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Abstract: Many complex systems in nature and society are not memoryless (i.e. Markovian)
but they exhibit correlations or long-range dependence and are often characterized by anomalous
diffusion. A non-Markovian stochastic process capable of capturing these features is fractional
Brownian motion (fBM), introduced by Mandelbrot and van Ness (1968). Fields of application
of fBM include biology, computer science, fluid dynamics, geophysics, and finance. Empirical
studies of financial time series show evidence of memory, which motivates the use of fBM to
model the autocorrelations of financial returns and volatility. The main aim of this thesis is
to illustrate the theory of fBM-driven processes, validate their emergent statistical properties
and investigate the implication of memory in financial returns for option pricing. The analyses
were carried out by comparing theoretical results with data generated using one of the main
fBM simulation algorithms (Davies-Harte). They highlight the Hurst parameter as a measure of
correlation, confirm the Gaussian nature of fBM, the variance scaling property and the presence
of long-range autocorrelation among the process increments. Moreover, introducing correlation
into financial returns affects the valuation of financial derivatives, with a consequent decrease in
option prices. Overall, the results provide a model that, compared with the classical memoryless

framework, offers closer adherence to the phenomenology observed in financial markets.

Sommario: Molti sistemi complessi nella natura e nella societa non sono senza memoria (Mar-
koviani) ma esibiscono correlazioni o long-range dependence e sono spesso caratterizzati da una
diffusione anomala. Un processo stocastico non Markoviano capace di catturare questi aspetti
¢ il fractional Brownian motion (fBM), proposto da Mandelbrot e van Ness (1968). Campi di
applicazione del {BM includono la biologia, la computer science, la fluidodinamica, la geofisica e
la finanza. Attualmente, gli studi empirici sulle serie storiche finanziarie evidenziano la presenza
di memoria, il che giustifica I'utilizzo del fBM per modellare le autocorrelazioni dei rendimenti
e della volatilita. Il principale obiettivo di questa tesi & illustrare la teoria dei processi fBM-
driven, verificare le proprieta statistiche emergenti e indagare le implicazioni sull’option pricing
della presenza di memoria nei rendimenti finanziari. Le analisi sono state effettuate confrontan-
do i risultati teorici con i dati generati mediante uno dei principali algoritmi di simulazione del
fBM (Davies-Harte). Queste evidenziano il parametro di Hurst come misura della correlazione,
confermano la natura Gaussiana del fBM, la proprieta di scaling della varianza e la presenza
di autocorrelazione a lungo raggio tra gli incrementi del processo. Inoltre, I'introduzione del-
la correlazione nei rendimenti finanziari influisce sulla valutazione dei derivati finanziari, con
conseguente diminuzione dei prezzi delle opzioni. I risultati ottenuti forniscono un modello che
rispetto a quello classico, privo di memoria, é capace di maggiore aderenza alla fenomenologia

osservata nei mercati finanziari.
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Introduction

Mathematical modeling of complex systems, in both physical and socio-economic
domains, has historically relied on the memoryless assumption, formalised by
the concept of a Markovian process. One of the primary stochastic processes
used to model these phenomena is classical Brownian Motion (BM), described
independently by Einstein and Langevin in the first decade of the twentieth cen-
tury. However, the classical assumption of memorylessness stands in contrast to
empirical phenomenology. In both natural and social contexts, systems exhibit
behaviors, such as temporal correlations and anomalous diffusion, that Markovian
processes can not replicate.

To overcome this limitation, Mandelbrot and van Ness introduced fractional
Brownian motion (fBM) in 1968. This continuous-time Gaussian stochastic pro-
cess generalises classical BM by introducing correlations between the increments
of its realizations, making it particularly well-suited for describing non-Markovian
systems. The degree of memory in the process is governed by a parameter
H € [0,1], known as the Hurst parameter. For H = 0.5, the process reduces
to standard BM, reverting to a Markovian regime. On the other hand, for values
above or below this threshold, the presence of memory alters the system dynam-
ics, giving rise to persistent (H > 0.5) and anti-persistent (H < 0.5) regimes.

Due to its flexibility, fBM has found widespread applications across heteroge-
neous fields, such as biology, computer science, fluid dynamics, and geophysics.
In recent decades, growing interest in the application of fBM has emerged within
quantitative finance. Empirical analyses of market time series reveal the presence
of statistical memory in the autocorrelations of financial returns and volatility. In
particular, analyzing the Hurst parameter makes it possible to characterize the
degree of market development, enabling a distinction between emerging markets,
which exhibit persistent behavior, and mature ones, which display absence of
memory or, to a lesser extent, anti-persistent behavior. Such empirical evidence
makes classical models based on independent increments partially inadequate for

capturing the actual behavior of the financial market dynamics, thus motivating



the study of fBM as an alternative to traditional models.

This thesis fits into this line of research and aims to present a comprehensive
overview of the theory of fBM-driven processes, validate their emerging statistical
properties via numerical simulations and investigate how the integration of long-
range memory into financial returns impacts option pricing.

The first part of this work focuses on the numerical validation of the non-
trivial statistical properties of fBM. Specifically, the thesis aims at verifying the
Gaussian nature of the process, the scaling property of the variance, and the long-
range autocorrelation structure of its increments through numerical simulations.
The latter highlight the role of the Hurst parameter as a measure of correlation
and anomalous diffusion. To this end, sample paths of the fBM are simulated to
generate the dataset required for the empirical analysis. This is achieved using
the Davies-Harte algorithm, which was selected for its computational efficiency
and is widely recognized as one of the primary methods in the literature.

Subsequently, the thesis examines the implications of adopting non-Markovian
processes as a foundation for modeling financial returns. To this end, geometric
fractional Brownian motion (GfBM) is introduced and numerically validated be-
fore being employed to implement a generalized Black-Scholes model for option
pricing and delta hedging. The key aim is to evaluate how persistent regime
influences the fair value of call options.

To present the study systematically, this thesis is structured into four chapters,
organized as follows:

Chapter 1 - Markov Stochastic Processes introduces the theoretical
framework of memoryless stochastic processes, reviewing the formulations of
Brownian motion developed by Einstein and Langevin. It presents the general
classification of processes, the Fokker-Planck equation, and the rigorous formal-
ization of the Wiener process, concluding with the foundations of Itd stochastic
calculus and the formulation of stochastic differential equations (SDEs).

Chapter 2 - Fractional Brownian Motion introduces the formal definition
of fBM and its self-similarity properties governed by the Hurst parameter H. It
analyzes Fractional Gaussian Noise (fGN) and its long-range autocorrelation,
establishing the mathematical foundations of fractional stochastic calculus and
the solution of the generalized Fokker-Planck equation.

Chapter 3 - Simulation of Fractional Brownian Motion analyzes the
computational aspects of the process, describing the primary simulation algo-
rithms (Cholesky decomposition, Hosking’s algorithm, and the Davies-Harte method)
and justifying the choice of the latter. It then details the methodology employed



to numerically validate the evolution of variance, convergence to the Gaussian
distribution and the decay of increment correlation.

Chapter 4 - Geometric Fractional Brownian Motion presents the fi-
nancial application of the model. After discussing the economic justification for
adopting {BM, the analytical solution for GfBM is derived. This is followed by
the validation via simulated sample paths and the development of the fractional
Black-Scholes model, evaluating the impact of the Hurst parameter on call option

pricing and Delta sensitivity.



Chapter 1
Markov Stochastic Processes

In this chapter, we introduce the theoretical framework of Markov stochastic
processes, starting with the interpretations of Brownian Motion proposed by
Einstein and Langevin and their underlying assumption of memorylessness. We
then present the general classification of stochastic processes, highlighting the
Fokker-Planck equation to model drift and diffusion dynamics. Next, we analyze
the rigorous formalization of the Wiener process, emphasizing its autocorrelation
function, scale invariance, and its continuity and non-differentiability of trajec-
tories. The discussion concludes with the formulation of stochastic differential

equations (SDEs) and the fundamentals of stochastic calculus.

1.1 Brownian Motion: Einstein and Langevin In-

terpretation

Brownian motion takes its name from the botanist Robert Brown, who observed
under a microscope the chaotic motion of pollen grains suspended in a liquid.
This phenomenon, which occurs for virtually any type of particle immersed in a
thermal bath at constant temperature, constitutes the macroscopic manifestation
of the fluid’s microscopic fluctuations.

Although experimental observations of this phenomenon were made in the
first half of the nineteenth century, its rigorous theoretical formalization was
achieved only at the beginning of the twentieth century. Albert Einstein and
Paul Langevin proposed two distinct, yet statistically equivalent theoretical in-
terpretations of Brownian motion. Einstein’s interpretation uses a macroscopic
and statistical approach, whereas Langevin’s interpretation uses a microscopic

and dynamic approach. Both, however, rely on a fundamental assumption: the



Markov property of the process, namely the absence of memory.

It is worth emphasizing that the modeling of Brownian motion had already
been introduced completely independently a few years earlier by the French math-
ematician Louis Bachelier [1]. His work was aimed at studying fluctuations in the
Paris stock exchange through a symmetric random-walk model. Bachelier’s key
insight was that the price of a stock fluctuates as the result of an enormous
number of independent transactions, in close analogy with the way a particle
moves under the effect of random impacts from the molecules of the surrounding
fluid. With this pioneering contribution, Bachelier laid the foundations of modern
econophysics and showed that models of statistical diffusion can have interdisci-

plinary applications, spanning both physical systems and financial markets.

Einstein’s Probabilistic Interpretation

In one of his celebrated papers from his annus mirabilis (1905) [2|, Albert Ein-
stein interpreted Brownian motion within the framework of the kinetic theory
of matter. Einstein’s central idea is that a Brownian particle is continuously
bombarded by the molecules of the surrounding fluid, which are in motion due
to thermal agitation. These collisions drive the particle along a highly irregular
trajectory.

He chose not to track the individual trajectories of the suspended particles;
instead, he considered a statistical ensemble and analyzed the collective behavior
of a large number of mutually independent Brownian particles immersed in a
thermal bath at constant temperature.

Einstein’s goal was to derive the time evolution of the probability density
p(z,t) of finding a particle at position x at time ¢. Such evolution is governed by

the diffusion equation that bears his name:
oip(z,t) = DO*p(x,t) (1.1)

with D denoting the macroscopic diffusion coefficient. The explicit expression for
this coefficient, known as the Einstein-Smoluchowski relation, was derived in a
subsequent work by Einstein. It relates the macroscopic diffusion coefficient to
the microscopic properties of the system.

To obtain the dynamical law for the probability density , Einstein as-
sumed that the microscopic motion was governed by a series of random dis-
placements so called “jumps” occurring over a characteristic time scale 7. The

assumptions underlying the model are that:



a. The observation time scale ¢ is much larger than the characteristic jump

time T;

b. The characteristic time 7 is sufficiently large so that successive jumps per-

formed by a particle are statistically independent.

The latter assumption implicitly encodes the Markovian nature of the model.
Assuming that the process is memoryless means assuming that to know the future
spatial distribution of the system at time ¢ + 7, it is sufficient to know only the
present distribution at time ¢. In other words, the trajectory followed by the

particle to reach its current position does not affect the next jump.

Langevin’s Dynamic Interpretation

A few years after Einstein’s work was published, in 1908 [3|, the physicist Paul
Langevin proposed an alternative model for the description of Brownian motion,
one that focused on a microscopic and dynamical description. Langevin’s central
idea was to describe the system’s evolution by studying the trajectory x(¢) of a
single Brownian particle suspended in the liquid. To this end, he applied the laws
of classical mechanics, expressed in the form of Newton’s second law of motion.

Langevin modeled the microscopic dynamics assuming that the total forces
acting on the particle were the combination of two distinct contributions: a de-
terministic viscous force, Fy = —6mnrv, which opposes the particle motion, and a
fluctuating stochastic force, Fy, = £(t). The latter, commonly referred to as White
(or Gaussian) Noise, models the countless microscopic impacts arising from the
thermal agitation of molecules.

