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Introduction

Fracture mechanics was originally developed in 1921, when A.A. Griffith introduced in [6] a mechanical
description of crack behaviour in brittle elastic materials. This framework is based on the so-called Griffith
criterion, which can be derived through a variational approach, where crack evolution is described in terms
of energies and their energy variations with respect to changes in the crack set. The central difficulty of this
approach is the dependence of the energy functional on a varying domain: given Ω and an initial crack K0,
the elastic energy is defined on the cracked configuration Ω \K0 as:

E0 =
∫

Ω\K0

ε(u0) : σ(u0) dx

where u0 denotes the displacement field in Ω \K0, while ε(u0) and σ(u0) are the associated strain and stress
tensors, respectively. When the crack evolves to a new configuration Ks, the domain changes accordingly to
Ω \Ks, and the energy becomes:

Es =
∫

Ω\Ks

ε(us) : σ(us) dx.

The problem is that a fundamental object, i.e. the energy release rate, is defined as the derivative of E:

G = lim
s→0

Es − E0

s
.

Since the parameter s affects the domain of integration, the computation of this derivative presents signifi-
cant analytical difficulties. To overcome this issue, in this thesis we reformulate the problem by pulling back
the energy onto the fixed reference configuration Ω \K0. In particular, we focus on curved crack evolutions
and assume that the crack evolution can be described through suitable diffeomorphisms of the initial con-
figuration.
The main objective of the thesis is to show that, at least in dimension one, the crack length as a function of
the evolution parameter is a function of bounded variation.
In the first chapter, we introduce the preliminary notions on the spaces BV and SBV . In particular, we
present the definition of variation and its main properties, together with weak* and strict convergence results
and their characterisations. Special attention is devoted to the one-dimensional case, where several proper-
ties of BV functions are specific to the setting and do not extend to higher dimensions. We introduce the
notions of pointwise variation and essential variation, and their relationship with the variation of a function.
We also discuss the concept of the good representative of a BV function and its properties. Furthermore, we
present the decomposition of a BV function into its absolutely continuous, jump, and Cantor parts. Finally,
we briefly introduce the space SBV (special functions of bounded variation), consisting of BV functions
without Cantor part, and discuss basic compactness and extension properties.
In the second chapter, we first introduce the notions of strain and stress and define the elastic energy in
terms of these quantities. We then begin by studying the following classical boundary value problem:{

−div(σ(u)) = f Ω
u = g ∂Ω

i



To prove the existence and uniqueness of the solution, we introduce the associated variational formulation
in terms of a bilinear form a(u, v). We then establish the standard properties of this form and conclude the
analysis by applying the Lax–Milgram theorem. Subsequently, we move to the cracked domain and consider
the following boundary value problem: 

− div(σ(us)) = 0 Ω \Ks

us = g ∂DΩ
σ(us) · ν = 0 ∂N Ω
σ(us) · νKs

= 0 K±
s

where K±
s denotes the two faces of the crack. To analyse this system, we derive a suitable variational

formulation. As previously noted, it is not convenient to treat the variations in the domain, therefore,
we pull back the formulation to the reference configuration Ω \ K0. This approach assumes that Ks can
be described as a diffeomorphism of K0. Consequently, we define the energy functionals on both Ω \ K0
and Ω \ Ks and prove a differentiation under the integral sign result. This proves to be quite convenient
because, as shown in the proof, the derivative "enters" the integral as the derivative of a matrix, effectively
reducing the shape sensitivity analysis to a more manageable algebraic calculation on the reference domain.
Finally, we introduce the energy release rate as the derivative of the elastic energy with respect to the space
parameter.
In the third chapter, we begin by stating the classical Griffith criterion for fractures in brittle materials,
followed by the introduction of the evolution problem. We first establish the setting by introducing the
critical value Gc, which depends on the toughness of the materials (i.e., the resistance of the material to
the propagation of a pre-existing crack). The reference domain is a rectangular domain Ω with Dirichlet
conditions on the upper and lower edges, and homogeneous Neumann conditions on the remaining sides.
Furthermore, prescribe a time-dependent boundary condition ĝ = α(t)g.
Starting with the classical case, we introduce the free energy functional F (t, l) and study the crack evolution
governed by the Kuhn-Tucker conditions:

ℓ̇(t) ≥ 0,
G(t, ℓ(t)) ≤ Gc,(
G(t, ℓ(t)) −Gc

)
ℓ̇(t) = 0.

which express the irreversibility condition of the growth of the crack, the activation condition of the prop-
agation that occurs when the critical value is reached, and the equilibrium condition. Through subsequent
computations, we obtain the following energy balance formula:

E(T, ℓ(T )) = E(0, ℓ(0)) + Lext(0, T ) −Gcℓ(T ).

However, in this setting, the existence of such a crack path is not guaranteed. Consequently, the problem
must be reformulated in a weak sense:

G(t, ℓ(t)) ≤ Gc, ∀t ∈ [0, T ],(
G(t, ℓ−(t)) −Gc

)
dℓ(t) = 0,∫

A

(
G(t, ℓ−(t)) −Gc

)
d ℓ(t) = 0 for every Borel set A ⊂ [0, T ]

Here, ℓ is treated as a Bounded Variation function, implying that ℓ̇ is a measure. Accordingly, the integral is
understood in the sense of measures. The primary differences lie in the use of the left limit G(t, ℓ−(t)) (which
is natural, as activation depends on the evolution up to time t) and the measure dℓ. We then observe that
F (·, ℓ(·)) belongs to BV . Nevertheless, this formulation remains insufficient, as the evolution also depends
on the behaviour of G at the jump points.
In the final part of the chapter, we discuss evolution through stationary points. We employ a time-
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discretization technique, setting ∆tk as a positive sequence of time increments such that ∆tk ↘ 0. For
each k, we define a uniform discretization tkn = n∆tk and the sequence ℓk

n as:

ℓk
0 = l0, ℓk

n = argmin{Gc(l − ℓk
n−1) : l ∈ [ℓk

n−1, L], with G(tkn, l) ≤ Gc}.

The evolution is then presented as the limit of ℓk
n, as ∆tk ↘ 0. Under the assumption of strict monotonicity

for α, we prove the following variational representation of ℓG:

ℓG(t) = min{l ∈ [l0, L] : G(t, l) ≤ Gc}.

Moreover, we get the properties of uniqueness of ℓG, the (left) continuity and the BV regularity. By
introducing the "last time" the crack length measures l0 and T as the "time of failure" (i.e. when ℓG = L) as:

t0 = sup{t ∈ [0,+∞) : ℓG(t) = ℓ0}, T = inf{t ∈ [0,+∞) : ℓG(t) = L}.

we obtain the following improved description of the evolution.:
G(t, ℓG(t)) ≤ Gc in [0,+∞);
G(t, ℓG(t)) is continuous in [0,+∞) \ {T};
(G(t, ℓ−

G(t)) −Gc)d ℓG(t) = 0 in the sense of measures in [0,+∞)
(G(t, l) −Gc) ≥ 0 for every l ∈ [ℓ−

G(t), ℓ+
G(t)] \ {L}.

The fourth condition in this formulation clarifies that, at jump points, the crack propagates in an "uncon-
trolled" (unstable) manner. We then present a rate-independent representation result for ℓG, confirming that
the evolution depends only on the sequence of states rather than the velocity. The uniqueness of ℓg can be
stated even in the case of convex energy.
Finally, we briefly examine the case where α is non-monotonic. In this context, a variational representation
is less straightforward, and uniqueness is no longer guaranteed. By introducing the non-decreasing envelope
α, we demonstrate that ℓG(t) = λG(α(t)) constitutes a quasi-static evolution. The chapter concludes with
an overview of snap-back behaviour, where the crack evolves even when the condition G(t, l) ≥ Gc is not
satisfied at the current configuration (t, l(t)).
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Chapter 1

Functions of Bounded Variation

In this chapter, we start with the classical theory, first for the space BV and then for the space SBV .

1.1 The space BV

Definition 1.1 (Function of Bounded Variation). Let u ∈ L1(Ω). We say that u is a function of bounded
variation in Ω if the distributional derivative Du of u is representable by a finite Radon measure µ ∈ Mb(Ω),
that is: ∫

Ω
uv′ dx = −

∫
Ω
v dµ, ∀v ∈ C1

c (Ω).

The space of all functions of bounded variation in Ω is denoted by BV (Ω).

Remark. The Sobolev space W 1,1(Ω) is contained in BV (Ω). The inclusion is strict: an example is given by
the Heaviside function, whose distributional derivative is the Dirac measure δ0.

Proposition 1.1 (Properties of Du). Let u ∈ BVloc(Ω). Then the following hold:

1. For any locally Lipschitz function v : Ω → R, we have uv ∈ BVloc(Ω). Moreover:

⟨D(uv), ϕ⟩ = ⟨vDu, ϕ⟩ + ⟨u v′, ϕ⟩ ∀ϕ ∈ C∞
c (Ω).

2. Let ρε be a convolution kernel, and define:

Ωε = {x ∈ Ω : d(x, ∂Ω) > ε}.

Then:
(u ∗ ρε)′ = Du ∗ ρε.

3. If Du = 0, then u is equivalent to a constant on each connected component of Ω.

Proof. 1. Let vn ∈ C∞
c (Ω) be such that vn → v in W 1,1

loc (Ω). Then:

⟨D(vnu), ϕ⟩ = −⟨vnu, ϕ
′⟩ = −

∫
Ω
vnuϕ

′ dx → −
∫

Ω
vuϕ′ dx = −⟨v u, ϕ′⟩ = ⟨D(vu), ϕ⟩, ∀ϕ ∈ C∞

c (Ω).

On the other hand:

⟨D(vnu), ϕ⟩ = ⟨uDvn + vnDu, ϕ⟩ = ⟨uDvn, ϕ⟩ + ⟨vnDu, ϕ⟩ → ⟨uDv, ϕ⟩ + ⟨vDu, ϕ⟩, ∀ϕ ∈ C∞
c (Ω).

2. This follows from standard properties of convolutions in the theory of distributions.
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3. It follows from point (2).

Now, we introduce the definition of the variation of a function u ∈ L1
loc(Ω).

Definition 1.2 (Variation). Let u ∈ L1
loc(Ω). We define the variation of u in Ω as follows:

V (u,Ω) := sup
v∈C∞

c (Ω)
∥v∥∞≤1

{∫
Ω
uv′ dx

}
= sup

v∈C∞
c (Ω)

∥v∥∞≤1

⟨Du, v⟩((C∞
c )∗,C∞

c ) = sup
v∈C∞

c (Ω)
∥v∥∞≤1

⟨Du, v⟩(Mb,Cc).

Remark. The definition is still valid taking v ∈ C1
c (Ω). Moreover, suppose u is regular enough. Then, using

integration by parts, we obtain V (u,Ω) =
∫

Ω |Du| dx.

Proposition 1.2. Let u ∈ L1(Ω). Then the following hold:

1. if u ∈ BV (Ω), then V (u,Ω) = |Du|(Ω).

2. u ∈ BV (Ω) if and only if V (u,Ω) < +∞.

3. The mapping u 7→ |Du|(Ω) is lower semi-continuous in the L1
loc(Ω) topology.

Proof. 1.

≤ Since u ∈ BV (Ω): ∫
Ω
uv′ dx = −

∫
Ω
v dDu ≤ ∥v∥∞|Du|(Ω).

Therefore, V (u,Ω) ≤ |Du|(Ω).
≥ It is sufficient to prove that:∣∣∣∣∣

∫
Ω
uv′dx

∣∣∣∣∣ ≤ V (u,Ω)∥v∥∞ ∀v ∈ C1
c (Ω). (1.1)

In fact, we know that C1
c (Ω) ↪→ C0(Ω), the inclusion being dense. Thus, we can define L ∈

(C0(Ω))∗ by L(v) =
∫

Ω uv
′ dx. Hence:

∥L∥ = sup
v∈C1

c

∥v∥∞≤1

∣∣∣∣∣
∫

Ω
uv′dx

∣∣∣∣∣ ≤ V (u,Ω).

By the Riesz representation theorem, there exists a unique µ ∈ Mb(Ω) such that ∥L∥ = |µ|(Ω).
Since u ∈ BV (Ω), we have µ = Du and we can say that |Du|(Ω) ≤ V (u,Ω).
In order to prove (1.1), we consider a sequence of mollifiers ρn and un = u ∗ ρn. Let v ∈ C1

c (Ω).
Since un ∈ C∞(Ω), then, for all n, we have:∣∣∣∣∣

∫
Ω
unv

′ dx

∣∣∣∣∣ =
∣∣∣∣∣
∫

Ω
u′

nv dx

∣∣∣∣∣ ≤ ∥v∥∞

∫
Ω

|u′
n| dx = ∥v∥∞V (un,Ω).

We know that un
L1(Ω)−−−−→ u. Therefore:

∥unv
′ − uv′∥L1 ≤ ∥un − u∥L1∥v′∥L∞ −→ 0 =⇒ unv

′ L1(Ω)−−−−→ uv′.

As a consequence, since the variation is lower semi-continuous in the L1
loc(Ω) topology, we obtain

that V (un,Ω) → V (u,Ω). Passing to the limit, we have (1.1).

2



2. Similar to 1.

3. The thesis follows from the lower semi-continuity of the variation.

Remark. From now on, we denote by V (u,Ω) the variation of a function u in Ω (when it is defined). We
will use |Du|(Ω) to specifically denote the variation of a BV function.
Remark. BV (Ω) is a Banach space with the following norm:

∥u∥BV =
∫

Ω
|u| dx+ |Du|(Ω).

However, the norm-topology is too strong in many applications. For example, the space C1(Ω) is not dense in
BV (Ω), not even in the scalar case. To see this, consider u ∈ BV (Ω) such that Du is nonzero and Du ⊥ L 1.
Let v ∈ C1(Ω) ∩BV (Ω) (thus Dv = v′ dx ≪ L 1). Then:

|D(u− v)|(Ω) = |Du|(Ω) + |Dv|(Ω) ≥ |Du|(Ω) > 0.

This is in contrast with the fact that BV (Ω) functions can be approximated in the L1(Ω) topology by
"smooth functions" whose gradients are bounded in L1(Ω). Assume Ω = R. Let ρε be a convolution kernel
and let uε = u ∗ ρε. Using Proposition 1.1(2) and some results about the convolution between a continuous
function and a Radon measure, we have the following:

|Duε|(R) =
∫
R

|u′
ε| dx =

∫
R

|Du ∗ ρε| dx ≤ |Du|(R).

In particular, by the lower semi-continuity of the variation, |Duε|(R) converges to |Du|(R) as ε → 0. We
now give a local version of this result.

Proposition 1.3. Let u ∈ BV (Ω) and let U ⋐ Ω such that |Du|(∂U) = 0. Then:

lim
ε→0

|Duε|(U) = |Du|(U).

In particular, lim
ε→0

|Duε|(Bϱ(x)) = |Du|(Bϱ(x)) for any ball Bϱ(x) ⊂⊂ Ω such that |Du|(∂Bϱ(x)) = 0.

Proof. By the lower semi-continuity of the variation, we have lim inf
ε→0

|Duε|(U) ≥ |Du|(U). On the other hand,
denoting by Uε the open ε-neighbourhood of U , we infer (using standard results from measure theory):

lim sup
ε→0

|Duε|(U) ≤ lim sup
ε→0

|Du|(Uε) = |Du|(U) = |Du|(U).

Now, we show that, for a general domain Ω, the approximation by smooth functions with bounded
gradient in L1(Ω) is a characteristic property of BV functions. We may consider this theorem as the
analogue of the Meyers-Serrin theorem for Sobolev spaces.

Theorem 1.1 (Approximation by smooth functions). Let u ∈ L1(Ω). Then u ∈ BV (Ω) if and only if there
exists a sequence (un) ⊂ C∞(Ω) converging to u in L1(Ω) such that:

L = lim
n→+∞

∫
Ω

|u′
n| dx < ∞. (1.2)

Furthermore, the least such constant L in (1.2) is |Du|(Ω).

