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Abstract

Questa tesi ¢ dedicata allo studio di una corrispondenza bulk-bordo per teorie
quantistiche di campo scalari su spazitempi asintoticamente piatti nel caso
massivo e interagente. Dopo una breve introduzione alle strutture geomet-
riche alla base di questo lavoro, e in particolare la definizione di spazitempi
globalmente iperbolici e asintoticamente piatti, introduciamo il formalismo
della teoria quantistica dei campi algebrica perturbativa (pAQFT). Gli os-
servabili interagenti vengono costruiti perturbativamente mediante la mappa
di Mgller classica e la sua controparte quantistica, la mappa di Bogoliubov. A
partire dalla corrispondenza bulk-bordo per un campo scalare libero, privo di
massa e con accoppiamento conforme, sviluppiamo un’estensione per il caso
massivo e interagente per studiarne il comportamento asintotico. Nel caso
massivo, 1’osservabile di campo viene rappresentato come una serie formale in
m?2, i cui coefficienti ammettono indipendentemente una proiezione al bordo.
Sullo spaziotempo di Minkowski e in presenza di un cutoff infrarosso, dimos-
triamo la convergenza della serie al bordo mediante stime in energia per il
problema di Goursat. Per una teoria auto-interagente con potenziale quar-
tico, estendiamo perturbativamente la costruzione e calcoliamo la correzione
al primo ordine nella costante di accoppiamento della proiezione del tensore
energia-impulso al bordo.

This thesis is devoted to the analysis of a bulk-to-boundary correspondence
for massive and interacting scalar quantum field theories on asymptotically
flat spacetimes. After reviewing the geometric structures underlying the
construction, in particular globally hyperbolic and asymptotically flat space-
times, we introduce the framework of perturbative algebraic quantum field
theory (pAQFT). Interacting observables are constructed perturbatively by
means of the classical Mgller map and its quantum counterpart, the Bogoli-
ubov map. Starting from the bulk-to-boundary correspondence for a free,
conformally coupled massless scalar field, we develop extensions to massive
and interacting theories in order to study the asymptotic behaviour of the
theory. In the massive case, the field observable is constructed as a for-
mal power series in m?, whose coefficients admit a projection to future null
infinity. On Minkowski spacetime, and in the presence of an infrared cut-
off, we prove convergence of the resulting boundary series by means of en-
ergy estimates for the characteristic Goursat problem. For a quartically self-
interacting theory, we extend the construction perturbatively and compute
the first-order correction in the coupling constant to the projected stress-
energy tensor at the boundary.
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Chapter 1

Introduction

Quantum field theory (QFT) represents the theoretical framework which de-
scribes elementary-particle physics and, more generally, quantum systems
with an infinite number of degrees of freedom. In the standard formula-
tion on Minkowski spacetime, quantum fields are represented as operator-
valued distributions acting on a suitable Hilbert space. For free theories,
the latter can be constructed as a Fock space over the corresponding one-
particle Hilbert space, thereby encoding the creation and annihilation of
particles. The symmetries of Minkowski spacetime allow one to select a dis-
tinguished Poincaré-invariant vacuum and, correspondingly, a decomposition
of the fields into positive- and negative-frequency modes. This gives rise to
annihilation and creation operators which, for Bosonic theories, satisfy the
canonical commutation relations [Wei95; |[PS19].

Within this framework, exact solutions for interacting theories are in
general not available, and interactions are therefore typically treated per-
turbatively. A central role is played by scattering theory, which relates the
interacting dynamics to asymptotically free particle states. In Minkowski
spacetime, one assumes that the interacting field approaches a free theory
sufficiently far in the past and future, so that incoming and outgoing states
can be defined in terms of the corresponding free Fock spaces. The relation
between these asymptotic states is encoded by the S-matrix, whose matrix
elements determine scattering amplitudes. Perturbatively, the S-matrix is
expanded as a formal power series in the coupling constants, with coeffi-
cients given by time-ordered products of quantum fields. These time-ordered
products encode all the perturbative contributions associated with the in-
teraction. Even though the resulting series are generally formal rather than
convergent, they provide highly accurate physical predictions [Dys52; [Wei22;
Wei95).

Despite its remarkable success, this framework relies heavily on the un-



derlying background being Minkowski spacetime. As a matter of fact, on
a generic curved spacetime, there may be neither a preferred time direction
nor a set of isometries that allow one to identify uniquely a ground state.
Hence, a direct counterpart of the Poincaré vacuum and of the positive- and
negative-frequency splitting cannot, in general, be defined canonically. A
framework that does not rely on these structures is therefore required to de-
scribe phenomena such as Hawking radiation and cosmological applications
such as inflation and baryogenesis [Haw75; [Wal75; (Gut81; RT99).

These difficulties motivate the introduction of a different approach, called
algebraic quantum field theory (AQFT) [HK64; HaalO; (WG65; Ara99|. This
framework disentangles the notion of physical state from that of physical
observables, treating the latter as the starting point of the theory and in-
troducing the state only at a later stage [KM15|. For a free scalar field on
a globally hyperbolic spacetime [Wal84], one constructs a unital x-algebra
A(M) generated by smeared quantum fields, denoted by ¢(f), subject to
the equation of motion, hermiticity and canonical commutation relations de-
termined by the causal propagator of the theory [BGPO0S|.

In this approach, states are introduced as linear, normalised and positive
functionals w on A(M) and they allow to recover a probabilistic interpreta-
tion in terms of expectation values proper of a quantum theory. Once a state
has been selected, the Gelfand-Naimark-Segal theorem |GN43} Segd7| allows
one to associate to any pair (A(M),w) a suitable Hilbert-space representa-
tion, recovering the familiar construction typical of Minkowski-space QFT.
Among all possible algebraic states, Hadamard states play a distinguished
role: their short-distance singularity structure has the universal form required
by quantum field theory on curved spacetime and locally reproduces that of
the Minkowski vacuum [RV96; Rad96|. Once a Hadamard state has been
selected, it is possible to enlarge the algebra of observables to include powers
of quantum fields via a Wick-ordering procedure, allowing to include phys-
ically relevant observables, such as the stress-energy tensor [HWO01; HW02;
Mor03].

However, the axiomatic formulation of AQFT does not give an explicit
perturbative construction of interacting observables on curved backgrounds.
For this purpose, it is convenient to adopt a perturbative formulation of
the algebraic approach called perturbative algebraic quantum field theory
(pPAQFT) |BF00; Rejl6]. Within this framework, observables are encoded
in a suitably defined algebra of functionals on the space of kinematic field
configurations. The quantisation of the theory is achieved by a deformation
of the pointwise product of the algebra [Moy49; DF01; HR19|, leading to a
representation of its elements as formal power series in h. Interactions are
introduced through the definition of a time-ordered product, implemented
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by means of the Feynman propagator [HW01; HW02; Rej16]. The definition
of this product leads to the necessity of performing a renormalisation proce-
dure, which in this context is formulated as the problem of extending powers
of the Feynman propagator to the diagonal of M x M [Ste71; |(GET73|.

Once a renormalisation procedure has been carried out, the interaction
can be implemented perturbatively via the formal S-matrix. Interacting ob-
servables are then constructed by means of the Bogoliubov map [Bog+80;
GE73|, which expresses them as formal power series in both & and the cou-
pling constant \.

A central application of quantum field theory is the description of scatter-
ing processes. In Minkowski spacetime, scattering theory is conventionally
formulated in terms of asymptotic ingoing and outgoing fields, assumed to
become asymptotically free sufficiently far in the past and the future. On a
generic curved background, however, this description is no longer canonical
as it is dependent on the choice of a preferred time coordinate.

A particularly favourable setting to study scattering processes while re-
taining manifest covariance is provided by asymptotically flat spacetimes,
which describe isolated gravitational systems whose geometry approaches
that of Minkowski spacetime, in a suitable sense, along null directions [Wal84;
Ash15|. These spacetimes admit a conformal completion of the physical
spacetime (M, g) into an unphysical one (MV, g), with infinity represented
geometrically as a conformal boundary at a finite coordinate distance. Of
particular relevance are future and past null infinities, .#* and .#~, which
represent the accumulation sets of outgoing and incoming radiation, respec-
tively. This construction therefore provides the natural arena on which scat-
tering processes can be described without referring to a coordinate-dependent
limit, with asymptotic data assigned directly at past and future null infinities
[Fri80; BSZ90; [Joul2; Nic24].

Null infinities also enjoy a rich symmetry structure. Although one might
expect the asymptotic symmetry group to reduce to the Poincaré one, the
transformations that preserve the universal structure of .#* form the infinite-
dimensional Bondi-Metzner-Sachs (BMS) group [Sac62; Pen63; BVM62|. It
contains, in a suitable sense, infinitely many distinct Poincaré subgroups re-
lated by a new set of transformations included in the BMS-group, called
supertranslations. The resulting enlarged symmetry structure plays an im-
portant réle in modern studies of gravitational scattering, where BMS sym-
metries are related to asymptotic charges and the infrared behaviour of the
theory [Strl4].

Within the framework of pAQFT, this viewpoint can be implemented
through a bulk-to-boundary correspondence. For a massless, conformally

111



coupled scalar theory, one can construct a s-homomorphism from the alge-
bra of observables in the bulk to a suitably defined algebra at null infinity
[DMP06; DPP11; DMP17|. The boundary algebra thus retains information
about the asymptotic behaviour of bulk observables. Furthermore, under
suitable assumptions, one can construct a unique BMS-invariant state on
the boundary algebra, whose pullback identifies a distinguished Hadamard
state in the bulk [DMP17]. The correspondence between field theories in
the bulk and at the boundary motivates the study of quantum field theories
defined intrinsically on null infinity, where the degenerate nature of the met-
ric makes the construction substantially different from that of a theory on a
Lorentzian background [DMP06; DGH14; FPT26].

The bulk-to-boundary construction is particularly natural for the case of
a massless, conformally coupled scalar field, due to the conformal invariance
of the associated equation of motion. The introduction of a mass term in
the action breaks conformal invariance and it introduces, after the conformal
transformation, a singular potential at null infinity, making the extension of
the projection map to a massive theory non-trivial.

Thus, the first objective of this thesis is to tackle this problem in order
to obtain a well-defined boundary projection for massive field observables in
the pAQFT framework. After defining the fundamental algebra structure
and a bulk-to-boundary map for the free theory, we employ the principle
of perturbative agreement, according to which a quadratic contribution such
as a mass term may be treated either as part of the free dynamics or per-
turbatively as an interaction, with equivalent constructions [DHP17|. By
adopting the latter viewpoint, the massive field observable is represented as
a formal power series in the square of the mass, with coefficients belonging to
the massless theory. Therefore, each term in the perturbative series admits
an independent projection to null infinity, yielding a corresponding formal
boundary series for the massive field at null infinity.

Specialising to Minkowski spacetime, we employ energy estimates for the
Goursat problem, an initial value problem with initial data on a null hyper-
surface, to prove the convergence of the boundary series in the presence of an
infrared cutoff. This establishes the well-posedness of the bulk-to-boundary
map within this setting for massive scalar fields.

The second objective of the thesis is to investigate the extension of the
bulk-to-boundary construction to interacting quantum theories. By compos-
ing the Bogoliubov map with the projection defined for the free theory, we
obtain a perturbative description of asymptotic observables for the interact-
ing theory. As a concrete model, we consider a A\¢* theory and compute, at
first order in the coupling A, the projection of the interacting stress-energy
tensor to future null infinity.
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The structure of the thesis is the following: Chapter £2]is devoted to out-
lining the mathematical tools necessary for the core of this work. In Section
we introduce the key geometric elements needed for the description of a
quantum field theory in the aforementioned setting. In particular, in Section
basic notions of causality theory and globally hyperbolic spacetimes are
introduced, while in Section 2.1.2] we define the notion of asymptotically flat
spacetimes and present some of their core properties. Then, in Section 2.2]
we present the pAQFT framework. We start by introducing the kinematical
field configurations in Section and we define physical observables as an
algebra of functionals thereon, satisfying certain conditions on their singu-
lar structure, in Section 2.2.2] The dynamics is then introduced in Section
2.2.3| via the Lagrangian formalism. The equation of motion for the field the-
ory arises as stationary points of the associated action. Section treats
the quantisation of the theory, obtained by a deformation of the pointwise
product of the algebra of observables to recover the canonical commutation
relations. The notion of algebraic state and the GNS theorem are presented
in Section allowing to recover a Hilbert space description of the theory.

Given our goal to analyse an interacting quantum field theory, in Sec-
tion [2.2.6| we introduce interactions at the level of the classical theory. The
classical Mgller map is introduced in order to perturbatively construct classi-
cal interacting observables. The quantum case is presented in Section [2.2.7]
where we introduce the definition of time-ordered product and the associ-
ated renormalisation procedure. Furthermore, we present the Bogoliubov
map, which represents the quantisation of the Mgller map. Finally, in Sec-
tion [2.2.8 we introduce the algebra of asymptotic observables constructed at
null infinity and we present the construction of a bulk-to-boundary map for
the free, massless, conformally coupled scalar theory.

Subsequently, we move to the analysis of the massive case in Chapter
Here we implement the principle of perturbative agreement to define the mas-
sive theory as a deformation of the massless one and construct perturbatively
a projection map for the massive field observable. The resulting boundary
series is analysed after a succinct overview of the Goursat problem, and the
well-posedness of the projection is established by energy estimates.

In Chapter [} we introduce an extension of the bulk-to-boundary map to
perturbative series of interacting observables. After introducing the stress-
energy tensor and its main properties within the pAQFT framework, we
explicitly compute its projection to future null infinity at first order in per-
turbation theory for a quartic interaction potential.



Chapter 2

Mathematical Tools

2.1 Geometric setting

The core of this work is focused on the analysis of a quantum scalar field
theory at the lightlike boundary of a distinguished class of spacetime, the
asymptotically flat ones. The interest towards the study of these spacetimes
stems, for example, from the analysis of quantum field theories in isolated
gravitational systems such as the Schwarzschild black hole. The aim of this
chapter is to outline the geometric structures underlying the discussion in the
following chapters. We present a succinct but self-contained overview of fun-
damental notions in Lorentzian geometry that shall be employed throughout
the work. A preliminary key ingredient in this regard is the identification
of a suitable class of backgrounds, enjoying notable properties. Among the
plethora of Lorentzian manifolds with boundary, we focus on those which are
globally hyperbolic, see Definition They represent the arena of algebraic
quantum field theory, see Chapter 2, allowing for well-posedness of initial
value problems while avoiding physically pathological scenarios.

Subsequently, we introduce asymptotically flat spacetimes, which consti-
tute one of the main focuses of our study. These manifolds are character-
ized by the property of behaving similarly to Minkowski spacetime when
approaching infinity along lightlike curves. We conclude by outlining some
of their main properties, with particular emphasis on a characterization of
the asymptotic symmetries.

For a complete analysis of these topics, we refer the reader to [Wal84,
Chapters 8, 11| and [BGP08, Chapter 1].

2.1.1 Global hyperbolicity

We start by establishing some key notions in Lorentzian geometry.
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2.1. GEOMETRIC SETTING

Definition 2.1. We call spacetime a smooth, Hausdorff, second-countable,
connected, oriented and time-oriented d-dimensional manifold M equipped
with a Lorentzian metric g, whose signature reads (—, +,...,+).

Henceforth, we shall confine our attention to four dimensional back-
grounds, since these are the one carrying the most physical significance.
Moreover, unless otherwise stated, in this section we shall only consider man-
ifolds with empty boundary.

In Lorentzian manifolds we can distinguish between three different classes
of vectors:

Definition 2.2. Let (M,g) be a Lorentzian manifold and let T,M be the
tangent space at p € M. Moreover, let g, denote the scalar product induced
on T,M by the metric g. We say that a vector v € T, M\{0} is timelike,
lightlike (null) or spacelike if g,(v,v) < 0, g,(v,v) =0 or g,(v,v) > 0
respectively.

By looking at their tangent vector, we can also define curves that are
spacelike, timelike or lightlike:

Definition 2.3. Let (M, g) be a Lorentzian manifold and let
vy: I —- M, ICR,

be a curve at least C'(I; M) with nowhere vanishing tangent vector. We say
that ~y is timelike, lightlike or spacelike if () is timelike, lightlike or
spacelike as per Definition for all X € I. Here Y(\) denotes the tangent
vector to the curve at y(\). We say that v is a causal curve if §(\) is either
timelike or lightlike for all .

This definition allows one to determine whether two regions of a spacetime
are causally connected.

Definition 2.4. Let (M, g) be a spacetime as per Definition[2.1} Letp € M,
we call chronological future of p the set

I'(p) ={qge M|3~:]0,1] =M timelike,
future-directed curve, v(0) = p,y(1) = ¢}.

Stmilarly we define the causal future of p as

Jt(p) ={qg e M|3y:[0,1] =M causal,
future-directed curve, v(0) = p,y(1) = ¢}.



2.1. GEOMETRIC SETTING

The chronological and causal pasts, denoted by I~ (p) and J~(p) respectively,
are defined analogously by reversing the time orientation.
Moreover, let S C M be a subset. The chronological future of S is the

set
) =J 1w,
peS
whilst the causal future of S reads

THS) = T ),

peS
and analogously for the chronological and causal past of S.

Once these structures have been defined, we can proceed by introducing
the notion of globally hyperbolic spacetimes. The reasons for considering this
distinguished class of backgrounds are twofold. On the one hand notewor-
thy is the absence of physically pathological scenarios, such as closed causal
curves. On the other hand they possess distinguished hypersurfaces thanks
to which a well-defined initial value problem for a hyperbolic differential op-
erator, such as the Klein-Gordon one, can be consistently formulated. To
this end, we need some preliminary definitions.

Definition 2.5. Let (M,g) be a spacetime as per Definition and let
3 C M. We say that ¥ is achronal if

YNIt(X) =0,

where IT(X) denotes the chronological future of ¥ as per Definition
Moreover, we define the future domain of dependence of ¥ as

DY(X)={pe M|Vy:R D J — M past-inextensible causal curve through p,
Im(y) N3 # 0}

Similarly, we define the past domain of dependence D~ (%) by replac-
ing past-inextensibility with future-inextensibility and the (total) domain of
dependence by setting D(X) = DT(X) U D~ (X).

Domains of dependence are at the heart of the definition of Cauchy sur-
faces, whose existence completely characterizes globally hyperbolic space-
times.

Definition 2.6. Let (M,g) be a spacetime as per Definition and let
3 C M be a subset of M. We say that 3 is a Cauchy hypersurface if
and only if it is closed, achronal and D(X) = M, where D(X) is the domain
of dependence of ¥ as per Definition [2.5 We say that M is a globally
hyperbolic manifold if and only if it admits a Cauchy hypersurface.

3



2.1. GEOMETRIC SETTING

Using Definition to establish global hyperbolicity of a generic space-
time is often impractical. For this reason, we give an equivalent characteri-
zation.

Theorem 2.1. Let (M, g) be a spacetime as per Definition[2.1, Then M is
globally hyperbolic as per Definition if and only if it s isometric to R x 3
equipped with a metric whose line element reads

ds? = —Bdt* + d3?, peC®RxY),

where ds? is the line element of a smooth Riemannian metric hy on the man-
ifold ¥y = {t} x ¥ depending smoothly on t. Furthermore, [ is a strictly
positive, smooth function on R x 3. Moreover, every Y; identifies a smooth

spacelike Cauchy surface in M as per Definition

For a proof of this theorem we refer to [BS05, Th. 1.1].

Among the properties of globally hyperbolic spacetimes, we here highlight
one that would be helpful in the following. We first introduce the notion of
strongly causal spacetime

Definition 2.7. Let (M, g) be a spacetime as per Definition We say
that M is strongly causal if, for all p € M and for all open neighborhoods
UC M, peU, thereis another open subset V- C U which is causally convez,
namely, every causal curve whose endpoints lie in V is entirely contained
within V.

Proposition 2.1. Let (M, g) be a globally hyperbolic spacetime as per Defi-
nition [2.0, then, M is strongly causal as per Definition

For a proof, we refer to [Wal84, Lemma 8.3.8|.

2.1.2 Asymptotically flat spacetimes

While global hyperbolicity ensures the well-posedness of initial value prob-
lems for hyperbolic differential operators, in this work we are interested in the
analysis of the asymptotic behaviour of physical observables. Therefore, it is
necessary to restrict our attention to spacetimes that enjoy suitable asymp-
totic properties, heuristically they mimic the flat Minkowski spacetime at
large distances.

Definition 2.8. Let (M, g) be a spacetime as per Definition We say
that M is asymptotically flat at future null and timelike infinity if
there exist another spacetime (./\;l,g”]), a smooth embedding with open image
L M — M, a smooth function Q € C®((M)) and a preferred point
it € M, such that the following conditions hold:

4



2.1. GEOMETRIC SETTING

1. (M) C M is a manifold with boundary M. Moreover, it holds that

J~(iT; M) is closed and satisfies
J (@ MNOT (it; M) = 1(M).

Here J~ (it /\21) denotes the causal past of 1™ with respect to the causal
structure of M. Additionally, OM = Z T U {i*}, where

I =00 (i M),

2. (M, §) is strongly causal in an open neighborhood of .+ as per Defi-
nition [2.7,
3. Q‘L(M) = 0%g and Q|L(M) is strictly positive. Moreover, Q‘MM) = 0,

dQ #£ 0 everywhere on S while it vanishes at i, where d§) denotes
the exterior derivative of ). Additionally, it holds that V,V,Q(i") =

_2§;w (ZJr) ’

4. There ezists a smooth function w € C*(M) that is strictly positive on
MU IT such that, calling n the vector field whose local components
read n® = G*0,12, @a(w‘lna) = 0. Here @a are the components of the
Levi-Ciita connection of M, and the integral curves of the vector field
w™tn are complete on I+,

5. The vacuum FEinstein equations R, = 0 are fulfilled in a neighborhood
of 1, where R, is the Ricci tensor.

A few remarks are in due order.

Remark 2.1. We can similarly define a spacetime that is asymptotically
flat at past null and timelike infinity by identifying a preferred point 1~
such that the interior of its causal future corresponds to the embedded physical
spacetime. In this case we shall denote the boundary as Ou(M) = &~ U{i" }.

Remark 2.2. There also exists another possible notion of infinity, namely
the spatial one. However, since our focus shall mainly be towards the null
structure, we will not discuss this other scenario and we refer the reader to
[Wal84), Section 11.1] for a detailed analysis.

Remark 2.3. The fourth condition in Definition entails that ™+ is dif-
feomorphic to R x S%, regardless of the underlying manifold. Thus, for every
asymptotically flat spacetime, it is possible to choose on I a set of coor-
dinates (u,0,¢) € R x S?, called Bondi coordinates. Here the coordinate
u in particular can be regarded as the affine parameter of the null geodesic

generating I+, see (Wal8), Section 11.1].

b}



2.1. GEOMETRIC SETTING

To provide a concrete realization of Definition 2.8] we now outline the
conformal completion of standard 4-dimensional Minkowski space M*.

We start with the line element of the metric 7, which, in standard spher-
ical coordinates (¢,7,0,¢) € R x (0,00) x S?, reads

ds? = —dt* + dr* +r2dS?*(0,¢), dS*(0,¢) = dF* +sinf*d¢®.  (2.1)

We introduce the advanced and retarded null coordinates

u=t—r t=1r

v=t+r |r= =
Since r > 0, it necessarily follows that v > u. The line element of 1 can be
rewritten as:

ds®* = —du dv + i(v —u)?dS?*(, ¢). (2.2)

The asymptotic behaviour along null geodesics corresponds to the limits u —
—o0 (past null infinity .# ) and v — oo (future null infinity #*). We apply
a conformal transformation 1 — Q2p in order to bring future and past null
infinities to a finite coordinate distance. This is achieved by another change
of coordinates:

V = tan"!(v),
U = tan"!(u),

where the domain of definition of these new coordinates is

e (-55)(53)

The asymptotic boundaries correspond now to V' = % for #* and U = -7
for #~. Due to the monotonicity of the arctangent function, the condition
V > U is preserved. The metric transforms as

1 sin?(V — U)
D — 2
ds” = COSQ UCOSQ Vv dU dV + 40082 U0082 V dS (6)’ ¢) (23)
Note that we cannot safely extend the metric at U = —7 and V' = 7 due to

the singularity in the metric. Hence, we apply a conformal transformation
with conformal factor Q(U, V') = 2cosU cos V' to obtain

d3* = —4dU dV +sin*(V — U)dS*(9, ¢). (2.4)

Finally, it is convenient to introduce the additional coordinate transformation
T =V+U,
R=V-U



2.1. GEOMETRIC SETTING

The final form of the conformally transformed metric is
ds? = —dT? + dR? + sin*(R) dS*(6, ¢). (2.5)

Observe that Equation is nothing but the line element of the Einstein
static universe R x S?, which plays the role of the unphysical spacetime M
in Definition The smooth embedding ¢ : M* — R x S* maps Minkowski
spacetime into the open set:

(MY = {(T,R,0,0) ERxS’| —m<T+R<7, R>0} CRxS* (2.6)
The boundary of ¢(M*) in R x S* can be decomposed as follows
(MY = 7T U s Uit Ui~ Ui
. We have

e Future null infinity

It ={(T,R,0,6) cERxS*|T+R=mT#0,R#0},

Past null infinity
I = {(T7R797¢> € R x S3IT_R: —’7'(',7j§lé 07R7é0}7

Future timelike infinity

it ={(T,R,0,0) eRxS*|R=0,T =},

Past timelike infinity
im={(T,R,0,¢) cRxS}|R=0,T = —7},

Spatial infinity
io={(T,R,0,¢) cERxS*| R=m, T =0}.