Langevin’s goal was to use Newton’s second law of motion to write a differen-
tial equation for the particle’s velocity; he thus wrote one of the first stochastic

differential equations:
dv(t)
m
dt

From this equation, by means of appropriate averages over noise realizations, one

= —6mnro(t) + £(t) (1.2)

derives the mean square displacement of the particles, i.e. the variance of the
Brownian motion process. This approach proves to be statistically equivalent to
Einstein’s probabilistic description and leads to the same results.

To solve the equation, Langevin had to introduce fundamental assumptions

regarding the statistical nature of the stochastic force:

a. The force has a zero mean value, (£(t)) = 0, so that there are no privileged

directions for molecular collisions;



b. The force is temporally independent, meaning that the autocorrelation at

different times is proportional to a Dirac delta function:
(€()E)) =o(t =)

In this last assumption lies the Markovian nature of Langevin’s model. Stat-
ing that White Noise is instantaneously uncorrelated means assuming that the
process is memoryless. In fact, the impulse received by the Brownian particle at
instant ¢ is statistically independent of all collisions previously suffered. At every
instant, the particle forgets the followed path, making future evolution dependent
solely on the current state of the system.

The statistical equivalence between Langevin’s dynamic formulation and Ein-
stein’s probabilistic formulation highlights how the assumption of Markov prop-
erty is therefore the crucial conceptual point for the correct description of Brow-

nian motion.

1.2 Classification and Markov Processes

To understand the properties of Markov processes, it is useful to formalize and

review the theory of stochastic processes and their key characteristics [4].

Classification of Stochastic Processes

Denoting time by ¢ and the value assumed by the random variable X by z, we

can state the following definition of a stochastic process:

Definition 1.1. A stochastic process is a family of random variables {X(t),t €
T} indexed by a parameter t.

Depending on the discrete or continuous nature of the time parameter t € T,

we can distinguish between:

e Discrete-time stochastic processes (I' = N): used, for instance, to
describe the position of a random walker after n steps, X (t = t,) = z,,

opening/closing stock prices, or daily average temperatures.

e Continuous-time stochastic processes (7" = R, ): used, for example,
to describe the position X (t) = z(t) of a Brownian particle (Einstein’s

formulation) or its velocity X (¢) = v(t) (Langevin’s formulation).



Definition 1.2. A specific sequence of values assumed by x is called a realiza-
tion or sample path (or trajectory) of the stochastic process X (t). When such
a realization originates from empirical observations, it is called a time series.

The collection of all possible realizations is referred to as the ensemble (or phase
space).

We can therefore conclude that a stochastic process is characterized by an

infinite family of functions that evolve randomly in time.

Definition 1.3. The joint probability density function p(za,ts;x1,t1) = po is
defined as the probability density of observing the value x1 at time t, and x5 at

time ty. The n-point joint probability density is denoted by

P(Tns tn; Tty tnns 501, t) = P
Starting from this definition, a stochastic process can be uniquely character-
ized using the following theorem due to Kolmogorov:

Theorem 1.1 (Kolmogorov Theorem). A stochastic process is uniquely deter-
mined if its finite-dimensional joint probability density is specified for every finite

set of times {t1,ta, ..., t,} C T, satisfying the following properties:

e Positivity: p, > 0

o Symmetry: p,(...;x,t; .. 2t ) =pa(ce o xy b m )

o Completeness: [ p,(zn,tn;...;x1,t1) de, = poo1(Tn_1,tn_1;...;21,11)

e Normalization: [ p;(z,t)dx =1

In the context of stochastic processes, further classifications can be achieved
by imposing additional constraints.
Stationary Processes
A stochastic process is said to be stationary (or strictly stationary) if and only
if, for every n and for any time shift At,

Pn(Tp, ty + At 2y, 0+ AL) = pp(Tn, oo 21, 1)

that is, if its joint probability densities are invariant under time translations.
Consequently, suitable transformations can be applied to make them independent

of absolute time,

DT, tn; .21, t) = p(2p; .5 21)

10



Random Processes

A stochastic process is said to be purely random if and only if, for all n and for

any sequence of times t; <ty < --- < 1,

n

P(Tn, by | Tttt i1, 1) = D@0, tn) = (Tt ..y 20, ) = Hp(xi, ti)
i=1

where
pn(xm tna sy 1, tl)

Pr-1(Tn—1,tn—1;...;21,11)

(1.3)

p(a;n;tn | Tn—1, tn—l; s ;'letl) =

is the conditional probability density function, which for n = 2 reduces to the
standard definition of conditional probability (or Bayes rule). In such a process,
future states are not conditioned by past events or by the present state but they

are completely independent.
Markov Processes
A stochastic process is said to be a Markov process (or to satisfy the Markov

property) if and only if, for all n and for any sequence of times t; <ty < --- < 't,,

p(x'mtn | xn—latn—l; s ;x17t1> - p(xnvtn | In—latn—1>

that is, knowledge of the present state completely determines the future evolution

of the system, making the process independent of its past (memoryless).

Chapman-Kolmogorov Equation

Consider a chronological sequence of times t; < t5 < --- < t,. From equa-
tion ([1.3)), the conditional probability density function is evaluated given n — 1
fixed values. Inverting this relation, we can express the joint probability density

function in terms of the conditional one:

P(Tn b w1, t) = D@ tn | Tty tnets - 0, ) P(Tp1, s 521, )
(1.4)
If the underlying stochastic process is memoryless, we can apply the Markov
property to rewrite the joint probability density function in terms of the transition

probability density:

P( X, tns 521, t1) = p(@Tn, tn | Tty tae1)P(Tnet, taet; - -1 21, T1) (1.5)

11



By repeating this reduction step recursively, we observe that:

P(Tpn1,tn1;. .21, t1) = p(Tp_1,tno1 | Tnooy tn2)p(Tp—2,tn_o;...;21,11)

p(xa, to; 21, t1) = p(2, ta | 71, t1)p(x1, 1)

Substituting these expressions back into (|1.5)) yields:

p(Tn, tps - w1, t) = p(on, t) Hp<xj7 ti | zj—1,tj-1) (1.6)

j=2
Thus, for a Markov process, the joint probability density is fully determined by the
initial marginal probability density and the product of the two-point transition

probability densities. Considering the specific case for n = 3, equation (1.6])

reduces to:

(T3, ts; To, to; w1, t1) = p(xs, ts | T2, t2)p(xa, ta | 1, t1)p(21, 1) (1.7)

Since x5 represents an intermediate state along the trajectory, and the evolution
of interest is the overall transition from x; to x3, we can integrate over all possible

values of za:

/p($37t3;$27t2;$17t1)d$62 = p(z1,t1) /p(3537t3 | 29, ta)p(22, t2 | 21, 11) dg
(1.8)
Note that the left-hand side of ([1.8]) corresponds to the marginal joint probability

density p(zs,t3; x1,t1), which can be expressed via the Bayes rule as:
p(xs, ts;x1,t1) = p(as, ts | 21, t)p(w1,t1) (1.9)

Equating ((1.8) and (1.9) and canceling out the non-zero marginal probability
p(z1,t1), we obtain the Chapman-Kolmogorov (CK) equation:

p(.ﬁEg,tg ‘ .’I?l,tl) = /p(.ﬁlﬁg,tg ‘ .CEQ,tQ)p(.TQ,tQ ‘ $1,t1)d1’2 (110)

Remark 1.1. The CK equation, which holds exclusively for Markov processes,

is closely related to the equation proposed by Einstein in his seminal paper on

12



Brownian motion [2] and used to model jump probabilities:

plz,t+71)= /dA O(A) p(z + A1)

This indicates that he had implicitly assumed the underlying stochastic process to

be Markovian.

1.3 Fokker-Planck Equation

The Fokker-Planck (FP) equation is a partial differential equation of fundamental
importance in statistical physics, econophysics and finance [5]. It describes the
time evolution of the probability density p(z,t | zo,to) of a system governed by a

continuous time Markovian process.

Derivation of the Fokker-Planck Equation

The mathematical derivation of FP equation relies on that of Chapman and
Kolmogorov. Assuming the following time ordering, to < t < t + 7, where 7 <
t — to is an infinitesimal time interval, the CK integral equation (1.10)) becomes:

plx, t+ 7 | o, t0) = /dx'p(x,t—l—T | 2/, t) p(2', t | o, 1o) (1.11)

The objective is to derive a differential equation for the time evolution of the
transition probability density. To achieve this, one must first obtain an expansion
of the time derivative of the transition probability density, known as the Kramers-

Moyal expansion.

Kramers-Moyal Expansion

1. Subtracting from both sides of equation (1.11]) the term p(z,t | zo,to) that
is, the limit of the transition probability density as 7 — 0 we obtain:

p(z,t+ 7 | o, to) — p(x,t | 2o, t0) =

/dx/p(x,t—l— 7|2 t)p(a t | o, to) — p(x,t | wo, to)

2. Dividing both sides of the equation by the infinitesimal time interval 7 and

13



taking the limit 7 — 0, the left-hand side becomes a partial derivative:

Oip(w,t | zo,t0) =

1
lim ~ [ / Ao’ pa,t+ 7 | o, Op(a',t | 2o, to) — ple, t | 20,t0)
70 T

. We can use the Taylor expansion on the integrand, which depends on ’.
Furthermore, we can perform a change of integration variable by introducing
a jump variable A = z —2’. In this way, the integrand is expressed in terms

of the starting point . The equation then becomes:

p(l’,t+7’ | xlat)p(xlvt | l’o,to) -
- (_1)m m am / / /
Z — A" p(x" + Ayt + 7 | 2 t)p(a’, t | 2o, to)]

m=0

. Substituting this expression into the integral, performing the integration,
and factoring out the terms independent of the jump variable A, we define

the Kramers-Moyal coefficients:

1
U (2, 1) = 111)1(1); dAA"p(z+ At + 7 | 2,1) (1.12)

. This makes it possible to write the Kramers-Moyal expansion as an infinite

order linear differential equation:

="

m)!

Omp(x,t] xo,to) = Y

m=1

O (am(x, t)p(x,t | zo,10)) (1.13)

This type of differential equation is generally impossible to solve analytically,

hence requiring a truncation of the series to reduce its order. A crucial role in this

procedure is played by Pawula’s theorem, which establishes a fundamental rule:

if the Kramers-Moyal series is truncated at a finite order greater than two, the

resulting probability density can take negative values, violating the postulates

of probability and leading to unphysical solutions. Truncating the expansion at

second order, instead, yields the Fokker-Planck equation [5]:

1
op(x,t | o, to) = —0y [ar(x, )p(z,t | xo,t0)] + 585 las(x, t)p(x,t | zo,t0)] (1.14)

The same reasoning can be applied to the marginal probability density p(z, t)

by integrating over the initial position, leading to a similar result.

14



Interpretation of the Fokker-Planck Equation

Considering now the FP equation for the marginal probability density:
1
Op(x,1) = =0, [ar (w, O)p(x, )] + 50, as(w, )p(w, 1) (1.15)

the physical meaning of the two remaining Kramers-Moyal coefficients can easy
be deduced. This can be achieved by determining the time evolution of the mean
value and the variance of the underlying stochastic process. This derivation relies
on the FP equation under the assumption that the probability density p(z,t),

together with its spatial derivatives, vanishes sufficiently fast at infinity.

¢ Drift Coefficient
If we take in consideration the time evolution of the mean value. Assuming

for simplicity a constant coefficient a;(z,t) = a;:

d d +00 +00
&(:E(t)) = a/oo rp(x,t)dr = /OO x Op(z,t) de
By substituting the FP equation and integrating by parts, one can show

that:
d

dt

We observe that a; represents the average translation velocity of the system

(#(t)) = a1 = (2(1)) = (x(0)) + art

and is referred to as the drift coefficient. A constant drift shifts the mean

of the distribution over time without altering its shape.

e Diffusion Coefficient
Let us now consider the time evolution of the variance. In the absence
of drift (ai(x,t) = 0), and assuming a constant coefficient as(x,t) = as,

substituting the FP equation yields:

d 2 _ 2 _ 2
@) =a = (2°(t)) = (27(0)) + ast

Consequently, the variance evolves according to:
Var[z(t)] = (z*(t)) — (x(t))* = Var[z(0)] + aqt

In this specific case, we observe that the coefficient a; quantifies the strength
of the stochastic fluctuations acting on the system, governing the rate of

dispersion and broadening of the probability distribution. For this reason, it

15



is referred to as the diffusion coefficient. Note that, under constant diffusion,

the variance increases linearly with time.

