), (L.7)

o' (z(t))o(x(t) < —yllo(z(®))], (1.8)

reaching condition
which translates into

Theorem 1.1 (Finite time reaching). Consider a control-affine system (|1.1))
with initial conditions x(0) = x9g € X and sliding variable o : X — R™. If the
condition (1.8) holds, then the reaching time t, > 0 is bounded above as

 lotzoll
Y
Proof. See Appendix O

t,

1.1.6 Robustness Property

Another key aspect of M is its applications to systems affected by uncertainties
and external disturbances. Consider the control-affine system affected by uncertain-

ties given by
(t) = f(z(t),t) + Af(x(t),0(t),t) + (B(z(t),t) + AB(z(t),0(t), t)u(t), (1.9)

where z € X C R™ and u € R™ represent the state and the input of the system,
f & xRsp — R" is the nominal drift dynamics, and B : & x R>g — R™*™
is the nominal control effectiveness matrix. As for Af : & x © x R>g — R" and

AB : X x © x R>g — R™™ representing the model uncertainties dependent on a

13



1.2. Integral Sliding Mode

time-varying unknown parameter vector § € © C RP, with © being a compact set,

and satisfying the so-called matching condition.

Definition 1.2 (Matching condition). A vector v € R" is said to be matched if
v € span{B(x(t),t)}, for all z € X and t € R>y.

The uncertainties can be then rewritten as
Af(z(t),0(t),t) + AB(x(t),0(),t) = B(x(t), )w(z(t),0(t), 1),

with w € R™ being the vector of matched uncertainties, then, it is possible to

rewrite ((1.9)) as if the uncertainties act as a disturbance acting on the input channel
£(t) = f(x(t), 1) + B(x(t),t) (u(t) + w(x(t),0(t), 1)) . (1.10)
Moreover, the perturbation vector w(z(t), 6(t),t) satisfies the following assumption.

Assumption 1.3 (Bounded perturbation). There exists a known scalar func-
tion Kk : X x R>g — R such that the norm of the perturbation vector w(x(t),6(t),t)
is bounded above as ||w(z(t),0(t),t)| < w(x(t),t), for all x € X and t € R>o.

It has been proven that, when the states lie on the sliding manifold, the system is

robust to disturbances that enters the system in the same channel of the input [16].

1.2 Integral Sliding Mode

The order reduction and robustness against matched perturbations hold only during
sliding mode, leaving the system vulnerable to disturbances in the reaching phase.
One remedy involves high-gain switching control to shorten t,., though this increases
the chattering phenomena risking actuators damage [12} 17, [I§]. In [19], Utkin and
Shi address this problem by introducing the Integral Sliding Mode (ISM]), proposing
a modified sliding variable that removes the reaching phase entirely. This ensures
robust dynamics across the full state space, viewed as the sliding manifold. Consider

the nonlinear system
z(t) = f(x(t),t) + B(x(t), t)u(t) + h(x(t),t) (1.11)

where z € X C R”, with X being a compact set containing the origin, represent
the system states, © € R™ is the control input vector, f : X x R>¢g — R" is the
drift dynamics, B : X x R>g — R™ "™ is the control effectiveness matrix, while
h: X xR>o — R" is the vector of disturbances, bounded according to the following

assumption

14
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Assumption 1.4. There exists a known positive scalar function h : X xR>p =+ Rxo

that bounds the disturbance term as
ha(t)t) € H, M= {v(@(t)t) € R": o(x(t), 1)) < h(z(t),0)},
forall x € X and t € R>o.

In the [SM] control framework, the control law is designed as follows
u(t) = un(t) + ur(t), (1.12)

where u,, € R™ is a switching controller designed to ensure robustness against h,
while u,, € R™ is the nominal controller, designed to stabilize the nominal system
(1.11]) in the absence of h. The integral sliding variable o : X — R™ is then defined

as the sum of two components

a(x(t)) = oo(z(t)) — 2(z(1)), (1.13)

where og : X — R™ is the conventional [SMC sliding variable, chosen, for exam-
ple, according to the methods outlined in Section and fulfilling the following

assumption.

Assumption 1.5. The conventional sliding variable og : X — R™ is chosen so that

the matrix
dag(x(t))

B(x(t),t RMxm
e (z(t),t) € :

with w € R™*™ peing the Jacobian of og with respect to x, is positive definite
forall x € X and t € R>.

As for z :€ X — R™, it is the so-called transient function and it is designed on the

system controlled by the nominal controller as

w(e(t) = oo(eo) + [ P2 (¢(a(r), ) + Blatr), Pun(r))dr

This design guarantees that at ¢ = 0 it holds o(x(0)) = o¢(z¢) — z(z0) = oo(z0) —
oo(xg) = Op,. Placing the system on the sliding manifold from the initial time

instant.

15
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1.2.1 Existence conditions
The following theorem presents the existence conditions of an [I[SM] for ¢ > 0.

Theorem 1.2 (ISM Existence). Given the nonlinear perturbed multi-input sys-

tem (1.11) with matched uncertainty h(x(t),t) satisfying Assumption integral
sliding variable o(x(t)) defined as in (1.13), and controlled via controller u(t)
in (1.12), with discontinuous controller u,(t) chosen according to the unit vector

approach in (1.5)), i.e.,

tr(t) = =p(=().) r\ZExEti’t;r

Then, if the control gain p : X x R>g — Rxo is chosen so that it satisfies

| 2oole(m)) ||h< (1)) + 177
A (o™ Bt 1))

where h(z(t),t) is the function introduced in Assumption N € Rso is a design

pla(t),t) >

constant, while \(-) denotes the smallest in norm eigenvalue of its argument, then

a sliding mode o(x(t)) = Op, s enforced for t > 0.

Proof. The result follows straight-forwardly from Theorem O

1.3 Sliding Mode Observers

The aim of an observer is to reconstruct unmeasurable states of a system using only
measured inputs and outputs, mimicking the system dynamics. It is essentially a
mathematical replica of the system, driven by the system input together with a cor-
rection signal based on the output mismatch between plant and model. The classic
Luenberger observer design applies linear feedback of this error [20]. However, under
model uncertainties or unknown disturbances, it typically fails to drive output esti-
mation error to zero and prevents observer states from tracking true states. Sliding
Mode Observers (SMOk) address these problems by applying [SMC| principles, pro-
viding an attractive solution by replacing the linear feedback with a discontinuous
injection term based on the sign function of the output error y —¢. Moreover, under
bounded disturbances (Assumption , SMOE guarantee finite-time convergence
of the estimation error to zero, with observer states converging asymptotically to
the system states [I3]. Consider the [MIMO] system

z(t) = f(z(t),t) + B(x(t), t)u(t) + h(z(t),t)
(1.14)
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where x € X C R", with X being a compact set containing the origin, represent
the system states, u € R™ is the control input vector, f : X x Ry — R" is
the drift dynamics, B : & x R>9 — R™™ is the control effectiveness matrix,
h: X xR>g — R" is the vector disturbances, while y € R? is the output vector,

with ¢ : X xR>¢ — R? be a smooth vector field satisfying the following assumption.

Assumption 1.6. Given the observable system in (1.14)), the output dynamics
Y(x(t),t) is a function of class of class C1(X). Moreover, there exist a known con-

stant ¢ € Rsq such that
H Op(x(t), t)
sup | ————=

reX Ox

for allt € R>g, with % € RP*™ being the Jacobian of 1 with respect to x.

Hgiﬁ,

The corresponding [SMOI takes the form
2(t) = f(2(2),t) + B(&(t), t)u(t) + Ly (t), §(t))
(1.15)
9(t) = ¥(2(t),t)
where & € X C R" is the estimated state vector and [ : X x X — R" is the correction

term aimed to steer the estimated states toward the real ones, given by

>

(), 5(0)) = m (1.16)

with p € Ry being the observer gain and observer sliding variable 6 : X x X — R"
defined as

5(z(t), 2(t) = Cly(t) — §(t) = C(v(x(t), 1) — (&(t), 1)),
where C' € R™*P is a design matrix chosen according to the next assumption.

Assumption 1.7. The matriz C € R"™P is chosen so that the matriz

é8¢(x(t),t) c RXn
Oz ’
with g—lﬁ € RPX™ being the Jacobian of 1 with respect to x, is positive definite for all

r € X andt € Rxg.

Consider the plant-model mismatch

A (1), 2(0),0) = PXOD a0y 1)+ Bla(e) u(t) + har), )+
PO (1(300),1) + B, Du(r),

to be compensated by the correction term the following assumption is required.

17



1.3. Sliding Mode Observers

Assumption 1.8. Let Assumptions and[1.6 hold, then, there exists a
known constant A € Rq such that

sup [|A(x(t), (1), )] < A,
T,2EX

for all't € Rx>q.

1.3.1 Existence conditions

The following theorem presents the existence conditions of a [SMO]I for ¢ > 0.

Theorem 1.3. Consider the system in (1.14]) and the[SMQ in (1.15). If Assumption

[1-6{1-§ hold, and o
55 1C1A +7

NGO

with 1 € Rsqg being a design parameter, then, 6(y(t),§(t)) — 0, for t — oo. More-

(1.17)

over, since the system is observable the estimated states converge asymptotically to

the true states, i.e., (t) — x(t) for t = co.

Proof. See Appendix O

18



Chapter 2

Preliminaries on Neural

Networks

This chapter introduces the foundational concepts of Artificial Neural Networks
and Machine Learning essential for the development of the strategies presented in
this thesis. In particular, it covers the mathematical structure of the Multi-Layer

Perceptron (MLP]) and the universal approximation theorem.

2.1 Multi-Layer Perceptron

[MLP] belongs to the class of Artificial Neural Networks (ANNE). These models were
originally designed to replicate the operations and information-processing abilities
of the nervous system, which functions as a highly interconnected web of neurons.
A biological neuron, as shown in Figure [2.1] consists of three main parts: the soma,
the dendrites, and the axon. Dendrites capture incoming signals from neighboring
neurons, whereas the axon, linked to the dendrites of other cells, carries outgoing
signals from the neuron. The behavior of a neuron can be summarized as follows:
dendrites adjust signals received from other neurons using weighting factors before
passing them to the soma that form an aggregated signal. Once this exceeds a
specific threshold, it travels along the axon. Notably, cellular nonlinearities make

the soma’s output signal a nonlinear function of the incoming weighted inputs.