3



Proof. ⇐) Let u be approximated in L1(Ω) by smooth functions satisfying (1.2). Possibly extracting a
subsequence, we can assume that the measures u′

n L 1 converge weakly* in Ω to some measure µ in
Mb(Ω) such that |µ|(Ω) ≤ L (by weak* compactness of finite Radon measures). Passing to the limit
as n → +∞ in the classical integration by parts formula:∫

Ω
unϕ

′ dx = −
∫

Ω
ϕu′

n dx ∀ϕ ∈ C1
c (Ω).

we obtain u ∈ BV (Ω) with Du = µ. In particular, |Du|(Ω) = |µ|(Ω) ≤ L.

⇒) Let u ∈ BV (Ω). For any δ > 0, we construct vδ ∈ C∞(Ω) such that:∫
Ω

|u− vδ| dx < δ;
∫

Ω
|v′

δ| dx ≤ |Du|(Ω) + δ. (1.3)

To this end, we notice that Ω can be written as the union of a countable family of sets {Ωn}n≥1 with
compact closure in Ω and such that any point of Ω belongs to at most four sets Ωn. For instance, this
family can be obtained by setting:

Ωk,1 =
{
x ∈ Ω ∩Bk+1 \Bk−1 : d(x, ∂Ω) > 1

2

}
and:

Ωk,p =
{
x ∈ Ω ∩Bk+1 \Bk−1 : 1

p− 1 > d(x, ∂Ω) > 1
p+ 1

}
for integers k ≥ 1, p > 1, with B0 = ∅. Let {φn} a partition of unity relative to the covering {Ωn}, we
can find εn > 0 such that supp

(
(uφn) ∗ ρεn

)
⊂ Ωn and:∫

Ω

[
|uφn ∗ ρεn − uφn| + |(uφ′

n) ∗ ρεn − uφ′
n|
]
dx < 2−nδ. (1.4)

The function vδ =
∑

n

(uφn)∗ρεn is smooth in Ω because the sum is locally finite. Moreover, our choice

of εn gives: ∫
Ω

|vδ − u| dx ≤
+∞∑
n=1

∫
Ω

|(uφn) ∗ ρεn
− uφn| dx < δ.

Using Proposition 1.1(1), we obtain:

v′
δ =

+∞∑
n=1

(
(uφn) ∗ ρεn

)′ =
+∞∑
n=1

(
D(uφn)

)
∗ ρεn

=
+∞∑
n=1

(φnDu) ∗ ρεn
+

+∞∑
n=1

(uφ′
n) ∗ ρεn

=

=
+∞∑
n=1

(φnDu) ∗ ρεn
+

+∞∑
n=1

[(uφ′
n) ∗ ρεn

− uφ′
n].

Thanks to (1.4) and general results on convolutions, we obtain:

|Dvδ|(Ω) =
∫

Ω
|v′

δ|dx < δ +
+∞∑
n=1

∫
Ω
φn d|Du| = δ + |Du|(Ω).

This proves the existence of vδ. Choosing δn = 2−n and setting un = vδn
, from (1.3) we find:

lim
n→+∞

∫
Ω

|un − u| dx = 0, lim sup
n→+∞

∫
Ω

|u′
n| dx ≤ |Du|(Ω).

4



The lower semi-continuity of the variation implies that |Dun|(Ω) converges to |Du|(Ω), hence |Du|(Ω)
is the least constant in (1.2).

Definition 1.3 (Weak* convergence). Let u, (un) ∈ BV (Ω). We say that (un) weakly* converges in BV (Ω)
to u if:

1. un → u in L1(Ω);

2. Dun
∗
⇀ Du in Ω, meaning that:

lim
n→+∞

∫
Ω
ϕdDun =

∫
Ω
ϕdDu ∀ϕ ∈ C0(Ω).

Remark (BV as a dual space). In general, weak convergence in BV (Ω) as a Banach space is not used, because
this convergence is hard to characterise. In fact, little is known about the dual of BV . On the other hand,
it can be proved that BV (Ω) is the dual of a separable space, and that the convergence in Definition 1.3
corresponds to the usual weak* convergence.

Proposition 1.4 (Criterion for weak* convergence). Let (un) ⊂ BV (Ω). Then (un) weakly* converges to u
if and only if (un) is bounded in BV (Ω) and converges to u in L1(Ω).

Proof. ⇐) Let (un) be bounded in BV and un → u in L1(Ω). Then, it is sufficient to prove that (Dun)
weakly* converges to Du in Ω. From the hypothesis, we know that un ∈ BV (Ω) for all n. Then
|Dun|(Ω) < +∞ for all n. By standard results in measure theory, any sequence of finite Radon
measures admits a weakly* convergent subsequence. Thus, we only need to prove that the limit
µ = lim

k→∞
Dunk

is equal to Du :

lim
k→+∞

∫
Ω
unk

ϕ′ dx = −
∫

Ω
ϕdDunk

∀ϕ ∈ Cc(Ω),

lim
k→+∞

∫
Ω
unk

ϕ′ dx =
∫

Ω
uϕ′ dx = −

∫
Ω
ϕdµ ∀ϕ ∈ Cc(Ω).

Hence, µ = Du.

⇒) It follows from the Banach-Steinhaus theorem, because weak* convergence of finite Radon measures
in Ω corresponds to weak* convergence in (C0(Ω))′.

The following is a direct consequence:

Corollary 1.1. Let (un) ⊂ BV (Ω). Then, the following hold:

1. sup
n∈N

∥un∥BV < +∞;

2. If un → u in L1(Ω), then u ∈ BV (Ω);

3. Dun
∗
⇀ Du.

Definition 1.4 (Strict convergence). Let u and (un) be ∈ BV (Ω). We say that (un) strictly converges to u
in BV (Ω) if:

1. un → u in L1(Ω);

2. |Dun|(Ω) → |Du|(Ω) as n → +∞.

5



Remark. It can be easily checked that:

d(u, v) =
∫

Ω
|u− v| dx+

∣∣∣ |Du|(Ω) − |Dv|(Ω)
∣∣∣∣

defines a metric on BV (Ω) and induces strict convergence. From Proposition 1.4, strict convergence implies
weak* convergence. The converse is not true: for instance, the sequence 1

n sin(nx) weakly* converges in
BV ((0, 2π)) to 0, but the convergence is not strict because |Dun|((0, 2π)) = 4 for any n ≥ 1.

Proposition 1.5. Let u and (un) ∈ BV (Ω) and suppose that (un) strictly converges to u. Let f : R → R
be a continuous function such that f(λx) = λf(x) for all λ ≥ 0. Then, for any bounded continuous function
ϕ : Ω → R, we have:

lim
n→+∞

∫
Ω
ϕ f

(
Dun

|Dun|

)
d|Dun| =

∫
Ω
ϕ f

(
Du
|Du|

)
d|Du|

Consequently:

f

(
Dun

|Dun|

)
|Dun| ∗

⇀ f

(
Du
|Du|

)
|Du|

in Ω. In particular, |Dun| → |Du| weakly* in Ω.

We now define two useful quantities.

Definition 1.5 (Proper Lipschitz function / push-forward). Let Ω,Ω′ ⊂ R be open sets.

1. A map φ : Ω → Ω′ is called a proper Lipschitz function if:

i. φ is Lipschitz;
ii. for any compact set K ⊂ Ω′, the preimage φ−1(K) is compact in Ω.

2. For u ∈ L1(Ω) and a proper Lipschitz function φ : Ω → Ω′, the push forward of u by φ is defined as:

φ#u(y) :=
∑

x∈φ−1(y)

u(x)σ(x),

where σ(x) := sign(φ′(x)).

Theorem 1.2. Let Ω, Ω′ ⊂ R be open sets, and let φ : Ω → Ω′ be a proper Lipschitz function. If u ∈ BV (Ω),
then, φ#u ∈ BV (Ω′) and:

|D(φ#u)| ≤ φ#|Du|,

where L is the Lipschitz constant of φ.

Corollary 1.2. Let Ω be a bounded open interval, and let φ : Ω → Ω′ be a proper, Lipschitz and invertible
map. Assume that ψ = φ−1 maps L 1-negligible sets to L 1-negligible sets. Then, the map u 7→ u ◦ ψ maps
W 1,1(Ω) into W 1,1(Ω′), and:

(u ◦ ψ)′(y) = u′(ψ(y)) [φ′(ψ(y))]−1 for L 1-a.e. y ∈ Ω′.

1.2 BV functions in one-dimensional domains
In this section, we examine the pointwise behaviour of BV functions of one variable. The results in this
section are fundamental, since the one-dimensional case gives an insight into the structure of BV functions
of many variables.
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Definition 1.6 (Pointwise variation). Let a, b ∈ R, with a < b and I = (a, b). Let δ be a subdivision of I,
that is δ = {a < t1 < · · · < tn < b}. Then, for any u : I → R, we define the pointwise variation of u in I as
follows:

pV (u, I) := sup
δ

{
n−1∑
i=1

∣∣u(ti+1) − u(ti)
∣∣}.

Remark. Consider u : Ω → R and Ω an open subset of R. Let C be the set of the connected components of
Ω. Then pV (u,Ω) is defined by

∑
I∈C

pV (u, I)

Proposition 1.6 (Properties for pV ). Let u and I be as in the previous definition. Then the following hold:

1. u 7→ pV (u, I) is lower semi-continuous with respect to pointwise convergence in I;

2. If u is such that pV (u, I) < +∞, then u is bounded;

3. If u is a bounded monotone function, then
pV (u, I) = |u(b−) − u(a+)| < +∞;

4. If u is such that pV (u, I) < +∞, then there exist bounded monotone functions g, h such that u = g−h.

Proof. 1. Let δ be a partition of I. Consider un → u pointwise on I. Then:

n−1∑
i=1

|u(ti+1) − u(ti)| = lim inf
n→+∞

(
n−1∑
i=1

|u(ti+1) − u(ti)|
)

≤ lim inf
n→+∞

pV (un, I).

The claim follows by taking the supremum over all the partitions of I.

2. Let x ∈ I be a point such that u(x) < +∞. Consider x > x. Since pV (u, I) < +∞, |u(x) − u(x)| ≤
pV (u, I) < +∞, thus |u(x)| ≤ |u(x)| + |u(x) − u(x)| ≤ c. The argument is similar for x ≤ x.

3. Assuming that u is non-decreasing, we have u(a+) ≤ u(x) ≤ u(b−). Therefore:

n−1∑
i=1

∣∣u(ti+1) − u(ti)
∣∣ = u(tn) − u(t1) =⇒ pV (u, I) = |u(b−) − u(a+)| = u(b−) − u(a+).

The proof is analogous if u is non-increasing.

4. Let g(t) = pV (u, (a, t]), and h(t) = g(t) − u(t) with t ∈ I. Then:

i. g(t) is monotone non-decreasing by definition;
ii. h(t) is monotone non-decreasing. In fact, let t1 ≤ t2 in I. Then:

g(t1) − u(t1) ≤ g(t2) − u(t2) ⇐⇒ pV (u, (a, t1]) − u(t1) ≤ pV (u, (a, t2]) − u(t2)
⇐⇒ pV (u, (a, t1]) + u(t2) − u(t1) ≤ pV (u, (a, t2]).

On the other hand:

pV (u, (a, t1]) + u(t2) − u(t1) ≤ pV (u, (a, t1]) + |u(t2) − u(t1)| ≤ pV (u, (a, t2]).

Therefore, the inequality holds.

Remark. Let u and I be as above, with pV (u, I) < +∞. Let h ≥ 1 be fixed and consider a (possibly infinite)
collection {xh

i }1≤i≤nh
of points such that:
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1. xh
1 = a, xh

nh
= b;

2. 0 < xh
i+1 − xh

i ≤ 1
h ∀i ∈ {1, . . . , nh − 1}.

Consider the following step function:

uh(t) :=
nh−1∑
i=1

u(yh
i )χ(xh

i
,xh

i+1](t). (1.5)

Then, for any choice of yh
i ∈ (xh

i , x
h
i+1), uh

L1

−−−−−→
h→+∞

u. Since pV (u, I) < +∞, from Proposition 1.6, we can
find bounded monotone functions g, h such that u = g − h. But if f : [a, b] → R is monotone, then f is
Riemann-integrable. Thus, u is Riemann integrable.

Clearly, pV (u, I) is very sensitive to the value of u at each point. This suggests the following definition.

Definition 1.7 (Essential variation). Let u, I be the same as before. Then, we define the essential variation
of u in I as:

eV (u, I) := inf
{
pV (v, I) : v = u L 1-a.e. in I

}
.

Theorem 1.3. For any u ∈ L1
loc(Ω) with eV (u,Ω) < +∞, the infimum is achieved in the definition of

essential variation. Moreover, V (u,Ω) = eV (u,Ω).

Proof. Assume Ω = I = (a, b). It is sufficient to consider the case V (u, I) < +∞.

≤ By definition, we prove that V (u, I) ≤ pV (v, I) for all v such that v = u a.e. For h ≥ 1, we consider
vh the step functions defined in eq. (1.5). Using the definition of variation, we obtain:

V (vh, I) =
nh−1∑
i=1

∣∣v(yh
i+1) − v(yh

i )
∣∣ ≤ pV (v, I).

Now we can pass to the limit for h → +∞. Using the lower semi-continuity of the variation, we get:

V (u, I) = V (v, I) ≤ lim inf
h→+∞

V (vh, I) ≤ pV (v, I).

≥ Assume V (u, I) < +∞. Then u ∈ BVloc(I) and |Du|(J) = V (u, J) for all J ⋐ I. Since |Du| ∈ Mb(I)
and:

sup
J⋐I

|Du|(J) = sup
J⋐I

V (u, J) = V (u, I) < +∞,

from measure theory we know that Du is a finite Radon measure on I such that |Du|(I) = V (u, I).
Let µ = Du and define w(t) := µ((a, t)). Let ϕ ∈ C∞

c (I). Then, using Fubini’s theorem, we have:

⟨Dw, ϕ⟩ = −⟨w, ϕ′⟩ = −
∫ b

a

w(t)ϕ′(t) dt = −
∫ b

a

ϕ′(t)µ((a, t))dt = −
∫ b

a

∫ t

a

ϕ′(t) dµ(s) dt =

= −
∫ b

a

∫ b

s

ϕ′(t) dt dµ(s) =
∫ b

a

ϕ(s) dµ(s).

Therefore, Dw = µ. As a consequence, by Proposition 1.1(3) there exists c ∈ R such that u(t)−w(t) = c
for L 1-a.e. t ∈ I ⇒ w(t) + c = u(t) a.e. Moreover, for any collection of points t1 < · · · < tn in I, the
following holds:

n−1∑
i=1

|w(ti+1) − w(ti)| =
n−1∑
i=1

|µ([ti, ti+1))| ≤
n−1∑
i=1

|µ|([ti, ti+1)) ≤ |µ|(I).
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In particular:
eV (u, I) ≤ pV (w + c, I) = pV (w, I) ≤ |µ|(I) = V (u, I).

As a direct consequence, we see that w + c is a minimizer in the definition of eV (u, I).
Now, consider Ω ⊂ R a generic open set. Then eV (u,Ω) =

∑
I∈C

eV (u, I), where C is the set of connected

components of Ω (this is possible because Ω has at most countably many connected components). Hence,
by additivity, V (u,Ω) = eV (u,Ω).

Thanks to the previous theorem, we can give the notion of good representative of a BV function (in
one-dimensional domain) and the characterization theorem.

Definition 1.8 (Good representative). Let u ∈ BV (Ω). We say that u is a good representative of u if:

1. u = u a.e.;

2. pV (u,Ω) = eV (u,Ω) = V (u,Ω).

Remark. We can always find at least one good representative. In fact, we have seen that if u ∈ BV (Ω),
then V (u,Ω) = |Du|(Ω) < +∞. Moreover, we know that V (u,Ω) = eV (u,Ω). Then, we choose u to be an
element such that pV (u,Ω) = eV (u,Ω).