We now focus on the structure associated to future null infinity #*. The
first condition in Definition 2.8 is satisfied since #* is the accumulation set
of all future-directed null geodesics originating from M*. Therefore it cannot
intersect the causal past of any point inside of it. Moreover, since the Einstein
static universe R x S? is globally hyperbolic, also the second condition is met.
By construction, we have that

§|L(M4) = 0%, 2=2cosUcosV = cosT + cos R,

7



2.1. GEOMETRIC SETTING

where 2 can be extended to the entire Einstein static universe. Moreover,
it vanishes whenever U = +7 or V = %7, and therefore also on #7*. Its
exterior derivative reads

dQ = —2sinUcosV dU — 2cosU sin V dV.

On future null infinity, this never vanishes since & = {(U, V)|V = Z,U #
+7} and thus we obtain

dQ|]+ = —2cosUdV,

Hence also the third condition is satisfied. Finally, since the Minkowski space-
time is a solution to the vacuum Einstein equations, also the last condition
is met.

An important observation regarding the metric structure induced on the
future null boundary is that it is non-unique. As a matter of fact, we can
rescale the conformal factor by another scalar, strictly positive smooth func-

tion w € C*°(M). In this way we obtain the following rescaling
h— w2ﬁ, n — w_ln,

where £ is the metric induced on £+ by § and n is the vector field whose
integral curves generate .# . However, the topology of R x S? is left un-
changed. The freedom in the choice of this additional factor w is a gauge
freedom, which identifies equivalence classes of metric structures on .# .

We denote these equivalence classes with the triple [(#, h,n)], where h
denotes the metric induced on .#* by g, that of the unphysical spacetime
M. Thus, we say that (I, hy, ny) ~ (I, ho, ng) if there exists a smooth,
strictly positive function w such that hy = w?hy while ny = w™'n..

This important property of asymptotically flat spacetimes is linked to
another one, called universality, according to which all conformal boundaries
7 for different spacetimes are diffeomorphic to one another. More precisely,
for every pair of asymptotically flat spacetimes (M, g1), (Ma, g2), once two
representatives of the equivalence class of metric structures (,ﬂf,ﬁl,nl),
(57 hy,ny) are selected, there exists a diffeomorphism 7 : .#7 — ;" such
that 7*[31 = l~12 and y*n; = ny. Here 4" denotes the pullback of the dif-
feomorphism . This property stems from the possibility of choosing Bondi
coordinates for every asymptotically flat spacetime, see [Wal84} Section 11.1],
see also Remark 2.3

Given the universal nature of the boundary .#*, one might wonder whether
this structure admits a distinguished class of symmetries, which can be re-
garded as those of our spacetime, asymptotically. This motivates the defi-
nition of the BMS group, which plays an important réle in the study of the
properties of asymptotically flat spacetimes.



2.1. GEOMETRIC SETTING

Definition 2.9. Let (M, g) be an asymptotically flat spacetime as per Defi-
m'tion and let Z+ denote future null infinity. Moreover, let h denote the
metric on ST induced by that of the unphysical spacetime while n is the vec-
tor field whose integral curves form Z+. We call Bondi-Metzner-Sachs
(BMS) group the group of diffeomorphisms v : T — T such that

YWIN) =Y, yh=w’h, yn=wln weO®I),
where w 1s a strictly positive, smooth function.

An explicit realization of this group is obtained as follows. We first choose
a Bondi frame, whose coordinates read (u, 0, ¢) € R x S? and then we apply
the stereographic projection to define the coordinates (¢,() € C? via the

defining relations
{g = e"‘z"cot(g)
(=e™ COt(g)
It turns out that, in this frame, the BMS group is

Gems = SO(3,1)4 x COO(SQ)»

where x denotes the semidirect product between the proper orthochronous
Lorentz group SO(3, 1)1 and C*(S?). Given an element (A, f) € SO(3,1); x
C>(S?) the action on an arbitrary point p = (u,(,() € £ reads

u' = KA(CO)(u+ £(¢, Q)

E = AC= ﬁ : (2.7)
¢ =A¢ =24
where
= 1+¢¢

KA(ga C) =

(aaC + ba) (@ + ba) + (eaC + da)(Cal + dn)’

Mm1(A) = (“A bA) |

ca da

Here II : SL(2,C) — SO(3,1); is the surjective covering homomorphism
from SL(2,C) to SO(3,1). Thus, the matrix TI"'(A) is defined up to a
global sign that plays no role. Moreover, the group structure is given by the
product ®, which acts on two elements (A’, ), (A, f) € SO(3,1); x C*(S?)
as

(N, YO N f)=(NA, f+ (Kp-10A)-(f o). (2.8)

9



2.1. GEOMETRIC SETTING

Here o denotes the composition of maps while - denotes the pointwise product
of functions.

One might expect the asymptotic symmetry group of an asymptotically
flat spacetime to be isomorphic to the Poincaré group. However, the semidi-
rect product with C*(S?) reveals a much richer symmetry structure. Within
this structure, we can identify a subgroup isomorphic to the Poincaré group
by restricting to & = SO(3,1); x T*, where T* is the four-dimensional
subgroup defined as

=0 m=-1

1 l
T = {oz € C(S) [a(¢, ) =D Y mYim(C.0), cum € c} :

where the terms Y}, denote the standard spherical harmonics. This subspace
T* is isomorphic to the group of spacetime translations R*.

We can thus decompose the space C*°(S?) as a direct sum of vector spaces
T* @ ST, where ST denotes the complement of 7% and whose elements are
called pure supertranslations. An important feature of this decomposition is
that, while the Lorentz group acts on 7% invariantly, the complement ST is
not preserved.

If we act on the Poincaré subgroup with a pure supertranslation g =
(I, f) € Ggums, f € ST, the conjugated subgroup ¢~! ® & ® g remains
isomorphic to the Poincaré group. Consequently, different choices of su-
pertranslations lead to distinct, non-equivalent embeddings of the Poincaré
group within Gpys. In this sense, the BMS group contains infinitely many
distinct copies of the Poincaré group related by elements of ST.

The existence of this enlarged asymptotic symmetry group, and the re-
sulting ambiguity in selecting a canonical Poincaré subgroup, plays a fun-
damental role in the study of asymptotically flat spacetimes and is closely
related to the definition of asymptotic charges at null infinity. In suitable
asymptotically BMS-invariant theories, identifying effects linked to the spe-
cific choice of a Poincaré subgroup can yield information on the underlying
geometry of the bulk. For a complete analysis of the BMS group we refer to
[Sac62].

10



2.2. ALGEBRAIC QUANTUM FIELD THEORY

2.2 Algebraic Quantum Field Theory

In this section we establish a rigorous mathematical framework for a scalar
quantum field theory on globally hyperbolic spacetimes without boundary us-
ing the perturbative algebraic approach (pAQFT). The exposition proceeds
in three stages. The first part formalizes classical free field theory, defining
the configuration space, the algebra of observables, and the underlying clas-
sical dynamics. In the following we address the quantization of this algebra
via deformation quantization, hence encoding the canonical commutation
relations (CCR). Finally, the last part of this section focuses on the inter-
acting theory by employing perturbative techniques to construct interacting
observables from their free counterparts.

2.2.1 Kinematical configurations

Constructing a field theory requires specifying the admissible kinematical
field configurations. Physically, this amounts to specifying the type of field
under consideration, such as a scalar or spinorial field. Mathematically, the
internal degrees of freedom of these fields are encoded by selecting an appro-
priate smooth vector bundle over the spacetime manifold.

Definition 2.10. Let M be a smooth manifold. A smooth vector bundle
of rank k is a smooth manifold E equipped with a triple [M, 7, R¥], where
7w E — M is a surjective, smooth map such that:

1. for each p € M, the set 71(p) =V, is a real vector space of dimension
k,

2. for each p € M, there exists an open neighborhood U of p and a smooth
map ¥ : 771 (U) — U x R* such that

o 1y oW =7, where 1y : U x R¥ — U is the projection on the first
entry,
e foreachqe U, V|, :V, — {q} xRF is a vector space isomorphism.

The map V¥ s called local trivialization of E. We shall denote a
smooth vector bundle E over a manifold M by E 5 M.

In order to fully characterise a field theory at a classical level, we need to
define the corresponding kinematical configurations. These are naturally
identified with the smooth sections of a suitable vector bundle.

11
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Definition 2.11. Let E = M be a smooth vector bundle as per Definition
[2.10. We call a section of the vector bundle E a smooth map 0 : M — E

such that moo = id g, where m is the bundle projection. We denote the space
of smooth sections by E(E). Denoting by V the typical fibre of E, we also
assume that there exists a real pairing (-,-)g : V x V — R.

Remark 2.4. In the context of field theories, the space of smooth sections of
a vector bundle E(E) is often called space of configurations.

Example 2.1. For a real scalar field theory, which is the main focus of this
work, we consider the trivial line bundle E = M x R. Its smooth sections
are naturally identified with the space of smooth real-valued functions on the

spacetime C°(M;R) = E(M).

The configuration space can be endowed with a Fréchet topology. Here we
state the definition of this topology in the case of a scalar field theory. For
more details on higher-spin fields we refer to [Rejl16, Chapter 3|.

Definition 2.12. Let 2 C R"™ be an open set. The standard Fréchet topology
on C*°(;R) is induced by the family of seminorms

pK,m(Cb) = Ssup ’aa¢<x)| ) o€ N6L7

where K C Q is compact and m € Ny. Furthermore, we can endow the
configuration space E(M) as per Definition with an analogous Fréchet
topology by means of local coordinate charts. Let {(Ug,¥g)}ser be a countable
atlas of M, where U/BE[ Usg = M, and each chart map g : Ug — g C R"
is a diffeomorphism. Moreover, let { Kg}ger be a countable family of compact

subsets of M such that Kg C Ug for all p € I, Uﬁelf(g = M. Then the

topology of E(M) is defined by the family of seminorms {p%)}gelymeN such
that

PO(F) = posicnm(fovst),  feEEM),

where py,(ky)m denotes the seminorm on C*°(Qg; R) defined above.

A notable subspace of £(M) is that of smooth functions with compact
support C§°(M) = D(M). We can also endow D(M) with a topology, which
is not Fréchet but is locally convex, since M cannot be compact.

Definition 2.13. Let @ C R™ be an open set and let {K;}jen be an ex-
hausting sequence of compact sets for ), namely, K; C K11, Vj €N, Kj is

12



2.2. ALGEBRAIC QUANTUM FIELD THEORY

compact for any j and UjeN K; = Q. Here f(j denotes the interior of K;.
We set

Dk, (Q2) ={f € £(Q) | supp(f) € K}
We can endow the space Dy, (2) with a Fréchet topology induced by the col-
lection of seminorms

PO = sup 10°7(@), J € D), me N, a €
TEK;
|ae|<m

Then, denoting the set of compactly supported, smooth functions on £ by
D(Q), it holds that

D(Q) = | Dk, (9).
jEN
The topology of D(QY) is the final topology with respect to the inclusion maps
{t;}jen, ¢ : Dk, (Q) = D(Q).

Moreover, we endow the space of compactly supported smooth functions
on a manifold D(M) with a topology by means of coordinate charts. Let
us consider an exhaustion sequence of compact sets {K;}jen for M defined
analogously as above. It holds that

DM) = | Di,(M), Dy, (M) = {f € EM) | supp(f) C K}
jEN
For each j € N we endow Dy, (M) with a Fréchet topology by selecting a finite
subcover of coordinate charts (Uéj), wg))ﬂe{l,..wj} covering K; and a collection
of compact sets {Lg)}ﬁe{lej} such that Lg) C Uéj) and Uﬁe{lej} Lg) =
K. Then the topology of Dk, (M) is induced by the set of seminorms

pO(f) =max  sup  [9%(fo (Y)Y, f€Dg,(M),aeNg.
$E¢(j>(L(j))
B B
la|<m

The topology of D(M) is the final topology with respect to the maps ¢; :
Dg,;(M) < D(M).
2.2.2 Observables on the configuration space

Once the kinematical configurations are established, it is necessary to charac-
terise the physical observables of the system. Since a physical measurement
assigns a value to a field configuration, we realise the set of observables as

13
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smooth functionals on the configuration space. Among all smooth function-
als, we identify the subclasses of those which are microcausal, regular and
local. They will be the objects we need to construct the classical algebra of
observables.

Because our ultimate goal is to work with a quantum scalar field theory,
from now on we shall specialize to the case of the trivial line bundle F =
M x R and work directly with complex-valued functionals. We refer to
[Rej16, Ch. 3| for the case of higher spin fields.

Definition 2.14. Let F : E(M) — C be a continuous functional on the
configuration space with respect to the topology in Definition and let
¢, € E(M). The Fréchet derivative of F at ¢ in the direction n is defined
as

FO) (i) = lim ~ (F(o + sn) — F(9)),
whenever the limit exists. We say that F is differentiable at ¢ if the derivative
exists for all m € E(M) and continuously differentiable if it is differentiable
and the map FY) : E(M) x E(M) — C is continuous with respect to the
product topology of E(M) x E(M).
Derivatives of higher orders are defined iteratively:

ak
F(k)(¢;m,---,m) = (95—(951€F(¢+81m +"'+3k77k)}

s1=s9="-=5;=0’
1.-- k

(2.9)

where 0y, ..., mx € E(M). If F®) 1 (M) x E(M)F — C exists and is jointly
continuous for all k € N, then F' is said to be (Bastiani) smooth.

We denote by F (M) the space of smooth functionals on the space of con-
figurations. Moreover, we say that F' € F(M) is a polynomial functional
if all Fréchet derivatives above a certain order vanish.

Definition 2.15. Let (M, g) be a globally hyperbolic spacetime as per Defi-
nition 2.6 and let F (M) be the space of smooth functionals as per Definition
2.14|. We define the spacetime support of F € F(M) as

supp(F) = {p € M| for every open neighborhood U of p, A¢,1p € E(M),

supp(¢) C U s.t. F(o+ ) # F(¢)}.

The following proposition highlights a property of the Fréchet derivative
that will be useful in the construction of the algebra of observables.

Proposition 2.2. Let F € F(M) be a smooth functional on the configura-
tion space as per Definition and let %) denote its k-th order derivative.
For every smooth function ¢ € E(M), the map F®(¢) : EM)* — C is
multilinear and continuous with respect to the corresponding topologies.

14
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For a proof, we refer to [Rej16, Prop. 3.1].

We now define a product on a suitable class of functionals, which is needed
to promote the set of observables to an algebra. Since the product between
generic functionals is, in general, ill-defined, we must restrict our attention
to a distinguished subclass. In order to do so, we shall use some tools from
the theory of distributions, which will play a pivotal réle in the following. In
particular, we shall identify the higher-order Fréchet derivatives of functionals
with compactly supported distributions. The microlocal tools introduced
in Appendix allow us to identify the natural class of functionals for
which a product is well defined. On account of Theorem this class is
characterized by a condition on the wavefront sets of the Fréchet derivatives.
We refer to these functionals as microcausal.

Definition 2.16. Let (M, g) be a globally hyperbolic spacetime as per Defi-
nition 2.6 and let F (M) be the space of smooth functionals as per Definition
2.14. We say that F' € F(M) is a microcausal functional if

WE(F®(6)) € T (M) (U Voo U@, >k> . YoeEM)VkEN.
reEM reEM
(2.10)

Here V;t denotes the closed future (+)/past (-) lightcone in T M while
WE(F®)(¢)) denotes the wavefront set as per Definition of the k-th or-
der Fréchet derivative of F as per Definition We denote the space of
microcausal functionals as F,.(M).

Remark 2.5. The set of microcausal functionals is the appropriate func-
tional set only when considering polynomial functionals. As a matter of
fact, as we will later show, microcausal functionals can be endowed with
a Poisson structure by means of the Peierls brackets. However, for non-
polynomial functionals, the Peierls brackets generally fail to preserve the class
of microcausal functionals, motivating the introduction of the larger class of
equicausal functionals. Since all the observables that we shall consider fall
under the polynomial category, we will not address this issue here and we
refer to (HRV24] for a detailed analysis.

Remark 2.6. Let us point out that, given any microcausal functional F €
Frepol(M) of polynomial type, it is possible to completely characterise its
action in terms of linear functionals in the following way

N

F(6) = Y. (Fud™), o€ EM),NeN,
k=0
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where Fy, € &' (MF) is the compactly supported distribution obtained as
F, = F®(0).

Here F®)(0) denotes the Fréchet derivative as per Definition of F' evalu-
ated at the vanishing configuration 0 € E(M). Additionally, there is no issue
regarding convergence of the series since only a finite number of terms are
non vanishing, being the functional of polynomial type.

Within the domain of microcausal functionals, two distinct subspaces can
be identified: the local functionals and the regular functionals. Our interest
in the first class is due to the fact that all physically relevant observables,
such as the stress-energy tensor, are local. Moreover, regular functionals are
a useful intermediate tool to introduce structures on the algebra, such as the
Peierls brackets, without dealing with the technical difficulties coming from
the wavefront set.

Definition 2.17. Let ' € F,.(M) be a microcausal functional as per Defi-
nition[2.16. We say that F is a regular functional if

F®(p) e DIMF) = &MY,  Voe&EM),VEeN,

where, by a slight abuse of notation, we use the same symbol for the distri-
bution and for the function that generates it. Here F*)(¢) denotes the k-th
order Fréchet derivative at ¢ as per Definition We denote the space of
reqular functionals by Fey(M).

Example 2.2. A notable ezample of a reqular functional is the smeared linear
ﬁeld (I)f.'

B(6) = /M dis f(2)0(a), € EM), f € DM).

Since it is the linear functional generated by a smooth function, its wavefront
set is empty on account of Proposition
Computing the Fréchet derivative yields:

¥(60) = 2o [ e 1@6) + 1) = [ e oIt
q)gck)(qb; My--nk) =0, YVEk>1.

Because @;1)(@ is generated by the smooth function f and all the higher
derivatives vanish, it is a regular functional as per Definition [2.17

16
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Finally, the physical interactions of a field theory are modelled by local
functionals.

Definition 2.18. Let F' € F,.(M) be a microcausal functional as per Defi-
nition . We say that F is a local functional if WF(F®M)(¢)) = 0 for all
¢ € E(M), where WE denotes the wavefront set of the compactly supported
distribution F(V(p) as per Definition and

supp(F® (¢)) € Diagy(M) = {(z,...,2) e M*}, Vo e EM), VkeN.
k

Here supp(F®)(¢)) denotes the support of the compactly supported distribu-

tion as in Definition [A.1]
We denote the space of local functionals by Fioe(M).

Example 2.3. Consider the quadratic functional representing a mass term
or local interaction:

#(0) = [ du f@e@). [eDMLoEEM). (211

Evaluating the Fréchet derivatives yields:

ds

:;mewwwmm

82
@D s ) = o=, o [ A F@)(00) + 510 (0) + s (o)) =

—2 /M dpo ) (@)maa).
(q’?)(k)(ﬁb; Ny nk) =0, V> 2.

@O (05) = T-0H0+ )] = ol | e F@)(00a) + s0(a) =

The second order Fréchet derivative is supported on the diagonal Diagy(M),
while higher derivatives vanish. We conclude that CID} € Floe(M).

We are now ready to define the classical algebra of observables for a scalar
field theory

Definition 2.19. Let (M, g) be a globally hyperbolic spacetime as per Defini-
tion[2.6. We call classical microcausal algebra for a scalar field theory the
commutative, unital x-algebra, as per Deﬁnition Aa(M) = (Fpuepots s ),
where:

17
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o Ficpol 05 the subspace of microcausal functionals as per Definition
formed by those of polynomial type as per Definition

e The product is defined as
t Fuepol(M) X Fucpot(M) = Fpepot (M),

(F,G) = F-G=(F®Qq), VE,G € Fuepoi(M).
Here 1* denotes the pullback of the diagonal map

L E(M) = EM) x EM),

u¢) = (9, 0)  Voe&M),

e The involution * is defined via the defining relation F*(¢) = F(¢)
for all F € Fuepoi(M) and ¢ € E(M). Here = denotes the complex
conjugate in C.

Moreover, we say that an element F' € F,,cpoi(M) is an observable if F* =
F.

2.2.3 Dynamics

Once we have defined the fundamental kinematical structures and the ob-
servables of our field theory, we can proceed by codifying the dynamics. We
shall follow the Lagrangian approach, introducing a suitable map, namely
the Lagrangian, from which the equations of motion are derived. This will
allow us to introduce the notion of on-shell algebra of observables, as well
as that of Green operator, which shall play a pivotal role in the remainder of
our discussion.

Definition 2.20. Let (M, g) be a globally hyperbolic spacetime as per Defi-
nition . We call generalised Lagrangian a map L : D(M) — Fpe(M)
such that:

o L(f+p+h)=L(~f+p)—L(p)+L(p+h) for any f,p,h € D(M) such
that f and h have disjoint supports,

e supp(L(f)) C supp(f) forall f € D(M). Here supp(L(f)) denotes the
spacetime support of the local functional L(f) as per Definition

o For any ¢ € Iso(M), where Iso(M) denotes the group of isometries of
the spacetime M, it holds that L(f)(V*¢) = L(.f)(@), where * de-
notes the pullback of the isometry and 1, = (Y =1)* is the push-forward.
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Example 2.4. As an example of generalised Lagrangian, consider that as-
sociated to the free, conformally coupled scalar field that will be at the centre
of our analysis. Let us consider a globally hyperbolic manifold (M, g). The
generalised Lagrangian associated to a massless, conformally coupled scalar
field is the map L : D(M) — Fioe(M) such that, for all f € D(M) and for
all € E(M) it holds that:

200 = =5 [ (#V,000.000) + $6@) ) 0. (22

Here V,, denotes the component in some local chart of the Levi-Civita connec-
tion on M, while R denotes the scalar curvature. Note that the second term
within brackets in Equation wdentifies a local functional as shown in
Example [2.5. An analogous computation shows that the kinetic contribution
is also local, proving that L(f) € Fioe(M).

We can furthermore identify equivalence classes of generalised Lagrangians
in order to encode the property that the field dynamics is insensitive to the
presence in the Lagrangian density of total divergences. These equivalence
classes identify the action of our theory.

Definition 2.21. Let Ly, Ly be two generalised Lagrangians as per Defini-
tion [2.20. We call action an equivalence class of Lagrangians, where the
equivalence relation is

L1~ Ly <= supp((L1 — L2)(f)) C supp(df), [ € DM).

Here df denotes the differential of the function f. In the following, we shall
denote the action with S rather than (L] to make contact with standard no-
tation used in the literature.

Once an action has been assigned, we can introduce the Fuler-Lagrange
derivative in order to obtain the equation of motion.