2.1.1 The Perceptron model

Inspired from the biological neuron dynamics, the so-called perceptron model, pro-
posed in [3] and illustrated in Figure is now described. Consider an input vector

r=[r] x2 - x,]" €R" aweight vector w = [w; wy --- wy]' €R" a
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2.1. Multi-Layer Perceptron

Dentrites

Figure 2.1: Graphical representation of a biological neuron.

bias term b € R, and an activation function ¢ : R — R. The neuron’s output y € R

is then computed as

n
y=c(w'z+b) =qb+ inwi).
i=1
By extending the input vector to include the weights and the bias in a single vector,

1
x1
e
w2 /_)\

T2 q(
Tn

Figure 2.2: Mathematical model of the neuron.

y=<(b+ >0 mw;)

augmented vectors xj, € R"" and v € R"*! emerge
T
Th = [l‘T 1] , V= [wT b} . (2.1)

This yields a streamlined output expression y = ¢(v'x). While a lone perceptron
suffices for basic tasks [3], tackling greater complexity demands multiple neurons
arranged in layers-sets of neurons that share a common input but lack internal
connections, with their collective outputs feeding the next layer. This architecture

define the Multi-Layer Perceptron (MLP)) [4], with an example shown in Figure
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Chapter 2. Preliminaries on Neural Networks

Their mathematical formulation is now provided. A [MLP] features an input layer

Figure 2.3: Example of a MLP with one hidden layer.

followed by k£ € N> hidden layers and final output layer. Each j-th layer employs
L; — 1 activation functions alongside a linear identity mapping to incorporate bias
terms for the subsequent layer, where, Ly — 1 and L1 — 1 represent the respective
input and output dimensions. Moreover, each layer includes a weight matrix W; €

REi—Dx(Lj+1—-1) and a bias vector bj € RELi+1~1 structured as follows

T'_ -—
Wy = : b= b b2 e ijLm—l}’

-
Wy Ljy1-1

where w;; € RE~1 and b;; € R denote, respectively, the weight vector and bias for
the i-th neuron in the j-th layer, with i € {1,2,..., L1 — 1}. Thus, the output of
the j-th layer can be expressed through the vector ®; € RE+1~1 given by

WjTCj(q’j) +0b; forje{l,2,...,k}
;= (2.2)
W()Tx+b0 for j =0,

where ¢; : RLi—1 5 RLi—1 denotes the vector of the activation functions of the j-th

layer, expressed as

Gi(Pj-1) = {9‘,1(@3‘71,1) G2(Pj—12) ... (j,Lj—l((I)j—l,Lj—l)} ;

with ¢j; : R — R representing the activation function applied to the i-th neuron in

the j-th layer, and ®;_; ; € R indicating the i-th element of the input vector ®;_; €
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R~ Building an augmented state vector z;, from (2.1]), the [ANN] formulation
simplifies by defining, for each layer j, the function vector ¢; : RY — R% and the

matrix V; € RE>*Li+1 | Specifically, for any input o € R, the function becomes

o(a) = [g(Z[(l:Lj—)u)] ’ (2.3)
id(ar,

where id : R — R is an identity function id(c) = o, Voo € R. The matrix V; integrates
both the weight matrix W; and the bias vector b; as

-
S [ R N

Lj—1
for layers j € {0,1,...,k — 1}. For the final layer j = k, V} excludes bias augmen-

tation since no further bias term is needed. In fact, this last one is defined as
V= W b] € Rk

with L1 — 1 being the number of outputs of the [ANN|l This allows recasting the

Jj-th layer output, expressed originally as in ([2.2)), more compactly as

VTj(®j-1) forje{1,2,....k}

O = (2.4)

Vol oy, for j =0,

where ¢;(®;_1) is computes as in (2.3) with « = ®,_;. Note that, now ®; € REs+1,

2.2 Universal approximation capabilities of ANNs

A primary factor behind the broad adoption of [ANNE stems from their ability
to approximate a wide class of functions. Known as the universal approximation
property, this feature has been rigorously analyzed in key works such as [4} 6], 21), 22]

and is outlined below.

Theorem 2.1 (Universal Approximation [21]). Let f: Q — RP be a function
of class CY(Q) defined over a compact set Q@ C R™ and ® : Q — RP an [ANN] with
k € N> hidden layers whose output is computed as in . Then, if the activation
functions in the vector ¢;, with j € {0,1,...,k} are not polynomial, it holds that

f(x) = ®(x) + ea(z), (2.5)

where ¢ : 2 — RP being the approximation error. Moreover, there exists a constant

£p € Ryg such that
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Note that ®(x) in (2.5)) corresponds to the final layer’s output of the [DNNI This
result extends to matrix case as well. Let B : 2 — RP*? be a continuous function,
and ® : ) — RP?, Then, it holds that

vec(B(x)) = ®(z) + ca(x), (2.6)
with €4 : @ — RPY and vec(-) the vectorization operator defined as follows.

Definition 2.1 (Vectorization). Given a matriz A € RP*9 and having A" € RP,

withi € {1,2,...,q}, denoting its i-th column, then vec(A) € RP? is a column vector
defined as
A
A®2)
vec(A) = |
Al@)

Moreover, if a € R" is a vector, then a = vec(a).
The expression in (2.6)) can be equivalently expressed as
B(z) = vec Y (®(x) 4 co(z)), (2.7)

with vec™!(-) denotes the inverse of the vectorization operator. Before to detailing

this last one, the concept of the Kronecker product must first be introduced.

Definition 2.2 (Kronecker product). Given two matrices A € R"™™ and B €
RP*4 the Kronecker product, denoted with A ® B, is defined as

a1 B ap2B - arm1B a1,mB
az1B az2B -+ ag ;1B az.mB
A9 B=| ... . . ... | e rrpxma
an—l,lB an—l,QB T an—l,m—lB an—l,mB
L an,lB an,QB te an,mle an,mB i

Definition 2.3 (Vectorization inverse). Given a vector a € RPY, then, vec™!(a) €
RP*9 is the matriz obtained performing the inverse of the vectorization operation,

defined as
vee ™ (a) = (vee(Iy) " @ I,)(I, ® a) € RPXI.

Moreover, it holds that vec(vec™!(a)) = a.
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Leveraging the representation in (2.7)), the estimate for any specific column B (@) (z) €
RP of B(x) takes the form

B (z) = vec (@ ()@ + vec ™ (eq(2)) D,

for i € {1,2,...,q}. Recalling that V; € REA=DX(Lri1=1) " with Ly — 1 = pgq
matches the output size of ®, Vi can be decomposed into different sub-matrices
Vk[i] e Rix—1 x P
— [y 2] [a]
V= v vl vl
Consequently, the expression of vec™(®(z))®) € RP is given by

vee (@(2))@ = vec ™! (@)D = Vg (@4).

2.3 Approximating the Dynamics using DNNNs

A key design choice for [ANNK involves selecting the number of hidden layers k,
called depth, and the neuron count per layer, known as width. Over recent decades,
research has shown that adding layers yields greater approximation gains than ex-
panding width alone [5, 23]. From Theorem approximation precision scales
with neuron count. In shallow network, a with & = 1, neuron numbers dic-
tate slope variations linearly, achieving polynomial growth in this capacity with
width, whereas, in DNNs, [ANN] with & € N>o exhibits exponential gains tied
to depth. Thus, DNNs can approximate arbitrary continuous functions, making
them ideal for capturing complex nonlinear dynamics such as those of the control-
affine system in . In this case, the dynamics is modeled by two ideal DNNs
. X >R"and ¥ : X — R™ as

f(@(t),1) = (2(t)) + ea(z(t)), (2.8a)
B(z(t),t) = vec™H (U(2(t))) + ey (x(t)), (2.8b)

where € : X — R" and ey : X — R™ ™ are the approximation errors. The DNN| ®
is characterized by k¢ € N> hidden layers and each layer j € {0,1,..., kg } contains
Lg, neurons and is activated using a nonlinear function ¢; : RE* — RY. Similarly,
U is characterized by ky € N>o hidden layers and each layer j € {0,1,...,ky}
contains Ly, neurons and is activated using a nonlinear function v; : REv — REY .

The following regularity condition on the activation functions is required.

Assumption 2.1. The activation functions ¢; : R — R and Yy s REV —
RMve | with j € {0,1,...,ke} and p € {0,1,...,ky}, are of class C* and Lipschitz

continuous.
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Common choices fulfilling this assumption include the sigmoid and the hyperbolic
tangent, which are widely adopted in nonlinear system identification. It is possible
to express the output of each layer of ® and ¥ in compact form . In particular,
for the first DNN]| one has

VT j(®j1) forje{1,2,... k)

o, =
VOTxh for j =0,

where V; € R¥®; %5241 ig the matrix that contains ideal weights and biases associ-
ated with the j-th layer and zj, = [T 1]T € R"*!1. As for the DNN| ¥ a similar

expression can be derived
o U]Trlbj(qu_l) fOI‘jE {1,2,...,]{\1;}
j =
Uy for j =0,

Ly XLy, . . o
¥i77¥i+1 is the matrix containing

where, similarly to the previous case, U; € R
ideal weights and biases associated with the j-th layer of the DNNl Moreover, since
the overall output of a[DNN] coincides with the output of the last layer, it holds that

O(z(t)) = Pg,, and ¥(z(t)) = ¥y, so the representation in (2.8) can be rewritten

f(@(t),t) = Pry + €0 (x(t)),

B(x(t),t) = vec ™ (Up,) + eg(x(t)).
Then, it is convenient to provide an expression for f and of each i-th column of B,
with i € {1,2,...,m}. In particular, the matrix Uy, € REkw XM can be seen as the

composition of different sub-matrices, i.e.,

1 2 m
Uy, = Ul U o],

A4

where U,&l € R *" Then, one has that
F@(t),t) = (Vi) " bky (Prg—1) + o (x(t)) = Oy + c0((t)), (2.9a)

BO(a(t),t) = (UM gy, (v @) = vl 40 (e 2.9b
(z(t), 1) ke ) Vke (Tkg—1) T ey’ (2(t) = ¥, +ey'(2(t),  (2.9b)

where ag) : X — R™ is the i-th column of eg. By virtue of the universal approxi-

mation property of ® and ¥ and the boundedness of f and B (see Assumption

and , the following assumption about ideal DNNs can be introduced.

Assumption 2.2. There exist some known constants V, U, €d,,EDy, ¥ € Ry such

that
sup  ||V;l| <V, suplles(z(t))]| < o,
rzeX

G€{0,1,.. ko)
swwp WU <0, supllew(e(®)] < eu.
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2.3. Approximating the Dynamics using DNNs

Note that the knowledge of the matrices V; and Uj, is not available. Hence, the ideal
estimation in cannot be computed. For this reason, an additional pair of DNNs,
namely d:xX¥ 5R'and ¥: X — R™™ is introduced, sharing the same structure
and activation functions of the ideal ones, but characterized by an approximation
of the ideal weights and biases. The resulting approximations of the drift term and

of the i-th column of the control effectiveness matrix are given by

N o~ \T . .
F@®),t) = (Vi) na (®rg1) = bry (2.10a)
N AT . Ny
BO((t),1) = (00) vy (Vry1) = Tp, (2.10b)
with i € {1,...,m}, where the matrices V;% and U ,ﬁ contain the estimated weights

and biases of the last layer. Of particular interest is the expression of the approx-
imation error of the DNNs, which will be crucial for the design of the adaptation
laws and the stability analysis later in this thesis. To this end, the following section
derives, for each layer j, an explicit formulation of the error between the optimal

DNNs and the estimated counterparts, first considering ®, and then V.