Theorem 1.4. Let I = (a, b) ⊂ R be an interval and u ∈ BV (I). Let A = {t ∈ I : Du({t}) ̸= 0}. Then, the
following statements hold:

1. there exists a unique c ∈ R such that:

ul(t) := c+ Du((a, t)) and ur(t) := c+ Du((a, t])

are good representatives of u;

2. a function u : I → R is a good representative if and only if u is a convex combination of ul and ur,
that is:

u(t) = θul(t) + (1 − θ)ur(t) for some θ ∈ [0, 1]; (1.6)

3. any good representative u is continuous in I \ A and has a jump discontinuity at any point in A. In
particular:

u(t−) = ul(t) = ur(t−), u(t+) = ul(t+) = ur(t) for all t ∈ A;

4. any good representative u is differentiable at L 1 a.e.-point of I and the derivative u′ is the density of
Du with respect to the L 1 Lebesgue measure.

Proof. 1. We have already seen in the proof of Theorem 1.3 that ul is a good representative of u, with a
suitable c ∈ R. The proof is similar for ur.

2 ⇐) It follows from the following estimate:

n−1∑
i=1

|u(ti+1) − u(ti)| ≤
n−1∑
i=1

|ul(ti+1) − ul(ti)| +
n−1∑
i=1

|ul(ti) − ur(ti)| +
n−1∑
i=1

|ul(ti+1) − ur(ti+1)|.

Noticing that ul = ur in I \A, we obtain:

pV (u, I) ≤ |Du|(I) + 2|Du|(A) < +∞,

hence u has left and right limits in I. Moreover:

lim
s→t+

u(s) = lim
s→t+

ul(s) = ul(t) lim
s→t−

u(s) = lim
s→t−

ur(s) = ur(t)
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for any t ∈ I.

2 ⇒) We consider pV (u, ·) as a function of the interval J ⊂ I. From this point of view, pV (u, ·) has the
following properties:

(a) inner regularity:
pV (u, J) = sup

J′⋐J
pV (u, J ′);

(b) super-additivity: let {Ji}i≤p ⊂ J with:

p⋃
i=1

Ji ⊂ J, Ji ∩ Jk = ∅ if i ̸= k.

Then:

pV (u, J) ≥
p∑

i=1
pV (u, Ji).

Using these properties of pV (u, ·), we can show that u is a good representative on any interval J =
(c, d) ⊂ I. Indeed, since A is at most countable and pV (u, ·) is inner regular, we can assume, in order
to prove the inequality pV (u, J) ≤ |Du|(J), that neither c nor d belong to A. Under this assumption,
we obtain:

pV (u, J) ≤ −pV (u, (a, c)) − pV (u, (d, b)) + pV (u, I) ≤
≤ −|Du|((a, c)) − |Du|((d, b)) + |Du|((a, b)) = |Du|((c, d)).

Since pV (u, I) < +∞, u can be written as a difference of monotone functions. Then, the right and left
limits of u exist at any point in I. Since u is a representative of u, the following hold:

u(t−) = lim
ε→0

1
ε

∫ t

t−ε

u(τ) dτ = lim
ε→0

1
ε

∫ t

t−ε

ul(τ) dτ = ul(t) for all t ∈ I;

u(t+) = lim
ε→0

1
ε

∫ t+ε

t

u(τ) dτ = lim
ε→0

1
ε

∫ t+ε

t

ur(τ) dτ = ur(t) for all t ∈ I.

Hence, passing to the limit as ε → 0:

|u(t− ε) − u(t)| + |u(t) − u(t+ ε)| ≤ pV (u,B2ε(t)) = |Du|(B2ε(t))

and consequently:
|ul(t) − u(t)| + |u(t) − ur(t)| ≤ |ul(t) − ur(t)|

which implies eq. (1.6).

3. By definition, ul and ur are continuous and coincide at any point of I \A. By eq. (1.6), any other good
representative enjoys the same properties. In particular, its left and right limits coincide with those of
ul and ur.

4. Let v be the density of Du with respect to L 1 and let Dsu = Du − vL 1 be the singular part of
Du. We prove that any good representative u is differentiable at any Lebesgue point t of v such that
|Dsu|(Bρ(t)) = o(ρ). It is known that this statement holds true for L 1-a.e. t ∈ I. Using the definition
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of ul, we have:

(ul)′
+(t) = lim

ρ→0+

ul(t+ ρ) − ul(t)
ρ

= lim
ρ→0+

Du([t, t+ ρ))
ρ

=

= lim
ρ→0+

1
ρ

∫ t+ρ

t

v(τ) dτ + lim
ρ→0+

Dsu([t, t+ ρ))
ρ

= v(t).

A similar argument yields (ul)′
−(t) = v(t). The differentiability of any other good representative follows

from that of ul and the following inequality:

|u(t) − ul(t)| ≤ |Du({t})| = |Dsu|({t}).

It is straightforward to show that any monotone function is a good representative in its equivalence class.
Therefore, applying Theorem 1.4 to monotone functions, we obtain the following result.

Corollary 1.3. Let u : (a, b) → R be a monotone function. Then u is differentiable at L 1-a.e. t ∈ (a, b).
Moreover:

|u(b−) − u(a+)| ≥
∫ b

a

|u′(t)| dt+
∑
t∈Γu

|u(t+) − u(t−)|

where Γu is the discontinuity set of u. Note that, since u is monotone, it has at most countably many
discontinuity points.

Theorem 1.5. Let (a, b) ⊂ R be a bounded interval. Then, the linear map (c, µ) 7→ u, where u(t) :=
c+ µ((a, t)) is an isomorphism between the Banach space R × Mb(a, b) and BV (a, b).

Proof. Let T (c, µ)(t) := c+ µ((a, t)).

1. T (c, µ) ∈ BV (a, b). This follows from the proof of Theorem 1.3.

2. T is linear.

3. T is continuous. In fact, we have:

∥T (c, µ)∥BV = ∥T (c, µ)∥L1 + |µ|((a, b)) ≤ |c|(b− a) + (b− a)|µ|((a, b)) + |µ|((a, b)) =
= |c|(b− a) + (b− a+ 1)|µ|((a, b)).

4. ker(T ) = {(0, 0)}. In fact, if T (c, µ) = 0, then µ = DT (c, µ) = 0 and by definition of T , c = 0.

5. T is surjective: this follows from Theorem 1.4.

Then, the closed graph theorem implies that T is an isomorphism.

Remark. This result is still valid with vector-valued functions.
The equations defining ul and ur can be written without involving c:

ul(s) − ul(t) = Du([t, s)), ur(s) − ur(t) = Du((t, s]); with a < t < s < b

and can be regarded as the fundamental theorem of calculus in BV . However, we have seen in the definitions
of ul and ur that good representatives are not uniquely determined by the distributional derivative, because
the measure may have an atomic part. This difficulty is not present when dealing with absolutely continuous
functions.

Definition 1.9 (Absolutely continuous functions). Let Ω ⊂ R be an open set and let u ∈ L1(Ω). We say
that u is absolutely continuous in Ω if u ∈ BV (Ω) and Du is absolutely continuous with respect to L 1.
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The space of absolutely continuous functions in Ω coincides with the Sobolev space W 1,1(Ω). From
Theorem 1.4, we deduce that for any absolutely continuous function, there exists a unique continuous repre-
sentative u differentiable L 1-a.e. in Ω and which satisfies the fundamental theorem of calculus u(t) −u(s) =∫ t

s
u′(τ) dτ for every interval [s, t] ⊂ Ω, with s < t.

In general, any measure µ on an open set Ω ⊂ R can be split into three parts: the absolutely continuous part
(with respect to L 1), denoted by µa; the purely atomic part, denoted by µj ; and the diffuse part (i.e., with-
out atoms), also called the singular part, denoted by µc. To obtain this decomposition, we first decompose µ
into its absolutely continuous part µa and its singular part µs (using the Radon-Nikodým theorem). Then,
we define µj = µs|A and µc = µs|Ω\A with A = {t ∈ Ω : µ({t}) ̸= 0} the set of atoms of µ (notice that A is
at most countable). In this way, we have obtained the following decomposition:

µ = µa + µs = µa + µj + µc.

The decomposition is unique and, since µa, µj , µc are mutually singular, we have also |µ| = |µa|+ |µj |+ |µc|.
From a result from the theory of measures, we know that µs can also be represented by the restriction of µ
to the following L 1-negligible set:

S :=
{
t ∈ Ω : lim

ρ→0

|µ|(Bρ(t))
ρ

= +∞

}

containing A. Hence, we can describe these three measures in a more constructive way:

µa = µ|(Ω\S) µj = µ|A µc = µ|(S\A).

This decomposition suggests the following definition.

Definition 1.10 (Jump function, Cantor function). Let u ∈ BV (Ω). We say that u is a jump function if
Du = Dju, i.e. Du is a purely atomic measure. We say that u is a Cantor function if Du = Dcu, i.e. Du
is a singular measure without atoms.

Using the previous definition and Theorem 1.5, we can give the following useful representation of BV
functions in intervals.

Corollary 1.4 (Decomposition of BV functions). Let Ω = (a, b) ⊂ R be a bounded interval. Then, any
u ∈ BV (Ω) can be represented by ua + uj + uc, where ua ∈ W 1,1(Ω), uj is a jump function and uc is a
Cantor function. The three functions are uniquely determined up to additive constants. Moreover:

|Du|(Ω) = |Dua|(Ω) + |Duj |(Ω) + |Duc|(Ω) =
∫ b

a

|u′(t)| dt+
∑
t∈A

|u(t+) − u(t−)| + |Duc|(Ω)

where u is any good representative of u.

This decomposition of BV functions is typical of dimension 1.
Example (jump function). Let (a, b) = (0, 1). Let (dn)n∈N be a sequence in (0, 1). We define:

u(t) :=
∑

n: dn<t

2−n.

The distributional derivative of u is the finite measure µ =
∑

n

2−nδdn . Indeed, u(t) = µ((0, t)) for any

t ∈ (0, 1). In general, the distributional derivative of a jump function can be recovered from the left and
right limits of a good representative, as shown in Theorem 1.4.

In general, it is more complicated to give an example of a Cantor function: given a good representative,
these functions are continuous in their domain and differentiable with derivative equal to 0 almost everywhere.
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This means that, unlike absolutely continuous functions and jump functions, the derivative of a Cantor
function can be seen only as a measure in the distributional sense.

Example (Cantor function). Let (a, b) = (0, 1). Let ψ1(t) = t
3 and ψ2(t) = t+2

3 be scaling functions. We
define by induction the following sequence of increasing functions fn : (0, 1) → (0, 1):

f0(t) = t;

fn+1(t) =


1
2fn ◦ ψ−1

1 (t) t ∈ [0, 1
3 ],

1
2 t ∈ [ 1

3 ,
2
3 ],

1
2
(
fn ◦ ψ−1

2 (t)
)

t ∈ [ 2
3 , 1],

∀n > 0

Graph of f3 on [0, 1]

The functions fn have the following properties:

(a) fn is constant in any connected component of R \ Cn, where Cn is the n-th Cantor middle third;

(b) ∥fn+1 − fn∥∞ ≤ 1
2n+1

1
3 .

By (b), fn is a Cauchy sequence in C([0, 1]), hence uniformly convergent in [0, 1] to some continuous function
f . The limit f is still increasing and maps [0, 1] to [0, 1]. In particular, f ∈ BV ([0, 1]) and Df is a probability
measure in (0, 1). On the other hand, we infer that f is constant in any connected component of (0, 1) \ C,
where C is the Cantor set. These properties allow us to conclude that f is a Cantor function, because Df
has no atoms (since f is continuous) and Daf = 0 (since f ′ = 0 on (0, 1) \ C, which has full measure in
(0, 1)).
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1.3 The space SBV

Definition 1.11 (SBV function). Let u ∈ BV (I). We say that u is a special function of bounded variation,
and we write u ∈ SBV (I), if the Cantor part of its derivative Dcu is zero, that is:

Du = Dau+ Dju =
∫

I

u′(t) dt+
∑
t∈A

|u(t+) − u(t−)|.

Remark. The inclusion of W 1,1(I) in SBV (I) is strict. Let J = (a, b) ⊂ I. Then, u = χJ ∈ SBV (I), since
DχJ = δb − δa. Clearly, u /∈ W 1,1(I).
Remark. By definition, it is clear that SBV is a subspace of BV . Moreover, this inclusion is strict. Let
I = (0, 1) and f be the Cantor function introduced above. Then, we know that f ∈ BV (I) and Df = Dcf ;
thus f /∈ SBV (I).

Proposition 1.7. SBV (I) is a closed subspace of BV (I).

Proof. As observed, SBV (I) is a proper subspace of BV (I). Let un ∈ SBV (I) for any n such that un

converges to u ∈ BV (I) in the BV norm. Let vn be as follows:

v1 = u1, vk = uk − uk−1 ∀k > 1.

Notice that vn is an SBV function for any n. Then:

uN =
N∑

k=1
vk, Du =

∞∑
k=1

Dvk.

and uN → u in BV .In particular,
∞∑

k=1
Davk is absolutely continuous while

∞∑
k=1

Dsvk is a singular measure

(both with respect to L 1). Consequently:

Dau =
∞∑

k=1
Davk, Dsu =

∞∑
k=1

Dsvk.

Since Dsu is concentrated on
⋃
k

Sk, we deduce that u ∈ SBV (I), where Sk denotes the set S defined in the

previous chapter, for each uk.

Remark. The space SBV (I) is not closed in BV (I) with respect to L1 convergence. Let (un) ⊂ W 1,∞(I) be
the sequence introduced in the Cantor function example. Then un

L1

−−→ u, where u is the Cantor function.

Proposition 1.8. Any u ∈ BV (I) belongs to SBV (I) if and only if Dsu is concentrated on a countable set.

Proof. ⇒) If u ∈ SBV (I), then Dsu = Dju is concentrated, by definition, on A, which is the set of the
atoms of the measure. Since Du is finite (is the distributional derivative of a BV function), then A is
at most countable.

⇐) Since Dcu is diffuse and has no atoms (by Definition 1.10, and Dsu is concentrated on a countable set,
it follows that Dcu = 0.

Remark. When S is countable, it coincides with A.

Theorem 1.6. For any w ∈ L1(R), there exists u ∈ SBVloc(R) such that u′ = w L 1-a.e. in R and
|Du|(R) ≤ C∥w∥L1 .
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We now state the closure and compactness of SBV , in dimension 1. The proofs are omitted.

Theorem 1.7 (Closure of SBV ). Let φ : [0,∞) → [0,∞], θ : (0,∞) → (0,∞] be lower semi-continuous
increasing function and assume that:

lim
t→+∞

φ(t)
t

= ∞, lim
t→0

θ(t)
t

= ∞.

Let I ⊂ R be an open interval and let (un) ⊂ SBV such that:

sup
n

{∫
I

φ(|Daun|)dx+
∑
t∈A

θ
(
|un(t+) − un(t−)|

)}
< +∞. (1.7)

with un a good representative of un. Suppose un weakly* converges in BV (I) to u. Then:

1. u ∈ SBV ;

2. Daun weakly converge to Dau;

3. Dcun weakly converge to Dcu;

4. Djun weakly* converge to Dju.

Moreover: ∫
I

φ(|Dau|) dx ≤ lim inf
n→+∞

∫
I

φ(|Dun|) dx, if φ is convex;∑
t∈A

θ
(
|u(t+) − u(t−)|

)
≤ lim inf

n→+∞

∑
t∈A

θ
(
|un(t+) − un(t−)|

)
if θ is concave.

Theorem 1.8 (Compactness of SBV ). Let φ, θ, I as in Theorem 1.7. Let (un) ⊂ SBV (I) be satisfying
(1.7) and assume that ∥un∥∞ is uniformly bounded in n. Then, there exists a subsequence (unk

) weakly*
converging in BV (I) to u in SBV (I).
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Appendix

Extension domains and compactness in BV

In many situations, it is useful to extend a function u ∈ BV (Ω) to a function u ∈ BV (R). For example, this
extension is used several times to obtain the trace theorem in BV .