Definition 2.22. Let S be an action as per Definition and let L denote a
representative of the equivalence class S. The FEuler-Lagrange derivative
is a map S": E(M) — D'(M) such that

S'(9)(h) = L(/)V(¢:h), ¢ € EM), f.h € DIM), [l o =1

supp(h)

Here L(f)Y) denotes the Fréchet derivative of the functional L(f) as per
Definition [2.1)
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Remark 2.7. Note that the functional L(f)W)(¢;-) is a compactly supported
distribution and therefore it could be smeared against all smooth functions on
M rather than just the compactly supported ones. However, the restriction
to compactly supported test functions in Definition |2.22| is made in order to
make the Fuler-Lagrange derivative independent of the test function f. This
is mecessary since f serves only as a cutoff but carries no physical meaning
and therefore the dynamical structures of a field theory should be independent
of it. Moreover, in order for Definition to be well-posed, it must be
independent of the choice of representative in the equivalence class. As a

matter of fact, let L1 ~ Lo be any two representatives of an action S as per
Definition [2.21 It holds that

Li(f)V (b h) = La(f) V(b5 h) + (L1 = L2) ()P (5 b)), ¢ € EM).

Since they are in the same equivalence class, supp(L1 — L2)(f) C supp(df).
Since f is constant on supp(h), we have df supp(h) = 0 and thus supp(Lq —
L2)(f) Nsupp(h) = 0. Therefore, by Definition it holds that (Lq —
L2)(f)(@+ sh) = (L1 — L2)(f)(¢) for all s € R and the Fréchet derivative
vanishes, yielding

Li(f)D (g5 h) = Lo(£)M (93 h),

and that the Euler-Lagrange derivative is a property of the action rather than
of the generalised Lagrangian.

From the definition of Euler-Lagrange derivative we can derive the equa-
tion of motion of our theory.

Definition 2.23. Let S be an action as per Definition and let S" denote
the Euler-Lagrange derivative of S as per Definition The equation of
motion corresponding to S is

S'(¢)(h) =0,  YheDM), (2.13)

understood as a condition on ¢ € E(M). We denote the subset of E(M) of
smooth functions that satisfy Equation (2.13) by Es(M) and we call it the
solution space for the dynamics induced by S.

Example 2.5. As an example, let us take a look at the equation of mo-
tion linked to the Lagrangian in Example Applying Definition to
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Equation yields
d
LNM(Gih) = ] L)@+ sh) =

Ld %;m%@WvA¢+mx@vx¢+gm@+

_§£|s:0

+ 2 0(a) + sh(@)?) fx) =

=3 [ . (209,0%h00) + B o0(0))

where we used that f =1 on the support of h and the symmetry of the metric
tensor. By integrating the first term by parts we obtain

L)) = [ dne (By0t) — o)) @), 5y = ¢V, 9,
M (2.14)
By requiring S'(¢) = 0 for all h € D(M), we obtain the Klein-Gordon
equation for a massless, conformally coupled scalar field

<D—§)M@:0. (2.15)

Remark 2.8. Let us consider a generalised Lagrangian L and a smooth,
compactly-supported function f € D(M). If we compute the second order
Fréchet derivative of L(f) we obtain L(f)?(¢) € E'(M x M) for any ¢ €
E(M). By means of the Schwartz kernel theorem we can identify a map
Ps(¢) : E(M) — D'(M) such that

(Ps(¢)n, by = L(f)P (¢3m,h). (2.16)

Thus, any generalised Lagrangian yields an operator from the configuration
space to the space of distributions that generates the linearized equation of
motion

Ps(@)p =0, ¢ €&M).

Remark 2.9. If the action S is at most quadratic in ¢, as it is for the scalar
theory we shall consider, we obtain

Ps(¢) = P, Vo e EM), (2.17)

meaning that we get a single linear operator independent of the field config-
uration. In this scenario, the equation of motion reads Py¢ = 0. Since this
1s precisely the situation considered here for the generalised Lagrangian of a
free, massless, conformally coupled scalar field, from now on we shall focus
on this scenario.
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A crucial property of the operator P, in Equation (2.17) that we need to
require in the context of perturbative algebraic quantum field theory is that
it is normally hyperbolic, namely, for local coordinates {m“}izo we have

Py = —g"0,0, + A", + B,

where A* are the components of a smooth vector field on M and B is a
smooth scalar function. For a detailed analysis of this class of operators we
refer to [BGP08|. The reason for such a request lies in the existence, for
this specific class of operators, of two distinct maps, namely, the advanced
and retarded Green operators. They will play a pivotal role in the following,
providing fundamental tools for the analysis of the solution space of the
equation of motion.

Definition 2.24. Let S be an action as per Definition |2.21] which is at most
quadratic and let Py denote the normally hyperbolic operator associated to
S as in Remark [2.8 We call advanced (A) and retarded (R) Green
operator of Py the continuous maps

AYME L D(M) = E(M),
such that

PO 9 AA/R = idD(M)
Ao P0|D(M) = idpwm
supp(AYE(f)) € J-/*(supp(f)), V¥ feDM)

where J~/* denotes the causal past and future of the support of f as per
Definition respectively.

The next proposition guarantees that on globally hyperbolic spacetimes
such operators always exist.

Proposition 2.3. Let (M, g) be a globally hyperbolic manifold as per Defi-
nition [2.6 and let S be an action as per Definition Moreover, let Py be
the normally hyperbolic operator induced by S as in Remark[2.8, Then there
exist unique advanced and retarded Green operators as per Definition

For a proof we refer to [BGP08, Th. 3.3.1 and Cor. 3.4.3].

Remark 2.10. It is possible to further expand the domain of definition of the
retarded and advanced Green operators. As a matter of fact, let us consider
a past-compactly supported function f € E,.(M), namely, a smooth function
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such that supp(f) N J~(p) is compact for every p € M. Then, we can
define AR(f) as the smooth, past-compact function such that AR(f)(z) =
AR (x.f)(x), where x, is a compactly supported smooth function such that
Xo(y) =1 for all y € J*(supp(f)) N J~ ().

We can analogously extend the action of A4 to the set of future-compact

functions Er.(M).

Remark 2.11. Let us consider the advanced and retarded Green operators
ANE for the Klein-Gordon operator Py in ([2.15). Let ¢ € E(M) be a smooth
function and f € D(M) a smooth, compactly supported one. Then, integrat-
ing by parts, it holds that

(Roo.fy = [ e (RO@)f@) = [ dieo@)(Baf)@) = (0, Ref). 215)
M M
Moreover, if h € D(M) the following chain of equalities holds

(AR(F), by = (AR(f), PPAY () = (RAT(F), A% () = (f, A%(R)).

Here we used that the operator Py is formally self-adjoint with respect to the
standard pairing (-,-) : E(M) x D(M) — R. Therefore, we obtain that
the formal adjoint of the retarded operator is the advanced operator and vice
versa.

Remark 2.12. If we apply the Schwartz Kernel Theorem to the ad-
vanced and retarded propagators, we can identify two distinct bidistributions,
which we shall denote by the same symbol, A% € D'(M x M), called the
advanced and retarded fundamental solutions. By means of Remark
we denote the integral kernel by A% (x,1). On account of the remark
above, it holds that

Az, y) = Ali(y, ).

The existence of an advanced and of a retarded Green operator allows us
to define another object, namely the causal propagator, which is of funda-
mental importance for the solution theory of the equation of motion.

Definition 2.25. Let AY% denote the advanced and retarded Green opera-
tors as per Definition [2.2]] for a normally hyperbolic operator Py induced by
an action S, as per Definition|2.21, via the second Euler-Lagrange derivative
as per Definition [2.23 We call causal propagator the map

Ag = A — A D(M) — E(M). (2.19)
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Remark 2.13. On account of Remark[2.11] if we compute the formal adjoint
of Ag with respect to the pairing (-,-) : E(M) x D(M) — R, we obtain, given
two compactly supported smooth functions f,h € D(M),

(As(f) h) = (A% = AN (f), h) = (f, (A" = AF)(R)) = —(f, Ash),

which shows that the causal propagator is formally skew-adjoint. At the level
of integral kernels, this yields

AS($7y) = —As(y,ﬁ).

Remark 2.14. Let us take a compactly supported smooth function f € D(M)

and apply the causal propagator associated to a normally hyperbolic operator
Py. It holds that

PAs(f) = RAR(f) = PIAYNf) = f— f =0, (220)

Thus, any smooth, real-valued function of the form Ag(f),f € D(M) is a
solution to the equation Py¢ = 0.

The definition of the causal propagator allows one to give an explicit
characterisation of the solution space for Klein-Gordon equation (2.15). To
this end, we first need an ancillary definition

Definition 2.26. Let (M, g) be a globally hyperbolic spacetime as per Def-
inition (2.6 and let ¢ € E(M) be a smooth function thereon. We say that
¢ is spacelike compact if, for any spacelike Cauchy surface > C M, it
holds that supp(¢) N'Y is compact. We denote the space of smooth, spacelike
compact functions by Es.(M).

Proposition 2.4. Let (M, g) be a globally hyperbolic spacetime as per Defi-
nition[2.6 and let us consider the conformally coupled Klein-Gordon equation

{(Dg —5)o=0
Ol = o, 00 =

Here Oy, = ¢g"'V,V, is the d’Alembert operator, ¥ C M is a spacelike
Cauchy hypersurface on which smooth, compactly supported initial data ¢o, ¢1 €
D(X) are assigned. Moreover, n* is the outward-pointing, unit normal vector
to 2. Let Ag be the causal propagator associated to the Klein-Gordon oper-
ator Py = 0Oy — % as per Definition . Then, there exists a vector space
isomorphism between Eg (M) and the quotient

DM)
Py (D(M))’
via the map % S [f] = As(f) € Esse(M). Here E.(M) denotes the

space of spacelike compact smooth function as per Definition |2.26
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For a proof, we refer to [DMP17, Proposition 3.1.2].

The reason for the choice of the coupling with the scalar curvature in
Equation lies in the fact that the associated equation of motion turn
out to be conformally invariant. Thus, both the operator P, its Green
operators and solutions transform in a distinguished way under the conformal
mapping of the spacetime, as highlighted in the following proposition.

Proposition 2.5. Let (M, g) be a 4-dimensional globally hyperbolic space-
time as per Deﬁmtz’on and let Py = L, —% be the Klein-Gordon operator.
Moreover, let AT denote the advanced and retarded Green operators as per
Definition [2.24] and let Ag denote the causal Green operator as per Defi-
nition associated to Py. Moreover, let Q@ € C*(M;(0,00)). Then, if
we denote by ﬁa the Klein-Gordon operator associated to g = 0%g, by AA/R
the advanced and retarded Green operators and by Ag the causal propagator
associated to Py, it holds that

,A/A/R — Q—IAA/RQEI’ ZS — Q_IASQ?) (221)

{133 — Q3P0
Proof. The first equality in Equation is a by-product of the definition
of the Levi-Civita connection and of the scalar curvature for the metrics
g and g. Thus the result can be recovered by a direct computation, see
[Wal84, Appendix DJ|. Since (M, g) is still a globally hyperbolic spacetime,
Proposition entails that the Klein-Gordon operator 150 admits unique
advanced and retarded Green operators as per Definition 2.24] Therefore it
suffices to verify that the remaining expressions in Equation satisfy
the defining properties of Definition A direct computation yields

Py(Q ' AYEQ3 ) = QPO IAYEQ f = f, Y f € D(M),

where we used that PyAYF = idp(ar). Analogously it can be shown that
QA4 RQ3)/PVO‘D ) = idp(n). Lastly, since 2 is nowhere vanishing, it holds
that supp(Q3f) = supp(f) for all f € D(M). Therefore, supp(AF(Q3f)) C
J;f (supp(f)), where J; denotes the causal future as per Definition with
respect to the causal structure induced by g, while supp(Q'AR(Q%f)) =
supp(AR(Q3f)). Since the causal structure is left unchanged by conformal
transformations, even the last of the defining properties in Definition 2.24]is
met. Thus, we have shown that Q 'ARQ3 is the retarded Green operator of
Py, and an analogous result holds for the advanced one. The transformation
of the causal propagator is a direct consequence of its definition. O
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Remark 2.15. Proposition entails that any solution ¢ to the conformally
coupled Klein-Gordon equation transforms under conformal mappings
of the metric in a distinguished way. As a matter of fact, let us consider
the conformal transformation g — g = Q*g with Q@ € C*°(M) a nowhere
vanishing smooth function and let ® = Q~1¢. On account of Proposition
it holds -

Py® = Q3PQd = Q3P = 0.

Since the function Q7° is nowhere vanishing, it holds that ¢ is a solution of
Pyo =0 if and only if ® = Q7 1¢ is a solution of Py® = 0.

We can now show how information on the dynamics can be encoded in the
algebra of observables.

Definition 2.27. Let (M, g) be a globally hyperbolic spacetime as per Defini-
tion and let A (M) be the classical microcausal algebra as per Definition
[2.19. Let S be an action as per Definition Then, we call ideal of the
equation of motion the ideal, as per Definition [B.3,

Zs(M) ={F € Fuepa(M) | F(¢) =0, Vo € Es(M)}.

Here E5(M) denotes the space of solutions of the equation of motion of S as
per Definition [2.25 Moreover, we call the classical on-shell microcausal
algebra the quotient
Aa(M)

Is

The causal propagator associated to the equation of motion allows also to
endow the classical microcausal algebra with a Poisson structure by means
of the Peierls brackets. We shall start by giving the definition and we will
then show that, for microcausal functionals of polynomial type, they indeed
induce a well-defined closed Poisson structure.

M) =

Definition 2.28. Let (M, g) be a globally hyperbolic spacetime as per Defi-
m’tion and let Ao (M) be the classical polynomial microcausal algebra for
a scalar theory as per Definition [2.19 Moreover, let S be an action as per
Definition [2.21] which s at most quadratic and let Py be the normally hyper-
bolic operator associated to S as in Remark [2.8 If Ag denotes the causal
propagator associated to Py, we define the Peierls brackets as

{ st Fuepol(M) X Fucpot(M) = Fpuepo(M),
such that, for all ¢ € E(M),
{F.G}s(9) = (F(¢), AsG(9)).
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Here FY) denotes the first order Fréchet derivative as per Definition and
the pairing (-, -) is obtained as the smearing of the bidistribution Ag-(FM(¢)®
GV (¢)) against two compactly supported smooth functions f,h € D(M) such

that f}supp(F<1)(¢)) =1 and h|supp(G(1)(¢)) = 1. At the level of integral kernel

this reads
/m dpe dpty U (0) () As (2, )P (8) (1)

Note that the product Ag - (FM(¢) ® GM(¢)) in Definition is in
general ill-defined for a generic functional, as Hormander’s criterion must
be checked. The next proposition shows both that the Peierls brackets are
well-defined on the whole algebra of microcausal functionals and that they
indeed endow the algebra of observables with a Poisson structure.

Proposition 2.6. Let A, (M) be the classical polynomial microcausal algebra
of observables for a scalar theory as per Definition[2.19 Let S be an action as
per Deﬁm’tz’on while {-,-}s denotes the Peierls brackets as per Definition
[2.28 Then, (Ay(M),{-,-}s) is a closed Poisson *-algebra.

For a proof we refer to [BFR19, Th. 4.1.4].

2.2.4 Deformation quantization

We are now ready to introduce the quantization of the classical microcausal
algebra for a scalar field theory in Definition 2.19] To this end, we shall ap-
ply a procedure known in the literature as deformation quantization, which
consists in the deformation of the pointwise product of the classical alge-
bra in order to implement the canonical commutation relations (CCR) while
leaving the elements of the algebra unchanged. We first introduce the de-
formed product in a general setting and we shall then discuss which choices
of possible deformations produce a physically meaningful quantization.

A key ingredient in the construction of the deformed product is the choice
of a distinguished bidistribution K € D'(M x M) and a formal deformation
parameter hA. The deformation is achieved by means of the formal product
*1x, defined on F, G € F e poi(M) by

Fxp G =1"0eP [F®d], (2.22)
5 6
Digx = MK, — @ —). 2.2

Here the exponential in Equation (2.22)) is understood as a formal power
series in A, while +* denotes the pullback with respect to the diagonal map
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Lt EM) = E(M) x E(M) such that t(p) = (¢,¢) for all ¢ € EM).
Moreover, 5% denotes the map that associates to any functional its Fréchet
derivative at ¢ € E(M).

Suppose now that F,G € Fee(M) are regular functionals. Then, the
product in Equation can be expressed as

>t

(F o G)(8) = 3 (o) KHGY (). (221)

3

Notice that Equation involves products of functional derivatives with
the integral kernels K®*. On account of Hérmander’s criterion such opera-
tions are not always well-defined when working with microcausal functionals.
In order for Equation to be meaningful also in this case, we need to
select a distinguished bidistribution K.

Definition 2.29. Let (M, g) be a globally hyperbolic spacetime as per Defini-
tion |2.6 and let K € D'(M x M) be a bidistribution on M as per Definition
[A.1 We say that K satisfies the microlocal spectrum condition if

WE(K) = {(z,&5y,—&,) € T"(M x M) | (2,&) ~ (y.&,). & > 0}

Here WF(K) denotes the wavefront set of K as per Definition while
T*(M x M) = T*(M x M)\{0} denotes the punctured cotangent space.
Furthermore, (x,&;) ~ (y,&,) if there exists a null geodesic v connecting x to
y such that &, is tangent to v at x and future directed while &, is the parallel
transport of &, along 7.

The microlocal spectrum condition identifies a distinguished class of bidis-
tributions that generate a well-defined product. The remainder of this section
is devoted to identifying a family of bidistributions in order to encode in our
theory the canonical commutation relations and the properties of covariance
and locality expected from a quantum field theory. From now on, we shall
refer to the case of a scalar field theory whose dynamics is generated by an
action which is at most quadratic and that yields the equation of motion in
terms of a normally hyperbolic operator F,.

A natural first candidate for the deforming bidistribution in Equation
is %AS, where Ag denotes the causal propagator for a scalar field. This
choice automatically encodes in the algebraic structure information about the
dynamics of the underlying theory. Additionally, it translates the idea that
in order to quantize a theory one should replace the classical bracket, namely,
the Peierls bracket, with —% times the commutator of the observables. As
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a matter of fact, a direct computation shows that, for F, G € Fiee(M) and
¢ € EM),

(Frsng G = Grpsa, F) (0) = il(FD(9), AsGN(9)) + O(1?).

Note that the coefficient of ih in the left-hand side is precisely the Peierls
bracket as per Definition Thus the star product provides a deformation
quantization of the classical Poisson algebra. However, for observables with
non-vanishing second-order Fréchet derivative, Hormander’s criterion for the
product of distributions might fail and thus the product cannot, in general,
be extended to the whole F,cpoi(M). The problem lies in the form of the

wavefront set of the causal propagator Ag which, as shown in [DH72| and
[RV96], is of the form

WF(As) = {(2,&3y,—&) € T"M x M)|(2,&) ~ (1,&)}.  (2.25)

Here (z,&,) ~ (y,&,) if there exists a null geodesic v connecting = and y such
that &, is tangent to v at x while §, is the parallel transport of £, along .
Therefore, it does not satisfy the microlocal spectrum condition.

To circumvent this problem, we start by observing that only the anti-
symmetric part of the distribution contributes to the commutator. We can
thus choose a bidistribution A, € D'(M x M) that satisfies the microlo-
cal spectrum condition as per Definition 2.29] and whose antisymmetric part
coincides with %AS.

Definition 2.30. Let (M, g) be a globally hyperbolic spacetime as per Defi-
nition and let S be an action, at most quadratic, as per Definition |2.21
which induces a dynamics by means of a normally hyperbolic operator P.
Moreover, let Ag € D'(M x M) be the integral kernel of the causal propaga-
tor as per Definition [2.25 and let A be a bidistribution such that

o A, satisfies the microlocal spectrum condition as per Definition |2.29,
e The antisymmetric part of Ay coincides with %AS.

We define the quantum microcausal algebra as the unital *—algebra, as

per Definition [B.2,
Aa (M) = (Frepol (M) *nay %)-

Here Fcpoi(M) is the space of microcausal functionals as per Deﬁm'tz'on
of polynomial type, *pa, is the deformed product as per Equation (2.22) and

% is the involution defined via F*(¢) = F(¢) for all ¢ € E(M) and for all
F € Fuepol(M). Furthermore = denotes the complex conjugate in C.
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Remark 2.16. Let us show that this choice for the deformed product natu-
rally encodes the classical commutation relations for the field observables. Let
us consider two linear smeared fields @y, @y € An, (M), where f, f' € D(M)
are compactly supported smooth functions. Computing the commutator yields

[, @pr)(@) = Py Hpay, Ppr(P) — PprHna, Pr(9) =
— it [ duadn, f0)] ) As(a ), Y6 € EM)
M2

where Ag(x,y) denotes the integral kernel of the causal propagator.

Example 2.6. Let us compute the product for the squared fields ®2, @3“ S
Aa, (M) as in Example with f, f' € D(M).

(@} Hna, ©7)(9) = ©F(¢) 2% () + 1{(2F)(9), A (25) M (9))

+ @)D (0). A% (o).

In terms of integral kernel this ezpression reads
@, ¥5)(0) = [ dinsdi, F2)6%(0) ()67
can [ dp, J@0)A @) )0 (220)
22 [ i, S ) )

Notice that the term A% is a well-defined distribution on account of Definition

[2.29 and Theorem [A.J)

Note that in Definition the antisymmetric part of the bidistribution
is fixed, while its symmetric part remains arbitrary, provided that the bidis-
tribution satisfies the microlocal spectrum condition. Consequently, there
exist infinitely many possible choices for A that define a deformed product
and consequently a quantum algebra.

To remove this ambiguity, one singles out a distinguished class of bidis-
tributions, known as Hadamard parametrices. Their singular behaviour is
completely determined by the local geometry and the dynamics. This natu-
rally encodes the locality and covariance properties we expect in a quantum
field theory on curved backgrounds.

Definition 2.31. Let (M, g) be a 4-dimensional globally hyperbolic spacetime
as per Definition . We say that a bidistribution H € D'(M x M) is a
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Hadamard parametrix if, for any v € M and for all geodesically convex
neighborhood O C M of z, there exist U,V,W € £(O x O) and a collection
{Vaitnen C E(O x O), such that, denoting by H(x,y) the integral kernel of
H, it holds, for all y € O,

(o) =i v m G ) f W, o)

V(z,y) = Zan(x,y)‘/n(m,y). (2.28)

Here the limit is taken in the topology of D'(O x O), X\ > 0 is a real constant
and the functions U,V are uniquely defined by the geometry of the spacetime
and the dynamics. Moreover, o.(z,y) = o(z,y) + 2ie(T(x) — T(y)) + &2,
where o(x,y) is the halved squared geodesic distance and T : O — R is a
local time function increasing towards the future.

Remark 2.17. Note that any Hadamard distribution as per Definition |2.51
satisfies the microlocal spectrum condition as per Definition This 1s a
consequence of Radzikowski’s theorem, see [Rad96, Th. 5.1]. This result also
guarantees that the antisymmetric part of H coincides with %AS. Therefore,
H satisfies the conditions in Definition [2.30 and thus generates a well-defined
deformed product for the algebra of observables.

Remark 2.18. The functions U(x,y) and V,(x,y) in Definition are
obtained by imposing that the bidistribution H is such that Péﬂc)H and Po(y)H
are smooth functions, where Py is the normally hyperbolic operator derived
from the action and the subscripts (x) and (y) denote the variable with respect
to which the derivatives are taken.

This requirement reduces to a set of recursive transport equations that U
and V,, must satisfy. It is furthermore necessary to assign, in order to solve
the transport equations, initial conditions for U and V,,. For the function U,
we impose that, in the coinciding point limit, it must hold that

U] =lmU(z,y) = 1.
y*).'L'
This condition s imposed in order to make sure that the short-distance be-
haviour of our theory mimics that of Minkowsk: spacetime, where it holds
that U(z,y) = 1 for all x,y € M*. For any term V,,, we can recursively
recover initial conditions for the coinciding point limit in terms of the initial
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data of U and Vy, ..., V,_1. The transport equations for these functions read

2(VHe)V,U + (O o — 4)U =0
PU +2(VH0)V, Vo + (O 0 — 2)Vo = 0
PV, +2(n + 1) (VP0)V Vs + (n+ 1) (00 + 20)V,pr =0 V>0
Ul =1, Vol = =3[BU], WVl = —sotog [PVl ¥n >0
(2.29)
And the same holds by replacing x by .

Note that we did not state any hypothesis regarding the convergence of
the series in Equation . As a matter of fact, if {V},},en are the solutions
to Equation , the convergence of the series is in general not guaranteed
and it has to be interpreted as an asymptotic expansion. We now state a
Theorem regarding sufficient conditions for the convergence to hold, referring
to [Fri7h, Th. 4.3.1 and Lemma 4.3.2] for the proof.