2.3.1 Approximation error of the Drift Dynamics

Consider the error of ® with respect to ® for each layer j € {1,2,...,ks}, given by

b; = d; — &; e RMn
— VT 6;(®; T (-
]( J— 1) A] ]( ) . ) . A (2.11)
=V 6;(®j-1) = V; ¢ (®j-1) + V' 65 (D5-1) = V;T (D;1)
=V 0;(®;-0) + Vi (85(@5-1) — 65(®5-1))
where V Vi— V and &g = V. Since the ideal activation ¢j(P;—1) is unknown,

the expression cannot be computed directly. However, ¢; can be approximated

using first order Taylor expansion centered around <i>j_1, obtaining

. b, . 3
95 (®j-1) = ¢;(Pj—1) + 99; (R — D) + O(D5)
0P lp—; , (2.12)

= (1) + ¢ ®;_1 + O*(®;_1),

where q% = gb;( ~1) € R *E%; ig the Jacobian matrix of the activation function
vector ¢;(-) with respect to its argument, computed in the estimated output of the

previous layer <i>j_1, while OQ(ij_l) € R denotes the lumped terms of order
higher than one. Substituting (2.12) in (2.11]), and having ¢; = qﬁj((I)j_l),(;ASj =
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¢j(®;_1) for sake of readability, one has

®;

R

305+ Vi (65— ;)

65+ V(95 + @1 + O*(D51) — &)
6+ VT (958501 + 0%(®;1))

VT65+ VT 3d 1 + VT OX(&; ).

i

i

Exploiting the fact that V; = f/] + Vj, it is possible to write

D,

V' + V'@, 1 + VT O*(D;_1)

o+ (VT V8@ + VT OX(D51)
T+ VT 50,1 + V) @1 + VT O%(®5-1)
qugj + ‘A/}T(%(i)j_l + Qg

!

?

R

where Ag, = f/jngg-(:T?j_l + VjTOQ(fi)j_l) € R®+1. Before going further with the

analysis, the following property of the Kronecker product is introduced.

Lemma 2.1 ([24], Proposition 7.1.9). Given three matrices A € R"*™ B €

R™*4 gnd C' € RY*P and letting vec(-) be the vectorization operation, it holds that
vec(ABC) = (CT ® A)vec(B) € R™.
Since f/quASj € ]RL‘I’J'H, it holds that
f/j—r@j = vec (‘N/JTQ%) = vec (é;f@) = vec (gg;—f/jILq)jH) ,
and, applying Lemma with A = gﬁjT, B= f/j and C =1 Le, ., it obtains
Vi'j =L, ©6) vee(Vy) = (L, ® & Jvec(V;).
Hence, the error associated with the j-th layer can be then reformulated as
By = V3,4 V18,1 + A, s
— (ILq>].+1 ® QZA)J'T)VGC(VJ’) + VjngAﬁ;(i)j_l + As,,
for j € {1,2,...,ks}, with &y = Iy, ® z] )vec(Vy). Before going any further, it is
convenient to introduce the oriented product operator.

Definition 2.4. Given some matrices A;, with i € {1,2,...,N}, characterized

by compatible dimensions, then ]_Hvzl A; = ANAn_1... Ay, represents the oriented

product. Moreover, it holds that Hg;i A; = 1.
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2.3. Approximating the Dynamics using DNNs

The overall estimation error of the [DNN] coincides with (2.13) with j = kg, having
(T’lwp = (I, ® ékTq))VeC(qu) + Vqu%qﬁ)kq)—l + Aq,,%.

In general, the expression of (fj depends on @j,l. So, the above equation has an
inherently recursive nature. If one repeatedly substitutes this expression backward
down to ®y and groups the similar terms, the overall approximation error can be

conveniently expressed as

ko ko
Dpp =Y Ag vec(Vy) + > Eo,Ag,, (2.14)
j=0 j=1

- Lo, Lo. Lo, .
where =g, € R™"®i+1 and Ao, € RV e lei10) qpe given by

a)

ko

Zo, = [ V, 4, (2.15)
p=j+1

Ao, = Za, (I, @ )), (2.16)

with Ag, = Za, <IL¢1 ® xh> and E(pkq) = 1.

2.3.2 Approximation error of the Control Effectiveness Matrix

As detailed in Section [2.2] when a network is used for approximating a matrix, it can
be treated as a multi-head [DNN], with each head sharing the input, all the hidden
layers, and being the approximation of a column. The layer-wise approximation
error between ¥ and \il, with j € {0,1,...,ky}, follows the same reasoning of
the previous section. To take into account the fact that the last layer (j = ky)
approximates multiple columns, the error associated to this last one is expressed for
each column ¢ € {1,2,...,m}. In particular, for j = {0,1,..., kg — 1}, it is possible

to express the approximation errors as

U, =0, -0,
= U (V1) — U ¢;(¥;1)
= Uy (W1) = U 0y (850) + U (85-0) = Uy (85-1) (2.17)
= (U =0 ) (05 0) + U] (5(950) = 5(F5))

§

J‘Td’j(‘i’jfl) + UjT (%(‘I’j—l) - wj(\ijjfl)) ,

where U; = U; — U; and ¥y = Uy x5, Since the ideal activation t;(¥;_1) is un-

known, it is approximated using first order Taylor expansion centered around ¥ j—1,
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obtaining

0 ) )
87\11] (W1 — W)+ 02(‘1’3'—1)

v=0; (2.18)
= (1) + 9501 + O2(F;y),

i (Wj1) = (W) +

where 1[)3 = wé(\ilj,l) € R¥%*1% ig the Jacobian matrix of the activation function
vector 1;(-) with respect to its argument, computed in the estimated output of the
previous layer \ilj,l, while O%(¥;_4) € R™¥; denotes the lumped terms of order

higher than one. Substituting (2.18)) in (2.17), and having v; = 1/13'(\1/]'_1),7,/3]» =
ﬁj(@j_l) for sake of readability, one has

\Z

07 + U (5 — )
07 5+ U (5 + 05051 4+ 02(F51) — 4

= ~jT Aj + UjT (7%-\1/]'_1 + 02(\ifj_1)>
T T\ T I
= U+ U ;0 4+ U O*(F;)

i

JT&j + (ﬁyT + [A]jT)?f;}‘i’jq + UJ-TOQ(\T/j_l)
J'T@Z}j * UJT%@J'H + U]T%‘i’j—l + UJTOQ(\ifj,l)
Oy + U] 501 + A,

i

where A\pj = U]—rl/sz\i/]_l + UJTO2 (\ifj_l) € RL\PJ'+1. Since UJT1ZJ]' S RLWJ’L‘I’jﬂLl, it
holds that

7T, T AT AT
0,4y = vee (U74;) = vee (4] T;) = vee (& Ui, ),
and, applying Lemma with A = 12;;'—, B = Uj, and C' = IL\I,_+1 it obtains
J
AT (7T T 7\ T F;
Uj ¥i = (IL‘I’J'+1 @Y ) vee (Uj) - (IL‘I’J‘H ® Y; ) vee (Uj> '
Hence, the error associated with the j-th layer can be reformulated as

\i/j = UJT@Zj + UJT’QE;\ifjfl + A\pj
- - T 2 s
— (Iquj+1 X ¢j ) vec (U]> + Uj ¢9\Pj_1 + A\pj,
for j € {0,1,...,kg}, with ¥y = (Ipy, ® z] )vec(Up). As anticipated, for the last

layer, the error is expressed for each column. In particular, having \I/LZL and \TJLZ\]P
defined as in (2.9b) and (2.10bf), respectively, the error associated with the i-th
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column is given by
e A
= <U;£11>Tw ke — (O0) T,
= (U)Ty; - (@L@)% <U,£i>%—<v,£:l>%
= (WY = @7 by + O (10 — D)

T A i

= IEi wk‘p + (Ul£l,) (wkxp - wk@)

_ ﬁ[ﬂT 7 U[i] To. W A[i]
ko ke + Uky) ¥y Yhy—1 +

Exploiting its recursive nature, it can be written as

. . L ky—1
\IJEL = A@kqlvec (Uk[fi) —i—A v, T Z A\I, vec( ) + Z "M (2.19)
where
~kp—1
—[ e " AT 2 nXxLy .
:Qj - (U,Ei)ngle:j+lUlT¢f e RV v, (2.20a)
AEIi/}j = E@J (IL‘I’jJrl ® 1/)2\11]) S RnXL\I’jL\I’j+17 (220b)
ith =[] —1 =[] o UM i A[l] ::[i] I ® T dAM = (I, ®
WIth Sy, = b =w, T Yk Vhyr My “\Ifo( Ly, ), ) an Uy, (Im
Uiy )-

2.3.3 Weights initialization

Intuitively, the approximation accuracy of d and ¥ depends critically on their ini-
tial weight estimates. In particular, better initializations lead to faster convergence
towards the ideal weights, reducing transient errors and improving overall function
approximation quality. Classical random initializations may lead to saturation of
hidden units and vanishing or exploding gradients in deep architectures, slowing
down or even preventing weights adaptation convergence. Motivated by the analy-
sis in [25], the weights of all layers of & and U are initialized using the Xavier-Glorot

scheme

V6 V6
VI T /g g

where U[—a, a] denotes the uniform distribution over (—a,a), and n; and nj;; are

W ~U |-

the input and output dimensions of layer j, respectively. This variance-preserving
initialization maintains the singular values of the layer Jacobians close to one [25],
ensuring more stable activation and gradient statistics across layers and thus facil-

itating both offline and online training.
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Chapter 3

DNN-SMO Strategy

Controller synthesis often relies on the knowledge of the system dynamics to en-
sure stability and performance guarantees. However, precise dynamic models are
often unavailable in practical applications, motivating different control strategies to
deal with uncertain dynamics. Traditional approaches rely on either robust designs,
bounding uncertainty [I}, 2 26], or adaptive schemes, requiring parameter identifi-
ability [27, 28]. Recent [ANNFbased methods leverage their universal approximation
property to directly estimate plant dynamics from data, bypassing explicit model
identification. However, offline training, required to adjust network weights, intro-
duces significant limitations. Once trained, these networks operate as static maps
within control loops. Moreover, [ANNk suffer from approximation errors requiring
robust control augmentation, while, measurement noise degrades data quality, com-
promising both training effectiveness and control performance. Online adaptation
overcomes these limitations by continuously adjusting weights via Lyapunov-
derived adaptation laws during system operation. A remarkable example is the
approach [7, 8], demonstrating online adaptation effectiveness. However,
closer analysis reveals poor approximation accuracy during transients phases. The
proposed strategy overcomes this limitation through a duallDNNI ap-
proximation of the unknown dynamics, with [SMOldriven neural adaptation princi-

ples [10] ensured via Lyapunov stability analysis.

3.1 Problem Formulation

Consider a nonlinear control-affine system affected by disturbance

z(t) = f(z(t),t) + B(z(t), t)u(t) + h(x(t),1), (3.1)
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3.2. The DNN-SMO scheme

where x € & C R™ denotes the full state vector assumed measurable, meaning
that the output vector coincides with the state vector, with X being a compact set
containing the origin, v € R™ is the control input vector, h : X x R>¢g — R" is
the perturbation vector satisfying Assumption while f : X x R>g — R"™ and
B : X x R>p — R™™ denote the drift dynamics and the control effectiveness ma-
trix assumed unknown and satisfying Assumption [I.1] and [T.2] respectively. Thus,
direct control synthesis is infeasible. To overcome this, the idea is to approximate
these dynamics using a dual{DNN] architecture, leveraging the universal approxi-
mation results of Section [2.3] via [SMOlbased online adaptation. This decouples the
adaptation laws from the controller and enables controller design using the

approximations.