Depending on the functional form assumed by the coefficients a;(x,t) and

as(x,t), the FP equation describes several fundamental processes:

Einstein-Wiener Process

Assuming zero drift (a;(x,t) = 0) and a constant diffusion coefficient (aq(z,t) =1
or 2D), we obtain a stochastic process that describes classical Brownian motion

or pure diffusion.

Fick Process

For constant drift (a;(z,t) = v) and constant diffusion (as(x,t) = D), the process

models an asymmetric (biased) random walk or mass transport with diffusion.

Ornstein-Uhlenbeck Process

By choosing a drift coefficient linear in position (a;(z,t) = —~vyx, with v > 0)
together with a constant diffusion coefficient (aq(z,t) = D), we obtain a mean-
reverting process. This is used to describe the velocity of Brownian particles,

interest rate dynamics and stochastic volatility.

Geometric Brownian Motion

Assuming more complex functional forms to both coefficients such as a linear
drift (aq(z,t) = pz, with g > 0) and a quadratic diffusion coefficient (as(x,t) =
o%x?) the process represents the standard Samuelson model, which serves as the

foundation for model stock price dynamics in quantitative finance.

1.4 Wiener Process or Brownian Motion

The Wiener process, also known as Brownian motion, represents the rigorous
formalization of the Brownian motion studied by Einstein, and is usually denoted
by W (t) (or B(t)). Originally introduced to study the motion of a microscopic
particle suspended in a fluid, today it is also widely used in econophysics to model

financial markets.

16



Connection with Fokker-Planck Equation and Formal Defi-

nition

The Wiener process is closely linked to the statistical description of dynamical

systems. In his work [6], Wiener attempts to interpret and analyze Einstein’s

diffusion equation from the perspective of the Fokker-Planck equation.
Considering and assuming a system with no external forces (ai(z,t) = 0)

and a constant fluctuation intensity (as(x,t) = 1), we obtain Einstein’s pure

diffusion equation (with a diffusion coefficient of D = 3):
Lo
Op(, t|zo, to) = 563529(%75’950,750)

For the initial condition p(x, to|zo, to) = 0(x —z) (representing absolute certainty
regarding the position of the system at the initial time) the fundamental solution
is the conditional probability density:

_ (z—xq)?

1
plz, t|xg, ty) = —F——=€ 32t%) 1.16
(@t o) = s (1.16)

This solution characterizes the Wiener process and represents the probability
density of finding the system at position z at time ¢, given absolute certainty
that it was at position xq at time t,.

This solution can be interpreted as a marginal probability density. By consid-
ering the probability of the system transitioning from (x;_1,¢;_1) to (z;,t;), one
can define a position increment x; — x;_; = Aux; occurring over a time interval
t; — t;_1 = At;. Performing a change of variables yields the marginal probability
density of the Wiener increments:

Az?

1 _
p(Az;, At;) = ——==€ %

kY4 27TAT§7J

Below, we provide a formal definition of the process:

Definition 1.4. A continuous time stochastic process {W(t),t > 0} is defined as

a Wiener process if it satisfies the following properties:

1. Initial condition. The process starts almost surely at zero:

W0)=0 (as.)

2. Continuity of sample paths. The sample paths t — W (t) are almost
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surely continuous functions of time (i.e., they display no discrete jumps).

3. Independent increments. For any sequence of time instants 0 < tg <

ty < --- <t,, the successive increments
AW, = W(t;) — W(ti_y)

are mutually independent random variables. Thus, knowledge of past evo-

lution provides no information about future increments (Markov property).

4. Gausstan and stationary increments. For every pair of times 0 <
s < t, the increment W (t) — W (s) follows a Gaussian distribution with zero

mean and variance equal to the time interval:
W(t) — W(s) ~N(0,t — s)

Stationarity implies that the distribution depends solely on the duration of

the time interval t — s and not on the initial time s.

From this formalization, it is possible to derive the autocorrelation function of
a Wiener process W (t). The resulting relation yields the autocorrelation between
any two arbitrary time instants and is entirely determined by the smaller of the

two:

(W (t)W(s)) = min(t, s) (1.17)

Although future increments of Brownian motion are completely independent (a
fundamental aspect of its Markovian nature), the positions occupied by the
Wiener process at different time instants remain positively correlated. This
relation indicates that the trajectory retains a “memory”;, as future states are

influenced by preceding positions.

Scale Invariance and Non-Differentiability of Sample Paths

Realizations of the Wiener process possess the geometric properties of a one-
dimensional Gaussian fractal. Omne of these properties is scale invariance, or

self-similarity. If we apply the Gaussian scaling relations

(t —to) = (£ —to) = b(t — to)

(x — 20) = (& — To) = b/%(x — x0)
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to transform the conditional probability density [1.15] we obtain:
p(l’, t|$07 tO) — pG<i‘7 ﬂi‘()a EO) - b_1/2p<l’, t|l’0, tO)

Furthermore, it can be verified that the resulting probability density (p¢) pre-
serves both the normalization and the statistical properties of the process. This
invariance under Gaussian scaling implies that the trajectories retain the same
qualitative and statistical characteristics regardless of the temporal or spatial in-
terval considered. As highlighted by Mandelbrot, the absence of a characteristic
scale makes the Wiener process a continuous fractal whose structure is preserved.
Zooming in on any portion of the fractal reveals the same detailed structure
visible on a global scale.

If a curve is a fractal, its structure remains rough and fluctuating at ev-
ery scale. The persistence of these fluctuations at infinitely small scales pre-
cludes the possibility of defining a time derivative, leading to the almost sure
non-differentiability of the paths.

Analysis of the average velocity of a trajectory over a given time interval
reveals divergent behavior. It can be shown that the probability of the aver-
age velocity exceeding a given threshold K depends on the complementary error

function and is expressed as:

AW [ At
Prob{’F’ > K} = erfc (K 7)

Taking the limit as At — 0, we observe that:

[A
lim erfc (K —t> = erfc(0) =1
At—0 2

This limit holds for an arbitrarily large value of K, even as K — oo. Therefore,
the derivative cannot be defined at any point. Consequently, the sample paths of
the Wiener process are almost surely everywhere continuous and nowhere differ-
entiable.

Physically, this implies that the instantaneous velocity of the Brownian parti-
cle diverges to infinity. Since an infinite velocity is unphysical, it becomes neces-
sary to resort to alternative formulations for describe velocity and to establish a
dedicated mathematical framework, known as stochastic calculus, to handle the

differentials of such processes.
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1.5 Stochastic Calculus and SDEs

Stochastic calculus was developed to address the limitations of classical theory
in describing phenomena characterized by continuous and irregular microscopic
fluctuations, such as those governing the Wiener process used to describe the
motion of Brownian particles [4].

In particular, as discussed in the previous section, the Wiener process gener-
ates trajectories with fractal properties that are almost surely continuous every-
where but nowhere differentiable. This prevents the description of the velocity
of the system through the standard definition of the derivative, which diverges,
hence highlighting the inadequacy of ordinary differentiability.

Stochastic Differential Equations

In an attempt to model dynamical systems subject to stochastic fluctuations, as

discussed in section [I.I], was historically introduced the Langevin equation:

dx
= = a(z,t) + b(x, t)E(t)

where &() denotes white noise. Mathematically, it is defined as a continuous time
Gaussian stochastic process with zero mean and a time autocorrelation witch is

a function expressed by a Dirac delta function:

(€@0)e)) = o(t =)

Consequently, white noise is a mathematical abstraction describing a process with
unbounded fluctuations, making it impossible to treat using standard differential
calculus. For this reason, it is natural to seek a connection between white noise
&(t) and the Wiener process W (t).

It can be shown that applying the time-derivative operator to the autocorre-
lation of the Wiener process yields the white noise autocorrelation:

(dW (t)dW (t')) = (£(6)E(t)) dt dt’ (1.18)

From this statistical identity, follows the formal expression (understood in the

distributional sense):

AW (t) = £(t) dt

Furthermore, since equation is equivalent to (dW(t)dW (t')) = o(t —

t') dt dt’, it ensures that the autocorrelation of the Wiener increments is preserved

20



even for infinitesimal increments:
o fort =t = (dW?(t)) = di;
o fort £t = (dW(t)dW(t')) =0.

This formalism allows the Langevin equation to be interpreted as a primary
example of a Stochastic Differential Equation (SDE) [4]:

dz(t) = a(x,t) dt + b(x, t) dW (t) (1.19)

It is essential to emphasize that this is merely a shorthand notation, as dW (¢)
lacks a rigorous differential meaning and can be defined rigorously only through

integral notation:

t t
z(t) = x(to) +/ a(z,t") dt’ +/ b(z,t") dW (t')
to to
While the first integral is a standard classical, the second is a stochastic integral
with respect to the increments of the Wiener process, the evaluation of which

requires the formulation of a new calculus |[7].

Stochastic Calculus

A stochastic integral is formally expressed as:

S = /tG(t’) dW (t")
to

In this expression, the integrand G(t') represents a function, which may itself be a

stochastic process. Due to the irregular nature of the Wiener process increments

dW (t'), the integral cannot be evaluated using traditional calculus, requiring

instead a probabilistic construction.

To rigorously define the stochastic integral over the time interval [to,t], we
introduce a partition of the interval into M subintervals ty < t; < to < -+ <
tyr = t. Within each subinterval, a generic evaluation point 7; is chosen such that
t;1 < 7; <t;. Based on this partition, the discrete stochastic sum S}, is defined

as:

M
Su =Y G(r) AW,
=1

It should be noted that the Wiener increments make this sum itself a random

variable. Furthermore, while in classical integration the choice of 7; does not
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affect the limiting value of the sum, in stochastic integration the selection of this
evaluation point is crucial.

If the evaluation point is expressed by introducing a parameter « € [0, 1] such
that 7, = at; + (1 — a)t;_q, it can be shown that the expectation value of the

stochastic sum depends directly on a:
(Sm) = a(t —to)

The dependence of the mean on « reveals that varying this parameter yields
infinitely many possible definitions for the stochastic integral. This leads to two

primary conventions:

a. Itd integral (a = 0): The evaluation point is fixed at the left endpoint of
each subinterval, 7; = t;_;. In this configuration, the integrand is evaluated
before the Wiener increment occurs, preserving the non-anticipative nature

of the process.

b. Stratonovich integral (o« = 1/2): The evaluation point is set to the

b 14t . . .
%J”. This symmetric choice preserves the

midpoint of the interval, 7; =
standard rules of integration and differentiation from classical Riemannian

calculus.

Once the discretization convention is established by fixing the parameter «, it
is necessary to define the limit operator of the stochastic sum S); as the number
of subintervals approaches infinity (M — o). Since we are dealing with proba-
bilistic quantities, the convergence of the sum Sy, to the stochastic integral S' is
imposed via the mean-square limit criterion:

S =mslimSy <= lim ((Sy —5)*) =0

By choosing the convention o = 0, the Itd stochastic integral exhibits sev-
eral algebraic properties. Assuming that the processes G(t) and H(t) are non-
anticipative functions, meaning that for any time ¢’ < s, their value evaluated at
t' is statistically independent of the Wiener process increment W(s) — W(t'), it

can be shown that the following:

1. Mean Value Property:

< /t tG(t’) dW(t’)> ~0
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2. Correlation Formula:

([cwrav [ nave) = [cmepar

to

3. Quadratic Variation of the Wiener Process: Understood in the mean-

square limit sense, the following equality holds:
(dW (t))?* = dt
More generally, for higher powers or mixed products, this leads to:

[dW ()] =0 VN >0
dW (t)dt =0

4. Ttd6’s Lemma: Consider a continuous stochastic process x(t) governed by
and let f(z,t) be a scalar function differentiable at least up to second
order with respect to the spatial variable z, and to first order with respect
to time t. The stochastic differential evolution of the composite function,
expressed as df [z(t),t], is given by |7]:

of of o*f of

df [x(t),t] = {— + a(x,t)% + %bQ(:p,t)—} dt + b(:p,t)8

ot a2 9z W)

Remark 1.2. Compared to the classical rules of ordinary calculus, an addi-
tional corrective term appears: %bQ(x, t)%. This term captures the effect of
mucroscopic fluctuations along the stochastic path, which contribute macro-

scopically to the deterministic drift.