Theorem 2.2. Let (M, g) be a globally hyperbolic spacetime as per Definition
and let Py be a normally hyperbolic operator. Moreover, let {V,}nen be
the solutions to Equation ([2.29). Then:

1. If every coefficient of the differential operator Py is analytic, then, ¥V x €
M there exists an open geodesically convex neighborhood O C M where
V=3 Voo™ is an analytic function,

2. If p: R — [0,1] is a compactly supported smooth function such that
p(s) =1 for all s € [—3,3] and p(s) = 0 for all s € R, |s| > 1, then,
for all x € M, there exists an open geodesically convex neighborhood
O C M and a sequence {ky}nen of positive and strictly increasing real

numbers reaching infinity as n — oo such that the series

> Vala,y)o" (@, y)p(kao(z,y)),

n=0
converges uniformly, together with its derivatives, to a smooth function
Vin O xO.

Having introduced the Hadamard parametrix, we can now define the lo-
cally covariant algebra of observables, which will be the final form of the
algebra of the theory.

Definition 2.32. Let (M, g) be a globally hyperbolic spacetime as per Def-
inition and let H € D'(M x M) be a Hadamard parametriz as per

32



2.2. ALGEBRAIC QUANTUM FIELD THEORY

Definition[2.31, We call locally covariant algebra of microcausal, poly-
nomial functionals the unital *-algebra, as per Definition [B.2 Aje(M) =
(Floe,pot(M), *nrr, %), where Fioe poi(M) is the algebraic closure, with respect to
the algebra product, of the subalgebra Fioe poi(M) C Fpepot(M) of local func-
tionals of polynomial type. Moreover, x is the involution defined analogously
to Deﬁm’tion and xpp s the product defined in Equation (2.24)).

Remark 2.19. Note that the deformed product in Definition [2.32 is not
uniquely defined. As a matter of fact, in the definition of a Hadamard
parametriz, we have the freedom of choosing the smooth remainder W in
Equation (2.27). Therefore, two different Hadamard parametrices Hy and
H, yield different algebras A and A®. However, these algebras are *-
1somorphic via the map

amym, s AV M) = AD(M),

loc loc

F s ag,_ g F = e3-H)550) (2.30)

Here the exponential has to be interpreted as a formal power series in h, while
% denotes the map that associates F to its second-order Fréchet derivative
at @.
Remark 2.20. The elements of the locally covariant algebra in Definition
can be understood as Wick polynomials. To give a representation in
terms of the usual normal-ordered way, let us consider a bidistribution H of
Hadamard form as per Definition and let us denote its singular part by
Hy+. For any element F' € Aj.(M) we first introduce the abstract Wick
ordering:

IFZHO+i Oé,HO+(F>. (231)
Here a_p_, is defined analogously to Equation (2.30). Then, we introduce
the operator ordering map

(070 Aloc(M) — AH(M)7

which is a x-isomorphism between the locally covariant algebra of microcausal
functionals and the quantum microcausal algebra with product deformed by
means of H.

Then, ag gives a concrete representation of the abstract Wick-ordered
polynomial : F :. As an example, if we consider the squared field functional
(ID? € Ajoe(M) and its abstract normal-ordered version : @? ., the application
of the operator ordering map yields

o 92 2)(6) = an_n, , (92)(6) = B2(d)+h / Qe W, 2)[(z) &€ EM

M
(2.32)
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Here W = H — Hy+ is the smooth part of the Hadamard parametriz. By
evaluating this functional against the configuration ¢ = 0 we obtain the usual
expression for the expectation value of Wick ordered squared scalar field. Ad-
ditionally, referencing Example we can interpret the result as the imple-
mentation of Wick’s theorem for the product of Wick-ordered squared fields.
To make contact with the standard representation regarding the contraction
of fields, we implement the following notation

—— —F—
O (d)knuPH (9) = @?(¢)@2f(¢)+4h@?(¢)¢2/(¢)+2h2¢f(¢)®f(¢)@ff(¢)é>f?; g)ﬁ)

where each contraction is achieved by means of the Hadamard bidistribution

H.

2.2.5 Algebraic states

While in the previous sections we constructed the algebra of observables of
the theory, in order to recover observable quantities, such as expectation
values of field observables, it is necessary to define a notion of physical state.
Within the algebraic approach, this is represented as a linear functional on
the algebra of observables satisfying suitable properties.

Definition 2.33. Let (A, -, *) be a unital x—algebra as per Definition
An algebraic state w on A is a map

w:A—C,
such that:

1. w is C-linear,

2. w is normalised, i.e., if 1 € A denotes the unit of the algebra, then

Here x denotes the tnvolution while - 1s the product of the algebra.

Unlike the standard formulation of quantum field theories, the algebraic ap-
proach does not start by defining a Hilbert-space representation. Instead, we
first construct the algebra of observables and define the notion of physical
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state only at a later stage. This viewpoint is especially advantageous on
generic curved spacetimes, where, in general, no distinguished vacuum state
analogous to the Poincaré-invariant one on Minkowski spacetime can be de-
fined. However, once an algebraic state has been selected, we can recover a
Hilbert-space representation through the Gelfand—Naimark-Segal construc-
tion.

Theorem 2.3. Let A be a unital x-algebra as per Definition and let w be
an algebraic state as per Definition Then there exists a dense subset of
a complex Hilbert space D,, C H,,, a *-representation of A as per Definition

B3,
o A= L(D),

and a unit vector ), € D,, such that
w(a) = (A, m,(a)Qy,), Va € A,

and
D, = {mu(a)Qy, a € A}.

Moreover, the GNS triple (D, 7, €,) is uniquely defined up to unitary equiv-
alences.

For a proof we refer to [BER19, Th. 1].

Remark 2.21. By means of algebraic states we can endow the abstract al-
gebra of observables with a probabilistic interpretation. Indeed, given an ob-
servable a € A, we interpret w(a) as its expectation value in the state w. In
particular, since observables enjoy the property a* = a, then the compatibility
of the involution with the GNS representation implies that w(a) is real, as
expected for a measurable physical quantity.

2.2.6 Interacting classical field theory

In the previous, we have introduced the algebraic structures neede for the
description of a free quantum field theory in the AQFT framework. Goal
of the present section is to encode into the algebraic framework also inter-
actions, which are fundamental for the description of any physical model.
In general, interacting models, such as the A\¢* model for scalar fields, yield
non-homogeneous equations of motion. Finding explicit solutions to these
equations of motion is often not possible. For this reason, the perturbative
approach proves to be particularly useful as it allows to construct solutions
as formal power series in a parameter which plays the réle of the coupling
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constant of the theory. In the following, we shall mainly follow [Rej16|, in-
troducing first the Mgller map for a classical theory and then, in the next
section, its quantum counterpart, the Bogoliubov map. These maps are the
fundamental tools that allow us to express interacting observables as formal
power series of their free counterparts.

For any interacting field theory, the starting point is the specification
of an action, as per Definition which is split into a free part and an
interacting potential. We shall adopt the following notation

Sxw(®) = So(9) + AV (9), V € Froe(M), (2.34)

where A € R is the coupling constant of the interaction, which will subse-
quently be used as a formal perturbative parameter. Additionally, as already
discussed in Section the equation of motion for the free theory is

So(¢) =0,

while, for the interacting theory, it reads

Sw(9) =0 = Si(0) = =AV'(9).

Here, the prime denotes the Euler-Lagrange derivative of the action as per
Definition In the following, we shall denote the sets of field configu-
rations that satisfy the equation of motion by Eg,(M) and Eyy (M) for the
free and interacting theory, respectively. These solution spaces turn out to
be submanifolds of the configuration space £(M). Additionally, if the in-
teracting potential is at most quadratic in the configuration, the resulting
equations of motion are linear in the field and thus &£,y (M) turns out to be
an affine subspace of £(M). For a complete overview we refer to [Rej16, Ch.
4].

The Mgller map, which we shall now define, is the unique map that allows
us to intertwine the free and the interacting theory. We first characterize its
action on the configuration space and then extend its action to the space of
functionals.

Definition 2.34. Let (M, g) be a globally hyperbolic manifold as per Defi-
nition and let Sy be an action as per Definition [2.21 Moreover, let us

define a second action:
S)\v:SO—f—)\‘/, VG.FZOC(M),/\ER.
We call the retarded Mgller map the map ryy : E(M) — E(M) such that

! /!
Sworw =5 w0 s upr = Platst ey
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Here, S, denotes the Euler-Lagrange derwative of Sy as per Definition [2.24
Similarly, we define the advanced Mgller map as the map ayy : E(M) —
E(M) such that

i _ =
S\ o axy = Sy, AV (D) - (ouppvy) = @l aas=euppcvy)”

Remark 2.22. It follows from Definition that, if we consider three
different actions Sy, 52, S3, we can introduce the retarded Moller maps 11 2),
T(2,3), T(1,3), Where rj denotes the Moller map that associates the theory
described by S; with the theory described by S; = S; + (S; — S;). Then, it
holds that

T(2,3) ©T(1,2) = T(1,3)s

and analogously for the advanced Moller maps a; j).

Remark 2.23. Let us consider an interacting action

as in Definition and let us denote by Eg,(M) the solution space for the
free theory and Exy (M) the solution space for the interacting one. Then, for
any ¢ € Es,(M), the retarded Moller map satisfies ryy(¢) € Exv(M). As a
matter of fact, a direct computation yields

Sy (rav(9)) = Sp(¢) = 0.

Thus, the retarded Mgller map intertwines the free and interacting solution
spaces.

An explicit form for the retarded Mgller map can be obtained when the
free action is quadratic. For the quadratic Klein-Gordon action considered
here, the Euler-Lagrange derivative of the free action Sy is Sj(¢) = Pyo,
while for the interacting action we obtain Sj(¢) +AV 1 (¢) = Pyp+ AV ().
Thus, it must hold that

P()gf): Po(r)\vgb)—i—)\V(l)(r,\ng), V¢ € E(M)
Since Fy is a linear operator, we obtain
Po(ravg — @) = _)‘V(l)(TAV¢)~

Given the support constraints in Definition the function ryy¢ — ¢ is
supported only in the causal future of supp(V'). Since V' has compact sup-
port, this difference has past-compact support. Therefore, we can apply the
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extension to past-compact functions of the retarded Green operator Ago as-
sociated to Fy to both terms to obtain the Yang—Feldman equation for the
retarded Mgller map:

rav(0) = ¢ — AAE (VI (ryve)). (2.35)

We can then solve the equation order by order in A to recover a perturbative
expression for the interacting configuration ryy ¢.

In the rest of this work, particular attention will be devoted to the analysis
of a quadratic interacting term. For this reason, we shall outline here some
properties of the Mgller map for this type of interaction. For an in-depth
analysis, we refer to [DHP17].

Proposition 2.7. Let (M, g) be a globally hyperbolic spacetime as per Defini-
tion[2.6. Additionally, let Sy be the action, as per Definition[2.21], associated
to the Klein-Gordon Lagrangian as per Equation ( and let Syy be the
following action:

Sxw (@) = So(9) + AV (¢) =
=5 ]| @) (V0T + 80+ M)

Here ¢ € E(M), while x € D(M) is an infrared cutoff and f € D(M) is the
same compactly supported function that appears in Equation (2.12), which
additionally satisfies f|suppx = 1. Moreover, A € R is the coupling constant.
Then the classical retarded Mpller map v as per Definition has the
form

rav =id=AA§ oV,

Here A}SZW denotes the retarded Green operator as per Definition associ-
ated to the normally hyperbolic operator induced by Syy as per Remark[A.3,
while V) denotes the linear map on (M) induced by the Fréchet derivative
of V' as per Definition[2.1]) Moreover, it holds that

rav o (id+AAE o V) =id.

Proof. Let us start by observing that V(") induces a linear map on £(M)
whose action on any configuration ¢ € £(M) reads VIV (¢)(z) = —x(2)¢(x).
Additionally, the equation of motion associated to Sy and Syy are governed
by the operators Py = L, — % and Pyy = 0L, —Ax — % respectively. Since ¢ is
a smooth function and y is smooth with compact support, V) maps smooth
functions to smooth functions with compact support and therefore we can
safely compose it with the retarded Green operator Aﬁw associated to Py,
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which exists on account of Proposition Additionally, for any h € D(M)
the function A§ (k) satisfies

supp(A§ (k) C J*(supp(h)),

and thus has past-compact support. Hence, for any ¢ € £(M), it holds that
(0 —AAE (VD)) |M\J+(Supp(v)) = ¢. By direct computation it holds that

Sxav

Py ((id —)\Agw o VINp) = Pywo — Py o AR (AW W(4)) =

Sxav

= Pap— AW (9) = Tyd — Mo — o0+ Mo = Pos

This proves that id —/\AgAvoV(I) satisfies the defining properties in Definition
2.34] Furthermore, uniqueness of ry follows from uniqueness of the solution
to the corresponding Cauchy problem

{PAV(ID) = Pyo

WM\ﬁ(suppw)) - ¢}M\J+(5upp(v))

;9 EEM),

see |Gin09} Cor. 5].
Finally, to determine the inverse of ryy, a direct computation yields

id =AAE o V@) o (id4+AAE o V) =
0

Sxv
=id—AAf o VW 4 AAT o VI — NAE oV oAl oV,
Since it holds that AV () (¢) = (Pyy — Py)¢, for all ¢ € £(M), we obtain

AZAER

Sxav

oV o Ago oV — /\Agw o (Pyw — Py)o Ago oV =

=AAE o VW —AAE oV,

Sxv

which exactly cancels the second and third term in the expression above.
Hence, we have proved that

(id=2AE o V) o (id+AAE o VD) =id.
An analogous computation shows also that

(id —l—)\A?O o V(l)> oryy =id.
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Remark 2.24. The infrared cutoff x in Proposition[2.7 entails that the inter-
acting term is confined in a compact subset of the spacetime. This is needed
to reqularise the theory, avoiding infrared divergences in the perturbative ex-
pansion. However, to extract physically meaningful results, the so-called adi-
abatic limit x — 1 has to be considered.

Remark 2.25. The specific case of quadratic interacting term in the La-
grangian allows us to find a convenient perturbative representation of the
Mogller map. As a matter of fact, Proposition entails that we can write

rawv = (Id+AAE o V)L

This is particularly useful since it allows us to represent ryy in terms of the
retarded Green operator of the free theory and of the Fréchet derivative of
the wnteracting potential, without the need to explicitly compute the retarded
Green operator of the interacting theory.

We can furthermore express the Mgller map as a formal power series,
called Neumann series, to obtain

o0

rv =Y (AL o V.

k=0

Additionally, if the underlying background is the Minkowski spacetime, the
resulting Neumann series can be shown to converge uniformly on any compact
set for interactions at most quadratic in the configuration. We stress that, in
general, within the pAQFT framework, X\ is treated as a formal parameter,
so the series is understood, unless otherwise stated, as a formal power series
m A.

Heretofore, the action of the Mgller maps is defined on the configuration
space of the theory. Yet, since in the algebraic framework, the key objects are
functionals rather than field configurations, we shall now extend its definition
to elements of the observable algebra. This allows us to identify interacting
classical observables with formal power series in the coupling parameter.

Definition 2.35. Let (M, g) be a globally hyperbolic manifold as per Defi-
nition 2.0 and let Sy, S\ be two actions as per Definition such that

SAV:SO—F)\V, Vefloc(M),)\ER.

We define the retarded Mgller map on the space of microcausal functionals
via pullback of the map in Definition [2.34)

Ry ]:#c(./\/l) — ]:M(M)H)‘Ha
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(ZAv F)(¢) = F(rav(9)), Vo €EM),VF € Fu(M).

Here F,.(M)[[A]] denotes the space of microcausal functionals as per Def-
inition seen as formal power series in A\. We analogously define the
advanced Mpller map <\y : Fe(M) = Fo(M)[[N].

As highlighted in the previous discussion, the retarded and advanced Green
operators play a fundamental role in the description of the Mgller maps. The
following proposition outlines how the free and interacting Green operators
are related for any choice of interaction.

Proposition 2.8. Let (M, g) be a globally hyperbolic spacetime as per Def-
inition and let Sy be an action as per Definition [2.21 Moreover, if Py
denotes the normally hyperbolic operator induced by the second-order Fuler-
Lagrange derivative of Sy, let Ag‘o denote its advanced Green operator as per

Definition |2.24 Additionally, let V' € Fioe(M) be a local functional as per
Definition and A € R a constant parameter such that the second-order
FEuler-Lagrange derivative of

yields a normally hyperbolic operator

Py (¢) = Py + AV 3 (),

for every ¢ € E(M). Then, denoting by Aéw(gb) the advanced Green operator
associated to Pyy(¢), it holds that

AL ()W) = AL W) + S (=NF (A4 o V() AL (1), Vi e DM).

k=1

(2.36)

Here the series is understood as a formal power series in X. An analogous
result holds for the retarded Green operator.

Proof. Since the operator Pyy(¢) is normally hyperbolic, Proposition
guarantees existence and uniqueness of the advanced Green operator A§ ().
Thus, it holds that

Py (o)A SAV(Qb)@Z) POASW(@@UJF)\V @(p)A sw(ﬁb)l/) Y, e DM).

We can rewrite this expression to isolate P, as

RAS, ()0 =0 — AV ()AL ()0
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We can then apply the advanced Green operator AA to both terms to obtain

AL (00 = A5 () = ML (VO (o) (AL (0))).

Thus, the zeroth-order term in ) in the Neumann expansion is Ag, .
We can then obtain the sought expression by iterating the substitution of
the left-hand side into the right-hand side. For example, at first order in A,
we obtain

A5 (9)Y = Ag, (1) = MG, (VP (9) (AG, (1) = MG, (VP (9) (A5, (9)0)))) =
= A5, (1) = MG (VI(8) (A5, (1)) + NAG (VP (@) (AG,, (6) (1))-

The desired expression is obtained via an iteration procedure order by order
in A ]

We now state a proposition that gives the perturbative expansion of the
Mpgller maps and provides a recursive formula for computing interacting ob-
servables.

Proposition 2.9. Let Fi,.(M) be the space of local functionals as per Def-
mnition on a globally hyperbolic spacetime (M, g) as per Definition
and let Sy, Sy be two actions as per Definition such that

SAV:SO+)\V, VEFZOC(M),)\GR.
Then, the retarded Mpller map Zyy as per Definition satisfies

By F = Z—%’k (VER F), VF € FulM)

where the coefficients %k(V®k; F) satisfy, for all ¢ € E(M), the recursion
relations

B (VI F)(9)

- oV A (k-1 oF
_ —Z( Yo (v [ nean S @800 55 0) 0

n . dn
A5 (0)@y) = 1588, ((.9)]

where A% . (7,y) denotes the integral kernel of the advanced propagator as
per Deﬁmtzon 2.2/ associated to the free action Sy, while ¢( x) denotes the
integral kernel of the Fréchet deriwative of F' as per Definition |2 at .
In addition, Aéw(gzﬁ) is defined as in Proposition |2.8 and its derwatwes are
computed by means of the expansion in Equation (2.36). An analogous result
holds for the advanced Maller map <y, with the advanced and retarded Green
operators interchanged.
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For a proof of this result, we refer to [Rej16, Prop. 4.10].

Example 2.7. As an example, let us consider the free action of a Klein-
Gordon field as in Equation (2.12)) and a quadratic interacting potential:

MVi(g) = %/M dpe h(z)¢*(x), ¢ € E(M), h € D(M).

Let us consider the smeared field observable @y € Fie(M), f € D(M), as
per Exzample and let us compute the first-order correction due to the
quadratic interacting potential. On account of Proposition we have the
following formal expansion for the interacting field observable

T @ = ) (Vi @),

k=0

where the %y map is nothing but the identity on Fi,.(M). The first order
correction reads

oV A Py
iy @0 ) 5L 0)).
On account of examples and the Fréchet derivatives of the potential
and the observable read

Fr(Vi; @f) = =%, (Vh;/
M

oM () (y) = f(y),

Vi (6)(@) = h(z)é(x).
Thus, it holds that

(Vi 05)(6) = — /

Qe dy d(x)h(x) AL (x,9) f(y), Vo € EM).

Hence, we obtain the following result:
%)\Vh@f = CIDf — )\(I)hA?‘O(f) + O()\Z)

Before passing on to the quantization of the Mgller maps, we discuss how
the classical Mgller maps relate to the Poisson structure of the algebra of
observables. As a matter of fact, given the splitting of the total action into a
free part and an interacting potential, we can endow the space of microcausal
functionals with two distinct Peierls brackets, namely, {-,-}s, and {-, }s,, .
see Definition [2.28] The following proposition shows the intertwining prop-
erty of the Mgller maps with respect to these structures.
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Proposition 2.10. Let (M, g) be a globally hyperbolic spacetime as per Def-
nition and let Sy, Sy be two actions as per Definition such that

Sy = So + AV.

Additionally, let F e poi(M) be the set of microcausal functionals of polyno-
mial type as per Definition [2.16] If {-,-}s, and {-,}s,, denote the Peierls
brackets, as per Definition associated to Sy and Syy, respectively, and
if Z\v denotes the Mpller map as per Definition it holds that

{2 F, ZavGlsy = Taw({F,Gls,y ), VF,G € Fuepa(M).
An analogous result holds for the advanced Mpller map ayy .

We refer to [DF03, Prop. 2] for a proof.

2.2.7 Interacting quantum field theory

This section is devoted to the construction of an interacting quantum field
theory within the pAQFT framework. Specifically, we shall define the quan-
tum counterpart of the retarded Mgller map introduced in Section [2.2.6]
namely the Bogoliubov map. Similarly to how the quantization of the free
theory can be understood as a deformation of the classical algebra of observ-
ables, via the definition of the deformed product in Equation (2.22), within
our framework the interacting theory is constructed as another deformation
of the free theory. The Bogoliubov map involves a new product of the algebra,
called time-ordered product.

We shall start by introducing this product on the subalgebra of regular
functionals. This intermediate step will allow us to discuss the main proper-
ties of the time-ordered product via explicit formulae. Then, we will present
its extension to local functionals, where a notion of renormalisation must be
introduced.

It is worth mentioning that the time-ordered products can be character-
ized axiomatically, see, e.g., [HWO1] and [HWO02] for a detailed overview.
Here, however, we limit ourselves to detailing its explicit construction which
is better suited for computations.

Definition 2.36. Let (M, g) be a globally hyperbolic spacetime as per Defini-
tion|2.6| and let (Freg(M), *p, %) be the unital x-algebra of regular functionals
as per Definition . Here xy is the deformed product in Equation (2.24)),
where the role of deforming bidistribution is played by H, see Definition [2.51]
Then we call time-ordered product on F,.,(M) a map

T Freg(M) X Freg(M) = Freg(M)[[R]], (2.37)
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where Freo(M)[[R]] denotes the space of reqular functionals regarded as formal
power series in h. The map in Equation (2.37)) is such that, for any pair of
reqular functionals A, B € Fe(M), it holds that

A B=DB-r A,

and

ArB=AxyB, ifA=B

Here A = B denotes that there exists a Cauchy surface X C M as per
Definition separating the support of A and B and such that supp(B) C
J(X) while supp(A) C JH(X). Here J£(X) denotes the causal future (+) or
past (=) of ¥ as per Definition while supp(A) is the spacetime support
of A as per Definition [2.15

For regular functionals, these properties completely determine the time-
ordered product, as shown in [GHP15|. In particular, the time-ordered prod-
uct of regular functionals can be expanded as

Ar B(9) = 3 AV(0), HEEBO(6)). ¥ € E(M).Y A, B € FigM),
k=0

(2.38)
where the right-hand side is well-defined on account of the microlocal proper-
ties of regular functionals. Here Hp denotes the Feynman parametriz, which
is a bidistribution whose integral kernel reads

HF($,y) = H(I’,y) + iAA(xay)a

where H(z,y) is a Hadamard parametrix as per Definition 2.31|while A4 (xz, y)
denotes the integral kernel of the advanced Green operator as per Definition
224

We can directly verify that the product in Equation satisfies the
properties in Definition Let us start by showing that the Feynman
parametrix is a symmetric bidistribution. A direct computation yields

Hp(z,y) = H(z,y) +iA* (z,y) = H(z,y) + iA%(y, )
= H(y,z) — ils(y, z) +iA(y,z) = H(y,z) + iA%(y,z) = Hp(y, ©).