3.2 The DNN-SMO scheme

In the following, the [DNN-SMOI scheme, depicted in Figure [3.1] is presented and

analyzed. Considering the problem formulation in Section[3.I} and taking advantage

L System in (3.1) L, J SN
U |fe—
z z . B 1 1 —
[ SMO in (3.2) [ ' \_‘{j
* DNN &
A
* DNN ¥ —
¢ 1
Adaptation laws
in 33)-G)

Figure 3.1: Block diagram of the DNN-SMO scheme. The blocks associated with
the DNNs, the observer sliding variable and the control law are highlighted in green,

blue and yellow, respectively.
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Chapter 3. DNN-SMO Strategy

of the approximation property of the [DNN] exploited in Section [2.3] a [DNNbased
SMOI model can be defined as

F(@(1),) + B(@(t), t)u(t) + U(x(1), 2(t))
F@(0),0) + > BO (1), t)uilt) + U(x(1), £(1)),

=2

& (t)

=2

Substituting f and B(® with their definitions in (2.10) the above system becomes
5) = i+ S B () + 1), 3¢ 3.2
B(t) = Prg + ) Wy ui(t) + Ua(t), 2(1)), (32)

i=1

with initial condition #(0) = z(0) € X and where [ : X x X — R" is the correction
signal, defined in (|1.16]), used to drive the estimated states toward the measured
ones, hereafter recalled for reader’s convenience.

= Pt (3.3)
[6(2(t),2(1)|l

with p € Rs g being the observer gains, while 6 : X x X — R" is the observer sliding

[(x(t), &(t))

variable defined as
&(x(t), () = C(x(t) — 2(t)), (3.4)

with C' € R™ " satisfying the following assumption.

Assumption 3.1. The design matrix C € R is chosen symmetric and positive
definite.

The proposed update rules depend explicitly on the observer sliding variables &
and derive from the Lyapunov-based analysis. For what concerns the [DNN] <i>, the
adaptation of all layers j € {0,1,...,kg}, is performed according to

vec (V]) = proj (F¢jA£_6T6) e RFws Lo (3.5)
Ba, !

where Ag; € R™*L®; L2541 ig the one defined in and ', € RE®j L2 xLe;le;
being the adaptation rate matrix, defined as diagonal with positive entries, while
proj(-) is the projection operator which ensures that the estimated weights remain
bounded in an admissible sets depending on the bounds introduced in Assumption
As for the DNN| ¥, for j € {0,1,...,ky — 1}, one has that

vec (Uj) = %roj (F\pj (Z ui(A@j)T> C’T&> e REvi L (3.6)
vy =1

where A@j e R™Fv;lvi s defined as in (2.20b)), u; € R is the i-th component

L‘I’j L\pj+1 XL\I/J, L\I’

of the control law, while I'y; € R i+1 is the adaptation rate matrix,
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3.2. The DNN-SMO scheme

chose as diagonal with positive entries. The weight sub-matrices of last layer of ¥

are adapted according to

V&?C(}ﬂ) = proj (F@kwui(A@k )TC'T6) e Riwam, (3.7)
By, v
with ¢ € {1,2,...,m}. As mentioned above, the aim of the projection operator,

defined in [28, Appendix E], is to maintain the weights in the admissible sets By, C

RE®5 L% with j € {0,1,...,ks}, and, By, C R¥%%;41 | conveniently defined as

By, = {vec (V]) e RE®s e, Hvec (V])H -V< 0} ,
By, = {vec (@) c REwi Ly Hvec ((L)H —-U< O} .

Lemma 3.1 (Boundedness of the [DNN| weights and biases). Let By, and
By, be the admissible sets, while proj(-) is the smooth projection operator. Moreover,

consider the weight adaptation laws in (3.5)), (3.6) and (3.7). Then, one has that
1. Vj(t) € B%j, forallt >0 and j € {0,1,...,ka};

2. Uj(t) € By, for allt >0 and j € {0,1,..., kg};

NT NT ,
3. —vec (VJ - VJ> Iy, %I‘OJ(T) < —vec (VJ - VJ> Iy Vje {0,1,...,ka};
& .

J

4. —vec (Uj - Uj)T I‘E,Jl_%ioj(T) < —vec (Uj - @)T I‘E,Jlf, Vie{0,1,... ky}.
i

Since the activation functions of the network @, &D, U and U are chosen differentiable
and Lipschitz continuous, their Jacobian matrices are norm-bounded. Combined
with Lemma [3.1] and the classical result that, for standard activation functions, the
higher order of the Taylor’s expansion are bounded over a compact domain [29],
the approximation residuals Ag, and Ay, introduced in Section and Section
2.3 respectively, are bounded as well.

Proposition 3.1. There exist some constants cg,cy € Rsg such that the residual

terms in (2.14)) and (2.19) as

kep—1 ko—1
Ag, + Z Eo,;Ag;| < Co, Amk + Z EEIZ,] Ay, || < cy
=1 i=1
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Chapter 3. DNN-SMO Strategy

3.2.1 Sliding Mode Existence

The main theoretical results related to IDNN-SMO) architecture are presented in the

following.

Theorem 3.1. Consider the system in (3.1)) and the[DNN-based[SMO in (3.2), with
[ and 6 defined as in (3.3) and (3.4), respectively. Moreover, the DNNs weights are

adapted according to the adaptation laws (3.5)) - (3.7). If Assumption
and Proposition [3.1] hold, and

5> MO {ea + 2o + m(cy + &0)||ul| + h} + 17
AC) ’

with 1 € Rsq being design parameter, then, 6(x(t),z(t)) — 0y, for t — co.

Proof. See Appendix O

In other words, choosing the observer gain according to Theorem [3.1] enforces sliding
mode on 6(z(t),Z(t)) = 0,, asymptotically, which also drives the estimation error to
zero, meaning that the DNNFbased model act as the real one. However, this
does not imply perfect DNNs learning. In fact, d and \i/, characterized by estimated
weights, introduces unavoidable approximation errors. In particular, for the drift

dynamics components

A

f— &, = Pr, +co

ko—1 kg—1
= A’I’kq, vec (V]%) + Aq)kq: + Z Aq>jvec (V]> + Z Eq>jA<1>j + &,
j=0 J=1
and for the control effectiveness term
) _ gl gl (4)
B — ¥ =Ty +ey
i 1Y) L I e Q
(] rrlt 3 g K] —|[? 1
= A\I,k\pvec (qu,> + Z;) A\I,jvec (Uj> + A‘l/kq, + zjl :,l,jA\pj +ey,
j= j=
with ¢ € {1,2,...,m}. These errors are not quantifiable, since depend on intrin-
sically unknown quantities £¢,Ag,, with j € {0,1,...,ke}, ev,Ay,, with j €
{0,1,...,kg}. Nevertheless, the analysis performed earlier demonstrates that all

the above approximation errors are bounded and compensated by the [SMOI cor-
rection term, ensuring accurate state estimation despite imperfect approxi-
mations. Moreover, appropriate weights initialization, as specified in Section [2.3.3
positively impacts both DNNs approximation accuracy and sliding mode reaching

time, ensuring better performance.
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3.3. DNN-SMO with Barrier Functions

3.3 DNN-SMO with Barrier Functions

While the analysis of the previous section establishes the convergence of the ob-
server sliding variable and the boundedness of DNNs parameters, it does not give
any performance guarantees during transients. This can be a point of concern in
practical applications, as the estimation error may exhibit undesirable overshoot or
rapid transient growth, particularly when the DNNs are still in the early stages of
learning and their approximation accuracy is poor. To address this limitation Bar-
rier Lyapunov Functions (BLEk) are introduced [30], imposing a virtual constraint
on the observer sliding variable, which is forced to remain within a prescribed com-
pact set during the entire system evolution, provided that the initial condition lies
within this set. This mechanism not only improves the practical implementation by
reducing overshoots, but also a more precise quantification of the estimation error in
a bounded region, essential for the Model Predictive Control formulation developed
in the subsequent chapter. The [BLE] is incorporated directly into the design of the
weight adaptation laws, resulting in modified update rules that implicitly enforce

the barrier constraint.

3.3.1 Preliminaries on BLFs

Before presenting the complete analysis, some preliminary concepts about [BLEF are
required. Let 2 C R™ be an open set containing the origin as an interior point. A

[BLE] is a smooth positive definite scalar function 3 : Q — R such that

Jimm, Bly) = +oo, (3.8)

where 9Q denotes the boundary of Q. In particular, a[BLF]satisfies that 3(y(t)) < 3,
for t > 0 along the trajectories of y(t), with 8 € Ry, if y(0) € Q. A BLF can be
used to certify stability of a desired equilibrium point, together with the invariance
property of Q [30, [3I]. In particular, when not explicitly stated, in this thesis, the
log-type [BLE is considered

52
Bly) =—log | 57— | . (3.9)
ey — llyll®
with Ey S R>0.

3.3.2 The DNN-SMO scheme with BLFs

The BLFmodified DNN-SMQ| scheme, depicted in Figure is now presented
and analyzed. Building upon the DNN-SMO] architecture from Chapter [3.2] a [BLE]
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Y. System in (13-1) 2, i L .

U |e—
7 P L ﬁ
2l 2 sMom@®) ——T 110 |
~ DNN ¢
A
» DNN ¥ (—
¥ |
Adaptation laws BLF in
in (3.10aj)-(3.10c) (3-9)

Figure 3.2: Block diagram of the BLF based DNN-SMO scheme. The blocks associ-
ated with the DNNs, the observer sliding variable and the control law are highlighted

in green, blue and yellow, respectively.

B :R™ — R defined as in (3.8)) to limit & into the sets Q, = {6 € R": ||6]| < &5},
with e, € Ry, is directly employed in the design of the weights adaptation law. In
particular, the weights of the [DNN] d are updated modifying the expression (3.5)),

according to

2 dg A

N\ . T T A

vec (VJ) = FI)S?J (F<1>jA¢j 7dH5||2C o) , (3.10a)
J

with j € {0,..., kg }. As for the 0, for j = {0,1,...,ky_1}, the weights are adapted
modifying the expressions (3.6) and (3.7)), according to

A . - i dB At 4
vec (Uj) = pBI‘O_] (I\pj (Z ui(ij)T> WCTJ> , (3.10b)
v i=1
Al . i dB At 4
vec (U,E,l’) = Z}g);‘OJ (F‘I’kq,ui(AEI']kq,)TdH&RCTJ) ) (3.10¢)
by

with i € {1,2,...,m}.
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3.3. DNN-SMO with Barrier Functions

3.3.3 Sliding Mode Existence

Theorem 3.2. Consider the system in and the[DNN-based [SMO in , with
[ and & defined as in and , respectively. Moreover, the DNNs weights are
adapted according to the adaptation laws - . If Assumption
and Proposz'tz’on hold, and 3 chosen to satisfy , and
5 o MO e + o +m(Ew + Ew)llull +h} + N
AC)

with 1 € Rso being design parameter, then, 6(x(t),z(t)) — 0, fort — oo and it is
guaranteed that ||6(z(t),z(t))|| < es fort > 0.