This mathematical framework forms the cornerstone of stochastic calculus appli-

cations across various fields, including statistical physics and quantitative finance.
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Chapter 2
Fractional Brownian Motion

In this chapter, we introduce Fractional Brownian Motion (fBM) [8], describing
its fundamental properties and self-similarity governed by the Hurst parameter
HEI. We then analyze Fractional Gaussian Noise (fGN), highlighting the station-
arity of its increments and the long-range autocorrelation associated with the
non-Markovian memory of the process. The discussion concludes with the for-
mulation of fractional stochastic differential equations (fSDE) and the solution of

the generalized Fokker-Planck equation.

2.1 Definition and properties of fBM

Definition 2.1. Fractional Brownian motion (fBM) with Hurst parameter (or in-
dex) H € (0,1) C R is a continuous-time Gaussian stochastic process { By (t),t >
0}. It is characterized by:

e initial value: By (0) = 0 almost surely;
o czpected value: E[By(t)] =0 for allt > 0;

e covariance function:

E[By(t)By(s)] = = (27 + s* — |t — s|*) (2.1)

DO | —

forallt,s > 0.

For any random variable associated with a stochastic process X, it is possible
to define a corresponding characteristic function (CF). Specifically, for a stochas-

tic process identified by a continuous probability density function (PDF) fx, the

!The Hurst exponent is named after Harold Edwin Hurst (1880-1978), a British hydrologist
who studied the long-term dependencies of water level fluctuations of the Nile River.
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CF is given by:
+oo

b () = E[eiX] = / ¢ f(2) da (2.2)

—0

The description of a stochastic process is carried out through the determi-
nation of its statistical moments. Deriving the analytical expression of these
moments involves calculating integrals that can be very complex. The character-
istic function simplifies this calculation. Given a characteristic function ¢y, the
k-th order moment is given by:

_p df

E[X*] =i M¢X(w) (2.3)

w=0
In the case of a Gaussian process, such as fBM, it can be shown that the CF,
and consequently all moments, are completely determined by the expected value
E[X] and the variance of the process Var(X) = E[X?] — (E[X])?. In particular,
the CF takes the form:

(,bX(W) _ E[ein] — ei]E[X}w—%Var(X)w2 (24)

Considering the definition of fractional Brownian motion, we can uniquely
identify its characteristic function.
The fBM is a Gaussian stochastic process with random variables follow a Gaussian
distribution: X = Bg(t) ~ N (p,0?). To better specify the distribution, we must
derive the mean p and the variance 0. These are the two parameters required
to identify the CF.

Proof. Since fBM is a central process, for all t > 0, its mean will be zero:
i =E[Bu(t)] = 0

Moreover, its variance can be deduced from the covariance function 2.1} Imposing

s = t, we obtain the second moment:

B[B3 (1)) = 5 (PH + 7 — |t — tPH)

1
2
2 t2H — tQH

Starting from the expression of the variance in terms of statistical moments, we
get:
0® = Var[By(t)] = E[By ()] — (E[Bu(1)])* = *" — 0 =*"
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The definition uniquely identifies the probability distribution followed by the

process’s random variable:

By (t) ~ N(0,t*7) (2.5)
O

Remark 2.1. For H = 1/2 the fractional Brownian motion coincides with the

standard Brownian motion (BM). In this particular case:
e the mean remains zero: E [Bys(t)] =0

e the covariance function takes the typical expression of BM:

E [B1)s(t) Byja(s)] = % (t+5— [t s|) = min(s, £) "= s

o the variance grows linearly with time: Var [Bl/g(t)} = 1.

At this point, it is possible to make the explicit form of the characteristic function
of our process clear. Indeed, starting from the CF for a Gaussian process and

substituting the values of y and o2, we can write:

_1,2H,2
2t w

Py (w) =e (2.6)

fBM Properties

The properties of fractional Brownian motion recall and generalize those of stan-

dard Brownian motion. The main properties of fBM are listed below.

1. fBM possesses the property of self-similarity. Specifically, it allows us to
identify (in a distribution way ) for all a € R

Proof. The proof relies on the characteristic property of Gaussian processes
being completely defined solely by their mean and their variance (or, in
general, their covariance).

As a first step, we define a new Gaussian process: X (t) = o~ By (at) with
a € R,. We now verify that this process is statistically identical to fBM by

observing that the two share the same mean and covariance.

By the definition of fBM, its mean is zero, E[By(7)] = 0 for all 7 > 0.
Evaluating the expectation value of the process X (t) for ¢ > 0, we find that
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this process is also centered:
E[X(t)] = a "E[By(at)] “S" a "E[By(r)] = 0

Analyzing the covariance of the defined process and recalling that of fBM
2.1 we obtain:

E[X ()X (s)] =E [a " By(at) - a7 By (as)]
= o *"E[By(at) By (as)]

1
=q . 3 [(at)*™ + (as)* — |at — as[*"]

1
_ g2 a2H§ [tQH b8 |t — S|2H]

= E[Bu(t)Bu(s)]

Since the process X (t) is a Gaussian process with the same mean and co-
variance as fBM, the two are statistically equivalent: X (¢) ~ By(t). We
observe that multiplying by a € R, :

Bu(t) ~ X (1

(t) ~a X (1)

(t) ~a" [a=" By(at)]
(t)

a
CLHBH t) ~ BH(CLt)

Consequently, By (at) ~ a™ By (t) holds for all a € Ry, which is our state-

ment. O

Remark 2.2. Note that for H = 1/2 we have By j5(at) = a'/?By j5(t), which
15 the self-similarity or scale-invariance property of BM, where the scaling

relations are (t — at, * — a'/?x).

2. Due to the self-similarity property, the trajectories of By (t) define a one-

dimensional fractal with fractal (or Hausdorff) dimension D =2 — H.

3. Almost surely (a.s.), meaning with probability one, the trajectories are

continuous everywhere but nowhere differentiable.

4. A representation of fBM in terms of a stochastic integral, known as the
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Mandelbrot-van Ness representation [9], can be defined as:

By (t) = By (0)+

F(H—l+) { / OOO [(t= )73 = (=) aw(s) + /0 (- s)H—idW<s>}
(2.8)

where T" is the Gamma function, W (s) is the Wiener process and ¢ > 0 It
is worth noting that this integral representation guarantees the mean and

covariance of the process according to the fBM definition.

Remark 2.3. The integral representation reproduces standard Brownian

motion for H =1/2.

For this H value, the Gamma function is evaluated at 1, where I'(1) = 1.
1

Furthermore, the exponents inside the integrals become 5 — % = 0, conse-

quently the integrands evaluate to unity:

Bualt) = Bun0) + 1 {/O 1= 1]dW(s) + /tldW(s)}

—00 0

The contribution of the long-term memory, indicated by the first integral,
vanishes. The second integral remains, which allows us to identify the pro-

cess with the BM, assuming the initial condition By/2(0) = 0:
¢
Bua(t) = [ dW(s) = B
0

2.2 Increments: Fractional Gaussian Noise and

Autocorrelation

Definition 2.2. Let {Bg(t) : t > 0} be a trajectory of fractional Brownian
motion; the increment over a time interval [s, t] is defined as ABy(s,t) = By (t)—

BH<S)

Since it is a linear combination of two Gaussian processes, the increment of fBm is
itself a Gaussian process and is termed fractional Gaussian Noise (f{GN). Remark
that the analysis of individual increments plays a fundamental role in the study
of {BM.

Below, recalling the properties of fBM, we examine and derive key properties
of f{GN.
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fGIN Properties

1. The fGN is a centred process and therefore has zero mean. This follows

directly from being a combination of centred processes:

E[ABu(s,t)] = E[Bg(t)] — E[Bu(s)] = 0 (2.9)

2. Regarding the variance of fGN, taking into account the process’s zero mean,

we have:

By(t) — Bp(s))’]
By ()] + E[B}; ()] — 2E[Br (t) Br ()]
1

:t2H+82H_2‘§ [tQH_I_SQH_ |t_8|2H] = |t — s]?H

Var[ABy(s,t)] = |t — s[* (2.10)

The variance of the increments depends exclusively on the duration of the

time interval and is independent of absolute time.

3. Since fGN is a Gaussian process, its probability distribution is completely

specified by its mean and variance:

ABp(s,t) ~ N (0, [t — s[*) (2.11)

4. We observe that the probability distribution function of f{GN does not de-
pend on absolute time, but only on the length of the time interval between
the points of the fractional Brownian process. This indicates that, unlike

fBM, the stochastic process of increments is stationary.

The stationarity of the process ABy(s,t) is demonstrated by verifying the
invariance of its probability distribution function. For any time shift § such
that ¢t — t 4 0 and s — s + 9, the parameters identifying the PDF remain
invariant:

E[ABy (s + 0,t + )] = 0 = E[ABy (s, 1)]

Var[ABy (s + 6, +8)] = |(t +6) — (s + 0)*" = [t — s|* = Var[ABy(s,t)]
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Therefore, we can conclude that
ABH(S+5,t+5) ~ ABH(S,t) (212)

proving that fGN is a stationary process. This property, which fractional
Brownian motion lacks, makes working with increments far more practical

when studying fractional Brownian processes.

Autocorrelation of Increments

In the literature, it is common to work with unit increments and to discretize the
timeline using the time step At =t — s between two values of fBM. Consequently,
discrete time instances are denoted using a time index n € N as s = nAt and
t=(n+1)At.

Using the self-similarity [2.7) of fBm, a single increment can be expressed as:
X, = By((n+1)At) — Bi(nAt) = [By(n + 1) — By (n)] (At)? (2.13)

In this context, the mean and variance properties become:
e Mean: E[X;] =E[By(n+ 1)] — E[Bu(n)] =0
e Variance: Var[X;| = |(n+ 1) —n*? =1

We are now interested in deriving the covariance function between two incre-

ments separated by a time lag 7 = kAt with £ € N.

Proof. For simplicity of calculation, we consider At = 1, which simplifies the
notation. Using the definition of covariance and recalling that fGN is a centred

process, we have:

V(k) = Cov(Xy, Xoyr) = E[(Xy — ) (Xin — p1)] = E[ X X4
=E[(Bu(n+1) = Bu(n)) (Ba(n+k+1) — Bu(n + k))]
=E[Bg(n+1)Bg(n+k+1)]—E[Bg(n+1)Bg(n+ k)]

— E[By(n)Bg(n+k+1)] + E[By(n)Bu(n + k)]

Substituting the covariance function[2.1]from the definition of fBM, our expression
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gives:

2
—
N
S~—
I
| —

(n+ 1) +(n+k+ 1) —|(n+1) = (n+k+ 1))

[(TH— D22 (n+ k) —|(n+1)— (n+ k,)|2H}

[+ (n+k+1)*" — |In— (n+k+1)]*"]

+
N =N RN

(2?7 4+ (n+k)* — |n — (n+ k)[*"]
Simplifying the algebraic steps yields the following result:

v(k) = = [(k+1)*" — 28> + (k — 1)*"] (2.14)

N | —

]

This demonstrates the independence of the covariance function from the spe-
cific time instances at which the increments are measured. It depends solely on
the time lag k£ separating them.

Note that in this context, the definition of (auto-)covariance coincides with that
of autocorrelation. Indeed, recalling that for At = 1 the variance of increments

becomes equal to 1, we have:

COV(Xt7 Xt+k>

k) —
plk) \/Var(Xt) - Var(X;ix)

— (k) (2.15)

This property highlights the fact that increments of fBM are correlated, mean-

ing that fBM is a non-Markovian meaning a process with memory, rapresented
by H.