Definition 1.12 (Extension domains). We say that an open set Ω ⊂ RN is an extension domain if ∂Ω
is bounded and for any open set A with Ω ⊂ A there exists a linear and continuous extension operator
T : BV (Ω) → BV (RN ) satisfying:

1. Tu = 0 a.e. in RN \A for any u ∈ BV (Ω);

2. |DTu|(∂Ω) = 0 for any u ∈ BV (Ω);

3. for any p ∈ [1,+∞], the restriction of T to W 1,p(Ω) induces a linear continuous map from W 1,p(Ω)
into W 1,p(RN ).

Proposition 1.9. Any open set Ω with compact Lipschitz boundary is an extension domain.

Proof. Since ∂Ω is bounded, we can assume without loss of generality that Ω is bounded. Since Ω is compact,
we can find a finite collection {Ri}i∈I of open rectangles whose union B contains Ω. Then B is contained
in A and has the following property: for any i ∈ I, either Ri ⊂ Ω or ∂Ω ∩ Ri is the graph of a Lipschitz
function defined on one face Li of Ri. Possibly reducing the rectangles, we can also assume that the closure
of ∂Ω ∩Ri intersects neither Li nor the closure of the face opposite to Li. Let {ηi}i∈I be a partition of unity
relative to {Ri}i∈I . We define Ωi = Ω ∩Ri and

Tu :=
∑
i∈I

Ti(u ηi)

where Ti : BV (Ωi) → BV (Ri) are suitable linear and continuous extension operator satisfying the following:

(a) |DTi u|(Ri ∩ ∂Ω) = 0 for any u ∈ BV (Ω);

(b) for any p ∈ [1,+∞] the restriction of T to W 1,p induces a linear continuous map between this space
and W 1,p(Ri).

Using Proposition 1.1(1), it is easy to see that T satisfies the conditions of Definition 1.12. Hence, we only
need to show the existence of Ti. Let i ∈ I be fixed. We exclude the trivial case Ωi = Ri. then, up to
rotation, translation and a homothety, in the construction of Ti we can assume with no loss of generality
that:

Ri = L× (−1, 1), Ωi = {x = (y, z) ∈ L× (−1, 1) : z > ϕ(y)}

for some L ⊂ RN−1 and ϕ Lipschitz with inf ϕ > −1 and supϕ < 1. We can transform Ωi in R+
i = L× (0, 1)

17



using the deformation φ : Ri → Ri defined by:

φ(y, z) =


(
y, z−ϕ(y)

1−ϕ(y)

)
if z ≥ ϕ(y)(

y, z−ϕ(y)
1+ϕ(y)

)
if z ≤ ϕ(y)

Since both φ and its inverse are Lipschitz orientation-preserving maps, we can construct a linear continuous
extension operator T ′

i : BV (R+
i ) → BV (Ri) satisfying (a), (b) with R+

i instead of Ωi. Then, we can recover
Ti as Ti(u) = T ′

i (u ◦ φ−1) ◦ φ and using Theorem 1.2, Ti inherits property (a) from T ′
i . The verification of

(b) is straightforward, using Corollary 1.2.
In conclusion, let us define T ′

i : BV (R+
i ) → BV (Ri) by reflection, setting Ti[u](y, z) = u(y, |z|). We can

prove that:
|DT ′

i [u]|(L× (−r, r)) ≤ 2|Du|(L× (0, r)) ∀r ∈ (0, 1]

in three steps:

i) u ∈ C1(R+
i ) using the Gauss-Green theorem;

ii) u ∈ C1(R+
i ) using the approximation with the functions un(y, z) = u(y, z + tn), with tn → 0;

iii) the general case, using Theorem 1.1 in L× (0, r).

Letting r → 0 in the previous inequality we obtain that T ′
i verifies (a). The verification of (b) is similar.

Remark. This result can be extended to [BV (Ω)]m with a componentwise argument.
Remark. Not all bounded open sets are extension domains. In R, an example is given by a generic open
bounded set Ω with countably many connected component In such that

∑
n

|In| 1
2 < +∞, and we consider

the function u =
∑

n

|In|− 1
2χIn

. It is easy to verify that u ∈ BV (Ω) \ L∞(Ω), thus u cannot be extended to

a BV function in R.
We now state a compactness theorem for BV . Since the Sobolev space W 1,1 has no comparable com-

pactness properties, this provides another justification for the introduction of the BV space.

Theorem 1.9 (Compactness). Let (un) ⊂ BVloc(Ω) such that:

sup
n∈N

{∫
A

|un| dx+ |Dun|(A)
}
< +∞ ∀A ⊂ Ω open .

Then un admits a subsequence unk
converging in L1

loc(Ω) to some u in BVloc(Ω). Moreover, if Ω is a
bounded extension domain and the sequence is bounded in BV (Ω), then u ∈ BV (Ω) and the subsequence
weakly* converges to u.

In order to prove Theorem 1.9, we need the following:

Proposition 1.10. Let u ∈ BV (Ω) and K ⊂ Ω be a compact set. Then:∫
K

|u ∗ ρε − u| dx ≤ ε|Du|(Ω) ∀ε ∈ (0, dist(K; ∂Ω)).

Proof. (Proposition 1.10) By Theorem 1.1 we can assume without loss of generality that u ∈ C1(Ω). Let ε
be as in the statement. We start from the following identity:

u(x− εy) − u(x) = −ε
∫ 1

0
⟨∇u(x− εty), y⟩ dt x ∈ K and y ∈ B1.

18



(it can be seen using the fundamental theorem of calculus). Then, for x ∈ K and ε < dist(K, ∂Ω):∫
K

|u(x− εy) − u(x)| dx ≤ ε

∫ 1

0

∫
K

|⟨∇u(x− εty), y⟩| dx dt ≤ ε|Du|(Ω).

Multiplying both sides by ρ(y) and integrating, we obtain:∫
K

(∫
RN

|u(x− εy) − u(x)|ρ(y) dy
)
dx ≤ ε|Du|(Ω).

Since:
u ∗ ρε − u(x) =

∫
RN

|u(x− εy) − u(x)|ρ(y) dy

the statement follows.

Proof. (Theorem 1.9) Let Ω′ ⋐ Ω be an open set. By a diagonal argument, we only need to show the
existence of a subsequence (unk

) converging in L1(Ω) to some u ∈ BV (Ω) (we can conclude that u ∈ BV (Ω)
thanks to Corollary 1.1). Let:

1. δ = dist(Ω′, ∂Ω) > 0;

2. U ⊂ Ω the open δ
2 -neighbourhood of Ω′;

3. un,ε = un ∗ ρε.

If ε ∈ (0, δ
2 ), then the functions un,ε are C∞(Ω′) and satisfy:

∥un,ε∥C(Ω′) ≤ ∥un∥L1(U)∥ρε∥∞, ∥∇un,ε∥C(Ω′) ≤ ∥un∥L1(U)∥∇ρε∥∞.

By our assumption on (un), the sequence (un,ε) is uniformly bounded and equicontinuous for ε fixed. Then,
we can extract a convergent subsequence of (un,ε) in C(Ω′). By a diagonal argument, we can extract a
subsequence (nk) such that (unk,ε) converges in C(Ω′) for any ε = 1

p , with p > 2
δ . Applying Proposition 1.10

and the triangle inequality, we find:

lim sup
k,k′→+∞

∫
Ω′

|unk
− unk′ | dx ≤ lim sup

k,k′→+∞

∫
Ω′

|unk, 1
p

− unk′ , 1
p
| dx+

+ lim sup
k,k′→+∞

∫
Ω′

[
|unk

− un
k, 1

p

| + |un
k′, 1

p

− unk′ |
]
dx ≤ 2

p
sup
n∈N

|Dun|(U).

Since we can choose an arbitrarily large p and L1(Ω) is a Banach space, this proves that (unk
) is a Cauchy

sequence in L1(Ω). The second part of the thesis follows applying the first part of the statement to the
extensions Tun. The weak* convergence follows from Corollary 1.1.
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Chapter 2

Elasticity

2.1 Basic elements.
In this part, we introduce the classical elements often used in elasticity problems. We consider RN×N as the
space of square matrices, with the standard scalar product:

A : B =
N∑

i,j=1
aijbij

and the associated norm :

|A| =
(

N∑
i, j=1

a2
ij

)1/2

.

Then, we have the following two subspaces:

1. RN×N
sym := {A = AT } the space of symmetric matrices;

2. RN×N
skew := {A = −AT } the space of skew-symmetric (or antisymmetric) matrices.

Remark. 1. RN×N
sym ⊥ RN×N

skew . In fact, let A ∈ RN×N
sym , B ∈ RN×N

skew . Then, using the definition of the scalar
product:

A : B = tr(ATB) = tr(ABT ) = tr(A(−B)) = −(A : B).

Thus, A : B = 0.

2. RN×N = RN×N
sym ⊕ RN×N

skew . We recall that the two subspaces are orthogonal. Now, given A ∈ RN×N ,
we can take B = 1

2 (A+AT ) and C = 1
2 (A−AT ). Clearly, B ∈ RN×N

sym , C ∈ RN×N
skew and A = B + C;

3. Given A ∈ RN×N
sym , C ∈ RN×N , from 1. we have A : C = A : Csym. Indeed:

A : C = A : (Csym + Cskew) = A : Csym.

In this section, we consider Ω ⊂ R2 a bounded open Lipschitz set; K ⊂ Ω a crack (its regularity will be
specified later), and u ∈ H1(Ω \ K;R2). We consider the linear elasticity regime, which is valid for small
deformations. In this context, we have the following:

Definition 2.1 (Strain, stress). Given Ω, K, u as above, we define:

1. ε(u) = Dusym;

2. σ(u) = 2µε(u) + λ tr(ε(u)) I.
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In particular, ε(u) ∈ L2(Ω \ K;R2×2
sym) and σ(u) ∈ L2(Ω \ K;R2×2

sym). I is the identity matrix, while µ and λ
are the so-called Lamé constants.

Proposition 2.1 (Properties of ε and σ). The following hold:

1. |ε(u)|2 ≤ |Du|2;

2. |σ(u)|2 ≤ C|ε(u)|2.

Proof. The first inequality follows directly from the definition of ε(u). For the other one, it is sufficient to
give an estimate of λ tr(ε(u)) I. we notice that λ tr(ε(u)) is a scalar, thus λ tr(ε(u)) I is diagonal. Moreover,
the map A 7→ tr(A) is linear from RN×N to R and then A 7→ tr(A)M is linear in the same spaces, with
M ∈ RN×N fixed.

Now, we introduce the notion of energy.

Definition 2.2 (Linear elastic energy). Given Ω, u, σ, ε as above, the linear elastic energy is:

E(u) := 1
2

∫
Ω
σ(u) : ε(u) dx.

Remark. We notice that σ(u) : ε(v) = σ(v) : ε(u). In fact:

σ(u) : ε(v) = 2µ ε(u) : ε(v) + λ tr(ε(u)) tr(ε(v)) = σ(v) : ε(u).

Thanks to Proposition 2.1, we can define a symmetric bilinear and continuous form a:

a : H1(Ω;R2) ×H1(Ω;R2) → R

such that:
a(u, v) =

∫
Ω
σ(u) : ε(v) dx.

Using Definition 2.2, we have a(u, u) = 2E(u).

Proposition 2.2. a(u, v) = dE(u)[v].

Proof.

dE(u)[v] = lim
h→0+

(
E(u+ hv) − E(u)

h

)
= lim

h→0

1
2h
(
a(u+ hv, u+ hv) − a(u, u)

)
=

= lim
h→0

1
2h

(
a(u, u) + h2a(v, v) + 2ha(u, v) − a(u, u)

)
= a(u, v) + lim

h→0

h

2a(v, v) = a(u, v).

The coercivity of the bilinear form a introduced before is obtained by the following result.

Proposition 2.3 (Korn inequality). Let Ω ⊂ R2 be an open Lipschitz set. Then:∫
Ω

|ε(u)|2 dx ≥ 1
2

∫
Ω

|Du|2 dx ∀u ∈ H1
0 (Ω;R2).

Proof. We consider u ∈ C∞
c (Ω;R2).

|ε(u)|2 =
∣∣∣∣ ( u1,1

1
2 (u1,2 + u2,1)

1
2 (u1,2 + u2,1) u2,2

) ∣∣∣∣2 = u2
1,1 + u2

2,2 + 1
2(u1,2 + u2,1)2 =

= 1
2(u2

1,1 + u2
2,2 + u2

1,2 + u2
2,1) + 1

2u
2
1,1 + 1

2u
2
2,2 + u1,2u2,1 = 1

2 |Du|2 + 1
2u

2
1,1 + 1

2u
2
2,2 + u1,2u2,1.
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Then: ∫
Ω

|ε(u)|2 dx = 1
2

∫
Ω

|Du|2 dx+ 1
2

∫
Ω
u2

1,1 + u2
2,2 + 2u1,2u2,1 dx.

We notice that: ∫
Ω
u1,2u2,1 dx = ⟨u1,2, u2,1⟩ = −⟨u1,21, u2⟩ = −

∫
Ω
u1,21u2 dx.

Therefore: ∫
Ω
u1,2u2,1 dx = −

∫
Ω
u1,21u2 dx =

∫
Ω
u1,1u2,2 dx.

This implies: ∫
Ω

|ε(u)|2 dx = 1
2

∫
Ω

|Du|2 dx+ 1
2

∫
Ω

tr(ε(u))2 dx ≥ 1
2

∫
Ω

|Du|2 dx.

By density of C∞
c (Ω;R2) in H1

0 (Ω;R2), we conclude.

Proposition 2.4. Let u ∈ H1(Ω;R2). Then, a(u, v) = 0 for every v ∈ H1
0 (Ω;R2) if and only if

− div(σ(u)) = 0 in H−1(Ω;R2).

Proof. If a(u, v) = 0, then: ∫
Ω
σ(u) : ε(v) dx = 0.

On the other hand:

0 =
∫

Ω
σ(u) : ε(v) dx =

∫
Ω
σ(u) : Dv dx =

2∑
i=1

∫
Ω
σi(u)∇vi dx =

2∑
i=1

⟨− div(σi(u)), vi⟩.

Remark. 1. Let u be a minimum for E. Then, since a(u, v) = dE(u)[v], we obtain a(u, v) = 0.

2. The above result is valid taking a(u, v) = f for a suitable f .
Now we study the following problem: {

−div(σ(u)) = f Ω
u = g ∂Ω

with f ∈ L2(Ω,R2). Let g̃ be a lifting of g and define w := u− g̃. Since σ and div are linear operators, we
have: {

−div(σ(w)) = f + div(σ(g̃)) Ω
w = 0 ∂Ω

Using the previous results, we obtain the following equivalent formulation:

P =
{
a(w, v) = l(v) ∀v ∈ H1

0 (Ω;R2)
w ∈ H1

0 (Ω;R2)

where:
a(w, v) =

∫
Ω
σ(w) : ε(v) dx; l(v) =

∫
Ω
fv dx−

∫
Ω
σ(g̃) : ε(v) dx

Proposition 2.5. There exists a unique solution w for the problem P.
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Proof. It is enough to verify the hypothesis of the Lax-Milgram theorem. H1
0 (Ω;R2) is a Hilbert space, while

the operator l is linear in v, and continuous. We need to control the continuity and coercivity of a.

• Continuity.

a(w, v) =
∫

Ω
σ(w) : ε(v) dx ≤ ∥σ(w)∥L2(Ω;R2)∥ε(v)∥L2(Ω;R2) ≤ c∥w∥H1

0 (Ω;R2)∥v∥H1
0 (Ω;R2).