Proof. See Appendix [A4] O

Thanks to this result, the observer sliding variable is explicitly bounded by a pre-
scribed limit €, € Rsg, addressing the key limitation of the [DNN-SMOI| scheme
illustrated at the beginning of this chapter.
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DNN-SMO based Control

As established in the previous chapter, the DNN-SMO| architecture provides ac-
curate approximation of unknown system dynamics. Moreover, the [BLE}version
guarantees known estimation bound from the first time instant increasing the over-

all performance. Building upon these results, the present chapter addresses the
[DNN-SMO] based controller design.

4.1 DNN-SMO based ISM

As demonstrated in Chapter [T} ISMl control eliminates the vulnerable reaching phase
by enforcing sliding motion from initial time instant through a specifically designed
integral sliding variable, defined as the sum of two components: a conventional
sliding variable gy : X — R™ and the so-called transient variable z : X — R™.
However, the computation of such a component demands precise knowledge of the
system dynamics, often unavailable in practical applications. In this context, the
strategy naturally emerges as a possible solution, providing an estimated

dynamics.

4.1.1 Problem Formulation

Consider a perturbed nonlinear control-affine system affected by matched distur-

bance

z(t) = f(z(t),t) + B(z(t), )u(t) + h(x(t),t), (4.1)

where £ € X C R" is the state vector assumed measurable, meaning that the
output vector coincides with the state vector, u € R™ defines the control vector,

f: X xRsp — R" is the drift dynamics, B : X x R>g — R™" denotes the control
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4.1. DNN-SMO based ISM

effectiveness matrix, while h : X x R>¢ — R™ is the matched perturbation vector,
defined as in (1.10]). Moreover, f and B satisfy Assumptionandrespectively,
while h is bounded according to Assumption Given a desired state trajectory

x* € R™, the tracking error dynamics e(t) = x(t) — 2*(t) € R™ can be expressed as
et) = f(x(t), 1) + B(x(t), t)u(t) + h(xz(t), 1) — 2%(t),

with initial condition e(0) = x(0) — 2*(0). To stabilize the error system around
the origin while rejecting the matched disturbance from the initial time instant,
an [[SM] controller can be designed as outlined in Section However, as specified
in Section [3.1] the dynamics of the system is unknown, implying the impossibility
to compute the transient variable, and, as consequence, enforce a sliding mode. To

overcome this limitation, the DNN-SMOI strategy is employed.

4.1.2 The DNN-SMO based ISM

Leveraging the theoretical results from Chapter [3] a [DNNlbased transient variable

can be defined as

(6 (0) = o(a(0)) + [ 27D 5

>

(7),7) + B(@(r), )un(r) — &*(7)] dr

t 8 T 7~ Ui S(1 %
= o0(z(0)) + /0 Uoéxm)[ (@(r),7) + 3 BO(@(r), )unsi(r) — & (7) | dr.
i=1
Substituting f and B with their definitions in (2.10) the above equation becomes
A t Qog(x(T)) 12 ULRNS »
2a(0) = ao(a(0)) + | D (4, 43 W wi(r) — i ()]ar, (12
i=1

implying that

) = 22D a4 Sl ) - (1)
i=1

with initial condition 2(#(0)) = o¢(x(0)). This formulation enables standard con-
troller design while overcoming the limitation imposed by assumption. The[DNN-SMO]
based [SM] strategy can operate both with and without [BLF] modification, depend-
ing on the required performance level. Effectiveness is verified through simulations
on two systems: a Duffing oscillator and a 3{DoF] robotic manipulator. Results are

presented in Chapter
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4.2 DNN-SMO based MPC/ISM

This section addresses the controller design problem for state and input constrained
systems. In particular, the objective is to synthesize a control law that explic-
itly accounts for constraints. Among constrained control techniques, Model Predic-
tive Control (MPC]) naturally stands out due to its optimization-based framework,
which inherently incorporates constraints within the optimization problem. More-
over, works such as [32], B3, 34, 35, 36] have introduced and developed a hybrid
MPC)/ISM architecture, shown in Figure in which mitigates matched dis-
turbances while robust [MPC| with tightened constraints handles unmatched ones.
Both components require complete knowledge of the nominal dynamics, which is
unavailable by assumption in Section In [9], a DNNtbased [MPC/ISM] architec-
ture is developed, demonstrating online adaptation effectiveness. However, it
suffers from transient estimation overshoot, critical for [MPC] feasibility, necessitat-
ing an auxiliary controller until DNNs accuracy stabilizes. The proposed scheme
extends this framework by integrating the [BLE] based strategy, which
drastically reduces transient overshoot and enables immediate [MPC)/ISM| deploy-

ment.

u
MPC MPC

System

{ UISM

> ISM

T

Figure 4.1: Block diagram of the MPC/ISM control architecture.

4.2.1 Problem Formulation

Consider the nonlinear perturbed system in (4.1]) for which it is desired to impose

the following state and input constraints

reX. CX, (4.3a)
ueld CR™, (4.3b)

with X, and U being compact sets containing the origin. In this thesis, I/ is assumed

box-shaped, i.e., constraint set in which each i-th element of the control vector is
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4.2. DNN-SMO based MPC/ISM

limited between a minimum and maximum value u,;, @; € R, with u; < u;, as
U:={ueR": vy <u <u4Vil,

with i € {1,2,...,m}. As previously detailed, the system can be controlled
rejecting matched disturbances while satisfying constraints , implementing an
MPCIISM] controller that leverages [SM] for disturbance rejection and robust [MPC
for constraint handling. Let z* € R™ denote a desired state trajectory, with the
conventional sliding variable op and transient variable z(z(t)) defined in Section
The nominal control law is selected as the law uype € R™ (defined later)
yielding the following full control law

u(t) = up(t) + ur(t)
0 o(z(t)) (4.4)
=u — P
M T P lo @]
Since part of the control compensates matched disturbances and, at the same time,
it is required that u(t) € U, for all t > 0, a reduced constraint set for the input is
defined as
L_{::{ueRm:g,-—i—pguiﬁﬁi—p,w},

with o; € R being the i-th component of the integral sliding variable. Since the [SM]
controller provides robustness against matched disturbances from the initial time
instant, the [MPC] solves the Finite-Horizon Optimal Control Problem (EHOCPI)
over nominal dynamics h(x(t),t) = 0,,. In particular, let ¢; > 0 be the time instant
at which the signal v must be computed, then a properly designed cost function

is optimized over the control sequence uy, 4, . ., where N € N5 represents the

1]

prediction horizon. Such a cost function can be defined as

I@lt) g N) = [ Haln) u)dr + Vi), (45)

with £ : X, x U — R>0 being the so-called stage cost, chosen as

Ux(r),u(r)) = l|l2(r) = 2*[g + [[u(r)lIR

with @ € R™"™ and R € R™*™ being positive definite matrices. Regarding V; :
Xy — R>q, it represents the terminal cost, instrumental for guaranteeing closed-
loop stability. It can be selected as follows
2
Vi(@(tien)) = llx(tien) — 2™
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where II € R™ ™ is a positive definite matrix. Moreover, the so-called terminal

constraint z(t54n) € X'y must be introduced, with terminal set Xy C X, defined as
Xp={zeX:|lz—a*|f <&}, (4.6)

with & € Ryq. A possible choice for the terminal cost and the terminal constraint is

the one proposed in [32]. Therefore, MPC| problem can be formulated as

min J(l’(tk), u[tk,tk+N—1} ’ N)

Uty g 1)
s.t. dynamics with h(z(t),t) = O,
x(ty) € Xey Vi € [tk thrN—1]
u(ty) € U, Yty € [ty tern—1]
z(tk+n) € X,

and its result is the optimal control sequence u[ " Then, according to the Re-

byt N—
ceding Horizon principle, the control input applied to the system is the first element

of the optimal control sequence, denoted by unpc(t) = u®(tg), Vt € [tr, tpr1)-

4.2.2 The DNN-SMO based MPC/ISM

Since the dynamics of system (4.1)) is assumed unknown, it can be estimated using
the [BLF] based [DNN-SMOI methodology, described in Chapter In particular,
the estimated transient variable 2(Z(t)), defined in (4.2)), follows the dynamics

3(2(t) = [@,% fj unpc,i(t —a‘c*(t)],

with initial condition 2(Z(0)) = 00(Z(0)) = oo(x(0)). Furthermore, recalling Theo-

rem under its assumptions and selecting p as

5 o MO){co + 2o + m(cu + 2u)llul| + ) + n

A(C)

imply that &(z(t), 2(t)) — 0,, for ¢ — oo. Moreover, assuming &(x(0),2(0)) € Q, it
is guaranteed that ||6(x(t),Z(t))|| < ey for ¢ > 0 by virtue of the [BLEFl Expanding
g it gets

lotate). 2@ = ¢ [ (a) - btrar] <. (@7

In the [MPC context, it is useful to quantify how these bounds affect the discrep-

ancy between the real dynamics and the internal prediction model employed by the

controller. To this end, consider the following quantity

(4.8)

¢ /0 * (@(r) = dupa(r)dr ]
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4.2. DNN-SMO based MPC/ISM

The [MPC prediction model is based on the DNNs estimates as

S

Substituting this expression into (4.8)) it holds

| " (:'c(f) —B(r) + p”ZH> dr

Applying the triangle inequality, the first term can be directly bounded by exploiting
the [BLE] property (4.7)), obtaining

[ iy [ ol
: T

A

~ [tk . ~ [tk &
c/ ((7) —:%(T))dT—I—C'/ -7 dr
0 o &l

~ [tk &
S €o + HC/ ﬁfd'r
o ol

For the second term, exploiting the sub multiplicative property of the norm and
that i

|&” is a unit vector, it gets

¢ [" )~ dtonir + ¢ [ pran

~ tk &
<en+]I0] H/ p-Zdr
o ol

A

_ . tr
<er + Q) [
0

N t
< ey + M) / ¥ pdr
0
< e, + MC)pkAt,

where At € Ry is the sampling time of the [MPCl Recalling the original left side
of the inequality it has

A 3 . .
C/ k(i(T) — Znpo(7))dr|| < g0 + MN(C)pEAL.
0

Finally, since C is symmetric positive definite, its minimum eigenvalue A(C') provides

a lower bound on the norm of the overall expression

¢ /Ot'“(xm—échc(T))dT > A(0) /Otk(i(f)—géMpc(T))dT .