Remark 2.4. In the case where At # 1, one can use the self-similarity property
of fBM to understand how the result transforms. For a time lag of kAt between

the two increments, we have:

v(kAt) = B [(Br((t + 1)At) — By (tAt)) (By((t + k + 1)At) — By ((t + k)At))]
=E [(By(t+1)— By(t)) - (A)" (By(t +k+1) — Bu(t + k)) - (At)"]
=E[(By(t+1) — Bg(t)) (Bu(t +k+1) — Bu(t + k)] - (At)*H
= (k) (At

To interpret H as a memory index, a long-range estimate of the covariance is

commonly used in the literature. To this end, we calculate the covariance of the
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increments (k) = E[X(X}], where:
Xo=Bu(1) — By(0) = By(1), Xy = Bu(k+1)— Bg(k)

Expanding the product of the increments and using the covariance formula of

fBM, we retrieve the difference between the following expected values:

E[By(1)By(k+1)] = = [1*7 + (k+ 1) — |1 — (k + 1)]*"]

[12H+k’2H | —k‘|2H}

MI)—‘[\DIH

E[Bu(1)Bu(k)] =
Taking the difference, the covariance has the form:

(k) == [(k+1)*" = 2> + (k — 1)*"]

[\DI»—t

At this point, we use the Taylor series expansion for the binomial term:

—1 —1 -2
(1+2)" =1+ nx+ n(nz' ):v2 + n(n 3)|(n )x3 + o(z?)

Note that for this expansion to hold, the condition x < 1 must be satisfied. In
our case, for k > 1, we have the following two valid expansions:

1\ 2H | 2H(2H —1) 1
2H _ 1.2H + _ 12H -2
(k+ 1) =k (1+k) =k [1+ - o 5 +olk )}

1\ 2H 2H(2H —1) 1
_1\2H _ j2H o _ 72H |1 _ -2
(k—1) k (1 k:) k {1 T o 2T o(k )}

Summing the two terms, we obtain:

2H(2H — 1)

(l{}+1)2H+(k’— 1)2H — k‘QH |:2+ k2

+oli?)
Approximating this result and substituting it into the calculated covariance, we

finally obtain:

v(k) ~ {k”f {2 + %} - 2k2H}

k2

{szﬂ(z; - 1)1 N

MIP—‘ DO |

v(k) ~ H2H — 1)k*# 2 (2.16)

This result, depending solely on the time lag & and the Hurst index H, de-
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scribes the long-range autocorrelation valid for £ > 1. Furthermore, it exhibits

a power-law structure. Note that:
e for H > 1/2, there is positive autocorrelation, (k) > 0;
e for H < 1/2, there is negative autocorrelation, (k) < 0;

e for H = 1/2, there is no correlation, (k) = 0 (moreover, since the incre-

ments are Gaussian processes, they are also independent of each other).

2.3 Fractional SDE and Generalized Fokker-Planck

Equation

Fractional Stochastic Differential Equations

Fractional Brownian motion is a driftless stochastic process; hence, it is a process
of pure diffusion. Identifying the infinitesimal increment of fBM as dBg(t), the
fractional Stochastic Differential Equation (fSDE) of the process is:

dz(t) = dBy(t) (2.17)

The meaning of this relation becomes explicit when formulated as an integral
equation. Assuming standard initial conditions, By (0) = 0 and x(0) = 0 almost

surely, we can integrate the equation pathwise:

/0 tdx(t’): /0 tdBH(t’) — 2(t) = Bu(t)

Therefore, from a statistical standpoint, the moments of x(t) and By (t) coincide:
e Mean: E[z(t)] = E[Bu(t)] =0
e Variance: Var|z(t)] = Var[Bg(t)] = t*#
e Covariance: E[z(t)z(s)] = E[Bg(t)Bpu(s)] = 3 [t*7 + s — |t — s|*H]

The moments can also be derived using Fractional Stochastic Calculus, which
employs a generalization of the Itd integral known as the Wick-It6-Skorohod
integral [10]. For this integral, imposing appropriate assumptions on a function

f(z), the following property holds:

E [ /0 t (@) dBH(a:)] ~0 (2.18)
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e Using the above property, the mean is expressed as:
t

Elz(t)] = E [/ dBH(t’)] =0
0

e For the variance, we must instead use a general result known as the isometry
theorem [11], which expresses the expected value of the product of two

stochastic integrals as a Riemann-Liouville integral:

E [ / F(u) dBy(u) / o) dBH(v)} — H2H-1) / / F()g(0)[u—v[2~2 du dv
(2.19)

To apply this to our situation, we consider f(u) =1 and g(v) = 1. Renam-

ing the variables and the integration limits yields:

t t t t
E{ / dBy(t') / dBH(s’)} = H(2H — 1) / / it — &2 2dt' ds’
0 0 0 Jo

To evaluate this, we can split the double integral or exploit symmetry. Let

us focus on the integral over t':

t t t t
/ / ‘t/ . S/|2H72 dt’ ds’ :/ dS// |t/ i S/|2H72 dt’
0 Jo 0 0

Fixing s’ and integrating with respect to t’, taking care of the absolute

value, we obtain:

t
1
|t/ . 8/|2H72 dt’ = (t - S/)2H71 + S/2H71
J =i | |

Now, integrating with respect to s':

t
1
/ [(t . S/)2H—1 + S/2H—1] ds’
0

2H — 1
1 1 !
== (+_ N2H N 7 -
{ oo ) T am -1’ .
t2H+t2H 2t2H tQH

T 2H(RH-1) 2H(2H-1) H(2H 1)

Substituting this result back into the formula yields the variance:

Varlz(t)] = E[B4 ()] = E [ /0 4B () /0 t dBH(s’)} 2 (2.90)
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Generalized Fokker-Planck Equation

The results obtained for the mean and variance of fractional Brownian motion
can also be derived through the explicit form of the probability density function
associated with By (t). This PDF is the solution to the Generalized (or fractional)
Fokker-Planck (FP) equation, which takes the form:

*p(x,t)
0x?

Op(x,t)

o (2.21)

= D(1)

where D(t) = Ht*"~! is the anomalous diffusion coefficient, defined such that for

H = 1/2, the standard FP equation of pure diffusion is recovered.

Solution of the Generalized Fokker-Planck Equation

We attempt to solve this equation using the Fourier method. Consider the fol-

lowing initial value problem:

Op(z,t) = D(1)0;p(,1)

- (2.22)
p(z,t) — p(z,0) = o(z)

To solve the equation, we use the Fourier transform to move to momentum space
k: .
p(k,t) = /dx e"*ep(x,t) and p(z,t) = by /dk e*p(k, t)
s

We can rewrite the initial condition as:

1 )
pl.0) = 5 [ dke™p(h,0) = 6(a) — p(k.0) =1
T
In k-space, applying 9; and 92 to the density and substituting into the FP equa-
tion gives:

Using the separation of variables, we obtain:

dp(k, 1)

S - DR

Integrating both sides and using the initial condition, we have:

ﬁ(k, t) = ﬁ(k’ 0)67162 fot D(t')dt/ _ eikz fot H2H-1q¢ efthH
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At this point, we perform the inverse Fourier transform to reconstruct p(x,t):

1 . k2 20 1 k2 oH
r,t)=— [ e*e 2 dk = — [ e 2t TR L
pz,t) = o / o
This can be solved by completing the square in the argument of the exponential,

reducing it to a Gaussian-type integral:

k2 2H | _2Hn e 12 a?
e~ gt ik _ =75 [k z2H] e 2:2H

Redefining &' = k — té—zH implies d&’ = dk, so the integral above can be written as:

1 _ =2 [ 2
p(:c7 t) — %e 2t2H / 67%t2H dk/

This is a standard Gaussian integral and its value is t%—};, thus we obtain the

result:
1 2

plet) = W‘ﬂfﬁ
T

We have successfully, as expected, shown that the PDF is a Gaussian with zero

mean and variance t?1. Therefore, if we use the initial conditions z(0) = 0 =
By (0), the solution to the generalized FP equation provides the following prob-
ability density function for fBM:

_ 1 — (z — E[Bu(t)))*
Prom(T: ) = eXp{ Nar[Bn(?)] } (2:23)

Moment Evolution Relations

As with the standard Fokker-Planck equations, it is possible to write evolution
equations for the moments in the fractional case as well. Recall that in the

standard case, the full FP equation is:

O, 1) = 0, [ (0)p(e, 0] + 30 Laa(@)p(a 1) (2.24)

with the corresponding 1t6 SDE:

dz(t) = ay(z) dt + v/ as(z) AW (¢) (2.25)
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(2.26)

For such equations holds the following scaling relations:
= (a1 (x))

GEz ()]
%E[xQ(t)] = 2(zay(x)) + (az(z))

Proof. In the generalized context, the full standard FP equation takes the form:

Oep(x,t) = =0; [ar()p(x, )] + D(t)0z[ax(2)p(z, 1)]

which corresponds to the following fractional SDE (under the Wick-Itd-Skorohod
interpretation) [12]:
dz(t) = a1(z) dt + \/az(z) dBy(t)

In this case, the scaling relations become:

d
SEL(1)] = (m(2)
d
FE O] = 2(zar(2)) + 2D(t){ax(w))
Let us prove the second relation:
iIE[xQ(t)] _d 2*p(z,t)dz = [ 220ip(z,t) dx
dt dt ’ A
Substituting the expression from the FP equation, we get:
d . o 2 292
EE[m (t)] = — | 2°0; [a1(z)p(x,t)]dz + D(t) | 2°0;[az(x)p(x,t)] dzx
=a =5
This gives two integrals that can both be solved by parts: For the o term, we
have:
+oo
= [-2za,(z)p] T +2/ zai(x)pdr = 2(zay)
;ro —00
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For the g term, integrating by parts twice, we obtain:

+oo

D(t) /x28§[a2(x)p(x,t)] dz = D(t) [Zxﬁx[aQ(x)p]]fz —/ 220, [as(2)p] dx

~ - oo

0

= 2D(t){az(x))

Substituting the results obtained for the two terms yields exactly the desired

equation. A similar derivation can be carried out to prove the first relation. [

If we now apply the scaling relations to the generalized FP equation of pure
drift:
oip(z,t) = D(t)0p(x,t)

where a;(z) = 0 and ag(z) = 1, and with the initial condition x(0) = 0, we

obtain:
e LE[z(t)] =0 = E[z(t)] =0

o LE[z%(t)] = 2D(t) in this case, integrating gives:
t t 1
E[z2(t)] = 2/ D(t)dt = 2/ HUPE Ay = 2t = 2H

These results are entirely consistent with those seen for fBM. Therefore, it is
possible to use scaling relations to verify the results obtained through fractional

calculus.

Self-Similarity Property

Using the explicit form of the probability distribution function p(z, t) for fBM, we
can verify its scale-invariance property. Applying the transformation (t — ¢ = at,
xr — & = az), the PDF becomes:

1 x?
pla,t) = W“p{_zﬁ} -

H

S5 ) — 1 e ,
p(z, )—WGXP T ogeapeH (¢ p(x,t)

38



In this way, the normalization is preserved:

/di’ﬁ(:ﬁ,f) = /dac afl - ap(x,t) =1

This property generalizes the self-similarity of the Wiener process, which is re-
covered for H = 1/2.

Let us now formally prove via the cumulative distribution functions that:
BH(CLt) ~ aHBH(t)

Proof. We define the cumulative distribution function as:

CDF(z) = Plx] = /ﬂf dz’ p(a',t)

—0o0

Thus, the probability of the fBm position being less than or equal to x at time ¢
is:

PBu(t) < 1] = W / { :;LQZH}du

If we apply the self-similarity transformation described above, we have:

Pk [ {52}

(a"u)?
- \/27rt2H P {_ ppr [ 4
H

It is now convenient to perform a coordinate substitution where s = a=" u, im-

plying du = ads. The upper limit of the integral becomes s = =z and:

—H

a—HaH a” "z 82
PlB(at) <o) = “— | exp{—%m}ds

—p [BH(t) < aiH} — Pl Bu(t) < 2]

In conclusion, by the uniqueness theorem for cumulative distribution functions,
it follows that By (at) ~ aff By(t).
O
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Chapter 3

Simulation of Fractional Brownian
Motion

In this chapter, we implement the simulation of fractional Brownian motion (fBM)
through various algorithms (Cholesky Decomposition, Hosking’s Algorithm, and
the Davies-Harte Method). We select the most efficient approach and verify
several fundamental properties of fBM: the Hurst parameter H as a correlation
index, the Gaussian nature of the process with a variance scaling as a power law

of H, and the analytical expression of the autocorrelation of its increments.