• Coercivity. Using the Korn inequality:

a(w,w) =
∫

Ω
σ(w) : ε(w) dx =

∫
Ω

(
2µε(w) + λ tr(ε(w)) I

)
: ε(w) dx =

=
∫

Ω
2µ|ε(w)|2dx+

∫
Ω
λ tr2(ε(w)) dx ≥

∫
Ω

2µ|ε(w)|2 dx ≥ c

∫
Ω

|Dw|2 dx = c∥w∥2
H1

0 (Ω;R2).

We now introduce the problem we want to resolve, in which we aim to study the behaviour of a crack
inside a domain Ω. Let Ω ⊂ R2 be a bounded, connected, open set with Lipschitz boundary ∂Ω, and let
s ∈ [0, L]. Assume that the initial crack K0 ⊂ Ω is closed and of class W 1,∞. Then, the problem is:

Pg =


− div(σ(us)) = 0 Ω \Ks

us = g ∂DΩ
σ(us) · ν = 0 ∂N Ω
σ(us) · νKs

= 0 K±
s

(2.1)

with νKs the normal to the crackKs. The variational formulation is straightforward, using the same reasoning
seen before. For each s let:

Vs = {v ∈ H1(Ω \Ks) : v = 0 ∂DΩ}.

We look for ws ∈ Vs such that:∫
Ω\Ks

σ(ws) : ε(vs) dx = −
∫

Ω\Ks

σ(g̃) : ε(vs) dx ∀vs ∈ Vs.

Although it may seem reasonable, it is not convenient to work directly with variations of the crack. For
example, let g = 0, s > 0 be fixed and consider u0, us be the equilibrium configuration for the two states 0
and s. Then, the variational formulations are:

∫
Ω\Ks

σ(us) : ε(vs)dx = 0 ∀vs ∈ Vs,∫
Ω\K0

σ(u0) : ε(v0)dx = 0 ∀v0 ∈ V0.

Using the same notation seen in the previous section, we equivalently have:

a(us, vs) = 0 ∀vs ∈ Vs;
a(u0, v0) = 0 ∀v0 ∈ V0. (2.2)

Moreover:

• a is a bilinear, symmetric and coercive form;
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• by a simple computation, a(u0 + us, u0 − us) = a(us, us) − a(u0, u0);

• since the crack is increasing, K0 ⊂ Ks, which implies that Ω \Ks ⊂ Ω \K0 and thus V0 ⊂ Vs. Then,
using (2.2), we have a(us, u0 − us) = 0.

Then, the variation of the energy gives the following estimate:

a(u0, u0) − a(us, us) = a(u0 + us, u0 − us) = a(u0, u0 − us) = a(u0 − us, u0 − us) ≥ C ∥u0 − us∥2
,

where ∥·∥ denotes the norm H1
0 (Ω \K). We see that, if the variation of the energy is O(h), then u0 − us =

O(h1/2). In particular, u′
0 is not well defined. This is a problem, because when "deriving" the energy, we

expect the following quantity:
dE

dh
=
∫

Ω\K0

σ(u0) : ε(u′
0) dx

For this reason, it seems not convenient, even if natural, to frame the energy release in terms of linear outer
variations.

2.2 Assumptions on the variations of the crack.
Let s be fixed. Assume the variations Ks of K0 to be of the form:

Ks = Ψs(K0)

for a suitable family of bi-Lipschitz diffeomorphisms Ψs. In particular, we take Ψs(x) = x + hΦs(x),
where:

1. Φs is uniformly bounded in W 1,∞(Ω;R2);

2. Φs(x) = 0 on ∂Ω;

3. DΦs → DΦ a.e. in Ω.

Note that configurational variations of this type are not necessarily “incremental”, i.e. the family of cracks
Ks is not necessarily increasing.

2.3 Two dimensional setting.
We start by considering the problem with the geometrical state s ∈ [0, L] fixed: we have E(us, s) and we
want to find a minimizer us. Assume that the initial crack K and its incremental variations K0 are both
represented by the graph of a function k of class W 2,∞ that is:

Ks = {(x1, k(x1)) : x1 ∈ [−l, s]}.

Assume also, for simplicity, that k(0) = k′(0) = 0. Now, we want to represent the variations Ks in terms of
configurational variations of the initial crack K. To this end, let ϕ ∈ W 1,∞(Ω; [0, 1]) be a cut off function of
the origin, i.e., ϕ = 1 in a neighbourhood of 0 and supp(ϕ) ⋐ Ω. Then, we define:

Ψs(x1, x2) =
(
x1 + sϕ(x1, x2), x2 + k(x1 + sϕ(x1, x2)) − k(x1)

)
.

Choosing:

Φ(x1, x2) =
(
ϕ(x1, x2), ϕ(x1, x2)k′(x1)

)
; Φs(x1, x2) =

(
ϕ(x1, x2), k(x1 + sϕ(x1, x2)) − k(x1)

s

)
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we can write:
Ψs(x) = x+ sΦs(x).

We just need to verify the convergence property for Φs.

Proposition 2.6. Φs → Φ strongly in L∞(Ω,R2). Moreover DΦs → DΦ a.e. in Ω and DΦs is bounded in
L∞(Ω,R2×2).

Proof. Since by hypothesis, k is of class, W 2,∞ and ϕ is of class W 1,∞, it is easy to verify that Φs → Φ. A
simple calculation shows that:

DΦs =
(

∂x1ϕ ∂x2ϕ
k′(x1+sϕ)−k′(x1)

s + k′(x1 + sϕ)∂x1ϕ k′(x1 + sϕ)∂x2ϕ

)
;

DΦ =
(

∂x1ϕ ∂x2ϕ
∂x1ϕk

′(x1) + ϕk′′(x1) k′(x1) ∂x2ϕ

)
Then, by continuity and a.e. differentiability of the Lipschitz function k′, it follows that DΦs → DΦ a.e. in
Ω. Thanks to the W 2,∞ regularity of k, we have that DΦs is bounded in L∞(Ω;R2×2).

Remark. Within these variations it is not possible to include kinked cracks, since in that case only sDΦs is
bounded in L∞(Ω,R2×2).

2.4 Energy.
We use the following notation:

W (Du) = 1
2C(Du) : Du

with C(Du) = σ(u) and Du = ε(u). Using this notation, the energy takes the form:

E(us, s) =
∫

Ω\Ks

W (Dus) dx (2.3)

with us ∈ Us, where:
Us = {v ∈ H1(Ω \Ks) : v = g ∂DΩ.}

As Ks = Ψs(K0), we compute a change of variable in eq. (2.3). Using the chain-rule:

D(us ◦ Ψs) = (Dus ◦ Ψs)DΨs ⇒ Dus ◦ Ψs = D(us ◦ Ψs)DΨ−1
s .

Then:

1
2

∫
Ω\Ks

D(us) : C[D(us)] dx = 1
2

∫
Ω\K0

[D(us) ◦ Ψs] : C[D(us) ◦ Ψs] det(DΨs) dx =

= 1
2

∫
Ω\K0

[D(us ◦ Ψs)DΨ−1
s ] : C[D(us ◦ Ψs)DΨ−1

s ] det(DΨs) dx. (2.4)

At this point, we use the equivalence AB : C = A : CBT , with A = D(us ◦ Ψs), B = DΨ−1
s and

C = C[D(us ◦ Ψs)DΨ−1
s ]. Finally, we obtain:

E(us, s) =
∫

Ω\K0

D(us ◦ Ψs) : Cs[D(us ◦ Ψs)] dx
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with Cs[F ] = C[FDΨ−1
s ]DΨ−T

s det(DΨs). Since Ψs induces a one-to-one correspondence betweenH1
0 (Ω\K0)

and H1
0 (Ω \Ks) we will equivalently consider the energy Es(us, s) in H1

0 (Ω \K0). Now, we give some useful
results.

Proposition 2.7. Ψs → I in W 1,∞(Ω,R2). Moreover, for s ≪ 1 we have the following expansions:

DΨ−1
s =

+∞∑
n=0

(−sDΦs)n = I −sDΦs + o(s),

det DΨs = 1 + s tr(DΦs) + o(s).

which hold in L∞(Ω,Rn×n).

Proof. Since DΨs(x) = I +sDΦs(x), with DΦs uniformly bounded, we have Ψs → I in W 1,∞(Ω;R2). More-
over, for s ≪ 1, with a simple calculation the two expansions are straightforward in L∞(Ω;R2×2).

Proposition 2.8. Let w ∈ H1(Ω \K0;R2). Then, Cs(Dw) → C(Dw) in L2(Ω \K0;R2×2) and:

Cs(Dw) − C(Dw)
s

→ C′(Dw) = −C(DwDΦ0) − C(Dw)DΦT
0 + C(Dw) tr DΦ0

in L2(Ω \K0;R2×2).

Proof. We know that:
Cs(Dw) = C(DwDΨ−1

s )DΨ−T
s det DΨs.

Since DΨ−1
s → I in L∞(Ω \K0;R2×2), it follows that:

Cs(Dw) → C(Dw)

in L2(Ω \K0,R2×2). From the expansions of Proposition 2.7, the following is valid a.e. in Ω \K0:

Cs(Dw) = C(DwDΨ−1
s )DΨ−T

s det DΨs =

= C
(

Dw
(

I −sDΦs + o(s)
))

(I −sDΦs + o(s))T (1 + s tr DΦs + o(s)) =

= C(Dw) + s

(
− C(DwDΦs) − C(Dw)DΦT

s + C(Dw) tr DΦs

)
+ o(s) =

= C(Dw) + sC′
s(Dw) + o(s)

where
C′

s(Dw) = −C(DwDΦs) − C(Dw)DΦT
s + C(Dw) tr DΦs.

Since DΦs is uniformly bounded in L2(Ω\K0;R2×2) and converges a.e. to DΦ, by the theorem of dominated
convergence, it follows that C′

s(Dw) → C′(Dw) in L2(Ω \K0;R2×2).

2.5 Integral representation.

Thanks to the theorem of Lax-Milgram, we know that, for each s, there is a unique minimizer us for the
quantities E(·, s). More precisely, let:

vs ∈ argmin{E(ws, s) : ws ∈ Us}, us ∈ argmin{Es(ws, s) : u ∈ U0}
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be respectively the displacement field in Ω \Ks and its pull-back in Ω \K0. We will denote by GΦ(u0) the
variation of energy, i.e. :

GΦ(u0) = lim
s→0

E(us, s) − E(u0, 0)
s

= lim
s→0

Es(us, s) − E(u0, 0)
s

.

Theorem 2.1.
GΦ(u0) = 1

2

∫
Ω\K0

Du0 : C′(Du0) dx (2.5)

where C′ has been defined in Proposition 2.8

Proof. We define the following bilinear forms:

As(us, v) =
∫

Ω\K0

Dv : Cs(Dus) dx, A(u, v) =
∫

Ω\K0

Dv : C(Du) dx,

so that the Euler–Lagrange equation for us reads As(us, v) = 0 for all v ∈ V0. First, we verify that As is
elliptic and continuous uniformly with respect to s. We will need the next estimates, which follow from the
hypothesis of section 2.2, together with the expansions seen Proposition 2.7:

∥Ψs∥L∞(Ω\K0;R2) ≤ c1; ∥Ψ−1
s ∥L∞(Ω\Ks;R2) ≤ c2;

∥DΨ−1
s ∥L∞(Ω\Ks;R2×2) ≤ c3; ∥ det DΨs∥L∞(Ω\K0) ≤ c4.

We now verify the two properties for As:

1. Continuity. We recall that:

Cs(Dw) = C(DwDΨ−1
s )DΨ−T

s det(DΨs).

Then:

∥Cs(Dw)∥L2(Ω\K0) ≤ ∥C(DwDΨ−1
s )∥L2(Ω\K0) ∥DΨ−T

s ∥L∞(Ω\K0) ∥ det(DΨs)∥L∞(Ω\K0) ≤
≤ ĉ1∥DwDΨ−1

s ∥L2(Ω\K0) ≤ ĉ2∥Dw∥L2(Ω\K0).

In conclusion:

|As(w, v)| ≤
∫

Ω\K0

|Dw| : |Cs(Dv)| dx ≤ ∥Dw∥L2(Ω\K0;R2×2) ∥Cs(Dv)∥L2(Ω\K0;R2×2) ≤

≤ C∥Dw∥L2(Ω\K0;R2×2) ∥Dv∥L2(Ω\K0;R2×2) ≤ C∥w∥H1(Ω\K0;R2)∥v∥H1(Ω\K0;R2)

2. Coercivity. Thanks to the theorem of change of variables between Sobolev spaces, we have:

∥Dw∥2
L2(Ω\K0) =

∫
Ω\K0

|Dw|2 dx =
∫

Ω\K0

∣∣D[(w ◦ Ψs) ◦ Ψ−1
s

]∣∣2 dx =

=
∫

Ω\K0

∣∣D(w ◦ Ψs)(Ψ−1
s (x)) DΨ−1

s

∣∣2 dx =

=
∫

Ω\Ks

∣∣D(w ◦ Ψs)(y)DΨ−1
s

∣∣2 |det DΨs| dy ≤ c2∥D(w ◦ Ψs)∥2
L2(Ω\Ks;R2×2).
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Now, using the Korn inequality, we obtain:

As(w,w) =
∫

Ω\K0

Dw : Cs[Dw] dx =
∫

Ω\Ks

D(w ◦ Ψs) : C[D(w ◦ Ψs)] dx ≥

≥ c1∥D(w ◦ Ψs)∥2
L2(Ω\Ks;R2×2) ≥ c2∥Dw∥2

L2(Ω\K0;R2×2) ≥ c∥w∥2
H1(Ω\K0;R2).

which proves the coercivity of As.

Now, we prove the weak convergence of us to u0 in H1(Ω \ K0;R2). From the previous computations, it
follows that us is bounded in H1(Ω \K0;R2) and thus (up to subsequences) that us ⇀ w in H1(Ω \K0;R2).
Passing to the limit in the variational formulation As(us, v) = 0, we obtain A(w, v) = 0 for all v ∈ V0. Then,
w = u0 and us ⇀ u0 in H1(Ω \K0;R2). By the variational formulations, we have:

As(us, us) = As(us − u0, us) +As(u0, us) = As(u0, us).

Hence:
Es(us, s) = 1

2As(us, us) = 1
2As(u0, us), E(u0, 0) = 1

2A(u0, u0).

Writing explicitly, we get:

1
2As(u0, us) − 1

2A(u0, u0) = 1
2

∫
Ω\K0

Dus :
(
Cs(Du0) − C(Du0)

)
dx

Hence, by Proposition 2.8:

Es(us, s) − E(u0, 0)
s

→ 1
2

∫
Ω\K0

Du0 : C′(Du0) dx

which concludes the proof.

Note that Theorem 2.1 employs only the weak convergence of us. In particular, it does not rely on
quantitative estimates of us − u0. Finally, introducing E′(u) = 1

2A
′(u, u), with:

A′(u,w) =
∫

Ω\K0

Du : C′(Dw) dx,

we can say, together with eq. (2.5) that GΦ(u0) = E′(u0).
Remark. In the case of “incremental variations”, GΦ provides the energy release up to a multiplicative
constant. Strictly speaking, the classical definition of elastic energy release (for incremental cracks) would
be:

G(u0) = − lim
s→0

Es(us) − E(u0)
H n−1(Ks \K0) ,

i.e. the negative derivative with respect to variations of crack surface area, and not with respect the
parametrization parameter s. Thus, apart from the minus sign, GΦ(u0) differs from G(u0) by a multi-
plicative constant, which measures the variation of surface area with respect to s. Finally, note that GΦ(u0)
linearly depends on Φ through C′. As a matter of fact, the energy release depends only on the variations of
the crack and it is independent of the choice of the configurational map.
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Appendix

Three dimensional setting
In this part, we give some information for the three dimensions. Assume again that the initial crack K ⊂ Ω
is represented by a graph, K = h(Kb), where:

• h(x1, x2) =
(
x1, x2, k(x1, x2)

)
for a suitable function k of class W 2,∞;

• Kb ⊂ R2 a compact, connected set (the "base").