Combining these bounds yields an explicit inequality relating the integrated predic-

tion error to the design parameters ., C ,At and, p

A

AC) /0 " (2(7) — Znpe(7))dr|| < ey + MC)pkAL
P : £o X(é)
/0 (#(7) — 2mpc(7))dT|| < (A) (A) pkAL,

=g
with bound ¢ € R-g composed of two terms. The first quantifies the [BLE effect

on the observer error, providing time invariant (constant) estimation error bound.
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Chapter 4. DNN-SMO based Control

The second represents the [SMOI correction action, compensating the DNNs resid-
ual approximation errors, with magnitude proportional to the integration interval,
meaning that longer horizons yield larger worst-case prediction errors. A graphical

representation of this effect is shown in Figure [f.2] The above result imply that,

Figure 4.2: Example of error tube along the prediction time. The lines associated
with x, Zypc are in green and red, respectively. The violet tube represents the
constant error bound due to the [BLE] constraint on the observer sliding variable,
while the blue tube represents the total error bound, which expands linearly along

the prediction horizon to account for the SMO correction action accumulation.

in the worst case, the DNNs estimation error is bounded by ¢ for z, enabling a
reduced constraints set X, C X, obtained by tightening X, with boundary ¢ in the

x direction via Pontryagin difference
X, = X.0 B, (4.9)

with B¢ = {z € X, : ||z|| < ¢}. Then, the [DNNtbased [MPC] problem can be

formulated as

min  J(Zmpc (tk)7 Uty by n—1]> N)
Utgsthy N—1]

m
s.t. Zmpc = Pp, + Z \I’Liuz,

ti) = x(tk), (4.10)
pc(ty) € Xe, Vig € [t trrn—1]
( k) € U, Vi € [t trrn—1]

A

Impc(tien) € A,

where the cost J and the terminal set &X’; are chosen as in and ., respec-

tively. Then, similarly as in the ideal case, the control 1nput is chosen as the first
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4.2. DNN-SMO based MPC/ISM

element of the optimal control sequence u

from (4.10), i.e.,

o (0] N
it n 1]’ denoted as u°(ty), resulting

uMpc(t) = Uo(tk),vt S [tk,tk+1). (4.11)

4.2.3 Event-triggered MPC-internal DNNs Update

To avoid continuous changes in the MPCImodel due to networks update, the internal
DNNs are maintained as frozen copies of the DNN-SMO| networks. This approach

naturally leads to an event-triggering condition, inspired by [36], given by

with § € Rsg chosen such that 6§ < e,/A(C), ensuring the boundedness of the pre-
diction error within B.. If condition holds, it means that the MPC] prediction
model is diverging from the real dynamics. Therefore, the MPClinternal DNNs are
updated with the latest weights from the networks. Moreover, even if
in practice the triggering condition cannot be verified in continuous-time, a faster

sampling rate than the one used in the [MPC] is adopted, ensuring that the

/ " () — Bapo(r))dr

ty

> 0, (4.12)

sequence u, remains valid until ¢54;.

o

[t trrn—1]
The effectiveness of the proposed [DNN-SMOI based [MPC/ISM| scheme has been
validated through simulations on the Duffing oscillator and a 3{DoF] robotic manip-

ulator. Results are presented in Chapter
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Chapter 5

Simulations and Results

The proposed [DNN-SMOI methodology is validated through detailed simulation
on two benchmark systems, a Duffing oscillator and a 3{DoF] robotic manipula-
tor, highlighting the observer convergence properties, the impact of the BLE}based
adaptation laws on transient performance, and the effective controller design en-
abled by accurate dynamics approximation. Since both systems exhibit the
partitioned position-velocity structure, detailed in Section and exploiting the
known the relationship between position and velocity, the DNNs are employed solely
to approximate the velocity dynamics. In particular, d:x 5> R™ approximates the
drift dynamics fy : X — R™, while U : X — R™™ approximates the control

effectiveness matrix B : X — R™X™m,

5.1 Duffing Oscillator

Depicted in Figure the Duffing oscillator is a nonlinear damped-driven mechan-

ical oscillator modeled as follows

) T )
= | = 5 , (5.1)
T2 T —x]—T2t+u

where z € X C R? is the state vector, with 21 and x» being the position and ve-
locity, respectively, and u € R is the control input. The nonlinearity arises from the
cubic stiffness term —a3, which renders the system ideal for testing the proposed
scheme under the assumption of fully unknown dynamics. Three simu-
lations have been carried out, analyzing the behavior of the system in the case of
the pure based [SM] compared with the [BLEmodified version, and in
the case of the control solution with MPC/ISMI In all scenarios, the DNNs & and

¥ are configured with k¢ = kg = 2 hidden layers, each characterized by 16 neurons,
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5.1. Duffing Oscillator

Figure 5.1: Graphical representation of the Duffing oscillator system.

all activated via tanh functions. Weights adaptation is modulated through learning
rate matrices I'e, = 5 I, 'y, = I, with I denoting an identity matrix of appropriate

size.

5.1.1 DNN-SMO based ISM

This 40 seconds simulation aims to steer the system state vector to time-varying
setpoints #* = [1.25 0] for ¢t € [0,20) s and 2* = [-0.25 0]" for ¢ > 20 s, while
being subject to matched disturbance h = 0.1sin (¢). The stabilizing control law is

defined as
1

unlt) =~ (B [05 1] (alt) ~ =) (5:2)
where € € R is a small design parameter introduced to avoid singularity of the de-
nominator. The conventional sliding variable is chosen as o¢g = (x1 — a7) + (22 — 23)
with control gain p = 1. As for the observer, C e R?*2 i is chosen as C' = I
with observer gain p = 0.005. The simulation time-step is set to 10~ seconds.
Results in Figure demonstrate that, even applying a small observer gain, the
observer sliding variable always remains limited and, in particular, converge to near-
zero values (and theoretically to zero), indicating an accurate approximation of the
system dynamics by the DNNs, confirmed by the integral sliding variable, which
is also successfully driven to a very small value (and eventually zero) after an ini-
tial transient due to the first DNNs weights adaptation, preventing the transient
variable 2 from fully compensating gg. Moreover, the system states are successfully
controlled to the desired time-varying setpoints. To further enhance transient perfor-
mance, the BLFlmodified version is employed, setting the BLIFlimit set as ¢, = 0.2.
Figure [5.3] shows a dramatic performance improvement: the observer sliding vari-

able norm remains strictly bounded and well below the threshold, staying nearly
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Chapter 5. Simulations and Results

zero throughout the simulation, ensuring that the observer and real system states

effectively overlap while reducing transient overshoot by one order of magnitude.
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Figure 5.2: Duffing oscillator (DNN-SMO based ISM): time evolution of the system
states (first and second rows), observer sliding variable components (third and fourth

rows), and integral sliding variable (last row).
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Chapter 5. Simulations and Results

5.1.2 DNN-SMO based MPC/ISM

Consider the Duffing oscillator dynamics in , subject to state and input con-
straints defined as A, = [—1.8,1.8] x [-1.57,1.57] and U = {u € R : |u| < 10},
respectively. This 30 seconds simulation aims to steer the system state vector to
time-varying setpoints chosen as z* = [0.5 0]" € A, for ¢t € [0,10) seconds,
r* =[1.95 0]" ¢ X, for t € [10,20) seconds, and z* = [0.35 0]" € X, for t > 20
seconds, while subject to a matched disturbance h(t) = 0.1sin (t). The control law
follows ([.4), where the[MPC employs a quadratic cost with @ = 10 I and R = 0.1,
prediction horizon N = 10, and discretization step tx1 —tx = 0.1 seconds. The con-
trol gain has been chosen as p = 0.2. As for the observer parameters are chosen as in
Section [5.1.1} while the [BLE]limit is set as £, = 0.4. The simulation time-step is set
to 1073 seconds. The results of the simulation are presented in Figure in which
the time evolution of state trajectories, constrained control input, observer sliding
variable norm, and sliding variable demonstrate the effectiveness of the proposed
scheme to approximate the system dynamics enabling solution of the constrained
optimization problem although the system model is completely unknown. Notably,
during ¢ € [10,20) seconds, when z7 = 1.95 ¢ X, the state z1(t) remains inside
X,, well below the upper limit thanks to the constraint tightening preventing

constraint violation even for infeasible setpoints.

5.2 Robot Manipulator

Building upon the scalar Duffing case, a 3{DoF] robotic manipulator, depicted in
Figure [5.5] is considered, to validate the proposed schemes for multi-dimensional
systems. Its dynamics, derived from Euler-Lagrange (EL) modeling [37], follows the
canonical reduced form
#(t) = ! ,
~M(q)"'C((q,d)d + 9(a)) + M~ (q)7

where the state vector is # = [¢| ¢']T € & C RS with ¢ € & C R3 be-
ing the joint variables, also called generalized coordinates, fi = ¢ € R3, fo =
—M(q)™' (C(q,d)d — g(q)) € R} B = M(q)™" € R¥>3 and u = 7 € R3. Since fi
can be obtained directly from robot sensors measurements and B is assumed known
for simulation purposes, only fs requires estimation. In particular, it has been em-
ployed the DNN| $ : X = R3 characterized by ke = 3 hidden layers with 16 neurons

each and learning rate matrix I'g, = 10 1.
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Figure 5.4: Duffing oscillator (DNN-SMO based MPC/ISM ): time evolution of
the system states (first and second rows), control input (third row), observer sliding
variable norm (fourth row), and integral sliding variable (last row). The state and
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s . s

Figure 5.5: Graphical representation of the 3-DoF robotic manipulator.

5.2.1 DNN-SMO based ISM

This 20 seconds simulation aims to track the desired time-varying joint space tra-

jectory
[+ 5 -% 00 O]T if t €[0,10) s
x*(t) = T
[o 000 0 o} if t >10s,

while being subject to a matched disturbance
-
h(t) = [ 0.1sin(2t) 0 0.05cos (2t) ]
The stabilizing control law is defined as
un(t) = =B~ { &y, + K, (a(t) — ¢* (1)) + Ka (a(t) — 3" (1)},

where the gain matrices K, = K4 = 10 I3. The conventional sliding variable is
chosen as o9 = C1(z; — z7) + Ca(x2 — x5), with matrices Cy € R? and Cy € R3
equal to the identity matrix and control gain p = 0.2. As for the observer, C e
R3, appearing in , is chosen as 7 = I3, while the observer gain is set as
p = 0.05. The simulation time-step is set to 10~%. The simulation results, shown in
Figures [5.615.8] confirm that, even for more complex multi-dimensional dynamics,
both observer sliding variable and integral sliding variable converge to near-zero
values, demonstrating accurate approximation of the system dynamics. Moreover,

the reference tracking objective is successfully achieved.
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Figure 5.8: Robot (DNN-SMO based ISM): time evolution of the integral sliding

variables.