3.1 Sample Paths for Fractional Gaussian Noise

and Fractional Brownian Motion

While BM is a Markov process, fBM is not. This characteristic makes its sim-
ulation significantly more complex than its standard [13|. In fact, for BM, the
increments between different time steps are independent; consequently, the value
of the path at any given instant depends solely on the value assumed at the im-
mediately preceding instant. This simplification no longer holds for fBM, where
the increments are no longer independent, meaning that the value of the path at

any given time depends on the values assumed at all previous instants.

Analysis of the Main Algorithms for fBM Simulation

The implementation of the simulation is performed using a series of algorithms
well-known in the literature [14]. We will limit our focus to reviewing and listing
the main characteristics of three of them, selecting the most efficient one for our

future developments.

40



Direct Algorithm (Cholesky Decomposition)

The Cholesky algorithm is the simplest among those discussed, and it exploits
the characteristic of fBM being a Gaussian process fully defined by its covariance

matrix. The implementation of the algorithm consists of the following steps:

1. Construction of the covariance matrix X for the N desired time steps, start-

ing from the theoretical covariance between any two instants:

’}/fBM<S,t) = E[BH(S)BH<t)] == (82H —+ tQH — |S - t’2H) (31)

1

2

2. Calculation of the lower triangular matrix L through the Cholesky decom-
position:

Y =LL" (3.2)

3. Generation of a vector z with N components sampled from a standard
normal distribution N(0, 1);

4. Calculation of the path points as components of the vector:

b =Lz (3.3)

The Cholesky algorithm involves a high computational cost of O(N?), which

makes it unsuitable for simulating a large number of paths.

Hosking’s Algorithm

Hosking’s algorithm is the application to fBM of a more general mathematical
method used to generate stochastic processes. This method allows the generation
of a time series through an iterative sequence starting from the specific theoretical
autocorrelation function of the process. Unlike the Cholesky Decomposition,
this method generates fractional Gaussian noise (fGN), from which the fBM is

subsequently derived. The steps of the iteration include:

1. Calculation of the autocovariance for the fGN between two time steps sep-

arated by an integer lag k:

(Jk 4+ 127 = 2]kP" + |k — 1) (3.4)

N | —

vren(k) = EXu () Xu(t + k)] =

2. Calculation of the new reflection coefficient ¢,, , and update of the previous

coefficients ¢, ;;
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3. Update of the conditional variance v,,;

4. Generation of the new fGN increment through a linear combination of
the previous increments, weighted by the newly calculated reflection co-
efficients, plus the addition of 7, sampled from a standard normal distri-

bution A(0, 1) with a weight depending on v,,:
Xn+1 = (Z ¢n,an+l—j) + mZn+1 (3'5)
j=1

Hosking’s algorithm is slightly faster, having a computational cost of O(N?);

however, it is still unsuitable for generating a large number of paths.

Davies-Harte Method

The Davies-Harte method [15] addresses the computational inefficiency of the
Cholesky decomposition by exploiting the Fast Fourier Transform (FFT), which
reduces the computational cost to O(N log N). Similar to Hosking’s approach,
this algorithm does not directly simulate the fBM, but rather its increments
(fGN). It leverages the stationarity of the process, which structures the covariance
matrix as a Toeplitz matrix—a matrix where all diagonals are constant. The steps

of the algorithm are as follows:

1. Calculation of the fGN covariance matrix using (3.4]).It has dimensions N x
N for the N points of the path, and its embedding into a circulant matrix
C' of dimension M x M (with M = 2N — 2) where each row is a right shift

of the preceding one;

2. A fundamental property of the circulant matrix C' allows the eigenvalues to
be derived by performing the discrete Fourier transform: A = F(c) where

c is the vector containing the elements of C’s first row:
c:[907917""gN—QagN—lagN—Qv"'agl] (36)

3. Furthermore, a circulant matrix is diagonalized by the Fourier transform
and can be expressed as FOF ! = A, where F is the discrete Fourier
transform matrix and A is the diagonal matrix of the eigenvalues. Conse-

quently, C' decomposes in a manner similar to the Cholesky method in the
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11

12

13

14

15
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frequency domain:
C = (FWANWVAF) = (FWA)(F VAT (3.7)

4. In the frequency domain, a complex vector z = a + ib is generated, where
a and b are vectors of dimension M whose components are sampled from
a standard normal distribution N (0, 1);

5. Calculation of the f{GN path vector via the inverse matrix of discret Fourier

transform:

x = (F WAz (3.8)

Note that due to the circulant embedding, only the first N components will
be independent;

6. Computation of the cumulative sum of the independent elements of the

vector x in order to determine the path points of the {BM.

For the purposes of this thesis, we select this algorithm as the core tool for

generating fBM in Python. The implemented code is provided below:

def davies_harte_fbm (T, N, H):
Generates fractional Brownian motion paths using the
Davies -Harte method.
nnn
def gamma(k, H):
return 0.5 *x (np.abs(k - 1)**x(2 *x H) - 2 * np.abs(k)
*x(2 x H) + np.abs(k + 1)**x(2 * H))

# 1. Comstruction of the circulant wvector (lemngth M = 2%
N - 2)
M=2x% (N - 1)

np.array ([gamma(k, H) for k in range(N)])

(0}
1]

¢ = np.concatenate([g, gl1:-1]1[::-11])

# 2. Eigenvalues computation wia FFT

# fft gives the output without the normalization so it
15 needed to divide by M

lk = np.fft.fft(c).real / M # Normalized wvector of fft

lk = np.maximum(lk, 0) # Numerical safety check for non-

negativity
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# 3. Random wector generation in the frequency domain

np.random.normal (size=M)

np.random.normal (size=M)

wk = np.zeros(M, dtype=complex)

# DC and Nyquist frequencies are tmposed to be real
wk [0] = np.sqrt(1k[0]) * al[0O]
wk[N-1] = np.sqrt(1lk[N-1]) * a[N-1]

# Other frequencies (Hermitian Symmetry)

idx = np.arange(l, N-1)

wk[idx] = np.sqrt(lk[idx]) * ((alidx] + 1j * bl[idx]) /
np.sqrt (2))

wk [M-idx] = np.conj(wk([idx])

# 4. Inverse FFT to get raw fGN (with unitary variance)

# 1fft norlamizes the output so i1t t1s needed to multiply
by M

fGn_raw = np.fft.ifft(wk).real *x M

fGn_raw = fGn_raw[:N]

# 5. Time scaling and cumulative sum
dt = T / N

fGn fGn_raw * (dt**H)

fBm

np.cumsum (£fGn)

# The path starts at zero
path = np.concatenate ([[0], £fBm])

return path

As a consistency check for the various algorithms, the figure compares the fBM

paths generated with different Hurst parameters H using the three previously
described methods.

Sample Paths of f{GN and fBM

Using the Davies-Harte algorithm, it is possible to simulate the values of the fBM

increments Xy (k), effectively simulating the fractional Gaussian noise (f{GN). In
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Figure 3.1: Comparison of fractional Brownian motion (fBM) simulation paths
generated via Hosking, Cholesky, and Davies-Harte methods across different
Hurst parameter values (H = 0.25, H = 0.5, and H = 0.75).

45




conducting this simulation, the objective was to observe the effect of the Hurst
parameter H on the sample paths.

To this end, the simulation parameters were chosen to generate a unitary
time step At = 1. This was enforced by setting a time horizon of amplitude
T = 10° and a number of steps N = 103. Recalling that Var(Xy) = (At)*
this configuration is particularly useful for maintaining a unitary variance that
remains independent of H. Consequently, it allows for the isolated observation

of the intrinsic effects of the fractional process.

2<
2 o
_2<
— H=025
0 200 400 600 800 1000
2<
z o
_2<
— H=05
0 200 400 600 800 1000
2<
s
_2<
— H=075
0 200 400 600 800 1000

Figure 3.2: Simulation of Fractional Gaussian Noise (fGN) sample paths for dif-
ferent values of the Hurst parameter: H = 0.25 (anti-correlated), H = 0.5 (un-
correlated, corresponding to standard white noise), and H = 0.75 (correlated).

Observing the figure the empirical variance appears to be unitary, pre-
cisely as anticipated. Investigating the effects of the Hurst parameter H, the

following characteristics can be observed:

e For H = 0.25, the covariance between adjacent points is negative (yran (1) <
0) meaning that successive increments tend to be anti-correlated. Specifi-
cally, if an increment is above the mean (i.e., positive), the subsequent one
will tend to be below the mean (i.e., negative). This behavior causes the
fGN path to fluctuate rapidly, resulting in a visually more jagged or jagged
graph;

e For H = 0.5, there is no covariance between adjacent points is (yan (1) =

0). This indicates the absence of correlation between neighboring points,
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leading to independent increments and, consequently, to standard white

noise;

e For H = 0.75, the covariance between adjacent points is positive (yan (1) >
0), implying that successive increments tend to be positively correlated and
maintain their sign. This becomes visually evident as the graph exhibits
distinct "valleys" and "hills", since the trajectories tend to move collectively
upward or downward, creating the illusion of a trend. Nonetheless, both
the variance and the mean calculated across all points remain identical to

the previous cases.

The fGN provides a representation of the average velocity of our system across
time intervals of At = 1. From this perspective, moving from velocity to position

requires computing the cumulative sum of the increments, thereby yielding the

fBM: .
Bu(t) = 3 Xu(h 3.9)

Note: If we define the fGN as Xp(kAt) = Bu((k + 1)At) — By (kAt), then
Xy (kAt) exhibits a variance that scales with (At)?H. Conversely, if we use the
standard fGN Xy (k) with unitary variance, when constructing the fBM we must
include a scaling factor and consequently, in analogy with standard Brownian
Motion, we will write: By(t) = S, _, Xu(k)(A). In our specific framework,
since At = 1, the two definitions coincide. However, we will generally adopte the
former definition, used in the Python code where the fGN is already pre-scaled by
the factor (At)H.

Observing the figure [3.2] it is evident that an increase in H leads to a clear

transformation in the behavior of the simulated trajectories. Specifically:

e For H < %, the negative correlations among the increments yield a rough
sample path that exhibits a strong mean-reverting behavior, tending to
remain close to its mean. Notably, in this specific simulation, the trajectory

stays strictly confined within the [—5, 5] interval;

e For H = %, the independent increments produce a sample path corre-
sponding to a standard Brownian Motion, which is simply generated as
W(t) = ZZ=1 &V AL, where & represents standard Gaussian white noise
drawn from N(0,1). In this scenario, the trajectory does not follow any
well-defined trend;
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e For H > %, the positive correlations result in a considerably smoother sam-
ple path, highlights the process’s tendency to maintain its current direction
called persistence. This behavior translates into a significantly larger devi-

ation from the mean compared to trajectories with lower H values.
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Figure 3.3: Simulation of Fractional Brownian Motion (fBM) sample paths ob-
tained by cumulative summation of f{GN increments for different Hurst parameter
values: H = 0.25 (anti-persistent), H = 0.5 (standard Brownian motion), and
H = 0.75 (persistent).

3.2 Sample Path Variance and Gaussian Distribu-
tion

To validate the implemented code, it is necessary to perform a comparison with
the baseline model and verify its consistency. In practice, this entails utilizing

the code to reproduce the fundamental theoretical properties of the fBM.

Sample Path Variance of fBM

The variance of the values assumed by the fBM sample paths is non-stationary
and depends on the time according to Var(Bg(t)) = .
To validate the code, one must verify this dependence on both H and time.