Here we used that the formal adjoint of the advanced propagator is the
retarded one and the fact that H(x,y) — H(y,z) = iAg(x,y). Thus, if we

45



2.2. ALGEBRAIC QUANTUM FIELD THEORY

express any term in Equation (2.38) in terms of integral kernels, we obtain
(AW (9), HZ* BN (9)) =

- /Mzk dﬂm cee dluyk A(k)(¢)(x)HF(x17 yl) .. Hp(l'k, yk)B(k)(¢)(y)

= //vl% dpig, - - - dpiy, BY(®)(y)He(y1,71) ... He(yg, 1) AR (¢)(x)
= (BW(¢), H* AW (9)).

Here we used the short-hand notation = = (x1,...,z;) and equivalently for
y. Moreover, let us suppose that A = B as in Definition 2.36] Then, it holds
that

(A0, AMBY) = [ gy, A0(0) ()M 1) BO))) = O
for all ¢ € £(M). This is because, on account of Definition it holds
that supp(A™M(¢)) C supp(A) and thus, if z € supp(AM(¢)) and y €
supp(BW(¢)), then it holds that ¢ J~(y). This is incompatible with
(z,y) € supp(A4), for which z € J~(y). Hence, if A = B, the pairing with
A4 vanishes. Furthermore, it holds that

(AD(¢), HrBW(¢)) = (A (¢), HBW (¢)) + i{AD(¢), A*BW(¢)) =
= (AW(¢), HBW(9)).

By an inductive argument, this simplification holds for all £ € N and thus
the Feynman parametrix defines a time-ordered product as per Definition
236l

It is possible to give a local characterization of the Feynman parametrix,
similarly to what we did for the Hadamard parametrix in Definition

Definition 2.37. Let (M, g) be a 4-dimensional globally hyperbolic spacetime
as per Definition[2.6| and let H € D'(M x M) be a Hadamard parametriz as
per Definition [2.31, Moreover, let p € M and let O C M be a geodesically
convex open neighborhood of p. Then, for any x,y € O the integral kernel of
the Feynman parametriz reads:

i [ Ulz,y)
H =1
r(@,y) 50+ 872 or:(z,y)

OFe\T,Y
+ V(z,y)In % +Wi(z,y). (2.39)
Here the smooth functions U,V,W € £(O x O) are the same functions that
appear in Equation (2.27), while op (x,y) = o(z,y) + i, € > 0, where
o(x,y) denotes the halved squared geodesic distance. Additionally, X > 0 is
a reference length scale.
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Note that, until now, we have defined the time-ordered product only
for regular functionals. Since all physically-relevant observables are repre-
sented as local functionals, we would like to extend the construction to this
class of functionals. To this end, it is necessary to analyse the singular be-
haviour of the Feynman parametrix. In particular, on account of the results
in [RV96],|[Rad96] and [DHT72|, it holds that the wavefront set, as per Defini-
tion of the Feynman parametrix in Definition reads

WE(Hp) = {(2. &9, &) € T"(M x M) | (2,&) ~r (4,€,)} U WF(52).

Here T*(M x M) = T*(M x M) \ {0} denotes the punctured cotangent
bundle of M x M, while the equivalence relation (z,¢,) ~r (y,§,) means
that there exists a null-geodesic v connecting « and y such that £, is tangent
to v at = while £, is the parallel transport of £, along ~. Additionally, if
y € J (z) then &, is past-directed, while, if y € J*(x), then &, is future-
directed. Furthermore,

WF(6,) = {(z, k; 2, —k) € T(M x M) |z € M,k € TyM},

is the wavefront set of the Dirac delta distribution supported on the diagonal
of M x M.

This result highlights a first problem in the extension of the time-ordered
product to Fioe(M), as the form of the wavefront set of Hp is such that
the powers H%, k € N, are not well-defined distribution. This is due to the
presence of the term WF(d,), which causes HY to be ill-defined, according
to Hormander’s criterion for the multiplication of distributions, see Theorem
on the thin diagonal Diag, C M¥*. Hence, if we consider two local func-
tionals A, B € Floc(M) with overlapping support and try to apply Equation
, the second-order term yields, at a formal level,

(A®(9), H? B (9)) =

B / dptgy - .. dpiy, A<2)(¢)($1a ro)Hp (21, y1) Hp (22, y2)B(2)(¢)(?/1,y2) =
M4

- /W dpta dpty AO(0) (2, 2) HE(, y) B (6) (3 y). (2.40)

Here we used that, for any local functional A € Fp,(M), it holds that
supp(A@(¢)) C Diag, for all ¢ € £(M). Note that, on account of the
previous discussion, Equation ([2.40)) is ill-defined.

In order to circumvent this problem, we first observe that the powers
of the Feynman parametrix HE, k € N, are well-defined distribution on
M?\ Diag,. Hence, we can apply microlocal techniques in order to estab-
lish whether it is possible to extend H% to obtain a well-defined distribution
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also at the diagonal. This extension problem is referred to as renormaliza-
tion within the pAQFT framework. We shall adopt the approach presented
in [BF00|, which is based on the theory of homogeneous distributions first
formulated by Hérmander in [Hor98, Sec. 3.2|.

The idea is that, given a submanifold N' C M™, one can associate to
every distribution in D'(M™\ N) two quantities, namely, the scaling degree,
see Definition [A.6] and the degree of divergence, see Definition [A.7] which
characterize the behaviour of the distribution at the submanifold and allow
one to determine whether an extension exists and whether it is unique. In
Appendix we present a succinct overview of the tools necessary, while
we refer the interested reader to [BF00| for a detailed overview.

As an example, let us conclude this section by showing this procedure for
the case of the square of the Feynman parametrix H%. For simplicity, let us
work on Minkowski spacetime M* = (R* 7), although the whole discussion
can be generalised to any 4-dimensional globally hyperbolic spacetime M.

By translational invariance of Minkowski spacetime, we can rewrite Equa-

tion (2.39)) as

e =0 = g S22 v (2552

Here we have neglected the smooth function W since it does not contribute to
the singular structure of the parametrix, as well as the e-regularisation as we
consider two points x,y away from the diagonal. Note that, throughout the
following, we shall regard the Feynman parametrix as being dependent on
the single variable z = 2 — y € R*. Hence, Hp is a well-defined distribution
in D'(R*\ {0}).

Additionally, note that U,V are smooth functions and therefore they do
not contribute to the singular structure of Hp, while In 5 is a locally in-
tegrable function and therefore it generates a well-defined distribution in
D'(R*). Thus, in order to establish whether Hp can be extended to a distri-
bution in D’(R?), we need to compute the scaling degree at the origin, as per
Definition of the distribution generated by o~!. Let us observe that, for
any ¢ > 0 it holds that

-1 . _ 2 _ 2 2 — (25 g —
o (C(x y))——(g(m_y))2 C—(x_y)Q ¢ (z —y).

Therefore, the distribution generated by o' is homogeneous of degree —2

as per Definition Hence, on account of Remark [A.7] the scaling degree
of the distribution generated by o' reads sd,-1 = 2. Thus, on account of
Theorem we can uniquely extend Hp to a distribution in D’'(R?).
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Turning to the analysis of Hz, formally the square of the Feynman
parametrix reads

H2(x — ) _Ue—y) V= yUl-y <0(w—y)>

o*(z —y) o(z —y) A2
+V3z —y)In® (—a(:c)\; y) )

Here we once again omitted the smooth terms and the e-regularisation as we
are considering points away from the diagonal.
Note that the function In? (%) is locally integrable and therefore

generates a distribution in D’(R*). Additionally, if we introduce the change
of coordinates from z = (¢, 21, x9, x3) to the hyperbolic coordinates

t = pcoshy
x1 = psinh x cosf 9
. . , p>0,x€[0,00),(0,¢) €S,

X9 = psinh y sin @ cos ¢

x3 = psinh x sin @ sin ¢
we obtain that o(z —y) = p®. Thus, the second term is proportional to 252,
which is a locally integrable function if we consider that, under this change
of coordinates, the volume measure is proportional to p? dp.

It remains to analyse the first term proportional to o ~2(x —y). Since the
distribution generated by o' is homogeneous of degree —2, as highlighted
above, the one generated by =2 is homogeneous of degree —4. Hence, it
holds that sd,-2 = 4. Thus, we can apply Theorem [A.6]to conclude that it is
possible to extend the square of the Feynman parametrix H% to a distribution
in D'(R*). However, differently from the case of the Hp, the extension is not
unique and, denoting by H% and (H})? two admissible extensions, it holds
that

Hi(z —y) = (Hp)*(z —y) + cd(z —y),

Thus, for this particular extension problem, two prescriptions preserving the
scaling degree differ by a distribution proportional to the Dirac delta distri-
bution J, supported on the thin diagonal of R* x R*. While mathematically
any extension preserving the scaling degree is a valid distribution, we can
restrict the choice by imposing physically motivated constraints, such as lo-
cal covariance and the preservation of local symmetries. Among the possible
renormalisation schemes, for the scalar field theory we are considering, it is
possible to make contact with the Minimal Subtraction (MS) scheme, which
is usually adopted in theories where there is no reference mass. As expected,
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this approach turns out to be equivalent to that obtained in dimensional reg-
ularisation. For an in-depth overview and for the explicit computations of the
renormalised Feynman parametrix and its powers within this renormalisation
scheme, we refer the interested reader to [GHP15].

This construction allows us to extend the definition of the time-ordered
product to the algebra of local functionals Fj,.(M). In the following, we
shall still denote this extension by -7, with the renormalisation procedure
understood to have been carried out. We have all the data necessary to
introduce the main tools necessary for the perturbative analysis of an inter-
acting quantum field theory.

Definition 2.38. Let (M, g) be a globally hyperbolic spacetime as per Def-
inition and let V' € Fie(M) be a local functional as per Definition
representing an interacting potential. Moreover, let A € R be the coupling
constant of the theory. We call the S-matrix the map

S AFioe(M) = Fue(M)[[N]

o0

1 [id\"
S(AV)zZ—(—) Vigeoop V.
ol \h/) ————

n times

Here F,.(M)[[A]] denotes the space of microcausal functionals as per Defini-
tion |2.10, which are a formal power series in X. Furthermore -1 denotes the
extension of the time-ordered product in Definition [2.36] to the space of local
functionals.

The S-matrix is the structure that encodes the perturbative effect of the
interaction and it provides the basic tool for constructing interacting ob-
servables. It is possible to construct an inverse, in the sense of formal power
series, of the S-matrix with respect to the deformed product %y of the algebra
as per Equation . In order to give an explicit representation, we start
by defining the Dyson parametriz, which is the formal adjoint of the Feyn-
man parametrix, as per Definition [2.37] with respect to the standard pairing
between smooth functions and compactly supported, smooth functions. At
the level of integral kernels it reads

HAF(x>y) = (HF)*(x,y) = H([I),y) - ZAR(I‘,y)

Here H(x,y) denotes the integral kernel of a Hadamard parametrix as per
Definition while A®(x,1) denotes the integral kernel of the retarded
propagator as per Definition 2.24] Furthermore, the symmetry of the Feyn-
man propagator entails that of the Dyson one. By choosing H 45 as deforming
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bidistribution in Equation , we obtain another product which is called
anti time-ordered product, which we shall denote by -z. Similarly to the case
of the Feynman propagator, in order to extend it to local functionals it is
necessary to carry out a renormalisation procedure. However, once a renor-
malisation scheme has been selected for the Feynman propagator, it can be
consequently extended to the Dyson one.

After introducing the anti time-ordered product -7, we can write the
inverse of S-matrix, with respect to the product %y, as

[e.e]

1 [/—iA\"
SAVTt =) = <—) Ve o2V, AV € AFge(M).  (241)
s n! h N e’

n times

By direct computation it can be shown that

SAV) 5z LAV = S*HAV) % S(\WV) = 1,

where 1 denotes the unit of the algebra.

The definition of the S-matrix and of its inverse allows us to introduce
the Bogoliubov map, which will be one of the main tools we shall use in the
rest of our work.

Definition 2.39. Let (M, g) be a globally hyperbolic spacetime as per Defini-
tion and let \V € Fioe(M), X € R, be a local functional, as per Definition
representing an interacting potential. Additionally, let -+ denote the ex-
tension of the time-ordered product as per Definition to Fioe(M), and let
*g denote the product in Equation (2.24). Here the deforming bidistribution
is a Hadamard parametriz H as per Definition [2.31 Then, we define the
Bogoliubov map as

Rav : Froe(M) = Fre(M)[[A]]

Ry (F) = S* Y AV) xg (SOAV) -7 F), AV € Fiooe( M),V F € Fipe(M).
(2.42)
Here S(AV) is the S-matriz, as per Definition while S* 1 (\V) is its
inverse as per Equation (2.41). Additionally, F,.(M)[[N]] denotes the space

of microcausal functionals, as per Definition[2.16] constructed as power series
in A

The map introduced above allows us to construct interacting observables
as formal power series in the coupling constant for an interacting quantum
field theory and it represents the quantisation of the Mgller map introduced

in Section 2.2.6]
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Example 2.8. As an example of application of the Bogoliubov map, let us
compute explicitly the first order corrections in the coupling constant \ to the
square field observable (ID? € Fioe(M), f € D(M) for an interacting potential
of the form

A

AV(9) =5

/ dpzh(x)p*(z), &€ E(M),h € DIM),\ €R.
M

We assume that a renormalisation procedure for the Feynman and Dyson
propagators Hp, H op and their powers has been carried out. Let us compute,
up to order O(\), the expansion of the S-matrixz in Definition

S(AV) =T+ %V +0O(\?),

STHAV) =1 - Ay + O(\?).

h
Thus, Definition entails
2 i\ 5 iA ) )
Ry (®7) = (1= 2V 4+ OW) Jo (T4 7V +ON) ) -7 5 ).

Neglecting higher-order terms we obtain
i
h

Hence, in order to compute the first-order correction we must compute the
?Erjz\cit—)ordered product V -1 QD%. Applying Equation (2.38) yields, for all ¢ €

Ryy (97) = &5 + — (V-7 @F — V4 ) + O(N?).

(V7 @3)(¢) = V() 2} (0) + MV (9), Hp(97) M (9))

BV (0), (@) ().

On account of Example the Fréchet derivatives, as per Definition |2.14]
of the squared field observable @30 at ¢ read

+

oM (¢)(x) = 2f (2)p(2), O (¢)(w1,w2) = 2f(21)8(21, w2).

Here §(x1,z5) denotes the integral kernel of the Dirac delta distribution sup-
ported on the thin diagonal of M x M.

By direct computation, the Fréchet derivatives of the interacting potential
V' read, at the level of integral kernels

VOG)() = ch)SW), V(D) 11) = gh()6 )5, 2).
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Thus, the time-ordered product between V and CI>3@ reads, at a formal level
h
Vo7 83)(6) = VO 0) + 5 [ duad, 1@)0l) Hela, ()60

%/MQ dpte dpy f(2)HE (2, y)h(y)d*(y).

In order to compute the first order corrections, it is necessary to evaluate
also V xp @?. Howewver, since the product is formally defined by an anal-
ogous expression obtained by substituting the Feynman parametric Hyp with
the Hadamard parametriz H, we obtain

(Voo B)(0) V(OR3(0) + 5 [ dpadin, 1)ole) H . )h(0)6* ()

h2
+ 5 [ duedu F@H b))
M2
Hence, the first order correction in A for the squared field functional reads
Rw(@ff)(ﬁb) = ‘I)ff(ﬁb)"‘

%(2 /w dpz dpry f(2)0() (Hr(2,y) = H(w,y)) h(y)" ()

* %2/ dpe dpy f (@) (Hi(2,y) — H(2,y)) h(y)¢2(y)> L OO =
M2

= 1(0) - %/ o e (2)(x) A (2, y)h(y)d® (y)+

- %i/ dpiz dpy f(2) (H?v(x,y) — HQ(x,y)) h(y)d?(y) + O(N?).
MQ

Here we used that, by definition, it holds that Hp(x,y)—H(z,y) = iA%(z,y),
where A*(x,y) is the advanced propagator as per Definition m

Given the fact that the Bogoliubov map R,y as per Definition [2.39 is
the quantum counterpart of the Mgller map %, as per Definition [2.35] it is
natural to wonder whether some classical limit exists where these two maps
actually coincide. In order to answer this question, let us notice that the free
observables of the underlying locally and covariant algebra, as per Definition
[2.32] are constructed as formal power series in the deformation parameter .
This holds due to the definition of the deformed product xg. Since negative
powers of A appear in the definition of S(AV'), the interacting observables
obtained by means of the Bogoliubov map are both formal power series in A
and Laurent series in A. The classical limit is obtained by imposing A — 0,

93



2.2. ALGEBRAIC QUANTUM FIELD THEORY

being A the deformation parameter linked to the quantisation of the theory.
This is however, in principle problematic, as negative powers of A in the
expression of R,y (F) would entail the presence of divergent terms. The
following proposition states that this is not the case, as no negative power of
h appear in the formal expansion of the Bogoliubov map.

Proposition 2.11. Let (M, g) be a globally hyperbolic spacetime as per Defi-
nition |2.6| and let \V' € Fioe(M), X € R, a local functional, as per Definition
representing an interacting potential. Moreover, let Ry, be the Bo-
goliubov map as per Definition Then, the formal expansion of Ryy (F)
contains no negative power of h for all F € Fjoe(M).

For a proof of this result, we refer to [Rej16, Prop. 6.1] and [BDR23, Prop.
4.3].

Having ensured that no negative powers of h appears inside the Bogoli-
ubov map, we state a proposition that highlights the link between the Mgller
map Z,y in Definition [2.35] and the Bogoliubov map Ry .

Proposition 2.12. Let (M, g) be a globally hyperbolic spacetime as per Def-
inition |2.6| and let \V € Fioe(M), X € R, be a local functional, as per
Definition representing an interacting potential. Moreover, let Ry be
the Bogoliubov map as per Definition and let Zyy be the retarded Mpller
map as per Definition [2.35 Then, it holds that

Ry (F)|,_y =% (F), YF € Fie(M).

For a proof of this proposition, we refer to [Rej16, Prop. 6.2].

2.2.8 Quantum algebra on the boundary

The goal of this section is to introduce the quantum algebra of observables at
the conformal null boundary .#* of an asymptotically flat spacetime as per
Definition Furthermore, we introduce the bulk-to-boundary map that
projects observables from the locally covariant algebra of the theory to coun-
terparts on .# . Note that, in order to construct an algebra of observables,
the construction of the bulk algebra that we carried out in Section can-
not be transferred directly to .#*. The reason is that the induced metric
is degenerate rather than Lorentzian. Hence, there is no analogue, for ex-
ample, of a Hadamard parametrix on .# . Moreover, the bulk-to-boundary
map is defined by composing bulk observables with the causal propagator of
the theory, and its image need not have compact support in . *. In fact, the
support may reach also future timelike infinity %, as for a generic curved,
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asymptotically flat spacetime Huygens’ principle does not hold. Hence, we
construct a different class of functionals that is suitably defined in order to
represent the asymptotic observables at .#*. The following discussion is
mainly based on [DMP17] and [DPP11].

Before introducing the boundary algebra and its properties, let us fix the
notation. We shall consider a globally hyperbolic spacetime (M, g), as per
Definition [2.6] which is asymptotically flat at future null and timelike infinity
as per Definition We shall denote by M the unphysical spacetime in
which M is embedded via a conformal transformation, and we identify M
with its image under the embedding ¢ : M — M. .

Additionally, we shall denote the boundary of M by ¢ = dJ (i"; M),
where J~(i; Mv) denotes the causal past of future timelike infinity i+ with
respect to the causal structure of M. Tt can be decomposed into

¢ = 9"0U{it}

Here .# " denotes future null infinity which, in the Bondi coordinates (u, 6, ¢)
introduced in Section is diffeomorphic to R x S? while i* is future
timelike infinity:.

Let us start our discussion by introducing the building blocks necessary
to construct the boundary algebra. Here we report Definition [DMP17, Def.
5.2.1] adapted to the case at hand.

Definition 2.40. Let (M, g) be a globally hyperbolic and asymptotically flat
spacetime at future timelike and null infinity as per Definitions and
Moreover, let us denote by € = S+ U {it} the boundary OM under the
conformal embedding of M in Definition and let D'(F*) be the space of
distributions as per Definition[A.1l Then, we denote by F™, n € N, the set
of distributions F,, € D'((S1)") such that:

e The closure on €™ of supp(F},) is compact, where supp(F},) is the sup-
port of F,, as per Definition
e it holds that

WE(F,) € {(2,6) € (1" 7)" | (2,6) ¢ (V, UV, (2,€) & Su}.

Here WF(F,) denotes the wavefront set of F,, as per Definition
while we used the shorthand notation (z;€) = (1, ..., 2n; &1, -, &)
Additionally T*(.# )" = T*(#H)" \ {0} is the punctured cotangent
space. Furthermore, (z,£) € V: if, for every i, either & =0 or (&), >

0, and analogously for V. . Furthermore, (x,€) € S, if there exists an
index i such that & # 0 and (&), =0,
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o The distribution F,, can be factorised into the tensor product of a smooth

function and an element of F"! when localised in a neighbourhood of
Jr
it

Remark 2.26. The support condition in Definition s not restrictive.
For a compact set K C M, its causal future J*(K) is past compact, namely,
for any point p € /W, it holds that J~(p) N JT(K) is compact in M. Any ob-
servable supported in K will be mapped to a counterpart supported in J+(K)N
€, which is a closed subset of J*(KC) N J~(i*) and therefore compactly sup-
ported in E .

Remark 2.27. The third condition in Definition entails that all singu-
larities are localised away from i™. This is not a restrictive condition as it can
be verified by applying the propagation of singularity theorem, cfr. [Hor98,
Sec. 8.3]. In particular, for the bulk-to-boundary map that we shall intro-
duce below, this states that singular directions of a distribution in the bulk
propagate along null curves. Therefore they reach %+ rather than i*.

We are now ready to introduce the algebra of boundary observables

Definition 2.41. Let (M, g) be a globally hyperbolic, as per Definition
and asymptotically flat spacetime as per Definition Moreover, let us
denote by € = I U{it} the conformal boundary of M and let F™, n € N,
be the functional spaces introduced in Definition We call extended
algebra of boundary observables the unital x-algebra, as per Definition

(A (FT),*,%,). Here, the space (I 1) is

o
=P 7°=c,
n=0

where FI' denotes the subset of F" of symmetric distributions admitting

only a finite number of terms are considered. Furthermore, the involution %
is defined as

Fi(fio @ f)=F(fn® -®f1), Vii...,[n €D(I")VF e F
For every element F € of,(F ") we set

N
-y %Fk(f@“), Fe F* [ e D).

The product %, is defined as

(Fx,G)( Z% ), WEPGM(f)), YfeD(IN)VFG e d(I).

n=0
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Here the bidistribution wy, € D'(FT x FT) reads, at the level of integral
kernel,

5 /
wy(u,u'ys,s') = lim (s, 5)

/ 2 /
_>O+m, S, S GS , U, u ER,
c _ _

where the limit lim. o+ has to be taken in the topology of D'(F+ x IT).
Moreover, F™(f) denotes the Fréchet derivative of order n of the functional
F.

Remark 2.28. The specific form of the integral kernel of w, in Definition
[2.41) is obtained by imposing BMS-invariance to the kinematical configura-
tions on S . Furthermore, its pullback under the bulk-to-boundary map we
shall construct below yields a bidistribution which is of Hadamard form as per
Definition[2.51. This result is of particular relevance since, given the unique-
ness of wy, we obtain a way of selecting a distinguished Hadamard bidistri-
bution H for the bulk theory. For a detailed analysis we refer to |DMP17,
Sec. 4.

Note that the wavefront set condition in Definition 2.40] entails that the
product in Definition 2.41]is well defined on account of Theorem [A.4] For an
explicit proof we refer to [DPP11} Prop. 3.5|.

Additionally, note that if we had considered the algebra of local function-
als as per Definition on the manifold .#*, the wavefront set condition
would not be satisfied and therefore the product of the algebra would have
been ill-defined.

Once the bulk and boundary algebra have been defined, we proceed by
introducing the bulk-to-boundary map that defines the projection of observ-
ables from the bulk to .#*.

Theorem 2.4. Let (M, g) be a globally hyperbolic, as per Definition
and asymptotically flat spacetime as per Definition Moreover, let € =
I U{it} denote the conformal boundary of M. Additionally, let Ay (M)
be the quantum microcausal algebra as per Definition and let ,(FT)
be the extended boundary algebra as per Definition [2./1, Then, there exists
a unit preserving x-homomorphism between Apy(M) and of,(I+)

T Ap(M) — ().