Applying then the [BLFlmodified version, with e, = 0.1, both the transient per-
formance and the approximation accuracy are significantly enhanced as shown in
Figures[5.9}[5.11] where real and estimated states overlap almost perfectly, confirmed

by the observer sliding variable norm always of order 1073.
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5.2.2 DNN-SMO based MPC/ISM

Consider now the constrained case, with state and input constraints defined as

(z1,24) € {7%,%} x [7%%}
Xe = (z2,25) € [_%,%} % [_%5}

(w,76) € |- 5. 3] x [~ 3.5],
U={ue R3 : lui| < 50, |ug| < 25, |us| < 5},

respectively. The 30 seconds simulation aims to track the desired time-varying joint

space trajectory

.
TE & 00 0] ex if t €[0,10) s
* T .
W) =(]%T 5 —4%m 0 0 0] ¢& ifte[10,20)5
T

(5 5000 0] cx if t>20s,

while subject to a matched disturbance
.
h(t) = [ 0.1sin(26) 0 0.05cos(2t) | -

The control law follows (4.4, where the [MPC employs a quadratic cost with Q =
diag{5000, 5000, 5000, 10000, 10000, 10000} and R = I3, prediction horizon N = 10,
and discretization step tx+1 —tx = 0.1 seconds. The control gain has been chosen as
p = 0.1. As for the observer parameters and [BLE]limit are chosen as in Section[5.2.1
The simulation time-step is set to 1072 seconds. The results in Figures
confirm the effectiveness of the proposed architecture even for multi-dimensional
systems. Observer sliding variable norm on the order of 102 demonstrates ac-
curate dynamics approximation, also underlined by the integral sliding variables
consistently near zero, enabling constrained optimization despite model uncertain-
ties. The scheme successfully tracks setpoints while respecting constraints, even for

infeasible references.
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Figure 5.12: Robot (DNN-SMO based MPC/ISM): time evolution of the system

states. The state constraints X, are depicted with black solid lines.
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5.3 Impact of Design Parameters on Performance

After having shown the results of the proposed methodology, this section investigates
its sensitivity to key design parameters. For simulation purposes, the analysis is
carried out on the Duffing oscillator, defined previously, controlled via
based [SMlto steer the system state vector to z* = [1.25 0]" while being subject to
matched disturbance h = 0.1sin (¢) and with nominal control law defined as in ,
by varying one parameter at a time and monitoring the norm of the observer error,
the norm of the [DNNistate estimation error, calculated as ||(t) — Zpnn(t)||, with
ZpNN € X being the state vector evolved according to the solely dynamics,
and the sliding variable, taken as indices of the approximation accuracy. The

simulation time-step is set to 10™* unless otherwise specified.

5.3.1 Hidden Layers vs. Neurons

As stated at the beginning of Section [2:3], a key choice for DNNk concerns the selec-
tion of the number of hidden layers k, called depth, and the neuron count per layer
Ly, known as width. In this regard, different network configurations are compared,
to assess how depth and width affect approximation accuracy. In Figure [5.16] the
depth is fixed ky = kg = 2, while the width is varied among 8,16, and, 32 neurons
per layer. Conversely, in Figure [5.17] the width is fixed to 16 neurons per layer and
the depth is varied by considering 1,2, and 3 hidden layers. In both cases, increas-
ing either the width or the depth leads to a reduction of the observer error norm,
the [DNNFstate estimation error norm, and a faster convergence of the sliding vari-
able, confirming that richer network parametrization improve the approximation
capabilities. To further compare depth and width, Figure [5.18] contrasts two net-
work parameterizations: a shallow architecture with one hidden layer of 16 neurons
and a deeper architecture with three hidden layers of 8 neurons each. The deeper
network achieves lower estimation errors, leading to an almost ideal dynamics esti-
mation, as confirmed by the sliding variable being steered to zero from the very first
time instants, thus confirming that increasing depth is more beneficial than merely

increasing width, as stated in Section [2.3]
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Figure 5.16: Impact of Ly on DNNs approximation accuracy. Starting from the
left it has: the observer error norm, the DNN-state estimation error norm, and the

sliding variable.
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Figure 5.17: Impact of £ on DNNs approximation accuracy. Starting from the
left it has: the observer error norm, the DNN-state estimation error norm, and the

sliding variable.
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Figure 5.18: Depth vs. width comparison. Starting from the left it has: the observer

error norm, the DNN-state estimation error norm, and the sliding variable.

5.3.2 The Learning Rates

Another key design parameter is the learning rate matrices. As shown in
Figure [5.19] increasing it, improves the convergence speed of both the observer
error norm and [DNNlstate estimation error norm, yielding faster convergence of
the sliding variable. However, excessively large values lead to instability and even

divergence.
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Figure 5.19: Impact of I'p; on DNNs approximation accuracy. Starting from the
left it has: the observer error norm, the DNN-state estimation error norm, and the

sliding variable.

5.3.3 The Observer Gain

Let now examine the impact of the observer gain p. Figure shows the simulation
results in three scenarios: p = 0.05,0.005, and 0.0005. As p increases, the
estimation error norm reduces, but at the same time the DNN}state estimation error
norm grows. This behavior can be explained by the fact that, for high observer gain,
a significant portion of the unknown dynamics is directly compensated by the
term, so that the [DNNk no longer learn the full dynamics and their adaptation
becomes less effective. Therefore, a practical trade-off must be achieved to ensure
fast and robust convergence without hindering the learning.

0.2 T T T T T T T T T 0.8

lz —
S

[lz — Zonnl|

Figure 5.20: Impact of p on DNNs approximation accuracy. Starting from the left

it has: the observer error norm, and the DNN-state estimation error norm.

5.3.4 The BLF Bound

The last parameter considered in this analysis is the [BLF bound &,, which defines
the prescribed compact set Q,, as detailed in Section [3.3:2] in which the observer
sliding variable is constrained, provided that the initial condition lies within this
set, thereby mitigating transient overshoots. This effect is demonstrated through-
out this chapter and specifically highlighted in Figure where, smaller values of
€, result in faster convergence, confirming the theoretical enhancement. However,

an excessively tight bound can cause numerical instability or even divergence. This
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5.3. Impact of Design Parameters on Performance

sensitivity arises because the [BLE]is embedded directly within the adaptation laws
—, effectively acting as a time-varying learning gain: when the observer
sliding variable approaches the boundary, the gain increases sharply. Consequently,
€, shares the same fundamental trade-offs identified in the learning rates analysis
above. Moreover, this phenomenon is closely tied to the simulation time-step em-
ployed, as verified in Figure [5.22] Specifically, by setting e, = 0.2 and the time-step
1073, the system diverges, while by reducing it to 10™* or 107, the convergence
is recovered. Thus, in practical applications, where time-steps of 1073 are typically
employed, larger ¢, is required.

0.12

0.1

z 0.05

0 0.5 1 15 2 ) 0 0.2 0.4 0.6 0.8 1

Figure 5.21: Impact of ¢, on DNNs approximation accuracy. Starting from the
left it has: the observer error norm, the DNN-state estimation error norm, and the

sliding variable.
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Figure 5.22: Impact of simulation time-step on DNNs approximation accuracy

with fixed €, = 0.2. Starting from the left it has: the observer error norm, the
DNN-state estimation error norm, and the sliding variable. First row shows all

three cases, while the second row focuses on time-step 104 and 1072,
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Chapter 6

Conclusions and Future Works

In this thesis, a novel observer-based control framework integrating Deep Neural
Networks and Sliding Modes has been developed, theoretically analyzed, and val-
idated through numerical simulations. In the first part, the fundamental concepts
of sliding modes and neural networks have been introduced, providing the theo-
retical basis for the proposed methodology. Building upon these foundations, the
second part has formulated an integrated Deep Neural Network-based Sliding Mode
Observer architecture, referred to as [DNN-SMOI designed for the online approxi-
mation of the unknown dynamics of a perturbed nonlinear system. Additionally,
a [BLEFlenhanced version is presented to guarantee bounded transient performance.
The estimated dynamics have then been incorporated into two control strategies:
an controller ensuring robustness against matched uncertainties, and a com-
bined [MPC/ISM] scheme addressing state and input constraints while preserving
the robustness properties. Finally, numerical simulations on the Duffing oscillator
and 3{DoF] robotic manipulator, including a sensitivity analysis to key design pa-
rameters, confirmed the effectiveness of the proposed schemes, paving the way for
real-world deployment of learning-based robust control systems. Future research

directions include:

e the extension of the proposed framework to high-order sliding mode observer

to further reduce chattering;

e the formal derivation of recursive feasibility and closed-loop stability proofs
for the DNN-SMOI based [MPC|/ISM| scheme, for which this work has provided

a preliminary numerical validation;

e the experimental validation of the developed architectures on real systems to

assess their performance under real-world sensing and actuation constraints.
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Appendix A

Proofs

A.1 Proof of Theorem [I1.1]

Consider the Lyapunov-like candidate function v : X — R defined as (|1.6). Then,

its first time-derivative can be computed as

o(a(y) = MOl

Exploiting the y-reaching condition (1.7)) holds

oI

22 < o)

Integrating with respect to the time between 0 and ¢, one obtains

/ dllo(x()]] < / ndt,
lo ()] — llo@O)]] < —7 t-

Since the reaching time is defined as the time instant in which the sliding mode
is enforced, then o(z(t,)) = 0,,. Hence, rearranging the terms and substituting
x(0) = xo, it gets

[lo (o)l

bty < ———,
Y

concluding the proof.
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A.2. Proof of Theorem

A.2 Proof of Theorem 1.3l

Let v: X x X — R be the Lyapunov-like candidate function chosen as

616,

l\')\»—t

Then, its first time-derivative can be computed as

V=616

=6'C(H—19)

o (0v. e oy, O (A1)
=7 C(a B T ot _8t>

_s c(8¢<f+3 +h)— 8¢(f+B +z))

For convenience, it is possible to separate the terms that must be compensated,

obtaining
o—sTo (2 N & A 5T,
b=6 c( (f + Bu+h) — %(HBU)) T
A
=6TCA— ATC&b
oz

Substituting [ as in ([1.16]), it holds that

A p A *
oz" 4|l
If Assumption holds, then © can be upper bounded as

9y &

b < 6IICIA = 8T Chgz o

(A.2)

Remembering that C %’ is symmetric positive definite (Assumption , it leads to

where A\ (C’ ‘%’) is the minimum eigenvalue of C %. Inserting the above inequality

into (A.2)) it has

. AR aiiay (A0
o< IGICIA - oo (¢57 )

<ol {1c1a - (c5e)}

Then, choosing p as in (1.17)), one has © < —5l|||, with 7 € Rso being a design

parameter, ensuring 6 (y(t),9(t)) — 0, for t — oo, concluding the proof.
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A.3 Proof of Theorem 3.1

Consider the Lyapunov-like candidate function v : X x X — R defined as

G 6+;§vec(~j) 'y vec( ) Zvec( j>TF‘ijl,vec(Uj>,

where G is the observer sliding variable defined previously. The above function is

l\D\H

characterized by a first time-derivative equal to

=60+ 2 ( ) I'y Vec( )—i—Zvec( ) Iy Vec<~j). (A.3)

The expression of & can be computed as follows

Cli —2)

O +Buth— &y =3 0w 1)
mo (A.4)

m
CA'(‘I)]% + o + Z \Ifﬂ}uz +egu+h — Ci)kq) — Z \ifﬂ}ul —1)
=1 =1

A

C((I)]%"i‘éq;-i-z\p[]uz-f—&pu-i-h—l)