Since computing the variance is an averaging operation, generating a large number
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Figure 3.4: Temporal scaling of the fBM sample path variance Var(Bp(t)) for
,and H = 0.75).

different Hurst parameters (H = 0.25, H
markers represent the empirical variance calculated over simulated trajectories

while the dashed red curves represent the theoretical power-law behavior

of trajectories is required. In practice, M = 10* trajectories were simulated using

the previously established parameters for T and N (which yield a time step

At = 1).

trajectories according to

Var{BH /{ZAt

Subsequently, the variance is calculated for each step k across all

(3.10)

Z B2(kAt)

To verify the dependence on the Hurst parameter, this procedure is repeated for
H € {0.25,0.5,0.75}. Plotting the results yields the figure , which provides a

.25,0.5,0.75}.
direct comparison between the simulated data points and the theoretical curves
It can be observed that for H = 0.5, the variance is directly proportional to time
recovering the classic result of standard Brownian Motion where the "velocity" of

system diffusion is constant. For other values of H, the process enters the regime

of anomalous diffusion. Specifically

e For H < 0.5, the fBM describes a sub-diffusive regime, in which the system’s
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expansion rate (i.e., the displacement from the initial position) slows down

as time progresses;

e For H > 0.5, the fBM characterizes a super-diffusive regime, where the

system’s expansion rate accelerates over time.
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Figure 3.5: Log-log plot of the fBM sample path variance In Var(Bg(t)) as a
function of the elapsed time In(¢) for different Hurst parameters (H = 0.25,
H =0.5, and H = 0.75).

Furthermore, the self-similarity property of the fBM can be verified by analyz-
ing the variance scaling on a log-log plot fig. 3.5 which transforms the power-law
curves into straight lines. This self-similarity is evidenced by the fact that across
different scales, the slope of each line remains constant and strictly dependent on

H. Mathematically, taking the natural logarithm of the variance yields:

Var{By(t)} = t** = """ — InVar{By(t)} = 2H Int (3.11)

Sample Path Distribution of fBM

Another fundamental property that can be verified is that the fBM is a Gaussian

stochastic process. Specifically, the values assumed by the process at any given
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instant of time are distributed according to a Gaussian distribution centered at
0, with a variance given by Var{By(t)} = t*. Consequently, the bell-shaped
probability density curves widen over time at a rate that strictly depends on the
Hurst exponent H.

To verify that the implemented code satisfies this characteristic, M trajec-
tories are simulated using the same parameters established previously. In this
analysis, for each value of H, the values assumed by the process are sampled at
three distinct time steps. Given that At is constant and the time is defined as
t = kAt, we select k € {10,50,100}. For each chosen time instant, the simulated
values of By (kAt) are utilized to construct an empirical histogram, which is then

directly compared against the theoretical probability density function prga(z,1).
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Figure 3.6: Empirical probability distribution of the fBM sample paths at dif-
ferent time steps (t = 10At, t = 50A¢t, and ¢ = 100At) for Hurst parameters
H =0.25, H=0.5 and H = 0.75. The step-like histograms represent the sim-
ulated data sampled from M = 10* paths, while the dashed curves denote the
corresponding theoretical Gaussian probability density functions prpa(z,t).

In this manner, it is possible to confirm that the simulated process is indeed
Gaussian and to observe how, at any identical time instant, the spread of the
probability density curves strictly depends on the value of H. Compared to
standard Brownian Motion (H = 0.5), the dispersion increases much more rapidly
over time for H > 0.5. Conversely, for a given time horizon, the system with
H < 0.5 exhibits a strong tendency to preserve its distribution scale or, at the

very least, to experience a significantly slower expansion of its variance.
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3.3 Autocorrelation of Increments

As a final analysis, we can verify that the implemented code correctly reproduces
the theoretical autocorrelation of the fBM increments. Specifically, we investigate
the asymptotic behavior for large time lags 7 = kAt > 1, which is given by the

theoretical expression:
E{Bpu(At)[By(t) — Bu(t — At)|} ~ H(2H — 1)72"2(At)? (3.12)

where the expectation value is computed over the products of the increments

separated by a lag 7:

Xp(At) = By(At) — By(0) = By (At) (3.13)
XH(T):BH(T)—BH(T—At) (314)

By appropriately choosing the parameters to enforce At = 1 (specifically, setting
N =T = 128 because the Davies-Harte algorithm is considerably faster when N
is a power of 2), the expression simplifies significantly and depends solely on the

discrete time lag k separating the two increments:
E{By(1)[Bu(k) — Bu(k —1)]} ~ H(2H — 1)k*"~> (3.15)

Since the expectation value is an averaging operation, validating this expression
requires generating a large number of simulations. In this framework, M = 10°
trajectories were generated, and for each time step k € {5, 10, 20, . . ., 70, 80, 90, 100},

the empirical expectation is calculated as:

M
E{ By(1)[Bu(k) — Bu(k 0]} = = > { By () [By(h) — Biy(k — 1)]} (3.16)
i=1

The figure illustrates the simulated values compared against the theo-
retical curves for different values of H. It can be observed that for H = 0.5,
the correlation is zero, consistent with the fact that Bys(¢) is a Wiener process
characterized by independent increments. For H < 0.5, negative correlations are
observed within the statistical error margins of the simulation in agreement with
predictions. For H > 0.5, the correlations are positive and exhibit long-range
dependence; indeed, a comparison with the results obtained for previous values
of H reveals a significantly slower convergence rate. This behavior suggests the

presence of long-term memory when the process enters a super-diffusive regime.
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Autocorelation of fBM Increments
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Figure 3.7: Asymptotic autocorrelation of fBM increments E[X; X, ] as a func-
tion of the discrete time lag 7 = k - At for different Hurst parameters (H = 0.25,
H = 0.5, and H = 0.75). The discrete markers represent the empirical expecta-
tion, while the dashed red lines denote the corresponding theoretical curves.

A further validation that can be performed using the long-range autocorrela-
tion is to analyze the scaling on a log-log plot. In this framework, the theoretical
power-law behavior is linearized, with the intercept and the slope depending ex-

clusively on the Hurst parameter H:

E{By(1)[Bu(k) — Bu(k — 1)} ~ H(2H — 1)e®H-2)Ink (3.17)
U
In (E{BH(l)[BH(k:) — Bu(k — 1)]}) ~In {H(2H — 1)} + (2H — 2)Ink (3.18)

To satisfy the domain of existence for the logarithm, H must take values strictly
greater than 0.5; for this reason, the simulations were specifically executed for
H €{0.6,0.7,0.8,0.9}.

The figure demonstrates how the empirical data points align along the
theoretical straight lines, validating the expected power-law correlation. A long-
memory process is formally defined as one whose autocorrelation function decays
sufficiently slowly such that its integral diverges. For this condition to hold within
our framework, the absolute value of the power-law exponent must be less than or
equal to 1, a requirement that is consistently satisfied for H > 0.5. In particular,

this exponent (which corresponds to the H-dependent slope in our log-log plot)

23



quantifies the degree of memory inherent to the process. As H approaches 1,
the generated lines tend to flatten, indicating an increasingly slower decay of
the autocorrelation, which is consequently preserved over longer time horizons.
This specific property enables the rigorous modeling of empirical phenomena

characterized by positive long-range dependence.

Autcorrelation of fBM increments (Log-Log plot)
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Figure 3.8: Log-log plot of the asymptotic autocorrelation of fBM increments
In(E[X;X;;,]) as a function of the time lag In(7) for super-diffusive Hurst param-
eters (H = 0.6,0.7,0.8, and 0.9). The discrete markers represent the empirical
scaling, while the dashed red lines illustrate the theoretical linearizations with
slopes equal to 2H — 2.
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Chapter 4

Geometric Fractional Brownian
Motion

In this chapter, we introduce geometric fractional Brownian motion (GfBM) to
address the limitations of standard Brownian motion in financial modeling, incor-
porating anomalous long-range variance and the Hurst parameter into asset price
dynamics. We then derive the analytical solutions for both standard geometric
Brownian motion and its fractional extension evaluating their corresponding sta-
tistical moments. Next, we present numerical simulations generated via the to
validate the theoretical properties, moments, and log-normal probability density
functions across different Hurst exponents. The discussion concludes with the ap-
plication of GfBM to the Fractional Black—Scholes model for option pricing and

dynamic delta hedging, analyzing the impact of persistence on option evaluation.

4.1 Motivations

Standard Brownian motion (BM) fails to capture the complexity of financial time
series. This provides the motivation for adopting fractional Brownian motion
(fBM) in modeling asset price dynamics and in option pricing models |16].

The classic Black-Scholes-Merton model |17} |I8]assumes that returns follow a
Gaussian distribution with constant volatility and independent increments. How-
ever, the validity of this approach is challenged by empirical evidence, which re-
veals heavy-tailed distributions, volatility clustering, and long-range dependence;
features that standard BM is unable to reproduce [19, [20} [21].

In this context, the generalized Hurst exponent (H) plays a central role, mak-
ing it possible both to characterize the historical memory of processes and to

distinguish the level of development of a market. Empirical studies on the Hurst
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exponent show that financial markets exhibit different values depending on their
degree of liquidity and maturity. In particular, emerging markets display persis-
tent behaviour (H > 1), whereas developed markets exhibit absence of memory
or, to a lesser extent, anti-persistent behaviour (H < %) Therefore, in many
cases, the stochastic nature of financial fluctuations deviates from the classical
Samuelson model [22] based on standard BM (H = 1) [23] 24} 21].

To incorporate the Hurst exponent for modelling long-range dependence in
stochastic processes, it becomes necessary to generalize Samuelson’s model [22]
by introducing geometric fractional Brownian motion (GfBM), which uses fBM
as its underlying process. However, the introduction of fBM presents non-trivial
mathematical challenges, as this process is not a semimartingale for H # 1 [19].

In this regard, the First Fundamental Theorem of Asset Pricing establishes
the existence of an equivalent martingale measure as a necessary and sufficient
condition for the absence of arbitrage; consequently, models driven by fBM the-
oretically allow for arbitrage opportunities.

Several solutions exist to guarantee the absence of arbitrage in fractional mod-
els. A first option, which is always viable, consists in restricting the class of
admissible trading strategies. If, on the other hand, the goal is to eliminate ar-
bitrage at its root, one can resort to calculus based on the Wick product—which,
however, presents difficulties in assigning a concrete financial interpretation to
the theory—or adopt models driven by two independent stochastic processes, one
standard and one fractional, known as mixed models [25].

In this context, option pricing under the fBM assumption represents an active
and constantly evolving area of research |19, 26]. Consequently, validating the
algorithm requires a direct comparison between the theoretical model and numer-
ical simulations. In particular, the Feynman-Kac formula, which establishes the
connection between the fractional differential equation and its solution, allows
for simulating the option price to be compared with the analytical solution. This
comparison makes it possible to verify that numerical approximations maintain
consistency with the solution obtained via fractional stochastic calculus.

Therefore, the implementation to be presented is not limited to a simple
generalization of BM trajectories, but aims to demonstrate how integrating long-
range memory into the Black-Scholes model allows for option price estimation
and a risk management strategy more closely aligned with the reality of financial

markets, whenever long-range dependence is observe [27].
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4.2 Analytical Solution

Geometric Brownian Motion (GBM) is one of the most widely used stochastic
processes in quantitative finance. Unlike standard Brownian Motion (BM), the
value described by GBM is strictly positive. This makes it particularly suitable
for modeling the time evolution of asset prices and, consequently, for serving
as the core engine of the Black-Scholes-Merton model [17, 18] for option pricing.
GBM is the process obtained as the solution to the following stochastic differential
equation (SDE):

dS; = pSydt + oS, dW (t) (4.1)

where W(t) denotes the Wiener process representing the BM.

To solve the SDE , both It6 and Stratonovich stochastic calculus are
available. In this context, we will use It6 calculus. This ensures a zero expected
value for the stochastic integral, making it preferable when aiming to guarantee
the absence of arbitrage.

Within the framework of Itd calculus, the two terms constituting equation
are interpreted as follows:

e 11S; dt is the drift term, which describes the mean of the stochastic process;
e 05;dW(t) is the noise term and provides its variance.

The objective of our discussion is to employ fractional Brownian motion (fBM)
to generalize and solve equation . By solving this generalized equation, we
obtain a process known as fractional geometric Brownian motion (GfBM).