Additionally, let S be the action of a massless, conformally coupled scalar field
as introduced in Fxample and let Ag be the associated causal propagator
as per Definition [2.25. Then, if Q € E(M) denotes the conformal factor
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while ZS denotes the causal propagator for the Klein-Gordon action on M,
it holds that

_ Z% N PR AT (2.43)

k=0

Here Fy, € E'(MPF) are the compactly supported distributions as per Definition
[A.2 introduced in Remark [2.0.

For a complete proof of this theorem we refer to [DPP11, Th. 3.1]. How-
ever, given the relevance of this result, we shall give here an outline of the
procedure. Each term in Equation (2.43) has to be understood as the product

of distributions N
L*A?k (1I® (9_3)®ka).

Here +* denotes the pullback of the causal propagator by means of the em-
bedding ¢ : T x M — M x M, while 1 is the distribution generated by the
constant function 1 on (£ T)*. The integral kernel of this expression reads

Ag(vr, 273 (21) ... Ag(vg, 21) Q03 (2) i@y, - . . ), (2.44)

where z; € M,v; € 1, Vi = 1...,k. We smear this distribution with
Y € E(MF) such that @Z)|Supp(Fk) = 1. Here supp(F%) is the support of the

distribution F}, as per Definition N

The proof consists in showing that the pullback of Ag to the boundary
and the product of distributions in Equation is well-defined, as well
as verifying that the resulting functional on .#* lies in the boundary algebra
(I,

Let us start by discussing the restriction of the causal propagator ZS.
Note that the set of normals of ¢, as introduced in Theorem [A.2] satisfies

N, C {(z1,&;22,6) ET* M x M) |21 € I, & = (€)udu, (&), € R},

and that, denoting the right-hand side by M,, MmWF(ZS) = (), see [DPP11},
Th. 3.1]. Hence, we can apply Theorem in order restrict the causal

propagator to a distribution on £ x M.
On account of Theorem [A.3] it holds that

WF(1® (279 F,) C {0} x WF(F}), (2.45)

where {0} denotes the zero section in T*(.#T)*. This is due to 1 being a
distribution generated by a smooth function and, thus, WF(1) = ). Further-
more, since Fj, is compactly supported in M¥, it holds that

Q) F, = (Q7)* " nF,  neDM*), 1| =1

supp(Fy)
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Thus, since € is nowhere vanishing inside M, the function (Q73)%*p is
smooth, non-vanishing on the support of F}. and compactly supported. There-
fore, it holds that

WE((Q )% nF,) = WF(F).

Thus, any element in WF(1 ® (Q73)®%F}) is of the form

(U70;yaﬁ):(Uh"'7vk707"'70;y17"'ay/€’61a"'7/6k>7

where (y1,..., Uk, B1,---,0c) € WE(Fy), v1,...,v, € ZT. Moreover, as
shown in [DPP11, Th. 3.1], the wavefront set of the pullback via ¢ of the
causal propagator reads

WE(*As) = {(u,& 2, —C) € T*(F+ x MN[0} | (w,€) ~ (2,Q)},  (2.46)

where the relation (u, ) ~ (z, () means that the points v and « are connected
by a null geodesic v, ( is tangent to v at x and £ is the parallel transport of
¢ along . We apply once more Theorem to infer that

WF ((:"A)%%) € WF(iA)*. (2.47)
Thus, any element of WF ((L*K)®k> is of the form

(u, & 2,0) = (Uy oy Upy E1y oo E3 Ty e oy Thy Gy e e vy ),

where it holds that (u;,&;) ~ (2;,¢;) for all ¢ = 1...k. Let us now con-
sider (u,&;2,¢) € WF(*A%Y) and (v,0:y,8) € WF(1 ® (Q3)®FF,) such
that w; = v, x; = y;Vi = 1,... k. Since the covectors &1,...,& are
non-vanishing, being the parallel transport of (i,...,(; and (; # 0 for all
i, the sum (&;,..., &, Gy, ) + (0,...0,081,...0%) is non zero. Thus,
{0} ¢ WF(.*A®%) + WF(1%% ® F}). The product is well defined on account
of Theorem [A.4] Moreover, the wavefront set of the distribution obtained by
partial evaluation with the function v satisfies the wavefront set properties

and smoothness condition in Definition .40l

Remark 2.29. Let us consider the field observable @y € Ap (M), f €
D(M), as in Example [2.3 If we apply the map T introduced in Theorem
the projected functional I'(®¢) reads

As( @) e

where KS is the causal propagator of the unphysical spacetime M.
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Chapter 3

Projection of massive scalar fields

The construction developed in Section is restricted to a massless, con-
formally coupled scalar field theory. The goal of this chapter is to extend
this construction to the case of a massive theory, focusing in particular on
the analysis of the massive scalar field observable. Massive scalar fields play
a central role in physically relevant models, most notably in the Higgs sector
of the Standard Model. The Higgs mechanism is based on the spontaneous
breaking of the electroweak symmetry, generating masses for the electroweak
bosons and fermions. For a detailed analysis of the Higgs mechanism, we
refer to [Hig64; EB64].

The main difficulty in treating massive fields lies in the fact that the con-
formal invariance of the equation of motion is lost and it appears a singular
potential in the conformally transformed equation.

To address this issue, we employ the Principle of perturbative agreement
which states that every quadratic mass term in the Lagrangian can be equiv-
alently seen as either part of the free theory or as an interacting term. For a
detailed overview of this topic, we refer to [DHP17|. By choosing to interpret
the mass term as an interacting potential, we can apply the perturbative tools
developed in Section in order to represent the massive field observable
as a formal power series in the coupling constant, which, in this context, is
linked to the mass of the field. Once the perturbative series is obtained, it
will be possible to define a projection map for the massive field observable
to the future null infinity #* similarly to what we did in Section for
the massless field.

Let us start by fixing the preliminary notations and conventions. We
shall work on Minkowski spacetime M* which, as shown in Section [2.1.2]is
conformally embedded in the Einstein static universe Mg, ~ R x S3. The
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conformal boundary can be decomposed as
€ =I9TUI Uit Ui Ul

Here i* represents future/past timelike infinity and i, represents spatial in-
finity. On the Einstein static universe, we choose the global coordinates
(1, p,w) € Rx [0, 7] x S?, as defined in Section so that the line element

of the metric gegy of Mg, reads
ds* = —dr? + dp? + sin? pdS*(w).

Furthermore, on the Minkowski spacetime we consider the free theory
induced by the generalised Lagrangian, as per Definition [2.20}

1

£O00) = =3 [ Ao (@ (0),0().0(0).

Here ¢ € £(M*), while x € D(M*) is some smooth, compactly supported
cutoff function.

The Cauchy problem associated to the equation of motion induced by
this Lagrangian, as per Definition reads

{PO¢ = I:]’r]¢ = 07
¢|E = ¢, nuvu¢|z = ¢1, (¢07¢1) € D(E) D D(E)

Here U, = n**V,V, is the d’Alembert operator built out of the Minkowski
metric with signature (—, +,+, +), X is any spacelike Cauchy surface as per
Definition [2.6] while n* is the unit, outward-pointing normal vector to X.

If we apply the conformal embedding ¢ : M* < Mgy, the Cauchy problem
becomes

{ﬁ()@ = (O,,., — 1)@ =0,
s = Po, s =P1, (Po,P1) € D(E) DY)

(3.1)

(3.2)

Here >’ is any spacelike Cauchy hypersurface of M,g,. This initial value
problem in the literature is also known as the conformal wave equation given
its conformal invariance.

Additionally, we shall denote by A4 the advanced and retarded Green
operators, as per Definition associated to Py and by A4/E the ones
assomated with Py, and snmlarly for the causal propagators, as per Definition
5, Ag and AS On account of the principle of perturbative agreement, we
CODSlder the interacting theory with interacting potential

2

m2V (¢) = —m? [ h(z)d*(x), he DM, ¢ e M), m? > 0.
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On account of the discussion in Section 2.2.6] the massive field observable is
obtained by applying the classical retarded Mgller map Z,,2y as per Defini-
tion 2.35] to the free observable ®; € Aj,.(M*), f € D(M?), as introduced in
Example [2.2]

By definition, it holds that

Ry (24)(0) = Py (ruzv(9)), Vo € E(MY),

where 7,21, denotes the retarded Mgller map acting on configurations as per
Definition On account of Remark [2.25] it holds that

o0

rmy (9) = Y (m?) (A% o h)*(9),

k=0

where we used that the linear map induced by the first Fréchet derivative of
the interacting potential as per Deﬁnitionreads V() (x) = —h(x)(z)
for all ¢ € E(M*).

Hence, we obtain the following expansion

[e.o]

'%mQV((I)f)(qb) = (I)f (Z(m2)k(AR © h)k(¢)) )

k=0

where the series on the right-hand side, as we will later show, is convergent in
the topology of smooth functions as per Definition In order to express
the functional itself as a formal power series, we observe that

(A% o h)g) = (f, AT (he)) = (hAY(f), ),

where (-,-) denotes the standard distributional pairing between D(M?*) —
E'(M*) and £(M*) as in Equation and we used that the formal adjoint
of the retarded Green operator with respect to that pairing is the advanced
one. Here & (M*) denotes the space of compactly supported distributions as

per Definition
Furthermore, by induction, it holds that, for all £ > 1,

®s((AT o h)H(¢)) = (f, (A% o h)*(9)) = (M(A% o h)*TTAA(f), 9).

Hence, we conclude that the massive field %2y (®y) is the functional
generated by the following formal series

Ry (Bf) = f+hz B(AY o R)FTAA(S)

= [+ mQhZ (A% o h)"AM(f), (3.3)
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where, with a slight abuse of notation, we identified the functional with the
function that generates it. Note that the series in Equation ( is formally
equivalent to the Mgller series in Remark applied to the smooth function
A“(f), the only difference being the presence of the advanced Green operator
in place of the retarded one. The following proposition proves that, on the
Minkowski background, this is a convergent series.

Proposition 3.1. Let (M*,n) be the 4-dimensional Minkowski spacetime and
let By = U, be the d’Alambert operator constructed out of . Furthermore,
let AR be the advanced/retarded Green operator associated to Py as per

Definition [2.24 Then, for any h € D(M*) and ¢ € E(M*), the series

[e.9]

> (AYE o h)mg, (3.4)

n=0
is convergent in the topology of £(M*) as per Definition .

For a proof, we refer to [DHP17, Appendix B|.
Once we have obtained an explicit form for the massive field observable

in the Minkowski spacetime, we can proceed to the analysis of its projection
to future null infinity .# . Let us rearrange the terms in Equation (3.3) as

o

Ry (Bp) =D (m*)"(ho AM)(f). (3.5)

n=0

Note that each term of the series is the functional generated by a smooth,
compactly supported function in M*. Therefore, each term is a regular func-
tional as per Definition and thus lies in the free algebra Aj,.(M?) as per
Definition [2.32] On account of Theorem [2.4] we can therefore independently
project each term of the series to the future null boundary and therefore
obtain a series representing the asymptotic behaviour of the massive field
observable. The main problem we have to face in this section is to determine
whether the resulting boundary series is just a formal power series or it is
converging. In the latter case, we can define the projected massive field ob-
servable as the functional in the boundary algebra 7. (.# ) as per Definition
2.41| generated by a function on .#* which lies in a suitable functional space.

Let us start by writing the formal expression of the projected massive
field observable obtained by applying to each term in the Mgller series of ® ¢
the map T introduced in Theorem 2.4]

o0

D( Ry ®y) = > (m?)"As (3 (ho AN ()] .- (3.6)

n=0
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Here /A\S denotes the causal propagator as per Definition of the operator
F.
Note that each term of the series can be decomposed as

As(v) = Ap(v) — Aa(v),

for a suitable smooth, compactly supported function ¢ € D(M*). On account
of the support properties of the advanced and retarded Green operators in
Definition it holds that

Aa(®)|,, =0, Yy eDM).

Hence, we can equivalently write

[e.9]

(B ®s) = S (M2 B (24 (ho AN ()) | .. (3.7)

n=0

Here Q) € £(Megy) is the conformal factor of the conformal embedding M* —
Mesu-

The crucial observation is that each term in Equation (3.7 is the restric-
tion of a function that satisfies the following initial value problem in Mg,

{EOZRW =y
AR@/})‘{]* =0

This is an initial value problem with initial data assigned on a null hyper-
surface rather than a spacelike one and is therefore called Goursat problem.

We shall therefore apply suitable norm estimates derived from the analysis
of the Goursat problem in the Einstein static universe in order to prove the
convergence of the series in Equation . We shall here briefly outline the
main definitions and results, referring to [BSZ90| for a complete overview of
the Goursat problem in Mg,.

Let us start by considering that, for any fixed 7 € R, the Cauchy hyper-
surface X, = {7} X S? C Mg, is diffeomorphic to the 3-sphere S*. Therefore,
the initial value problem in Equation (3.2)) requires initial data to be assigned
on a 3-sphere. We proceed by enlarging the space of initial data from that of
smooth, compactly supported functions to a larger functional space that en-
sures that the resulting solution of the problem yields a finite energy, namely

(3.8)

H(S)=H'(S*) @ L*(S?), (3.9)

which is the direct sum of the first Sobolev space and the L? space on S3.
The space H(S) is called the finite-energy space. This is an Hilbert space,
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being the direct sum of two Hilbert spaces, whose scalar product is given by:

<(I)1 D Py, Uy b \D2>H(S) = <q)1, A\IJ1>L2(5) + <q)2, \II2>L2(S)7 A= (—Agzs + 1)

(3.10)
Here Ags denotes the Laplacian operator on S* while (-, -)72(s) is the usual
inner product in the space of square integrable functions on S. This product
induces the following norm on H(S5)

11 @ Dol 115y = (@1, ADy) p2s) + || Do 325 ) - (3.11)

We now define the set of all finite-energy solutions for the massless equa-
tion of motion

Definition 3.1. Let (M sy, gesu) be the Einstein static universe introduced
in Section with global coordinates (1,p,w) € R x [0,7] x S? and let
H(S) be the finite-energy space as per Equation . Then, we say that
¢ Moy — R is a finite-energy solution of the conformal wave equation
of

(Dgesu - 1)¢ =0

o(r,:) ® 0 0(1,-) € H(S), T7€R

We denote by H the space of finite-energy solutions. Furthermore, we define
an inner product on H

(@, 0)p = (O(7,-) ® Or (T, ), (7, ) @ Ob(7, ) m(s), Vo, ¥ € HoT € R.

This inner product induces a norm on H, called energy norm, as follows

I8lle = [16(7, ) @ 0:(7, lucs), ¢ € H.

Additionally, we denote by Hy, the set of all ¢ € H such that ¢(t,-) ®
O, 0(T,-) € E(S) ® E(S) for some T € R.

Remark 3.1. Although it may appear that the definition of the norm of
finite-energy solutions is dependent of the choice of T € R, it can be proven
that, for solutions of the conformal wave equation, ||p||g is constant for all
possible values of T, see [BSZ90, Sec. 3].

As already mentioned, we are interested in studying the initial value prob-
lem with initial data assigned on a lightcone, rather than constant Einstein-
time surfaces. Lightcones in the Einstein static universe are identified by a
real parameter t € R and are defined in the following way

Cy={(r,p,w) ERx[0,7] x S*| T £ p=1t€R}. (3.12)
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Note that every lightcone C; € Mg, can be identified with S®. Our goal is to
identify the equivalent initial value space for the Goursat problem to H(S).
To this end, we begin by showing that the energy norm, as per Definition
of a finite-energy solution ¢ can equivalently be characterised in terms of
its restriction to a lightcone. We refer to [BSZ90, Proposition 4| for a proof
of this result.

Proposition 3.2. Let (M sy, gesu) be the Einstein static universe introduced
in Section and let Hy, be the set of all smooth, finite-energy solutions
as per Definition [3.1. Furthermore, let Cy C Mg, t € R, be a lightcone as
per Equation (3.12)). Then, it holds that, for all ¢, € H,

(6, %) = /C A1tz 8], (@) (= Bes + 1], () (3.13)

Here (-,Yg denotes the inner product in H as per Definition Further-
more, gb‘ct denotes the restriction to Cy of ¢, while Ags denotes the Laplace
operator on S®. Here the integral is considered with respect to the standard
volume measure of S* denoted by dji.

A direct consequence of Proposition [3.2]is that, for any smooth, finite-energy
solution ¢ € H,,, its restriction to any lightcone Cy, ¢t € R, lies in the first
order Sobolev space H'(C}). This holds true on account of the fact that the
right-hand side of Equation is equivalent to the Sobolev norm on S3.
Furthermore, since this map is isometric with respect to the respective inner
products, it can be uniquely extended to a map

U:H— H(C).

The following theorem makes this observation precise and shows that
the inverse holds, namely, every function in H!(C}) is the restriction to the
lightcone of some finite-energy solution.

Proposition 3.3. Let (Mg, gesu) be the Einstein static universe and let
H be the finite-energy solution space to the conformal wave equation as per
Definition . Furthermore, let H'(C}) denote the first-order Sobolev space
on the lightcone Cy, t € R as per Equation (3.12). Then the map

U:H— HY(C)
¢ g,

is an isometric bijection with respect to the inner products {(-,-) g as per Def-

z'm'tion and the inner product on HY(C) defined by the right-hand side of
Equation (3.13)).
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For a proof of this result, we refer to [BSZ90, Prop. 5, Th. 8|.

Remark 3.2. Propositions and entail that, for any pair of functions
O, U e HY(C,), the inner product defined on the right-hand side of Equation
between ® and V yields the same result as the inner product defined
on H, as in Definition[3.1], between the corresponding finite-energy solutions.
Hence, on account of this 1 to 1 correspondence, we shall equivalently use the
symbol || - ||z to denote the induced norm both on H and on H'(C}).

On account of Proposition we regard H'(C;) as the natural functional
space to assign initial data for the Goursat problem and, for this reason, in
the following we shall refer to it also as the space of Goursat data.

The following result gives a norm estimate for the solutions to the Goursat
problem that will allow us to prove the convergence of the series in Equation

BD.

Lemma 3.1. Let (M sy, Gesu) be the Einstein static universe and let Cy, Cy,
t,t' € R, t > t, two lightcones. Additionally, let D(t,t') C Mg, denote
the region bounded by Cy and Cy. Let f € E(Mes) be a smooth function
supported inside D(t,t') and let g € H'(Cy) N E(Cy) be a smooth Goursat
data. Then, there exists a unique smooth solution ¢ : M., — R to the
Goursat problem

(3.14)

Here, U, = gtV ,V, is the D’alambert operator on the Einstein static

universe. Moreover, it holds that
" 1
16]¢, = €“ 0|, lle < e((t' =) + 72 fll2Menys € > 0.

Here ||-||g denotes the norm on H'(Cy) as per Remark while || - || L2(Moy0)
denotes the standard L? norm with respect to the metric induced measure in
M ou. Furthermore, L is the closure in Hl(Ct) of the operator

P
Ly® = sinp/ sinp/ (—Ags + 1)@ dp/, &€ H(C,) NEC,).
0

For a proof of this theorem, we refer to [BSZ90, Lemma 10].
We can now prove the main result of this section, namely, convergence of
the series in Equation (3.7)).

Proposition 3.4. In the aforementioned setting, the series

o0

D( By ®s) = Y (m*)F AR (7% (ho AY)* (£)) |+, (3.15)

k=0
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is convergent in the topology induced by the energy norm in HY(Cy) as per

Remark (3.2)).

Proof. Let us start by observing that, on account of the discussion in Sec-
tion the conformal boundary of M* with respect to the conformal
embedding ¢ : M* = Mg, is OM* = C, U C_,.. In particular, it holds that
ST C C,. Additionally, in Minkowski spacetime, the retarded Green op-
erator’s integral kernel for a massless scalar theory is supported exclusively
on lightlike-separated points, see [Sch89, Sec. 2.3]. As a consequence, since
J 7 is the accumulation set of all null geodesics in Minkowski spacetime, the
function AR(Q73y) € E(Mesu) never reaches future timelike infinity i* for
all x € D(M*). Hence, it holds that

ARQTY)] . = ARQ7N),, -

Additionally, it holds that ZR(Q*ZJ’)O‘ o = 0 since the retarded Green

operator propagates only in the causal future of supp(x). Hence, by the
definition of the retarded Green operator, it holds that

{ (g — DAR(Q 7)) = x
R(O)-3 _
AR(Q73x)| o =0
Therefore the k-th term of Equation ({3.15)) is the restriction of a smooth solu-
tion of the Goursat problem with smooth initial data on C'_,. Furthermore,
the source is a compactly supported smooth function supported inside M*,
which in turn is contained in the region bounded by C. and C'_,. Therefore,

on account of Lemma it holds that

AR (72 (h o ANY(N)) L+l < VBRI (B o Al 12(Mpsuianso):
(3.16)
Here we have made the measure with respect to which we consider the L?
norm explicit. Let now K C M* be a compact set such that supp(f), supp(h)
K and let us analyse the case k = 0 and k > 0 separately. By imposing £ =0
in Equation (3.16)) we obtain

N

=

190 isrtenitions = ([ it 1072112) =

esu

%
_ ( /M s 9496\f|2) <o 12 2 (3.17)
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Here the second equality is obtained by changing the global coordinates
(1, p,w) € R x [0,7] x S? of the Einstein static universe with the standard
cartesian coordinates on Minkowski spacetime. Note that the last term is
finite since the function € is strictly positive on any compact set of M* and
f is a bounded function, being smooth and compactly supported.

Let now k& > 0. By direct computation, it holds that

HQ_S(}LO AA)k(f>HL2(Mesu;dltesu) = </ dﬂesu Q_Gl(ho AA)k<f)‘2>2 =

esu

— (/ d*r Q*QC|(ho AA)’“(f)|2> "<
M4
< (A% o YT AA ) oo () 1 B2 (K- (3.18)

Therefore we obtain the following estimate for the boundary series:

D (v ® )|z < collfllz=eae) + Y call(A% 0 B AA(f)] | (r0),

k=1
Cp = (mQ)kcv 2T maX{HQithLz(K;duM@, HQ?lHLQ(K;d/'LMﬂ)}' (319)

Note that each term of the form (A% o h)*~1A4(f) is the term of order k — 1
in the advanced Mgller expansion of a2y (A%(f)), where a,,2,; denotes the
advanced Mgller map on the space of configurations as per Definition [2.34] for
a quadratic interacting potential. This follows on account of Remark 2.25| by
exchanging the retarded with the advanced Mgller map. Therefore, we shall
now show that we can further estimate the uniform norm of this function on
K to obtain the sought result. To this end, let us consider a compact set in
M* of the form K’ = [tg,t;] x X, where ty,t; € R and ¥ is some compact
spacelike hypersurface such that K C K’. Then, we define the following
norm on the set of smooth, spacelike compact functions Ey.(M?):

||@Z 1oo = SUDsefyg 1] ||@//J\(t, )||1, where~ denotes the Fourier transform with
respect to the spatial coordinates and || - ||; denotes the L'(R?) norm. Note
that this norm allows to estimate the uniform norm of v, namely,

[0z ) < [ 1,00-

This can be shown by writing

2m)>2

1 ~ A
Y(t,x) = . / PPk (t, k)e™ >,
R3
on account of the properties of the Fourier transform, see [Hor98, Chap. 7).
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It holds that

it € — [ R0 = [t VxRS

2m)

and taking the supremum over x € ¥ and t € [tg, 1] we obtain the desired
estimate for the uniform norm of .

In [DHP17, Appendix B| it is proved that the following chain of inequal-
ities holds

1
1A% 0 ) 1AM i) € — s (AT 0 YT AA() 1
)
£ t)2E=D R k; I
S i U 1=y vy T (3.20)

(k— 1)

Here by_1 > 0 are constants arising from the normalisation of the Fourier
transform.
Thus we conclude that

(ty — to)2 D[R Y —

(3.21)
This series is convergent since the constants b,_; and ¢ grow at most expo-

nentially with k, and therefore are dominated by the factorial (k — 1)! in the
denominator. O

TRy @)1 < coll Flloe )+ cabra
k=1

This result shows that the massive field observable Z,,21®; can be projected,
on the Minkowski background, to the future null infinity and that the pro-
jected observable is not merely a formal power series but it is convergent in
the energy norm. Therefore, it defines a boundary observable in o7, ().