=1
Since ~j Vi — V and U = U; — Uj, with V; and U; constants, it holds that
VJ = —V] nd U —U . Hence, substituting the above expressions in (A.3]) leads
to

m
o =6 C{ Py + o + > \ﬂiul +egu+h—1}+

ka \NT - 2 kw \T 2
— Zvec (V]) F;ljvec <V]) — Zvec (Uj) 'y Vec ( ]) .
j=0 Jj=0
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Expanding the last two terms to separate the last layer from the inner ones, one
has that

m o
0 =67 C{bpy + 20+ U i egut h— 1)+
i=1

k%OI 7ec (f/j) I @jlvec (VJ) vec (ﬁ%) ( q)kq))_l ec(Akq))
J1=
kw 01 ec (i) Ly ”ec( ) Z”ec (L,L]) I\I/ vec <U;£Z])
=

Then, substituting CTD;% and \ﬂi with (2.14) and (2.19)), respectively, it holds that

ke—1 ke—1
V= 6Té{A¢k vec (V]%> -I-Aq)k + Z Ag. Vec( )—l— Z 2o, A@ +

i=1

. g : R ky )
i3 (A” (611) 4 ol + Z M e () + 5 :HA) .

ke~ 1 \T X B
+egu+h—1} — Z vec <V]> F(;;vec (V]) +
j=0

:}>
~—
+

— vec (V@)T (F‘ik@)_l vec ( % ) \I’Z:: vec ( ) Fi;Vec ( 'J
_ Zvec (Ukz\l) F\I, vec (Uk[:})

For convenience, it is possible separate the terms so that it is easier to identify the

ones that must be compensated, obtaining

ke—1 kg—1
TC{Ag,, + Z Eo, Ao, +s¢+2( @kw + > E@jA\pj> ui+
=1 7=1

+egu+h—1}+ UTCA% vec (qu)) é’ Aq> vec (V)

moi(Aggkwvec(w))marcz(“’z )) w
T

ko—1 - . . 1 .

— Z vec (V]) F;;vec (f@) — vec (qu)) (Rbk@) vec (qu)) +
j=0
kg —1

— Z vec (U]> Iy vec( ) Zvec (UM> ngqjvec (UE/)

With the aim of compensating the terms that depend on the weight estimation

errors ‘7]-, 0j and U ,Ei, one can select the weight adaptation laws ‘7j, U ; and ﬁ,ﬂ as
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in (3.5), (3.6) and (3.7)), respectively, obtaining

ko—1 ky—1
0 =6"C{Aq,, + 2} Eo, Ao, +E<1>+l§:1 ( Al T ]Zl ELI’,]J_A%) u;+
+egu+h—1}+ 6T0Aq>kévec (qu)) +6'C Z Ag,vec (VJ) +
j=0

— 3~ vec <~4)T I'zlproj (Fq, Ag C’T(’}) +
=0 Y "
— vec (qu))T (Fcpkq))il groj (Fcpkq) (Aq>kq))—ré—r5'> +
Phy,
ky—1

\T n i .
_ vec (Uj> Fg;%roj (F\pj (Z ui(AEy]j)T> CT0> +
j vy i=1

_ivec (ﬁg\l)—r \111 pIOj (F\I]k Uz(Ayk )TCT )
1=1

B\pk\p

Then exploiting points 3 and 4 of Lemma [3.1] the above equality is transformed into

kg—1 ky—1
0 <o C{Ag,, + D Eo,Ae; +ca +Z ( DY E@jA@j) Ui+
Jj=1 i=1
ke—1
—|—6\pu+h—l}+aTC’A¢)k vec (Vk@> +o'C Z Ao, vec(
7=0

+o'C Z (A{Iz,]k vec (UILZ] )) u; + UTCi (k‘lfz_:l A@jvec (UJ>) u;+
i=1 i=1
— kq)_lvec (VJ)T A(IT)]_C’TJ — vec (f/;%)T (A¢k®)TCTU+

J=0



A.3. Proof of Theorem

which, if substituted in (A.5]), this last one further simplifies into

kop—1
0 < 6TC{A<1>,% + ) E¢,A¢, +eat
=1

—I-Z;(Aik Z”M )ui+a\pu+h—l}.

Then, substituting the expression of [ in (3.3]), one has that

ke—1
v < &TC{A@% + Z Ep,;Aq; +eot+
j—l

By means of Assumption and and Proposition it holds that

0 < ||6/[|1C1{a + Ea +m (éy + £w) [ul| + R} - ATCP (A.6)

Remembering that Cis symmetric positive definite (Assumption , it holds
67Cs > ||6]°A(C),

where A(C‘) is the minimum eigenvalue of C'. Inserting the above inequality into

(A.6) it has

N[ERY(e)

p =)

o < ||6IICl{Ee + o +m (cw + &w) ull + R} — E

< 61IC|{eo + o +m (Cu + Ew) |[ull + A} — pF]AC).
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Grouping respect ||o|| the above inequality becomes
0 < |IGIHICI [ca + o +m (cy + &) [lu] +h] = pAC)}.
If the control gain is chosen as follows

5> MO {ea + 2o +m(cy + &0)||ul| + h} + 17
AO) ’

where E\(CA') is the greatest eigenvalue of C' and 7j € R, then the first time-derivative
of the Lyapunov function is bounded as
o< —qllé],

and, as consequence it is guaranteed that 6(z(t),2(t)) — 0, for ¢ — oo, which

concludes the proof.

A.4 Proof of Theorem 3.2

Consider the Lyapunov candidate function v : X x X — R defined as
1 1 NT ey 1 NT 1
v(z) = 5ﬂ(a) + 2j§:ovec (VJ) g, vee <Vj> + 2jz%vec (Uj) 'y vec (Uj) .

Then, its first time-derivative can be computed observing that, according to the

chain rule, it holds that

_dp_ _dp d|s|* _ _dp d(&'5) g .+

_ %P _ — =9 51 6.
at — d|g|2 dat  d|s|2 dt a2’ 7

b

Hence, v is equal to

b= o Yo (1) Tyt (1) + 3 vee (1) Tt (6) . (A1)
J=0 j=0

Substituting the expression of &, as in (A.4), in (A.7) and remembering that XN/] =
—Vj and Uj = —Uj it holds that

dp

m
— STALE Ll
b=’ C{Pry + 0+ > Uy ui +egu+h— 1+

=1

- % vec (%)T I‘gjvec (VJ) — gzvec (ﬁj)T F\f,]l,vec (U;) .
§=0 =0
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Expanding the last two terms to separate the last layer from the inner ones, one
has that
0 :ﬂ(ﬂé{é +5@+i\ifm u; +egu+h — D+
ER o Ly ke
ke—1 .

S ) e () e () (1) e )
— i{) vec(~) 'y Vec( ) Zvec (Ul[;]) I‘E, vec (Ul[;])

Then, substituting (i),% and \TIE;L with (2.14) and (2.19)), respectively, the above

equation becomes

. dp 5T £y % o
D= dHCﬂP C{Aq)k vec (qu,) —l—Aq)k + ]z%) Ag. vec( ]) + ]Zzzl :@qu>j+
kg—1 kg—1
+eo + Z (AE}’,]Ic vec (U,B]) A[ﬂw + ) A@j"ec (Uj) + E@jA‘PJ Uit
i=1 §=0 j=1
+egu+h—1}— kil vec (IN/])T ngec (VJ) +
§=0
— vec (f/,%)T (F(bkq))_l vec (f/kq)) - kq’_lvec (UJ)T ngl_vec (@) +
j=0

_ Zg;vec (ﬁlﬂ)T F\;iq, vec <U,£Zi) .

Rearranging the terms, one obtains

43 ko—1 ky—1
b= dH&HQATc{Aq% + Z 2o, As, +€<1>+Z DY EL},]J_A% ui+

3 . 3 43 ke—1 ~
teguth—1}+ =6 Chg,_vec (Vi ) + =56 C Y Ag,vee (Vi) +
dl|6]? ko ( ‘P) dj|6|? Z (])

dfja|? = v
=+ dp 61 C i "/’\Pz_:l All vec (U) u; — kz_:l vec (V)T 'z vec (V) =+
d”a_HQ P = ' J 2 = J D J
- N\T -1 2 ko1 \T 2
— vec (qu)) (Fcpk ) vec (qu)) - vec (Uj) I‘\I,lvec (Uj) +
§=0
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Substituting the adaptation laws (3.10a]), (3.10b) and (3.10c) and exploiting the
property of the projection operator Lemma (3.1} it holds that

i3 ko—1 ko—1
o< gt Clle, + Z RPN o Ag,, + D = A, |t
j=1

i=1
d/B 1A B d,B ATAk@*l ~

—i—&wH—h—l}—i—Wa C'A<1>kq>vec (qu)) —i—WO’ C jz% Ag,vec (V])-i-
b 5TEs (A vee (1)) uit

dlel*” =
o 0S5 Al vee (0) ) S vee (1) a5, 6T

delP” "\ g TN )T g T Tl

5\ T dB AT

_vec<qu>) (q)kq)) dH&HZC +

ky—1 m : d
_ Z vec (Uj) (ZUZ(A&] )T> d||ﬁ|2CTA+

0 i=1

(A.8)

Then, since v € R, it is possible to cancel out the terms that depend on the weight

error, having

a8 . ke—1
v < dHﬁH?&TC{A‘I”% + ) Eo,Ag, +eot
j=1

m

+Z(A@k —i—Z"[Z )ui—i-&?q,u—i-h—l}.
i=1

Then, substituting the expression of [ in (3.3]), one has that

a5 7 S
0 < T’ Cl{Aq,, + Z Eo, Ao, + ot

Z] H[l] ) A .1 a. O
—i—Z ( Vi, Z ) u; + egu+ h} — dH&HQa CpH&H.
. ds .. . !
Since e € R+ and exploiting Assumption and and Propo

sition the above quantity can be bounded as

_dB
dl|||?

IG1ICI{Ee + Eo + m (¢w + &w) |lul| + h} — 5TC—. (A.9)

dp
0 < ‘A
dj|6]?
Remembering that C is symmetric positive definite it holds
6T Co > ||a|2A(C),
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N

where A(C') is the minimum eigenvalue of C. Inserting the above inequality into

(A.9) it has

1 dB A o S| dB [ 1IE1PAC)
U< |5 |lg]||I|IC|Hce + > + m (cy + Ew) ||ul| + h} — p - =
a5z 17 MEI (@ + &) Jul + R} = | g |
s o o _ s R
< |z | 16 lIC{ce + co + m (cw + &w) [[ull + A} — p |75 | 16]]A(C)
57| 11K I+ 1= 4| g1 | 11
d . A= = o T A A
< d||&ﬁ|2 [6[{IIC]l[ce + €o +m (cy + &w) llull + h] — PA(C)}.

Hence, choosing

. MC){ea + o + m(Cy + &) |lull + B} + 17
A(C) |

with 7 € Rso being a design parameter and with ;\(é’) the greatest eigenvalue of

A

C, it holds that
v < —n ‘dAﬁ
dl|& >
As consequence it is guaranteed that &(xz(t),Z(t)) — 0, for ¢ — oo. Moreover,
assuming 6(z(0),2(0)) € Q, it is guaranteed that ||6(x(t),2(t))|| < o, for t > 0
by virtue of the [BLEl This concludes the proof.

15 1]-
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