Let ϕ ∈ W 1,∞(Ω;R3) with |ϕ| ≤ 1 and supp(ϕ) ⋐ Ω. For s > 0, we define:

Ψs(x) = x+
(
sϕ1(x), sϕ2(x), k

(
x1 + sϕ1(x), x2 + sϕ2(x)

)
− k(x1, x2)

)
and the corresponding variations of the crack Ks = Ψs(K). Denote also hs(x1, x2) = Ψs ◦ h(x1, x2) so that
Ks = hs(Kb). Introducing ϕb(x1, x2) = ϕ(x1, x2, k(x1, x2)), the map hs can be written as:

hs(x1, x2) =
(
x1 + sϕb

1(x), x2 + sϕb
2(x), k(x1 + sϕb

1(x), x2 + sϕb
2(x))

)
= h(xs

1, x
s
2)

where (xs
1, x

s
2) = (x1, x2) + sϕb(x1, x2) represents the corresponding variation of the domain Kb.

31



32



Chapter 3

Evolution of the crack.

3.1 Introduction
In order to study the evolution of the crack in an elastic body, we review the model proposed by A. A.
Griffith.

Theorem 3.1 (Minimum energy theorem). The equilibrium state of an elastic solid body, subjected to
prescribed surface forces, is such that the potential energy of the whole system is at its minimum.

Since the total potential energy is not convex, we have, in general, local minima. This non-convexity
motivates the following rupture criterion:

Theorem 3.2 (Rupture criterion). The equilibrium position must be one in which rupture of the solid has
occurred, if the system can pass from the unbroken to the broken condition by a process involving a continuous
decrease of the total potential energy.

However, in order to apply this extended theorem to the problem of finding the breaking loads of real
solids, it is necessary to take into account the increase in potential energy. When a rupture occurs, new
surfaces are formed in the interior of the solid, and it is known that work must be done against the cohesive
forces of the molecules on either side of the crack. This work appears as potential surface energy, which
per unit area is a material constant. On the other hand, the rupture of the material also releases some
elastic potential energy. Thus, a balance must be considered between the released elastic potential energy,
which decreases as the crack opens, and the surface potential energy, which increases with the formation of
new surfaces. From the physical point of view, the validity of this model is quite narrow in the range of
phenomena related to cracks, as it is confined to the case of quasi-static propagation of a brittle, pre-existing
crack. However, it provided the basis on which fracture mechanics developed.

3.2 Notation.
In this chapter, we consider:

1. Ω ⊂ R2;

2. K0 the initial crack.

For simplicity, we can consider Ω to be a rectangle and the admissible cracks to be restricted to the family
of closed line segments Kl of the form [0, l] × {0}, with l ∈ [0, L]. In the theory of Griffith, the cohesive
forces across the crack are neglected, hence the potential energy of the fracture is just of the form Gc l, where
Gc > 0 is a material parameter, often written as Gc = 2γ, where γ is the toughness of the material. As
before, we have the elastic deformation ul on Ω \Kl. Moreover, we set a boundary displacement ĝ = α(t)g,
with:
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• g ∈ H1/2(∂Ω;R2);

• α ∈ C1([0, T ]);

• α is strictly monotonically increasing;

• α(0) = 0;

imposed on ∂DΩ. In our example, we consider ∂DΩ the upper and lower edges of Ω. The remaining part of
the boundary ∂N Ω = ∂Ω \ ∂DΩ is traction free. In this context, we have the previously seen elastic energy.
Moreover, since the material is brittle, the faces of the crack Kl are traction free. A schematic representation
of the initial configuration is shown below:

∂DΩ

∂DΩ

K0

0 L

ĝ

ĝ

To summarize, we have two parameters: the spatial parameter ℓ ∈ [0, L] and the time parameter t ∈ [0, T ].
The model we are considering is quasi-static, which means that, for any time t ∈ [0, T ], the system is in
equilibrium.
Let us consider now the initial configuration Ω \K0 and let t = 0. Then, we have u0 = 0 on ∂DΩ. From the
previous section, we know that there exists a unique û0 such that:

û0 = argmin
{
E(v) : v ∈ H1(Ω \K0;R2), v = g ∂DΩ

}
.

with E(v) the elastic energy seen in the previous section. Now, we consider the evolution in time, with the
spatial parameter ℓ = 0 fixed (i.e. the crack is not propagating) and t > 0. Then, we define:

u0(t) = argmin
{
E(v) : v ∈ H1(Ω \K0;R2), v = ĝ ∂DΩ

}
. (3.1)

The eq. (3.1) has a unique solution of the form u(t) = α(t)û0. Consider the operator

S : H1/2(∂Ω;R2) −→ H1(Ω \K0;R2),
h 7−→ uh,

(3.2)

where uh denotes the unique solution of 3.1 with boundary condition u = h. Since the associated bilinear
form is continuous and the problem admits a unique solution, the operator S is well-defined, linear, and
continuous. Then:

α(t)û0 = α(t)S(g) = S(α(t)g) = uα(t)g.

Thus, we write u(t) := uα(t)û0 .
Remark. The result holds for any l ∈ [0, L].
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We denote:
Ê(l) := min

{
E(u) : u ∈ H1(Ω \Kl; R2), u = g ∂DΩ

}
(3.3)

Definition 3.1. The free energy functional F̂ : [0, L] → [0,+∞) is given by:

F̂ (l) = Ê(l) +Gc l

This form of the free energy is not optimal, since the value of the energy is not explicit with respect to
its argument. In many applications, including Griffith’s work, the exact value of the energy is replaced by
suitable estimates in special cases, but, for our purpose, this is not possible. At this point, let us introduce
a fundamental quantity, the energy release rate, which measures the decrease in elastic energy with respect
to crack increments. In the open interval [0, L], the energy release rate is defined as:

Ĝ(l) := − ∂

∂ℓ
Ê(l). (3.4)

Note that the quantity Ĝ is analogous to GΦ introduced in section 2.5.

3.3 Classic framework
Thanks to the previous definitions, the Griffith’s criterion stated before can be formulated in:

Proposition 3.1. A crack Kl is in equilibrium when Ĝ(l) ≤ Gc. It may propagate in quasi-static regime
when Ĝ(l) = Gc. The case Ĝ(l) ≥ Gc is related to unstable propagation.

The unstable propagation should be out of our quasi-static framework, but this is not always possible.
The Griffith’s criterion can be written conveniently in terms of the free energy F̂ . In fact:

∂

∂l
F̂ (l) = ∂

∂l
Ê(l) +Gc = −Ĝ(l) +Gc. (3.5)

It follows that the crack is in equilibrium when the free energy is non-decreasing, i.e. when −Ĝ(l) +Gc ≥ 0.
Note that for l = L, the inequality −Ĝ(L) + Gc ≥ 0 is trivially satisfied, since Ĝ(L) = 0 and Gc > 0. This
means that, independently of any material parameter, the fracture KL = [0, L] is stationary.
Now, consider that in the time frame [0,+∞), the evolution of the state variables l and u is driven by
the Dirichlet boundary condition seen before: u(y) = ĝ(t, y) = α(t)g(y) for y ∈ ∂D(Ω), with the previous
hypothesis for α. Then, we define E(t, l) and G(t, l) as in eq. (3.4) - eq. (3.5) and, thanks to eq. (3.2):

E(t, l) = α2(t)Ê(l), G(t, l) = α2(t)Ĝ(l).

In analogy, we have:
F (t, l) = E(t, l) +Gc l = α2(t)Ê(l) +Gc l. (3.6)

We can present a set of equations that conveniently describes the quasi-static propagation of the crack Kℓ.
Let ℓ(t) denote the position of the crack tip in the quasi-static propagation. At time t, the fracture set is
Kℓ(t) = [0, ℓ(t)]. Griffith’s criterion can be written conveniently in terms of the Kuhn–Tucker conditions: for
every time t ∈ [0,+∞): 

ℓ̇(t) ≥ 0,
G(t, ℓ(t)) ≤ Gc,(
G(t, ℓ(t)) −Gc

)
ℓ̇(t) = 0.

(3.7)

The first equation gives the stationarity of the crack, while the third gives the propagation condition: if the
crack advances (ℓ̇(t) > 0), then G(t, ℓ(t)) = Gc (the release rate G has reached the critical value Gc). The
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second equation represents an equilibrium condition. Indeed, from eq. (3.6), we have that ∂ℓF ≥ 0, which
means that, as the crack grows, more energy is released. Therefore, taking ℓ(t) as the reference point, we
obtain that F (t, ℓ(t)) is a local minimum. Moreover, by the chain rule, we have:

d

dt
F (t, ℓ(t)) = ∂tF (t, ℓ(t)) + ∂ℓF (t, ℓ(t))ℓ̇(t).

Recalling eq. (3.6) and the Kuhn-Tucker conditions, it follows that:

∂ℓF (t, ℓ(t))ℓ̇(t) = 0.

By the power balance, we conclude:

d

dt
F (t, ℓ(t)) = ∂tF (t, ℓ(t)) = Pext(t),

where Pext(t) is the power of the external forces. Then:∫ T

0

d

dt
F (t, ℓ(t)) dt =

∫ T

0
Pext(t) dt = Lext(0, T ); (3.8)

where Lext is the work done by the external forces between 0 and T . On the other hand:∫ T

0

d

dt
F (t, ℓ(t)) dt = F (T, ℓ(T )) − F (0, ℓ(0)) = E(T, ℓ(T )) +Gcℓ(T ) − E(0, ℓ(0)). (3.9)

From eq. (3.8) - eq. (3.9), we obtain:

E(T, ℓ(T )) = E(0, ℓ(0)) + Lext(0, T ) −Gcℓ(T ).

The evolution problem formulated above in terms of classical derivatives is, in general, not well-given, as the
existence of a solution is not guaranteed.
We will see in the following that the function ℓ is, in general, not differentiable in the classical sense and
may not even be continuous. In particular, ℓ may have jump discontinuities. This behaviour may seem
inconsistent with the physical setting. However, the quasi-static evolution should be interpreted as a limit
process, obtained by time rescaling. From this perspective, jump discontinuities correspond to fast transitions
occurring on a very small time intervals. This is the case for the evolution by stationary points. In general,
the admissible evolutions ℓ are only of bounded variation; hence, their time derivative ℓ̇ is a measure. As
a consequence, eq. (3.7) must be reformulated in a suitable weak sense. Finally, we remark that the jump
discontinuities are related to the non-convexity of the energy functional. The natural generalization of the
Kuhn-Tucker conditions is the following:

G(t, ℓ(t)) ≤ Gc, ∀t ∈ [0, T ], (3.10)(
G(t, ℓ−(t)) −Gc

)
dℓ(t) = 0, (3.11)

where eq. (3.10) holds for every t ∈ [0, T ], while eq. (3.11)is to be interpreted in the sense of measures:∫
A

(
G(t, ℓ−(t)) −Gc

)
d ℓ(t) = 0 for every Borel set A ⊂ [0, T ]

There are two important differences in the activation condition compared to the classical formulation. First,
G(t, ℓ(t) is replaced by the left limit G(t, ℓ−(t)) =

(
G(t, ℓ(t))

)−. Using left limits is natural because the
activation depends only on the evolution up to time t. Second, the measure dℓ is used instead of the
derivative ℓ̇. Note that dℓ is a space variable, being a measure, and not a velocity as ℓ̇. Moreover, let us
write dℓ = dℓa + dℓc + dℓj ,where dℓa is the absolutely continuous part, dℓc is the Cantor part, and dℓj is
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concentrated on the set of jumps S(ℓ). Then:

dℓa = ℓ̇(t)dt dℓj =
∑

t∈S(ℓ)

(ℓ+(t) − ℓ−(t))δt =
∑

t∈S(ℓ)

[[ℓ(t)]]δt

where ℓ̇(t) is the density with respect to the Lebesgue measure dt, and δt is the Dirac delta concentrated in
t. Being dℓk, for k = a, c, j mutually singular, the activation condition holds separately for each measure:(

G(t, ℓ−(t)) −Gc

)
dℓk(t) = 0 for k = a, c, j

in the sense of measures in [0, T ]. In particular, for the velocity ℓ̇(t) the Kuhn–Tucker condition becomes:(
G(t, ℓ(t)) −Gc)ℓ̇(t) = 0 for a.e. t ∈ [0, T ],

while for the jumps it reads (
G(t, ℓ−(t)) −Gc)[[ℓ(t)]] = 0 ⇔ G(t, ℓ−(t)) = Gc.

We remark that it is important to require that eq. (3.10)-eq. (3.11) holds true in the sense of measure and
not only for a.e. t ∈ [0, T ]. Our requirement is slightly stronger, but the difference is fundamental since
characteristic features of the evolution, such as jump points, are concentrated on sets that are a.e. negligible.
In the sequel, it will be clear that eq. (3.10)-eq. (3.11) is not enough to characterize the evolution in the
presence of jump discontinuities; the characterization of the evolution at jumps requires knowledge of the
behaviour of G(t, ·) on the interval [ℓ−, ℓ+].
The evolutions presented in the next sections are defined in terms of the energies.

Proposition 3.2. Let ℓ ∈ BVloc(0,+∞). Then, F (·, ℓ(·)) ∈ BVloc(0,+∞). The distributional derivative
dF is a measure and can be written as:

dF = Pext(t)dt− (G(t, ℓ(t)) −Gc)(daℓ+ dcℓ) + dj F , (3.12)

where Pext is the same as before, defined as:

Pext(t) =
∫

∂DΩ
ġ(t, y)

(
σ(t, y) ν(y)

)
dy.

Remark. In terms of the decompositions, we have:

dF = da F + dc F + dj F

dℓ = ℓ̇ dt+ dcℓ+ djℓ.

Combining with eq. (3.12):

da F = (Pext(t) − (G(t, ℓ(t)) −Gc)ℓ̇(t) dt,
dc F = −(G(t, ℓ(t)) −Gc)dcℓ,

djF =
∑

t∈S(ℓ)

[[F (t, ℓ(t))]]δt,

where

[[F (t, ℓ(t))]] = F (t, ℓ+(t)) − F (t, ℓ−(t)) = −
∫ ℓ+(t)

ℓ−(t)
(G(t, s) −Gc) ds.

Proof. Since F (t, l) is of class C1 with respect to l by the chain rule in BV it follows that F (t, ℓ(t)) ∈
BVloc(0,+∞). Hence, its distributional derivative dF is a measure of the form dF = da F + dc F + dj F .
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More precisely:

da F + dc F = ⟨∇F , (dt, daℓ+ dcℓ)⟩ =

= ∂

∂t
F (t, ℓ(t)) dt+ ∂

∂l
F (t, ℓ(t))(daℓ+ dcℓ) =

= ∂

∂t
E(t, ℓ(t)) dt− (G(t, ℓ(t)) −Gc)(daℓ+ dcℓ).

Since E(t, ℓ) = α2(t)Ê(ℓ) and recalling eq. (2.1):

∂

∂t
E(t, ℓ(t)) = 2α(t)α̇(t)Ê(ℓ) = α(t)α̇(t)

∫
∂DΩ

(σ̂(t, y) ν(y))ĝ(y) dy.

Remembering that ġ(t, y) = α̇(t)ĝ(y) and uℓ(t)(x) = α(t)ûℓ(t)(x):

∂

∂t
E(t, ℓ(t)) =

∫
∂DΩ

(σ(t, y) ν(y)) ġ(t, y) dy = Pext(t).

Note that Pext ∈ L1 since α̇ ∈ L1 and Ê ∈ L∞. Moreover:

djF =
∑

t∈S(ℓ)

(
F (t, ℓ+(t)) − F (t, ℓ−(t))

)
δt = −

∑
t∈S(ℓ)

(∫ ℓ+(t)

ℓ−(t)
(G(t, s) −Gc) ds

)
δt,

which concludes the proof.

Remark. For all the evolutions considered here, djF is a negative measure and (G(t, ℓ(t))−Gc)(daℓ+dcℓ) = 0.
Hence, the energy F (t, ℓ(t)) belongs to SBVloc(0, T ) and satisfies the inequality dF ≤ Pext dt (in the sense
of measures).