Remark 3.3. Note that the estimate in Equation ( fails if the infrared
cutoff function h is replaced by the constant function 1 on M*. Thus, the
procedure outlined in this chapter does not yield a projection of the massive
field observable in the adiabatic limit h — 1. However, information about the
local behaviour of the theory can be obtained by setting the function h to be
equal to 1 in some relatively compact set of Minkowski spacetime.
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Chapter 4

Projection of the Stress-Energy
tensor

The goal of this chapter is to investigate how the bulk-to-boundary map
introduced in Section 2.2.8] can be extended to the study of an interacting
theory. The projection map I' to .# 1 provides a useful tool for describing
scattering processes on asymptotically flat spacetimes in a manifestly co-
variant way. In quantum field theory on Minkowski spacetime, scattering is
usually formulated by assuming that interacting fields become asymptotically
free at large times and by expressing interacting observables perturbatively
in terms of the corresponding free theory. On a generic curved background,
however, such a formulation is less natural, since it relies on the choice of
a preferred time coordinate and therefore breaks manifest covariance of the
theory. A more natural approach, from this perspective, consists in studying
the asymptotic behaviour of physical observables as they approach future
null infinity. Therefore, one follows the evolution of the system along causal
directions without relying on a distinguished set of coordinates. As an appli-
cation of this idea, in this chapter we compute the projection to .#* of the
stress-energy tensor 7}, in the presence of a quartic interaction in the bulk
at first order in perturbation theory. The stress-energy tensor plays a pivotal
role in the description of a physical theory, as it describes the distribution
of energy and momentum of the field and it acts as the matter source in
Einstein’s field equations.

The starting point of our analysis is the perturbative construction of inter-
acting observables in pAQFT. As discussed in Section the Bogoliubov
map R,y, as per Definition [2.39] associates with an observable of the free
algebra F' € Aj,.(M), as per Definition a formal power series in the
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coupling constant A € R. Writing

o0 n

Roy (F > SRV (4.1)

each coeflicient R, (V; F') is an element of the free algebra and therefore, by
Theorem it admits a well-defined projection to .#*. This suggests defin-
ing the projection of the observable order by order in perturbation theory:

)\n
T[Ray (F)] = Z PRV F). (4.2)
n=0
The stress-energy tensor of any field theory can be explicitly computed from
the underlying action, as per Definition To start with, we consider the
action for a massless, conformally coupled scalar field on a 4-dimensional
globally hyperbolic, asymptotically flat spacetime (M, g), as per Definitions

and which reads

R
S0 =5 [ w0 VOV + o8| 6 EM),f e DM).

(4.3)
Here dpu, is the metric-induced volume form. Note that here we have made
the dependence of the action on the metric explicit. The stress-energy tensor
can be computed via the defining relation

T, = 2 5 (4.4)

Vgl 69"

where |g| is the absolute value of the determinant of the metric and 5 5
denotes the Fréchet derivative of the action with respect to a variation in the
metric, see Definition [2.14]

A direct computation yields, for all ¢ € £(M),
1
Tous0) = [ e 10)(,000)V,6(0) = 50,0(0) V"6 (0) V()

1
+ E[GW + g0 — V,V,]¢%), (4.5)

where G, = R, — % g R is the Einstein tensor while V, is the component of
the Levi-Civita connection in an arbitrary but fixed coordinate chart of M.
From the definition of stress-energy tensor, two important properties arise,
namely, it is divergence-free and, at least for the classical theory, traceless
when evaluated at on-shell configurations. We state a proposition proving
these properties. We refer to [Mor03, Sec. 2| for a proof and for an in-depth
analysis of the stress-energy tensor.
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Proposition 4.1. Let (M, g) be a j4-dimensional globally hyperbolic space-
time as per Definition [2.6] and let us consider the action S, as per Definition
i Equation . Moreover, let E¢(M) denote the solution space of
the equation of motion induced by S as per Definition Additionally, let
T,r € Fioc(M) be the stress-energy tensor as per Equation (U.5)). Then, the
following hold

o The stress-energy tensor is conserved on-shell, namely,
VT, 5(¢) =0, Ve &s(M).
e The stress-energy tensor is on-shell traceless, namely,
Ty(¢) = 9" Tws(¢) =0 Vo € Eg(M).

This proposition entails that we are free to add to the stress-energy tensor
any term of the form

DG ®Po®)(6) = 1 /M Aty G (2) F(2)$(x) Pod(z), n ER,  (4.6)

where Py = L, — % is the operator ruling the equation of motion of the free
theory and ¢ € £(M). As a matter of fact, since every on-shell field satisfies
the equation of motion

Fop =0,

this additional contribution and its trace vanish for on-shell configurations
and therefore leaves the stress-energy tensor conserved and traceless.

Even though in principle any real value of 7 is admissible, when we pro-
ceed to analyse the quantisation of the theory, we have to consider the ef-
fects of the normal ordering, as per Remark on the stress-energy tensor.
Heuristically, the Wick ordered observable :T),, ;: yields additional contribu-
tions linked to the contraction of the fields. These additional terms need to be
neither conserved nor traceless. Therefore they give a possibly non-vanishing
contribution to the divergence and to the trace of the stress-energy tensor
even when considered on-shell. The next theorem shows that, for n = %,
we recover the on-shell conservation of the stress-energy tensor also at the
quantum level.

Theorem 4.1. Let (M, g) be a 4-dimensional globally hyperbolic spacetime
as per Definition and let H € D'(M x M) be a Hadamard parametriz as
per Definition|2.31. Additionally, let Aj,.(M) be the locally covariant algebra
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as per Definition and let Ag(M) be the quantum microcausal algebra
as per Definition [2.30, Moreover, let Ho+ be the singular part of H and let

gy A M) = A (M)

F—a g, (F)=:F,

be the map that identifies the abstract Wick ordering as per Remark
Then, if Ty p € Aioe(M) is the stress-energy tensor as per Equation (4.5)
and

:T;SZ,)f: =T +1:9(PFP)
where the last term on the right-hand side is the normal-ordering of the func-
tional in Equation (4.6)), then it holds that

. V“:T(%) (@) =0 for all ¢ € Es(M) if and only if n = % Here E¢(M)

pvsf-
is the solution space of the equation of motion as per Definition [2.2

o Letx e M and let O C M be a geodesically convexr normal neighbor-
hood of x. If Vi € £(O x O) denotes the Hadamard coefficient as per

Equation (2.29), it holds that

1 1
T = 3 [ A f@Ga). Vo€ Es(m)

For a proof of this theorem, we refer to [Mor03, Th. 3.2]. On account of the
result above, in the following we shall work with the following form for the
stress-energy tensor of the free theory

1 1
Ty s =(V, OV, ®); — i(g,wV"(I)VU(I)) r+ 6([GW + g0 — V,V,]9?) ;

1
Lguone);, (@7)

where we see that each term is of the form

(KOK'®)(6) = / Qs f@)KS@)K D), YoeEM).  (48)

M

for suitable differential operators K, K’ of finite order. Furthermore, note
that the following equalities hold

D¢2 = guyvuvv¢2 = 2g“l/vu¢vy¢ + 2¢D¢7
V. V,¢* =2V ,6V,¢ + 20V, V,¢.
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Hence, we can rewrite the stress-energy tensor as
1
THVyf :(qu)vvq))f - §<gw,VUCI)VU(I))f
1
+ 5 (Gu®)s + 2(9u Vo V7P + g, 20P)
1
—2(V,oV,o + CIDVHVV@)f) + g(gWCI)PO(I))f. (4.9)

By direct inspection of the integral kernel of the functionals in Equation
(4.8), we conclude that it is indeed a local functional as per Definition m
and therefore T}, € Fioc(M).

In order to compute the interacting corrections to the stress-energy tensor,
we introduce an interaction potential AV}, € F,.(M) of the form

A

AVi(9) = 1

/ dp, &' (2)h(z), € DIM). (4.10)
M

On account of the discussion of Section 2.2.7] to compute the interacting
stress-energy tensor, we apply the Bogoliubov map, as per Definition 2.39]
which reads

R,\Vh(T‘uy,f) = S*’l()\Vh) *H (S()\Vh) T ij,f). (411)

Here H denotes a Hadamard parametrix as per Definition 2.31] x5 denotes
the deformed product as per Equation while -7 is the time-ordered
product as per Definition Moreover, S(AV}) is the S-matrix, as per
Definition and S*71(AV},) is its inverse with respect to the product xg
as per Equation (2.41)).

Note that here we have the time-ordered product between local function-
als and therefore a renormalisation procedure has to be accounted for. By
following the contents of Section [2.2.7] in the remainder of this chapter we
will also assume that a suitable extension of the Feynman parametrix, as
per Definition 2.37] and its powers to the thin diagonal of M x M has been
selected.

The expansion of the S-matrix and its inverse yields, at first order in
perturbation theory,

Rovh (T ) (0) = Ty (0) + 2 (Vi 7 Ty = Vi Thas) (6) + OOV,

(4.12)

In order to compute the deformed product in the first-order correction of
the interacting potential, the following lemma is useful.
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Lemma 4.1. Let (M,g) be 4-dimensional globally hyperbolic spacetime as
per Definition [2.6] and let

K =ag(x)V,, ...V, ag € EM)
K'=a1(z)V,, ...V, a1 €EM)

be two finite-order differential operators, where V ,, denotes the component in
some coordinate chart of the Levi-Civita connection V. Additionally, let G €
D'(M x M) be a bidistribution as per Definition whose integral kernel is
G(z,y) and let xg be the associated deformed product as per Equation (2.22]).
Furthermore, let Vi, € Fioe(M), h € D(M), be the interaction potential as
per Equation and let (K®K'®)¢, f € D(M), be the functional as per
Equation (4.8). Then, it holds that, for all p € E(M),

Vi xg (KOK'®)(p) = Vi(¢)(KOK' D) ()

v / A, diy h(z) £ ()6 (@) [KG(x, ) K'6(y) + Ko (y) K'Glx, )]
MQ

hZ
+ 5 [ e dpy h(2) f(y)* (1) KG (2, y) K'G (. y). (4.13)
M
For a proof of this result we refer to [CDG25, Lemma 4.2].
On account of it, we can compute the time-ordered product and the %y
product between Vj, and T}, :

Vh T T,uu,f((m - Vh(¢)Tpu,f(¢) + g/MQ d,ur dﬂy f(y)h($)¢3<$)

EVE}’)HF(:U, YV, o(y) + gv‘f’)HF(x, YIVué(y)

— )Y (2, 9)V76(0) — <0 ()7 He (2, )V 6(y)
4+ (Cle) ~ 9w Bt p)oty) + 200)0Y He ()
+ 20 ) Hr (e, 9)T0) — 30 VIV Hie(a,) — (e, 0)V,9,0(0)

+h—2/ dp dy, )h(a:)<b2(x)[gv(y)H (2, 9) VD Hp(z, )
9 e Ha Qfly J\Y 3V F\T,Y)V, F\T,Y

1

S0 )V H )V i) + 2 (Cnl) — 00) L) Hie,)

+ 2 0 () He ()0 i (,9) = 3 Hele, ) VOV Hi(ey)| (19
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while the x-product yields

Vh *H T,uzx,f(¢) = Vh(¢)Tuu,f<¢> + g /M2 d,ux d,u’y f(y)h(:c)¢3(x)

2 2
29 H ) Va0l) + VY H(,0)V,60)

L VY H (@, y) V7 b(y) — L0 (1) VOV H (2, 5)V,0(y)

6 6
41 (Guly) ~ 90 ) HGw,)0(y) + 26DV H ()

+ 20 ) B 0)00(y) — 30()VOVY H(zv) ~ SH(w,9)V,V,00)]

h2
+ / dpte dpty f (y) ()¢ () EVS’)H (z,y) VY H(z,y)
M2

S0V HE )T O, g) + 5 () — 00 ) B2, )
+ 20 H )0V H @, y) - LH ) VOV HG )| (115)

In order to obtain the first-order correction of the stress-energy tensor we
compute the difference Vj, -7 T — Vi *m T y. Note that the terms of
order A’ cancel out. Additionally, all terms of order i in Equation
are formally equal to the ones in Equation , the only difference be-
ing the presence of the Hadamard parametrix H in place of the Feynman
one Hp. Furthermore, the integrand in each expression is linear in A and
Hp. Additionally, by definition of the Feynman parametrix, it holds that
Hp(x,y) — H(z,y) = iAa(z,y), where Ay(z,y) is the integral kernel of the
advanced Green operator as per Definition Thus, the resulting first-
order correction to the stress-energy tensor reads

i\ A
% (Vh T T/w,f - Vh *H T,ul/,f) (¢) - _E/ dluz dﬂy f(y)h(l’)¢3(ﬂf)
M2
{;V,(E’)AA(L YV, o(y) + gV(J’)AA(w, YV, (y)
- éguy(y)vff’)AA(x, y)Vo(y) — éguy(y)v"’(y’AA(x, Y)Ved(y)

1 R(y)

t3 (Guy(y) — G (Y)——

D) Aa(a1)olw) + 26)0V A, )

+ 20 (DA 0)T0() — 300 TIVP A, ) — 58405 )V.V,0(0)
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il 2
t ), Qe it (y)h(2)6"(x) [gv,ﬂy)HF(x, YV He(z, y)

-~ gvﬁ’)ﬂ (z,y) VP H(z,y) — égw(y)nyy)Hp(fv, y)V Y Hp(z,y)

+ 2 VP, ) VO (2, y)

+ 2 (Cul) — 9 D) (B2 )~ H2(0)

+ 2 gul) o, )OI Hi (2, 9) = S000) (2, y) O H 2,)

— S Hi(a,y)VOVY He(r,) + S Hiw,y) VOV H(z,y)|. (4.16)

We shall now proceed to compute the projection to £ of the free stress-
energy tensor and its first-order correction.

In order to compute explicitly the action of I" on these terms, we need
to express these functionals in terms of their integral kernel, on account of
Remark To this end, let us denote by Fy, Fy € F,.(M) the functionals
such that

Vi o7 Ty — Vi T )(0) = ~ S Fa(0) + S0 B(). (417

Starting from 7),, 7, as in Equation (4.9)), its evaluation on ¢ € £(M) reads

T s (6) = /W Atz djty F(2)8(2, 4) Dy d()0(y)

1 1
Dy = VPV — ngvg@vav(y) +5 (G + 29, (O + VEIVoW)
1 z
—2AVEIVE + VOV + S by (4.18)

Here §(x,y) is the integral kernel of the Dirac delta distribution supported
on the diagonal of M x M. Hence, the stress-energy tensor can be expressed
as a compactly supported bidistribution whose integral kernel reads

Ty s (7, y) = D; f(2)d(2,y),

where D7, represents the formal adjoint of the operator D, in Equation
(4.18) with respect to the dual pairing.
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Similarly, the kernels of F} and F; are
Fy(xy, 22,23, 04) = / dpe dpy f(y)R(2)d(2, 21)6(2, 22)0(2, 73)
MQ
2
{—gvgwm( WVY(y,2a) = SV B2, ) V0 (y, 4)

1
+ aguu (y)vgy)AA(l'a y)vm(y)é(y? 374)

1
+ 59w W)V Aalz, y) VY 3(y, x)

1

+3 (Gw(y) - gMM@) Aa(z,y)d(y, z4)

2
+ ggw(y)é(y, x4)D(y)AA(x y)

9
+ ggw(y)AA(fv,y)D( 15(y, 4) — —5(y 2) VOIVYA L (2,y)

1
= 82,y VYV 5(y,x4)}, (4.19)

Fy(w1,22) = /M dpta dpy 8z, 21)6(z, 22) f(y) ()

[SVS’ Hp(z,y) VY Hp(z,y) — ;vaH(a:, y)VW H (z,y)

- %gw(y)vffy)HF(ar, YV Hp(x,y) + égw(y)véy’ﬂ VW H (z,y)
42 (G~ 0) ™) (30,9) — 120 )
4200 () He(,9) 0 Hi,9) — 2 0,0/0) H(r, )OO H(, )

— %HF(x y)\VYVY Hp(z,y) + ;H(x y)VIVIH(z,y)|. (4.20)

On account of Theorem [2.4] each of these functionals can be projected to
IT as follows Following the definition of asymptotically flat spacetime in
Section [2.1.2] let us consider the unphysical spacetime (M, g) and let Ag be
the Causal propagator as per Definition [2 - for the massless, conformally
coupled Klein-Gordon operator PO = g’“’V v, %. Here V denotes the
component, in an arbitrary but fixed coordinate chart, of the Levi-Civita
connection on M. Furthermore, we denote by (*Ag the pullback of the
causal propagator induced by the map ¢ : 7 x M — M x M and let
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Q € £(M) be the conformal factor of the transformation. The projection to
T is given by the following multiplication of distributions

T[F] = (A% - (1@ (AP E,), F, € &'(MP),

where 1 € D'((#1)F) is the distribution generated by the constant function
1. We smear the resulting functional with a smooth, compactly supported

function n € D(/\/lk) such that 77| py = b where supp(Fj) denotes the
support of F}, as per Definition [A.1] - Let us work at the level of integral
kernels for the projected functionals and let u,...,us € Z7.

The projection of the free stress-energy tensor reads
DT pl(u, uz) =
= / dpte dpry As(uy, 2)07% (@) As(uz, )27 (y) Diy, f ()6 (2, ) =
MQ

B /Mz dpte dpy f(2)0(2, y) Dy (Zs(ula w)Q_?)(x)ZS(u?v ?J)Q_g(y)) =

_ / dyte f(:c)%(vl(f)(zs(ul,x)ﬂ3(x))V£x)(zs(uQ,x)Qg(x))
M

+ VO (Ag(ur, 2)Q273(2)) VO (Mg (ua, )2 7% (2)))

- %gm)(vav@ (As(ur, 2)073(2)) V) (Mg (us, )2 7% (2)))
4G - B2 g 0) B, 0B, 1070(0)

+ 20, (2) V) (A g (uy, 2)273(2)) VD (A (ug, )23 ()

+ 20,0 () (A (ur, 2) Q73 (2)) 0@ (Ag (ug, )23 ()
—|—2gw,(x)(A5(u2,x)Q 3(:U))D (Ag(ul, x)Q 3(1’))

— (VO (As(ur, 2)Q73(2)) V) (As (us, )23 ()

+ (As(uy, 2)Q73(2)) VOV (Ag (ug, )27 ()

+ VO (A (uz, 2)073(2))VE (Ag (g, 2)Q2 7% (2))

+ (As(uz, 2)Q73(2)) VOV (Mg (uy, 2)Q2 7% (2))) | (4.21)

Remark 4.1. Note that, even though the bulk stress-energy tensor is a local
functional, as per Definition its projection to # ™ also has support out-
side the thin diagonal of S+ x F*. This explains why the boundary algebra
(I T) in Definition cannot be identified with that of local functionals
on IT.
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If we proceed by computing the projection of the first-order correction
terms F} and Fy we obtain, by a direct computation

F[Fl](uh Uz, U3, U4) -

_ /w duty dpty F(y)h(2)Ds (w1, 2) D (ug, @) D (ug, )2 ()

2

2084 )VY sl )07 0)
9 ~
+ —V(Vy)AA(%y)VLy)(As(U4,y)Q_3(y))

3

1

- ég;w (Z/)ng)AA@?, y)va7(y) <z5<U4, y)Q*3 (y>>

1 ~
— 29w (VY AL, ) VI (As(ua, )2 (y))

6
1 R(y)

+3 (Gw(y) - guu(y)—) A, y)(As(us, )2 (v))

- %%(y)(ﬁsm, y)Q (1)) 8Y Au(z, y)

+ gg/w<y)AA (xa y)D(y) (ZS(U4, y)Qig(y))

1 ~
= 5 (As(us, ) W)) VIV Au (e, y)

— A ) VOTD Ry 1)) (4.22)

U[Fo)(uq,ug) =
N /M dpte dpay f(y)h() As(ur, 2)As(uz, )2 ()

2 2
2V Hp )V He () — V9 H(z, )V H(z, )

—~ %guu(y)vgy)HF(:v, Y)W He(2,y) + éguu(y)ng)H VW H (x,y)

s (Gunly) — ) ") (1120, ) — 1)

- %guu(y)HF(% y) O Hp(z,y) — ;guy(y)H(x,y)D(y)H(x, y)

— S Hie(a,y) VOVY He(r,) + S H ) VOV HGy) | (423)
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The results obtained in this chapter provide a concrete realization of how
bulk interactions affect the asymptotic behaviour of physical observables. In
particular, Equation describes the asymptotic energy-momentum con-
tent of the field as it reaches future null infinity .#*, while the additional con-
tributions in Equations (4.22)) and (4.23) encode the effect of a quartic bulk
interaction on this asymptotic behaviour. More specifically, the contribution
associated with Fj represents the classical first-order correction induced by
the interaction, whereas the Fy term represents a genuinely quantum contri-
bution, arising from the difference between the time-ordered and Hadamard
products. Thus, already at first order in perturbation theory, the asymptotic
observable retains information both about the classical interacting dynamics
in the bulk and about the corresponding quantum fluctuations.

Beyond the explicit form of the projected observables, an important fea-
ture of the construction is the loss of locality under the bulk-to-boundary
map. Although the original bulk observables are local, their images at null
infinity are, in general, non-local. This behaviour is intrinsic to the definition
of the map I', which propagates bulk information to the asymptotic boundary
through the causal dynamics of the theory. In this respect, the construction
may be regarded as a null-boundary counterpart of the time-slice axiom, as
discussed in [DMP17, Sec. 5], which states that the algebra associated with
a globally hyperbolic region containing a Cauchy surface is *-isomorphic to
the algebra of the full spacetime, even though such an isomorphism need
not preserve the localization properties of the observables. For a detailed
discussion of the time-slice axiom, we refer to [CF09|.

In this sense, the calculations presented in this chapter illustrate how
the algebraic description at null infinity can retain non-trivial information
about interacting quantum dynamics in the bulk, thereby providing a first
perturbative bridge between local quantum field theory in the interior and
its asymptotic description at #*. The same strategy can, in principle, be
applied order by order in perturbation theory and extended to different in-
teraction potentials.
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Chapter 5

Conclusion and Results

In this thesis, we investigated two perturbative extensions of the bulk-to-
boundary correspondence for massless, conformally coupled scalar fields de-
veloped in [DMP06; DMP17] within the pAQFT framework. The first con-
cerns the projection of the massive field observable, while the second ad-
dresses the asymptotic behaviour of interacting quantum observables. In
both cases, our strategy was to use the perturbative tools of pAQFT to ex-
press the observables as formal power series in terms of observables of the
free theory, for which a well-established bulk-to-boundary map is available.

For the massive case, we applied the principle of perturbative agreement,
which allowed us to treat the mass term as a quadratic interaction of the
massless theory. The retarded Mgller map introduced in Section 2.2.6] yields
a formal power series expansion in m? of the massive field observable. Each
coefficient belongs to the algebra of the massless theory and it can therefore
be projected to future null infinity. Specialising to Minkowski spacetime,
energy estimates for the Goursat problem showed that the boundary series is
convergent in the relevant energy space in the presence of a compactly sup-
ported infrared cutoff. This establishes a well-defined boundary projection
for the massive field observable within this setting.

For an interacting theory, we composed the Bogoliubov map presented in
Section with the bulk-to-boundary map of the free theory introduced in
Section to obtain a perturbative expression for asymptotic observables.
As an application, we considered a scalar theory with a quartic interaction
potential and computed the projection at first order in the coupling constant
A of the stress-energy tensor. The resulting boundary observable separates
into the free contribution, a classical first-order correction and a quantum
correction. A notable feature of the bulk-to-boundary projection is the loss
of locality: local observables in the bulk are generally projected to nonlocal
boundary observables.
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A possible further development of this work is a detailed analysis of the
adiabatic limit for the massive case. Indeed, the estimate used in Chapter
to establish convergence of the boundary series does not extend to the
adiabatic limit h — 1. Thus, a further analysis is required in order to obtain
a global bulk-to-boundary construction for the massive theory in the absence
of an infrared cutoff.

A further extension of this work concerns the analysis of a bulk-to-
boundary correspondence for higher-spin fields. As a matter of fact, the
formalism of pAQFT can be used to study also fermionic and gauge theories,
cfr. |Rejl6]. In this case, a direct counterpart of the deformed and time-
ordered products is defined and a new set of parametrices, corresponding to
the Hadamard and Feynman ones, needs to be introduced. A key element
in the definition of the bulk-to-boundary correspondence was the conformal
invariance of the equation of motion of the underlying free theory. Hence,
in order to extend this framework to higher-spin fields, a systematic analysis
of the conformal properties of the operator ruling the field dynamics and, if
applicable, of their Green operators is required.

Finally, a further development concerns the analysis of the interplay be-
tween the bulk-to-boundary correspondence, the BMS group and the infrared
structure of the theory. Since asymptotically flat spacetimes are naturally
endowed with a set of asymptotic symmetries, one can associate suitable
asymptotic charges with these symmetries. It would then be interesting to
investigate the corresponding conservation laws for the boundary theory ob-
tained via bulk-to-boundary correspondence and to determine whether infor-
mation about the bulk dynamics is retained. These effects are deeply linked
with the analysis of the infrared sectors of field theories and memory effects
in gravitational scattering [Str14; SZ14; FPT26].

84



Appendix A

Theory of distributions

A.1 Microlocal analysis

Here we outline the basic definitions and results concerning the theory of
distributions and microlocal analysis. We shall only present the tools we
need here, and we refer to [Hor98| for a complete overview.

Definition A.1. Let Q C R™ be an open set and let D(Y) denote the space
of compactly supported, smooth functions over 2. We call the space of dis-
tributions the set of all sequentially continuous linear maps

u: D) — C.

That is, for every sequence {f;}jen C D(Q) such that f; — f € D(Q) in the
topology of Definition it holds that u(f;) — u(f) in C. We denote the
space of distributions by D'(2). We define the support of u € D'(2) as

supp(u) = {x € Q|VU >z, U C Q open 3f € D(2), supp(f) C U, u(f) # 0}.
Moreover, we define the singular support of u as
sing supp(u) = Q\{z € Q|3U C Q open neighborhood of = so that u|, € E(U)}.

Remark A.1. Since we need to work on smooth manifolds, we need to gen-
eralise Definition[A.1] to this case. The idea is that every smooth manifold is
locally diffeomorphic to R™ and we can therefore define distributions locally
on open coordinate charts and then glue them together by means of a partition
of unity subordinated to the cover. More precisely, let us consider a manifold
M and an atlas (Uy, Vo) aca, where A is some countable index set. Moreover,
let {pa}taca be a smooth partition of unity subordinated to that cover. Then,
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A.1. MICROLOCAL ANALYSIS

a map u : D(M) — C is said to be a distribution if there exists a collection
of distributions u, € D'(1o(Uy,)) defined as above such that

u(f) =D ualpafory'),  fE€DM).

a€cA

For our purposes, it is necessary to enlarge the set of test functions to
include field configurations, which need not be compactly supported. For
this reason, we introduce the space of compactly supported distributions.

Definition A.2. Let Q C R™ be an open set and let £(X)) denote the space
of real-valued, smooth functions over ). We call the space of compactly
supported distributions the subset of D'(2) consisting of all sequentially
continuous linear maps

u:E(Q) - C,

with respect to the topology of £() as per Definition We denote the
space of compactly supported distributions by E'(2).
Moreover, we generalize this definition for a manifold M analogously to

Remark[A 1l

As a first result of the theory of distributions, we start by outlining the
Schwartz kernel theorem, which is at the core of most of the calculations of
this work.

Theorem A.1. Let Q C R™ and € C R™ be two open sets. Then there
exists a 1:1 correspondence between the set of continuous linear operators
K : D(Q) — D'(Y) and bi-distributions IC € D'(Q x Q') as per Definition
[A.1] such that

(K()g) =K(f®g), [feDQ),geDE).
For a proof, we refer to [Hor98, Th. 5.2.1].
Remark A.2. In the following, we shall adopt the useful notation for the
kernel of the map K in Theorem [A.1]

K(f®g) = / dpae dpy F(2)g(0)K(2.y), | € D(Q). g € D).

Qx

We emphasize, however, that the term IC(z,y) called the integral kernel,
need not be a well-defined function and therefore this has to be interpreted as
a formal expression.
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A.1. MICROLOCAL ANALYSIS

The wavefront set of a distribution, which we shall now define, identifies pre-
cisely where a distribution is singular and in which cotangent directions those
singularities propagate. This allows us to study their singular behaviour and
will play a pivotal role in the definition of the product of distributions.

Definition A.3. Let Q2 C R™ be an open set and let D'(2) denote the space
of distributions as per Definition[A.1 We say that (g, ko) € 2 x (R™\{0})
is a reqular directed point if there exists f € D(QY), f(zo) # 0 such that,
for all n € Ny and for all k in an open conic neighborhood V- C R™\{0} of
ko, there exists a constant C,, > 0 satisfying:

Fulk)] < Co(1+ k)™

Here J/Cz\L denotes the Fourier transform of the compactly supported distribu-
tion fu.

We define the wavefront set of u as the complement in Q@ x (R™\{0})
of the set of all reqular directions.

The wavefront set enjoys several analytical properties. Here we recall the
ones that will be relevant for our purposes.

Proposition A.1. Let Q@ C R™ be an open set and let u € D'(QY) be a
distribution as per Definition . Moreover, let WF(u) denote the wavefront
set of u as per Definition[A.5 Then, 7(WF(u)) = singsupp(u), where m is
the projection to the first entry in Q x (R™"\{0}) and singsupp(u) denotes the
singular support of u as per Definition [A.1]

For a proof we refer to [Tay81, Prop. 1.1].

Remark A.3. Proposition entails that a distribution has empty wave-
front set if and only if it is the linear functional generated by a smooth func-
tion.

Proposition A.2. Let Q C R™ be an open set and let u € D'(Y) be
distribution as per Definition . Moreover, let P = Z|a|§m 0% m €
N,a € Ny be a differential operator with smooth coefficients ¢, € C>(Q).
Then, it holds that

WF(Pu) C WF(u).

Here WF(u) denotes the wavefront set of u as per Definition

For a proof, see [Tay81, Th. 1.6].
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A.1. MICROLOCAL ANALYSIS

Theorem A.2. Let ) C R™ and U C R™ be two open sets and let 1 : U — §2
be a smooth map. We define the set of normals of ¥ as

Ny ={(¥(2),€) € @ x R"\{0}, z € U|"¥'(x)§ = 0}.

Here ')/ denotes the transpose of the Jacobian matriz of ¢ at x. For any
distribution u € D'(Y) as per Definition[A ] the pullback ¢Y*u = uo can be
uniquely defined as a distribution in D'(U) provided that Ny N WF(u) = 0.
Furthermore, denoting by WF(u) the wavefront set of u as per Definition
[A.5, it holds that

WEF(¢"u) € 9" WF(u) = {(¢(2)," ¢¥'(2)€) € U x R™ [ (2,§) € WF(u)}.
If n =m and ¥ is a diffeomorphism, then the inclusion becomes an equality.
For a proof, see [Hor98, Th. 8.2.4].

Theorem A.3. Let Q C R™ and Q' C R™ be two open sets. For any two
distributions u € D'(Q) and v € D' () as per Definition it holds that

WF(u®v) S(WF(u) x WF(v)) U (WF(u) x (supp(v) x {0}))U
((supp(u) x {0}) x WF(v)).

Here WF(u) denotes the wavefront set of u as per Definition

For a proof of this theorem, we refer to [Hor98, Th. 8.2.9]. By combining
Theorems [A.2] and [A.3] we obtain a criterion for the well-posedness of the
product of distributions.

Theorem A.4. Let Q C R™ be an open set and u,v € D'(2) be two distri-
butions as per Definition[A. 1l Moreover, let WF denote the wavefront set as
per Definition[A.5 Then, the product wv = §*(u®@v) € D'(Q) is well-defined
if, for all (z,€) € WF(u) then (z,—&) ¢ WF(v). Here §* is the pullback of
the diagonal map 6 : Q — Q x Q, §(x) = (z,z). Moreover, it holds that

WF(uv) C {(z,n+¢) € @ x (R"\{0}) | (2, &) € WF(u) or & =0,
(x,n) € WF(v) or n =0}.

For a proof, see [Hor98, Th. 8.2.10].
On account of Theorem we can generalize the wavefront set of a distri-
bution to include distributions on manifold.
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A.2. SCALING DEGREE

Definition A.4. Letu € D'(M) be a distribution on a smooth, n-dimensional
manifold M. Let (Uy,Va)aca be a covering by coordinate charts, where
A is some countable index set. Moreover, let {ps}taca be a partition of
unity subordinated to the cover. Then, the wavefront set of u is the set
WF(u) € T*M\{0}, denoted by the same symbol used in Definition
defined as
WF(u) = | vs WF(pau o ¢0.").
acA

Here Y% : o (Uy) XR™ — T*U,, denotes the pullback induced on the cotangent
bundle by the diffeomorphism 1),,.

Remark A.4. Note that Definition [A.4] may appear to depend on the choice
of local charts. Although the Fourier transform of the local representative
depends on the chosen coordinates, the rapid decay property in Definition
[A.3 is invariant under changes of coordinates. Hence the notion of regular
directed point is coordinate-independent, making Definition [A.4] well-posed.

A.2 Scaling degree

Here we outline the key results concerning the analysis of the scaling degree
of distributions. This will play a pivotal réle in the renormalization within
the pAQFT framework and was first introduced by Steinmann in [Ste71|
and later adapted to the language of microlocal analysis in [BF00]. We
first present the results in the Euclidean space R¢, and only later give the
generalisation for arbitrary manifolds.

Let us start by defining the notion of homogeneous distribution.

Definition A.5. Let u € D'(R\{0}) be a distribution as per Definition[A.1]
We say that u is homogeneous of degree a if, for all f € D(R\ {0}),
then

u(f) = A"ulfy),  falz) = A7f (§) WA 0.

If the same holds true on the whole R? we say that u is homogeneous of degree
a on R,

Remark A.5. Let us consider a distribution u € D'(R?\ {0}) and let us
denote its integral kernel by u(z). Then, u is homogeneous of degree a if and
only if it holds that

u(Ar) = XNu(z), A >0.

We proceed by introducing the main object of this section, namely, the
scaling degree of a distribution, which quantifies the singular behaviour of a
distribution near a point.
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A.2. SCALING DEGREE

Definition A.6. Let u € D'(R?\ {0}) be a distribution as per Definition
[A.1 We call the scaling degree of u at the origin

sd, = inf{w € RU {£o0}| /\lirgl+ Xuy = 0}. (A1)
—>

Here the limit is taken in the topology of D'(R®\ {0}), while uy is the distri-
bution in D'(R?\ {0}) such that

un(H) = ulh), ) =27 (5)

for all f € D(R\ {0}) and X > 0.

Remark A.6. Definition[A.6] can be generalised to any arbitrary point xo €
R? in the following way. Let us consider a distribution u € D'(R®\ {zo}),
then, its scaling degree at xq is defined analogously to Equation with
uy substituted by wy 4, which is the distribution such that

Unao (F) = u(frae)s  frag(z) = A70f (@) _

In the following, we shall denote the scaling degree of u at xo as sd,(xg).

Additionally, for any distribution v € D'(R?) we can analogously define
its scaling degree sd,(xo) for every point xo € R, In the following we shall
use the following convention: for a distribution lying in D'(R?\ {0}) we
denote its scaling degree at the origin simply by sd,, while for a distribution
in D'(R?) we shall explicitly indicate the point at which we are considering
the scaling degree by writing sd,(zo).

Remark A.7. Let us consider a homogeneous distribution of degree a u €
D'(R?\ {0}) as per Definition [A.8, Then, if we consider the distribution
ux, A > 0, in Definition [A.6, we obtain that uy = A\*u and therefore, the
distributional limit imy_,o+ \uy = limy_,o+ AT vanishes for all w > —a.
Therefore, for homogeneous distributions of order a, their scaling degree is
sd, = —a

Proposition A.3. Let u € D'(R?) be a distribution as per Definition
and let sd,(zo) denote its scaling degree at a point o € RY as per Deﬁm’tz’on
)| and on account of Remark |A.60l Moreover, let o € (NU {0} be any
multz index and let ¢ € E(R?T) be any smooth function. Then, it holds that

1. Sdaau(l’o) < Sdu(ﬂﬁo) + |Oz|,

2. sd(x,xo)au(xo) < Sdu(xo) - |O“7
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3. sdyu(xo) < sdy(z0).
Moreover, if t; € D'(R%) and ty € D'(R%), then
Sd st, (T1, T2) = sdy, (1) + sdy, (72).
Here sdy g1, (1, T2) denotes the scaling degree of the tensor product tq,ts at
the point (z1,13) € R x R%,
For a proof of this proposition, we refer to [BF00, Lemma 5.1].
Definition A.7. Let u € D'(R?\ {0}) be a distribution as per Definition

and let sd, denote its scaling degree at the origin. Then, we call the
divergence degree of u at the origin the quantity

Py = d — Sdy.

Theorem A.5. Let u € D'(R?\ {0}) be a distribution as per Definition
and let p, denote its divergence degree at the origin as per Definition [A.7]
Then, if p, < 0, there exists a unique distribution @ € D'(R?) such that:

e sd, = sdy(0), where sd, denotes the scaling degree of u at the origin as

per Definition [A.6),

o u(f)=a(f) for all f € D(R?\ {0}).

For a proof of this theorem, we refer to [BF00, Th. 5.2].

Theorem shows that, whenever the divergence degree of a distribu-
tion is negative, then the distribution can be extended to the whole R¢.
However, some of the distributions relevant to this work, such as the Feyn-
man parametrix, do not satisfy this condition. Hence, a further analysis is
necessary in order to study the extension of distributions with nonnegative
divergence degree.

Definition A.8. Let w € NU {0} = Ny and let D(R?) be the space of
compactly supported smooth functions. Then, we define

D,(RY) = {f € DRY)|0°f(0) =0,Va € NI, |a| < w}. (A.2)

g . . d o
Additionally, for any collection {05} gend |51<.0s W € D(R?), such that 9*vos(0)
03, where 03 denotes the Kronecker delta, while o, 8 € N¢ are some multi-
indexes such that |al, || < w, we introduce the projection operator

Wy, : D(R?Y) — D, (R?)

Fo W, (F) = f = ws0° £(0).

BeNd
18]<w
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Theorem A.6. Let u € D'(R?\ {0}) be a distribution as per Definition[A.1]
while sd, denotes its scaling degree at the origin as per Definition [A.6] and
pu denotes its divergence degree at the origin as per Definition [A.7 Then,
if 0 < py < o0, for any collection of compactly-supported smooth functions
{05} send, |pi<sa, s there exists a distribution ty, € D'(RY) such that

o sdy = sdg,, 0),

o u(f) =1, (f) forall f € D(R\ {0}).

For a proof we refer to [BF0OO, Th. 5.3].

Theorem shows that, when the divergence degree is finite and non-
negative, extensions preserving the scaling degree still exist, but they are
no longer unique. The resulting ambiguity corresponds to the freedom in
choosing the renormalisation prescription.

The preceding results concern distributions singular at an isolated point.
In the applications considered in this work, however, singularities appear
on distinguished submanifolds, most notably on the thin diagonal Diag, C
M x M, rather than points in the Euclidean space. Therefore, we require an
extension of the definition of scaling degree that can be applied to this more
general scenario. To formulate this construction, we first introduce several
geometric and microlocal notions.

Definition A.9. Let M be a d-dimensional smooth manifold and let u €
D'(M) be a distribution as per Definition Moreover, let N C M be a
submanifold. We say that u is orthogonal to N if, for all (x,&) € WF(u)
such that x € N, it holds that

(&v) =0, VYVoveTN.

Here WF(u) denotes the wavefront set of u as per Definition while (-, )
denotes the canonical pairing between tangent and cotangent vectors.

Definition A.10. Let M be a d-dimensional smooth manifold and let C,N C
M be two submanifolds. We say that C and N are transversal, if, for all
x € CNN, it holds that T,M ~ T,N @ T,C. We denote two transversal
submanifolds by C th V.

The next lemma shows how these two definitions allow one to define
whether a distribution can be restricted to a submanifold, see [BF00, Lemma
6.1].
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Lemma A.1. Let M be a d-dimensional smooth manifold and let N C
M be a submanifold. Moreover, let u € D'(M) be a distribution as per
Definition which is orthogonal to N as per Definition [A.9 Then, for
any submanifold C C M which is transversal to N as per Definition
the restriction u‘c € D'(C) is well defined.

Definition A.11. Let M be a d-dimensional smooth manifold and let N' C
M. Let us consider TyM = J,cp TeM and let U be a star-shaped neigh-
bourhood of the zero section Z(TyM) = {(x,0) € TM |z € N'}. Then, we
call admassible a map

a:U—NxM,

which 1s a diffeomorphism onto its image and such that

1. a(z,0) = (z,z), €N,

2. a(TNNU) CN xN,

3. a(z,v) e {a} x M, 2 € N and v € T, M,

4. dya(z, -)|U:0 = idr, pm1, where d, denotes the tangent map.
Furthermore, we denote the set of admissibles by Z.

Definition A.12. Let M be a d-dimensional smooth manifold and let N' C
M. Furthermore, let U be a star-shaped neighbourhood of the zero section
Z(TyM) = {(2,0) e TM |z € N}. If u € D'(M) is a distribution as per
Definition [A.1] and « is an admissible as per Definition then we define
the following:

e u* = (1®u)oa € D'(U), where the composition is to be understood as
pullback of the distribution (1 ® u) under the admissible

o u$, A € (0,1], is the distribution whose integral kernel reads u$(z,v) =

u®(z, \v).

Before passing to the definition of scaling degree on manifolds, we recall
that, given a smooth manifold M and a submanifold N' C M, we define the
conormal bundle of N as

NN ={(z,§) e T"M |z € N and (,,v) =0, Vv e TN} (A.3)

Here we have identified T, NV with its image under the push forward of the
inclusion ¢ : NV — M.
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Proposition A.4. Let M be a d-dimensional smooth manifold and let N° C
M. Moreover, let u € D'(M) be a distribution as per Definition such
that u is orthogonal to N as per Definition Moreover, let Z(TyM)
be the zero section as introduced in Definition and let U be a star-
shaped neighbourhood of Z(TnM). Then, there exists a closed conic set
I'C (T*U) \ {0} such that

e ' C N* (TN NU). Here N* (TN NU) denotes the conormal bundle of
TN NU as per Equation (A.3)),

e WF(ug) C I', A € (0,1], where WE(u}) denotes the wavefront set as
per Definition of the distribution u$ as in Definition

For a proof of this result, see [BF00, Prop. 6.2].
We are now ready to give the definition of the microlocal scaling degree,
which is the generalisation of Definition [A.6] to manifolds.

Definition A.13. Let M be a d-dimensional smooth manifold and let N' C
M be an embedded submanifold. Additionally, let uw € D'(M) be a distribu-
tion as per Definition [A.1] and let o € Z be an admissible as per Definition
A. 11, Then, if Ty is a closed conical subset of N*N \ {0}, where N*N
denotes the conormal bundle as in Equation , we say that u has ma-
crolocal scaling degree usdjr\}’ (u, ) at N with respect to T'g if

o There exists a closed conic setI' C T*(TyyM)\{0} such that WF(u$) C
[ and F‘TN C a*(Z(T*N)xTy), where u$ is the distribution introduced
in Deﬁm’tz’on with A € (0, 1], while WF(u§) denotes its wavefront
set as per Definition [A.4) Moreover, a* denotes the pullback induced
by the admissible a,

e [t holds that
psdy?(u, @) = inf{w € R| lim A\*u§ = 0}. (A4)
A—0t

Here the limit is considered in the topology of distributions.

Remark A.8. The microlocal scaling degree introduced in Definition is
independent of the choice of the admissible o, although it depends essentially
on the choice of the conic set I'y. For further details, see [BFO00, Sec. 6].

Definition A.14. Let M be a d-dimensional smooth manifold and let N' C
M be an embedded submanifold. Let u € D'(M\N) be a distribution as per
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Definition and let x € E(M) be a smooth function such that supp(x) N
N = 0. For any admissible o € Z as per Definition we define

wy = ((1®x)oa) -u§ € D'(U), Xe(0,1].

Here U is a star-shaped neighbourhood of the zero section Z(Tha) as intro-
duced in Definition while 1 denotes the distribution generated by the
constant function, u$ is the distribution introduced in Definition and -
denotes the product of distributions in D'(U).

Additionally, we can define the scaling degree of u at N as

sdy(u) = inf{w € R| lim \“u) = 0}. (A.5)
A—=0t
In particular, Equation (A.5) is independent of the choice of the smooth
function x as long as it satisfies supp(x) NN = 0.

We can now state the equivalent of Theorems[A.5|and [A.6]for distributions
that are not defined at a submanifold N.

Theorem A.7. Let M be a d-dimensional smooth manifold and let N C M
be an embedded submanifold. Let ug € D'(M \ N) be a distribution as per
Definition . Let sdp(ug) denote the scaling degree at N of ug as per
Definition[A.1]] Then, it holds that

1. If sdy(ug) < codim(N) then there exists a unique distribution u €
D'(M) such that

U|M\N = Uo, SdN(UO) = SdN(U)
2. If codim(N) < sdy(ug) < 0o, then there exists i € D'(M) such that
a|M\N =ug, Ssdy(ug) = sdy(@).

Moreover, for any pair of admissible extensions 1, U, it holds that

P (uo)
ﬂl—ﬂgz Z ckéj(\lﬁ), Ck€g<N)
k=0

Here par(ug) = | sdp(uo) —codim(N) | denotes the floor function applied
to the difference between the scaling degree at N of ug and codim(N) =
dim(M) — dim(N). Additionally 5}5) denotes the k-th order derivative
of the Dirac delta distribution supported at N .

For a proof of this result, we refer to [BF00, Th. 6.9].
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Appendix B

Algebras and their
representations

This section is devoted to outlining the fundamental notions regarding al-
gebras and their representations. We limit ourselves to discuss solely the
notions needed in the rest of the work, referring to [Hall5| for a complete
overview of representation theory.

Definition B.1. An algebra A over a field K = R or C is a K-vector space
endowed with a map

T Ax A=A
(a,b) — ab,
called product, such that:
1. (ab)e = a(bc) for all a,b,c € A,
2. (a+b)c=ac+ be for all a,b,c € A,
3. p(ab) = (pa)b = a(ub) for all a,b € A and for all p € K.

Moreover, we say that A is an unital algebra if there exists an element
1 € A such that
la=al=a, VacA

The element 1 is called unit element of the algebra.

In order to identify observables with self-adjoint elements, we endow the
algebra with an involution.
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Definition B.2. We call unital x-algebra a unital algebra A as per Defi-
nition over a field K endowed with an involution, namely, a map

x: A=A
ara’,
such that
1. (a*)* =a foralla € A,
2. (pa + vb)* = pma* +vb* for all a,b € A and for all u,v € K,
3. (ab)* = b*a* for all a,b € A.

Definition B.3. Let A be an algebra as per Definition We say that a
linear subspace T C A is a left ideal if

a-beZ, VaeZVbe A

We define similarly a right ideal. Additionally, if T is both a left and right
ideal, we say that it is a (two-sided) ideal.

Definition B.4. Let (Ay,-1) and (A, -2) be two algebras as per Definition
[B.1. We say that a map ¢ : Ay — As is an algebra homomorphism if

@(a-1b) = p(a) 2 ¢(b), Va,be A;.

If both Ay and Ay are unital, we additionally require that p(11) = 1s. More-
over, if both A; and Ay are x-algebras as per Definition with tnvolutions
%1 and *x9 respectively, we say that ¢ is a x-algebra homomorphism if

p(a™) = ¢(a)*?, Vae A.

Representations allow us to realize abstract algebraic elements as opera-
tors on a Hilbert space.

Definition B.5. Let (A, -, *) be a unital x-algebra over C as per Definition
[B.3, with unit element 1 € A. Let H be a complex Hilbert space, and let D
be a dense subspace of H. Moreover, let L(D) denote the algebra of all linear
operators T : D — D. A x-representation of A with domain D is a map

m: A— L(D)

such that:
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. w(pa 4+ vb) = ur(a) + vr(b) for all a,b € A and u,v € C,

. w(ab) = w(a)mw(b) for all a,b € A, where w(a)w(b) denotes the composi-
tion of the two operators,

. m(1) = idp, where idp denotes the identity operator on D,

. w(a*) = w(a)l|,, where w(a)t denotes the hermitian adjoint of m(a)
with respect to the inner product of H.
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