3.4 Evolution by stationary points
In this section, we present the evolution using a time-discretization technique, following a constructive
approach. Let ∆tk be a positive sequence of time increments such that ∆tk ↘ 0. For every index k, consider
a uniform time discretization tkn = n∆tk, for n ∈ N. Then, we define the sequence ℓk

n by induction with
respect to n ∈ N as:

ℓk
0 = l0, ℓk

n = min{l ∈ [ℓk
n−1, L] : G(tkn, l) ≤ Gc}. (3.13)

Remark. If ℓk
n > ℓk

n−1, then G(tkn, l) > Gc for l ∈ [ℓk
n−1, ℓ

k
n). By continuity of G, we obtain G(tkn, ℓk

n) = Gc.
Furthermore, for l ∈ [ℓk

n−1, ℓ
k
n):

∂

∂l
F (tkn, l) = −G(tkn, l) +Gc < 0,

which implies that F (tkn, ·) is strictly decreasing in [ℓk
n−1, ℓ

k
n), in agreement with the Griffith criterion.

In this way, the crack advances only when the stationarity condition is violated, and stops as soon as it
is satisfied. Indeed, ℓk

n is the stationary point of the free energy F (tkn, ·), closest to ℓk
n−1. Equivalently, from

a physical point of view, eq. (3.13) can be written as:

ℓk
0 = l0, ℓk

n = argmin{Gc(l − ℓk
n−1) : l ∈ [ℓk

n−1, L], with G(tkn, l) ≤ Gc}

Let ℓk : [0,+∞) → [l0, L] be the piecewise constant function given by:

ℓk(t) = ℓk
n for tkn ≤ t < tkn+1.

We now define the evolution ℓG as the limit of ℓk
n defined above, as ∆tk ↘ 0.
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Definition 3.2. A function ℓG : [0,+∞) → [l0, L] is an evolution of the quasi-static crack propagation
problem in the sense of Griffith if there exists a subsequence of {ℓk} converging pointwise to ℓG.

Remark. The existence of a limit function in the sense of the preceding definition is guaranteed by the
following general result:

Theorem 3.3 (Helly’s Theorem). Let ℓn : R → R be a sequence of uniformly bounded and non-decreasing
functions. Then, there exists a subsequence that converges pointwise to a bounded and non-decreasing function
ℓ.

Proposition 3.3. Let α be a strictly monotone control. Then, for every time tkn:

ℓk
n = min{l ∈ [l0, L] : G(tkn, l) ≤ Gc}. (3.14)

In particular, if l0 < ℓk
n < L, then G(tkn, ℓk

n) = Gc.

Proof. We argue by induction.

n = 1. It follows directly from eq. (3.13).

n > 1. Assume eq. (3.14) holds true for time tkn. By definition:

ℓk
n+1 = min{l ∈ [ℓk

n, L] : G(tkn+1, l) −Gc ≤ 0}.

If ℓk
n = l0, then eq. (3.14) is satisfied for ℓk

n+1. Otherwise, by induction, G(tkn, l)−Gc > 0 for l ∈ [l0, ℓk
n).

Denoting α2
n := (α(tkn))2 and using the monotonicity of α:

G(tkn+1, l) −Gc = α2
n+1Ĝ(l) −Gc ≥ α2

nĜ(l) −Gc = G(tkn, l) −Gc > 0 for l ∈ [l0, ℓk
n).

Hence, eq. (3.14) holds true in tkn+1. Finally, if l0 < ℓk
n < L, then G(tkn, l) −Gc > 0 for l ∈ [l0, ℓk

n) and
G(tkn, ℓk

n) −Gc) ≤ 0. By the continuity of G, we get G(tkn, ℓk
n) −Gc = 0.

The following proposition provides a variational characterization of ℓG.

Proposition 3.4. Let α be a strictly monotone control. Then, ℓG satisfies the initial condition ℓG(t0) = l0
and is non-decreasing. Moreover, for every t ∈ [0,+∞):

ℓG(t) = min{l ∈ [l0, L] : G(t, l) ≤ Gc}. (3.15)

Remark. An evolution satisfying the above properties is unique.

Proof. The property of monotonicity and the verification of the initial condition are a direct consequence
of Helly’s Theorem. Given t ∈ [0,+∞), and k ∈ N, let m ∈ N depending on t and k (the dependence
will be omitted) be defined by m =

⌊
t

∆tk

⌋
(where ⌊·⌋ denotes the integer part). Then, tm and ℓm denote,

respectively:
tm = tkm = m∆tk, ℓm = ℓk

m = ℓk(tm) = ℓk(t).

By the definition of ℓm we have G(tm, ℓm) ≤ Gc. Passing to the limit with respect to m, the continuity of
G gives G(t, ℓG(t)) ≤ Gc. Furthermore, let l < ℓG(t). Then ℓm > l for k ≫ 1. By Proposition 3.3 we know
that G(tm, l) > Gc, then by the monotonicity of α:

Gc < G(tm, l) = α2(tm)Ĝ(l) ≤ α2(t)Ĝ(l) = G(t, l).

Thus G(t, l) > Gc for l < ℓG(t).

Corollary 3.1. ℓG is left-continuous in (0,+∞).
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Proof. It is enough to consider the case l0 < ℓ−
G(t). Let us check that G(t, ℓ−

G(t)) ≤ Gc and that

G(t, l) > Gc if l0 ≤ l < ℓ−
G(t).

Let t′ < t, then G(t′, ℓG(t′)) ≤ Gc. As t′ ↗ t, the equilibrium inequality becomes G(t, ℓ−
G(t)) ≤ Gc. Still

assuming t′ < t, let l < ℓG(t′). Then, by monotonicity of α:

Gc < G(t′, l) = α2(t′)Ĝ(l) ≤ α2(t)Ĝ(l) = G(t, l).

Since t′ is arbitrary, the above inequality follows for every l < ℓ−
G(t).

In conclusion, ℓ−
G(t) enjoys all the properties of Proposition 3.4, by uniqueness it must coincide with ℓG(t).

Now, let us see the detailed properties of the solution ℓG. We define t0 and T for ℓG as:

t0 = sup{t ∈ [0,+∞) : ℓG(t) = ℓ0}, T = inf{t ∈ [0,+∞) : ℓG(t) = L}.

Theorem 3.4. ℓG belongs to BVloc(0,+∞). Moreover:

G(t, ℓG(t)) ≤ Gc in [0,+∞); (3.16)
G(t, ℓG(t)) is continuous in [0,+∞) \ {T}; (3.17)
(G(t, ℓ−

G(t)) −Gc)d ℓG(t) = 0 in the sense of measures in [0,+∞). (3.18)

Furthermore, for t ∈ S(ℓG) we have:

(G(t, l) −Gc) ≥ 0 for every l ∈ [ℓ−
G(t), ℓ+

G(t)] \ {L}. (3.19)

Therefore: ∫ ℓ+
G

(t)

ℓ−
G

(t)
(G(t, l) −Gc) dl ≥ 0.

Proof. The proof is based on the variational property stated in Proposition 3.4 and on Corollary 3.1. For
simplicity, we consider only the case 0 < t0 < T < +∞.

1. eq. (3.16) comes directly from Proposition 3.4.

2. For eq. (3.17), we know that G(t, ℓG(t)) = α2(t)Ĝ(l0) is continuous in [0, t0). Thanks to Corollary 3.1,
ℓG is left-continuous in (0,+∞) and thus, since G is continuous, G(t, ℓG(t)) is continuous in [0, t0]. If
t0 < t < T , then l0 < ℓG(t) < L. Hence, by Proposition 3.4, G(t, l) > Gc for l0 ≤ l < ℓG(t). Passing to
the limit as l ↗ ℓG(t), it gives G(t, ℓG(t)) ≥ Gc. Since G(t, ℓG(t)) ≤ Gc, it follows that G(t, ℓG(t)) = Gc

in (t0, T ).

3. We now prove eq. (3.18). We just need to verify G(t0, ℓ(t0)) ≥ Gc, as the opposite inequality is true
by Proposition 3.3. By monotonicity, ℓG(t) ≥ ℓG(t0) for t > t0. Then:

G(t, ℓG(t0)) > Gc if ℓG(t) > ℓG(t0),
G(t, ℓG(t0)) = Gc if ℓG(t) = ℓG(t0).

Therefore, G(t, ℓG(t0)) ≥ Gc for every t > t0. By continuity, G(t0, ℓG(t0)) ≥ Gc. Finally, we can say
that G(t, ℓG(t)) is continuous in [0,+∞) \ {T} and it is explicitly given by:

G(t, ℓG(t)) =


α2(t)Ĝ(l0) for t ≤ t0,

Gc for t0 ≤ t < T,

0 otherwise.
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In particular, the initiation time t0 is characterized by α2(t0)Ĝ(l0) = Gc. From this representation of
G(t, ℓG(t)) and from Corollary 3.1, eq. (3.18) is straightforward.

4. It remains to consider eq. (3.19). Let t ∈ S(ℓG) and t′ > t. Then, ℓG(t′) ≥ ℓ+
G(t) and by Proposition 3.4,

G(t′, l) > Gc for every l < ℓG(t′). Hence, G(t′, l) > Gc for every l < ℓ+
G(t). As t′ tends to t, we get

G(t, l) ≥ Gc for every l < ℓ+
G(t) and in particular for l ∈ [ℓ−

G(t), ℓ+
G(t)).

Remark. We see that the activation condition (eq. (3.16)) holds true for every time in [0,+∞). In particular,
at t = t0 the crack starts to propagate only when the critical value of the energy release rate is attained.
As for jumps, eq. (3.19) says that for t ∈ S(ℓG) the crack “moves” instantaneously from ℓ−

G to ℓ+
G through

some unstable states l ∈ (ℓ−
G, ℓ

+
G), with G(t, l) ≥ Gc. Strictly speaking, this behaviour is not compatible

with the quasi-static framework; however, it should be considered as the limit behaviour of a fast dynamic
propagation.

In the case of strictly monotone controls the Kuhn–Tucker conditions are equivalent to Definition 3.2.

Proposition 3.5. Let α be a strictly monotone control. If ℓ is non-decreasing, left-continuous and satisfies
eq. (3.19)-eq. (3.19), then ℓ = ℓG everywhere in [0,+∞).

Proof. Clearly G(t, ℓ(t)) ≤ Gc. It remains to show that G(t, l) > Gc for l < ℓ(t). Let τ < t such that
ℓ(τ) < l < ℓ+(τ). If ℓ(τ) = ℓ+(τ), then G(τ, l) = Gc. Otherwise, by eq. (3.19) we have G(τ, l) ≥ Gc. In both
cases:

α2(t)Ĝ(l) > α2(τ)Ĝ(l) = G(τ, l) ≥ Gc,

which concludes the proof.

In general, if α is not strictly monotone, the above equivalence between the Kuhn–Tucker equations and
Definition 3.2 is not true, and it is possible to find counter examples.

Proposition 3.6. The energy F (t, ℓG(t)) ∈ SBVloc(0,+∞). Its derivative is a measure that can be repre-
sented as:

dF = Pext(t) dt+ djF .

In particular, for every time interval (t1, t2) in [0,+∞), the following energy balance holds:

F (t2, ℓ−
G(t2)) − F (t1, ℓ+

G(t1)) =
∫ t2

t1

Pext(t) dt−
∑

t∈S(ℓG)∩(t1,t2)

∫ ℓ+
G

(t)

ℓ−
G

(t)

(
G(t, s) −Gc

)
ds.

A similar formula holds true in [t1, t2] taking into account possible jumps in the end points.

By eq. (3.19) and Proposition 3.2, it follows immediately that djF is a non-negative measure. Physically,
it represents the amount of energy dissipated during an instantaneous propagation of the crack. Using the
characterization of Theorem 3.4 it is possible to prove the following representation result, which gives the
rate independence of ℓG.

Proposition 3.7. Denote by λG(τ) the evolution for the boundary condition ĝ(τ, ·) = τg(·) (i.e. we take
α(τ) = τ). Let ℓG be the solution for ĝ(t, ·) = α(t)g(·). Then:

ℓG(t) = λG ◦ α(t)

Theorem 3.5. If the energy Ê(ℓ) is strictly convex (concave), then there exists a unique evolution, which is
a steady (unsteady) state.

Proof. We have seen that, under a strictly monotone control α, there is a unique evolution of the crack
length satisfying Griffith’s criterion, which has the form:

ℓG(t) = min{l ∈ [ℓ0, ℓT ] : G(t, l) ≤ Gc} for every t ∈ [0, T ].
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We recall that Ê(ℓ) is C1(0, ℓT ), decreasing and in general non-convex. Now, Ê(ℓ) is convex if and only if
its derivative is monotone non-decreasing. By Griffith’s criterion, a crack K of length ℓ can only propagate
when G(t, ℓ) = Gc. Then, recalling the definitions of t0 and T , for t < t0, ℓG(t) = ℓ0, since G(t, ℓ) < Gc. On
the other hand, for t ∈ [t0, T ], Ĝ(ℓG(t)) = Gc/α

2(t). Furthermore, we know that Ĝ is strictly decreasing.
Hence, it is invertible. giving a uniquely determined value of ℓG(t). Moreover, Ê is strictly convex if and
only if Ĝ is strictly decreasing, and:

G(t, ℓG(t)) = α2(t)Ĝ(ℓG(t)) = Gc.

Then:
Ĝ(ℓG(t)) = Gc α

−2(t)

and, thanks to the continuity of Ĝ:
ℓG(t) = Ĝ−1(Gc α

−2(t)).

Since:

1. Ĝ is continuous and strictly decreasing;

2. α is continuous and strictly increasing;

then Ĝ−1 is continuous and strictly increasing. If instead Ê(ℓ) is concave, then Ĝ(ℓ) is strictly increasing.
Therefore, once the threshold value Gc is reached by α2(t0)Ĝ(ℓ0), the crack starts propagating and, by the
monotonicity of Ĝ, Ĝ(ℓ) > Gc for every ℓ > ℓ0. Therefore, the system is in an unsteady state, and the crack
propagates instantaneously (t0 = T ).

If α is not monotonically increasing, it is still possible to define, in a simple way, a quasi-static evolution
satisfying the Kuhn Tucker conditions; however, it is not clear how to employ a variational characterization.
We remark that in this case the evolutions are not unique. Assume that α ∈ W 1,∞

loc (0,+∞) and that α(0) = 0.
First of all, let us define the non-decreasing envelope α by:

α(t) =
∫ t

0
[α′(s)]+ ds,

where [·]+ is the positive part. By standard results on Sobolev spaces α belongs to W 1,∞
loc , it is non-decreasing

and non-negative. Note that α could be defined equivalently as:

α(t) = sup
s∈(0,t)

α(s).

Let λG(τ) be the (unique) quasi-static evolution obtained with control β(τ) = τ . Then, ℓG(t) = λG(α(t))
will be a quasi-static evolution with control α. Its properties are listed in the next theorem.

Theorem 3.6. ℓG is non-decreasing and satisfies the initial condition ℓG(0) = l0. It belongs to BVloc(0,+∞)
and enjoys the Kuhn–Tucker conditions:

G(t, ℓG(t)) ≤ Gc in [0,+∞), (3.20)
G(t, ℓG(t)) is continuous in [0,+∞) \ {T}, (3.21)
(G(t, ℓ−

G(t)) −Gc) dℓG(t) = 0 in the sense of measures in [0,+∞). (3.22)

Furthermore, for t ∈ S(ℓG), we have:

(G(t, ℓG(t)) −Gc) ≥ 0 for every l ∈ [ℓ−
G(t), ℓ+

G(t)] \ {L}. (3.23)

Proof. It is immediate to check that ℓG is non-decreasing and that it satisfies the initial condition.
Since α is Lipschitz, we can apply the chain for compositions of BV functions, obtaining ℓ±

G(t) = λ±
G(α(t))
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for every t ∈ S(ℓG). Let us see that, for every t ∈ [0; +∞) we have ℓ−
G(t) = λ−

G(α(t)). On the contrary,
the analogous property for ℓ+

G holds true only in the discontinuity points. In fact, if α is constant in a
neighbourhood of the jump, the property is false. We prove that ℓG is left-continuous, from which follows
the above assertion. By monotonicity the left-continuity is equivalent to:

ℓG(t) = sup
t′<t

ℓG(t′)

and then to:
λG(α(t)) = sup

t′<t
λG(α(t′)).

As α is monotone, the previous equation can be written as:

λG(α(t)) = sup
α<α(t)

λG(α)

which holds true thanks to the left-continuity of λG. For convenience, let us recall the Kuhn–Tucker relations
for λG:

G(τ, λG(τ)) ≤ Gc in [0,+∞),
G(τ, λG(τ)) is continuous in [0,+∞),
(G(τ, λ−

G(τ)) −Gc) dλG = 0 in the sense of measures in [0,+∞).

Furthermore, for τ ∈ S(λG), we have:

(G(τ, l) −Gc) ≥ 0 for every l ∈ [λ−
G(t), λ+

G(t)] \ {L}.

Then:

1. eq. (3.20) is true by a change of variables;

2. eq. (3.21) is true by the continuity of τ = α(t) and G(τ, λ−
G(τ);

3. eq. (3.22) is true by the chain rule using the fact that ℓ−
G(t) = λ−

G(α(t));

4. eq. (3.23) is true by a change of variables.

We now see an example of continuous evolution with snap back. Consider the following boundary
condition:

g(x1, x2) = 1
2x2

(
e−x2

1 + 3
4x

2
1 + 1) (3.24)

with control α(t) = t. Under this choice, the example provides a clear picture of the various evolutions
and their properties. In general, there are no explicit formulas for Ê or Ĝ: the plots have been obtained
by a polynomial interpolation of the numerical data (see [5]). From these plots, it is evident that Ê is
non-increasing and non-convex, and Ĝ is non-negative and non-monotone.
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obtained by a polynomial interpolation of the numerical data (the reader is referred
to [28] for the numerical computations). From these plots it is evident that bE is non-
increasing and non-convex, thus bG is non-negative and non-monotone.

It is useful to consider also the set ¹.t; l/ W G.t; l/ D Gcº of stationary points in
the .t; l/ plane. In this representation (see Figure 3) it is immediate to distinguish
between stable and unstable points (in the sense of Griffith): for every l 2 Œl0; L� there
is a unique t such that G.t; l/ D Gc , thus the points .t 0; l/ on the left of the curve,
i.e. for t 0 < t , are stable, since G.t 0; l/ < G.t; l/ D Gc (by monotonicity of ˛). On
the contrary, the points .t 0; l/ on the right are unstable, since G.t 0; l/ > G.t; l/ D Gc .
It is easy to see that in this case it is not possible to find a continuous, non-decreasing
evolution contained in the stable region; as a consequence we expect the solutions
to have discontinuity points. In some sense the main difference between the various
evolution will be their behaviour in the jump points.

Ll0

l

bE

Ll0

l

bG

Figure 2. Plot of the elastic energy bE and of the energy release rate bG, as functions of l ,
for the boundary data (4.1) (the scale of the vertical axis is adapted to the graphs).

Brought to you by | Universita di Pavia
Authenticated | matteo.negri@unipv.it author's copy

Download Date | 11/13/13 3:21 AM

162 M. Negri

obtained by a polynomial interpolation of the numerical data (the reader is referred
to [28] for the numerical computations). From these plots it is evident that bE is non-
increasing and non-convex, thus bG is non-negative and non-monotone.

It is useful to consider also the set ¹.t; l/ W G.t; l/ D Gcº of stationary points in
the .t; l/ plane. In this representation (see Figure 3) it is immediate to distinguish
between stable and unstable points (in the sense of Griffith): for every l 2 Œl0; L� there
is a unique t such that G.t; l/ D Gc , thus the points .t 0; l/ on the left of the curve,
i.e. for t 0 < t , are stable, since G.t 0; l/ < G.t; l/ D Gc (by monotonicity of ˛). On
the contrary, the points .t 0; l/ on the right are unstable, since G.t 0; l/ > G.t; l/ D Gc .
It is easy to see that in this case it is not possible to find a continuous, non-decreasing
evolution contained in the stable region; as a consequence we expect the solutions
to have discontinuity points. In some sense the main difference between the various
evolution will be their behaviour in the jump points.

Ll0

l

bE

Ll0

l

bG

Figure 2. Plot of the elastic energy bE and of the energy release rate bG, as functions of l ,
for the boundary data (4.1) (the scale of the vertical axis is adapted to the graphs).

Brought to you by | Universita di Pavia
Authenticated | matteo.negri@unipv.it author's copy

Download Date | 11/13/13 3:21 AM

Figure 3.1: Plot of the elastic energy Ê and of the energy release rate Ĝ, as functions of l, for the boundary
data eq. (3.24)

Our goal is: given 0 < t0 < T < +∞, find a suitable control α(t) in such a way that:

ℓ(t) =


l0 t ≤ t0,

m(t− t0) + l0 t0 ≤ t ≤ T, for m = (L− l0)/(T − t0)
L t ≥ T

is a Lipschitz evolution satisfying the properties of Theorem 3.6. Consider Ĝ(l) > 0 in [l0, L] and that
lim
s→L

−Ĝ(s) = G < +∞. Let αi for i = 1, 2 be defined respectively as :

α1 =
(

Gc

Ĝ(l0)

) 1
2

, α2 =
(

Gc

Ĝ(L)

) 1
2

.

Let us define:

α(t) =


(α1/t0)t, t ≤ t0,(
Gc/Ĝ(ℓ(t)

)1/2
t0 ≤ t ≤ T,

α2 t ≥ T.

208 M. Negri

Consider that bG.l/ > 0 in Œl0; L� and that lims!L� bG.s/ D NG < C1. Let ˛i

(i D 1; 2) be defined respectively by

˛1 D .Gc=bG.l0//1=2 ; ˛2 D .Gc=bG.L//1=2 :

Let us define

˛.t/ D

8̂
<
:̂

.˛1=t0/t ; t � t0 ;

.Gc=bG.`.t///1=2 ; t0 < t < T ;

˛2 ; t � T :

A plot of ˛ is given in Figure 21. Note that ˛ 2 W1;1
loc .0; C1/, since bG is locally

Lipschitz and bG > 0, but it is not monotonically increasing.
It is easy to check that with this choice of ˛ the function ` defined above satisfies

the properties of Theorem 12.1, in particular

P̀ D `0.t/ dt ; where `0.t/ D m�.t0; T /.t/ :

It is worth to remark that this evolution presents a typical snap-back behaviour:
the crack propagates at time t0 even if the load (through the boundary condition) is
decreasing. As usual, the effect is clear in the plot of the conventional strain and
stress. Here, considering that Og is not constant and that u.x; y/ is anti-symmetric with
respect to y, it is convenient to employ the conventional variables . Nu; Ns/ defined by

Nu D
Z

@D�C

u dy D ˛

Z
@D�C

Og ; (12.5)

Ns D
� Z

@D�C

.� � n/g
�ı� Z

@D�C

g
�

D ˛
� Z

@D�C

. O� � n/ Og
�ı� Z

@D�C

Og
�

; (12.6)

where @D�C denotes the upper face of �. (Note that when Og is constant Ns equals the
classical conventional stress N� D R

@D�C.� � n/).

t0 Tt�
0 T �

˛1

˛2

t

Figure 21. Graph of the controls ˛ (bold) and N̨ (solid).
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Figure 3.2: Graph of the controls α (bold) and α.
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Note that α ∈ W 1,∞
loc (0,+∞), since Ĝ is locally Lipschitz and Ĝ > 0, but it is not monotonically increasing.

The effect is clear in the plot of the conventional strain and stress. With this choice of α, the function ℓ
defined above satisfies the properties of Theorem 3.6. In particular:

ℓ̇ = ℓ′(t)dt where ℓ′(t) = mχ(t0,T )(t).

This evolution presents a typical snap-back behaviour: the crack propagates at time t0 even if the external
load (i.e. α) is decreasing. Here, considering that ĝ is not constant and that u(x, y) is anti-symmetric with
respect to y, it is convenient to employ the conventional variables (u, s) defined as:

u = 1
|∂DΩ+|

∫
∂DΩ+

u dy = 1
|∂DΩ+|

α

∫
∂DΩ+

g dy; (3.25)

s =
(∫

∂DΩ+
(σ̂ν) · ĝ dy

)/(∫
∂DΩ+

ĝ dy

)
= α

(∫
∂DΩ+

(σν) · g dy
)/(∫

∂DΩ+
g dy

)
, (3.26)

where ∂DΩ+ denotes the upper face of Ω.

Remark. If g is constant, then s is simply:

1
|∂DΩ+|

∫
∂DΩ+

σν dy

We denote:
g = 1

|∂DΩ+|

∫
∂DΩ+

g dy.

Then, u(t) = α(t)g.

Proposition 3.8. In the previous setting:

s(t) = α(t)Ê(ℓ(t))
Lg

.

Proof. We have Ω ⊂ R2 and u : Ω → R2. By symmetry:

u1(x, y) = u1(x,−y) u2(x, y) = −u2(x,−y).

Then:
∂

∂x
u1(x, y) = ∂

∂x
u1(x,−y), ∂

∂y
u2(x, y) = ∂

∂y
u2(x,−y),

Moreover, we can denote (from its definition):

g(x, y) = 1
2xh(y).

Then: ∫
∂DΩ+

(σν) · g dy =
∫

∂DΩ−
(σν) · g dy

since ν+ = ê2 and ν− = −ê2. Using:

1. integration by parts;

2. div(σ ν) = 0 on ∂N Ω and K±
ℓ ;

3. div σ = 0;
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we obtain:∫
∂DΩ+

(σν) · g dy = 1
2

∫
∂(Ω\K)

(σν) · û dy = 1
2

∫
Ω\Kℓ

σ : Du dy = 1
2

∫
Ω\Kℓ

σ : ε dy = E(ℓ)

Applying the calculations to the definition of s, we obtain the claim.

Comparative analysis for quasi-static brittle crack propagation 209

Letting Ng D R
@D�C Og, integration by parts leads to

Nu.t/ D ˛.t/ Ng ; Ns.t/ D ˛.t/
� Z

@D�C

.�r Ou`.t/ � n/ Og
�ı

.L Ng/ D ˛.t/bE.`.t//=.L Ng/ ;

since @u=@n D 0 in @N�C n @D�C and u.x; 0/ D 0 for x � `.t/ (by symmetry). For
the evolution defined above, the plot of the curve . Nu.t/; Ns.t// is contained in Figure 22.

Note that during the snap back the evolution follows an unstable branch of the en-
ergy (represented in Figure 20 by the dotted branch of the graph in l0): G.t; `.t// D
Gc but G.t; l/ > Gc ahead of the tip, i.e. for l > `.t/, and G.t; l/ < Gc for l < `.t/.
Therefore, during the snap-back `.t/ is a local maximum of the energy F .

Note also that this solution is not unique and in particular it is different from the
evolution `G.t/ defined in previous section by the change of variable `G.t/ D �. N̨ .t//;
here it is given by (see Figure 23)

`G.t/ D

8̂
<
:̂

l0 ; t � t�
0 ;

m.t � t0/ C l0 ; t0 � t � T � ;

m.T � � t0/ C l0 ; t � T � ;

for m D .L � l0/=.T � t0/ ;

where t�
0 D max¹t W ˛.t/ � ˛1º and T � D min¹T W N̨ < ˛ in ŒT; C1/º (see

Figure 21). Finally, we remark that for this example there infinitely many bifurcations,
indeed every function of the form

`?.t/ D

8̂
<
:̂

l0 ; t � t?
0 ;

m.t � t0/ C l0 ; t0 � t � T ? ;

m.T ? � t0/ C l0 ; t � T ? ;

for m D .L � l0/=.T � t0/ :

Nu

Ns

Figure 22. Curve . Nu.t/; Ns.t// of the conventional variables.
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Figure 3.3: Curve u, s) of the conventional variables

For the evolution defined above, the plot of the curve (u, s) is contained in fig. 3.3. Note that during the
snap back, the evolution follows an unstable branch of the energy (represented by the dotted branch of the
graph in l0 in fig. 3.4): G(t, ℓ(t)) = Gc but G(t, l) > Gc ahead of the tip, i.e. for l > ℓ(t), and G(t, l) < Gc

for l < ℓ(t). Therefore, during the snap-back, ℓ(t) is a local maximum of the energy F . Note also that this
solution is not unique and in particular it is different from the evolution ℓG(t) = λ(α(t)) defined previously,
see fig. 3.5

206 M. Negri

In the particular case of our example, the evolutions of the preceding sections are
contained in stable branches of the plot, corresponding to local or global minima of the
energy functional. Actually, depending on the regularity of F or in case of unloading,
it may happen that `G is not a local minima. An example, related to the so called snap
back behaviour, is given in Section 12.1.

Ll0

l

Gc=˛2.t/

Figure 20. Locus of stationary points for the reference example.

12 More general boundary conditions

If ˛ is not monotonically increasing it is still possible to define, in a simple way,
a quasi-static evolution enjoying the Kuhn–Tucker conditions; on the contrary, it is not
clear how to employ a variational characterization. We remark that in this case the
evolutions are not unique (see next section).

For sake of brevity, we will present the idea only for the evolution `G, the other
cases are similar. Assume that ˛ 2 W1;1

loc .0; C1/ and that ˛.0/ D 0. First of all, let
us define the non-decreasing envelope N̨ by

N̨ .t/ D
Z

.0;t/

Œ˛0.s/�C ds ;

where Œ � �C is the positive part. By standard results on Sobolev spaces N̨ belongs to
W1;1

loc .0; C1/, it is non-decreasing and non-negative (note that N̨ could be defined
equivalently as N̨ .t/ D max¹˛.s/ W s 2 Œ0; t �º).

Denote by �G.
/ the (unique) quasi-static evolution obtained with control ˇ.
/ D

 . Then `G.t/ D �G. N̨ .t// will be a quasi-static evolution with control ˛. Its properties
are listed in the next theorem.
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Figure 3.4: Locus of stationary points in the reference example

46



Here, it is given by:

ℓG(t) =


l0, t ≤ t∗0,

m(t− t0) + l0, t∗0 ≤ t ≤ T ∗ for m = (L− l0)/(T − t0),
m(T ∗ − t0) + l0, t ≥ T ∗,

where:

t∗0 = max{t : α(t) ≤ α1},
T ∗ = min{t : α < α in [t,+∞)}.

Finally, we remark that for this example there are infinitely many bifurcations, indeed every function of the
form:

ℓ⊛(t) =


l0, t ≤ t⊛0 ,

m(t− t0) + l0, t⊛0 ≤ t ≤ T⊛, for m = (L− l0)/(T − t0),
m(T⊛ − t0) + l0, t ≥ T⊛,

defines an evolution which satisfies all the properties in Theorem 3.6 for every choice of t⊛0 ∈ [t0, t∗0] and
T⊛ ∈ [T ∗, T ].210 M. Negri

L

l0

t
t0 Tt�

0 T �

Figure 23. The evolutions ` (bold) and `G (solid).

defines an evolution, which satisfies all the properties in Theorem 12.1, for every
choice of t? 2 Œt0; t�

0 � and T ? 2 ŒT �; T �.

13 Ordering

In conclusion we give a unified statement of the ordering results contained in the pre-
vious sections.

Theorem 13.1. Let ˛ be a strictly increasing control, and " > 0, then the following
relations hold true a.e. in Œ0; C1/

`EM D `TZ D `G � `" � `MO D `FM :

Appendix. Helly’s Theorem

Theorem 13.2. Let `nW R ! R be a sequence of uniformly bounded, non-decreasing
functions. Then there exists a subsequence that converges pointwise to a bounded,
non-decreasing function `.
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Figure 3.5: The evolutions ℓ (bold) and ℓG
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