By introducing fBM into equation (4.1), we obtain a fractional Stochastic
Differential Equation (fSDE):

To obtain this equation, we replaced the Wiener process with fBM, denoted by
Bpy(t), where H is the Hurst parameter. Note that, due to the properties of
fBM, for H = %, equations and coincide. However, to preserve the
interpretation of the terms constituting the equation, we require the Wick-Ito-
Skorokhod (WIS) stochastic calculus described in [28]. This framework provides
a fractional generalization of It6 calculus and ensures that the zero expected value

property of the stochastic integral holds even for fractional processes:

E { / £(s) dBH(s)] =0 (4.3)
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In what follows, we will first address the case where the Hurst exponent is
H = %, which reduces to the standard equation (4.1)), and subsequently solve the

{SDE (T2) for H # L.

Solution for H = %

In this specific case, the process described by the fBM reduces to a Wiener process,
such that dB; (t) = dW (t). The {SDE ({4.2) thus reduces to the standard equation:

1

for which, as previously mentioned, It6 calculus applies.

A result of paramount importance that enables us to solve our problem is
[t6’s Lemma, which allows us to define the differential of a function f = f(¢, X;)
with continuous second derivatives, depending on a standard stochastic process
X, governed by dX; = a(Xy,t) dt+b(Xy, t) dW(t). It is expressed by the following

formula:

df (X, 1) = w + a(&nﬁ)% + %bQ(Xt,t)—a2];<j((; D\ it
t t (4.5)
af(Xta t)
(X, t)ﬁ—XtdW(t)

Geometric Brownian Motion (GBM) is well suited for the application of this

lemma. Considering the following identifications:
Xe = S, a(Xi,t) = uS;,  b(Xi,t) = oS
we can simplify our equation by applying the logarithmic transformation:
f(Xe,t) = f(S;) =In S,

Computing the derivatives and substituting them into formula (4.5)), the equation

to be solved becomes:

2

dln S, = (M - %) dt + odW (t)

Integrating both sides over the interval [0, ], setting S(0) = Sy at ¢ = 0, and
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recalling that by definition W (0) = 0 almost surely, we have:

Sy t o2 w(t)
/ dIn S; = / (u — —) dt’ +/ adW (t')
So 0 2 0

We thus obtain:
In & = — 0—2 t+oW(t) (4.6)
s.) " \FT ’

Note that the process governing the log-returns, i.e., the expression on the left-
hand side of (4.6)), is a BM with drift. As such, it follows a Gaussian probability
distribution. Applying the exponential function to both sides and rearranging

the terms yields the solution:

S, = Syexp ((u - “;) t+ aW(t)) (4.7)

This solution represents the GBM and, being the exponential of a Gaussian
process, its probability distribution is log-normal. This distribution guarantees
the positivity of our stochastic variable, which is crucial as it ensures the validity
of our model for describing asset prices and other commodities that must take
strictly positive values.

Next, we proceed to compute the mean and variance from the statistical mo-
ments and correlation properties, first for the log-returns and subsequently for
the asset prices themselves. As a first step, we analyze the log-returns described

by equation (4.6)).

e The mean is the expected value of the process:

e =5 [in(£)] =& (- Z) om0
(57 as

In the last step, we exploited the zero-mean property of the BM. Further-
more, note that if we wished to obtain the expected value of In S; alone, an
additional constant term would appear: E[lnS;] = In .Sy + <,u - %2> t

e The variance is calculated starting from the first two moments; hence, we
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must compute the second moment:

o ()] ¢ [f-)ewome]

=E <u — %2>2 2+ 2 (u - ";) otW (t) + 02W2(t)]

2

0’2 2
= (u—;) t* + ot

In this calculation, besides the zero-mean property of the BM, we also

= (u - 0—2)2 t* + ’E[W?(t)]

accounted for the relation regarding its variance. Indeed, recall that:
E[W?(t)] — (E[W(t)])* = E[W?*(t)] = Var[W ()] = t

The variance of the log-returns is obtained from the moments as follows:
e (] - (2] -2 (2)]
=\H 9 g i 5

= ot (4.9)
e Log-returns show no autocorrelation. To verify this, equation (4.6)) is inte-

grated first over the interval [t, 14+ At] and subsequently over [t+7, t+7+ At]
with 7 > 0. This yields the following relations:

2
o (St+At) _ (M_ a_) At + c AW (1)
Sy 2

St+T+At . o?
In =\n-7 At +c AW (t+ 1)

(4.10)

t+7

where we have denoted the BM increments, also known as Wiener incre-

ments, by:
AW () =W ({t+At)—W(t) and AW(t+7)=W({t+7+At) =W (t+7)

Recall that these increments have zero mean, E[AW ()] = 0 for all ¢ > 0,
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and are independent, meaning;:
Cov(AW (t), AW (t + 7)) = E[AW () AW (t +7)] =0

Computing the covariance between the two expressions in (4.10]) using the

mean and covariance properties of Wiener increments yields:
St+At) (St+T+At ) )
Cov ( In ,In =
( ( St St+7'
E {ln (St+At) o (St+f+mﬂ g {ln (St+At):| E {ln (St+T+At):|
Sy Stir Sy Stir

=0 (4.11)

Next, we analyze the process describing the evolution of financial returns .
To simplify the calculations, it is useful to note that we have two interdependent
stochastic variables: a Gaussian variable describing the log-returns, Z = In .S,
and a log-normal variable representing the financial returns, Y = e = S,.

Our goal is to calculate the n-th moments of the log-normal variable. Note,
however, that this is equivalent to the moment generating function (MGF) of the

Gaussian distribution, which for n € N is given by:
E[Y"] _ E[enz] _ Mz(n) _ e2n]E[Z]-i—%nQVar(Z) (4‘12)

Using this expression and recalling the results previously obtained for the
process describing log-returns, it is straightforward to determine the mean and
variance of the GBM.

e The mean of the process is:

1
Mean = R[S,] = FllnStl+3 Varlin 5]
a2 1
_ 61H50+<M——2 >t+§02t

= Spet (4.13)
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e To compute the variance, we need the second moment:

]E[S2] _ 62E[lnSt]+2Var[lnSt]
L=
o 621n SO+2<M7§>t+202t

— S2+(2ut0?)t

= S2e(2ntat)t (4.14)

e The variance is therefore:

Variance = Var[S,] = E[S?] — E?[S)]

— Sge(Zu-l—UQ)t . Sge2ut

— S22t (e"% . 1) (4.15)

Solution for H # %

Unlike the case where H = %, which reduces to a standard SDE, varying the

Hurst parameter requires dealing with the general case of fractional SDEs:
1

In this setting, built upon a fractional process that possesses memory and is
therefore not a martingale, one applies the rules of Wick-Itd-Skorokhod (WIS)
calculus, where a formula analogous to the standard It6 formula holds [28].

Given a stochastic process defined by dX}! = a(X[,t)dt + b(X[,t)dBx(t),
the expansion of a function f = f(t, X/') € C? is given by the fractional Ito
Lemma, valid for all H € [0, 1]:

Lof Loof toof
H oy _ H
(X7t = f(X; ,0)+/0 83d$+/0 aandst/O b@deBH(S)

" ooniie 0%
H T ——=d 4.17
A [ e 1
where the last term arises from WIS calculus under the assumption that b is a

linear function. This term accounts for the presence of "memory" and, for H = %,

reduces to the characteristic term of the standard It6 formula: % fot bQ%ds.

Analogously to the previous derivation, we make the following substitutions:

XtH — St, a,(thI,t) — /.LSt, b(XtH,t) — USt

62



Here again, we apply the logarithmic transformation to simplify the fSDE:
fFXH 1) = f(S) =InS,

Computing the derivatives and substituting them into expression (4.17)), we find
that the log-returns are given by:

¢ ¢ t
lnSt:lnSO—l—/ uds+/ adBH(s)—Haz/ s s
0 0 0

2
—1nSy + put + 0By (t) — %RH

2
=1In S, + [,ut — %tQHl + 0By (t) (4.18)

We observe that, as the first two terms are deterministic, the sole source of
stochastic noise is provided by Bpy(t), which has a Gaussian PDF.

The defining properties of the process can be easily verified:

e Mean and variance are given by:

2
Mean = E[In S;] = In Sy + ut — %tm (4.19)

Variance = Var[In 5] = ot/ (4.20)

Note that In S; is a linear combination of a Gaussian variable and is

therefore Gaussian itself. In particular, it is distributed as:
o2
InS;, ~N (ln So + put — ?tQH, UQtQH)

e To compute the correlation of log-returns, for two time instants ¢ # s, we

first express the process as:

2
In S(t) =1In Sy + [,ut - %tm} +0By(t)

) (4.21)
o
InS(s) =1InSy+ [,us — ?SZH} + 0By (s)
To compute the covariance between the two processes, we evaluate:
Cov(In S(t),In S(s)) = 0*Cov(By(t), Bi(s))
2
= (27 4 27— |t — 52 (4.22)

2
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Exponentiating the log-returns expression yields the formula for the

GfBM, which describes the returns as log-normal stochastic variables:
o2
S, = Sy exp <,ut - 7t2H + UBH(t)) (4.23)

This result is consistent with the literature [25, 29|. Since the process follows a
log-normal distribution, we can use expression (4.12)) to compute the moments

and derive the mean and variance.

e For the mean, we have:
Mean = E[St] _ eIE[lnSt}Jr%Var[lnSt]
2
— e Sotpt—% t?H 450 2H

= Spett (4.24)
This result is identical to the one obtained for the standard GBM.

e For the variance, we first compute the second moment:

E[StQ] _ 62E[1n5t]+2\/’ar[1n5ﬂ
— 2In So+2ut—o2t2H 425221
— InS3+2utto?t?H

242H

= Sgette (4.25)
from which we then obtain the variance:
Variance = Var[S;] = E[S?] — E?[S}]
— Sg€2ut+02t2H o Sg€2ut
— 2t (602t2H - 1) (4.26)

4.3 Simulation of GFBM

In this section, the goal is to present the results of the simulation-based verifi-
cation of the theoretical properties of the GIBM discussed in Section [£.2 The

process is described by the stochastic differential equation:

dS = puSdt+ oS dBy(t)
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For the generation of the fBM, the Davies-Harte algorithm—extensively de-
scribed in Chapter 3—was used, setting the input parameters to 7" = 128 and
N = 128, which represent the time horizon and the total number of steps, re-
spectively. These values were chosen to yield a unit time step At = 1. Within
the simulation, to minimize the statistical error, the averaging operation was
performed over M = 10* trajectories.

Below are presented the results obtained for two different values of the Hurst
parameter: H = 0.5 and H = 0.6.

H =205

In the case where H = 0.5, as discussed in the previous section, the elemen-
tary process reduces to standard Brownian motion (BM), and the overall model
describes a geometric Brownian motion (GBM). The equation implemented to

simulate this process corresponds to its exact analytical solution [4.7}

S(t) = Spexp ((u - %2> t+ UW(t))

To validate the model, the process was simulated to analyze and describe its

main statistical moments as well as the probability distribution.

Statistical Moments

The theoretical expressions for the moments were verified by comparing the em-
pirical results, obtained by averaging the simulated trajectories of S(t), with the

formulation given by:
E[Stn] — en]E[lnSt}—i—’éVar[lnSt]

These predictions are strongly confirmed by the computational model, as shown
in the figure 4.1

Probability Density Function

Furthermore, the probability density function of S(¢) was verified, demonstrating

its correspondence to a log-normal distribution expressed by:

9 2
! n(Sy/S0) = (11— %) ¢]
papm (S, t) = Ny exp | — 5% (4.27)
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Figure 4.1:  Comparison between theoretical statistical moments (red dashed
line) and Monte Carlo simulation results (black circles) for H = 0.5 (standard
geometric Brownian motion) over a time horizon ¢t € [0,128]. The excellent
agreement between the simulated points and theoretical curves across all analyzed

moments validates the accuracy and convergence of the numerical implementation
for H = 0.5.
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This verification was performed by comparing the theoretical curve with the
histograms constructed from the simulated values of S(t) at three different time
steps, t € {10,50,100}, in order to highlight the temporal evolution of the PDF
as well. The results are shown in Figure [£.2]

1 t=10At
61 1 t=50At
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=
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=
£ 3
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0 T J- T T T T T
0 1 2 3 4 5 6

St

Figure 4.2: Probability density function pgpm(S:,t) for H = 0.5 evaluated at
three distinct time steps (¢ € {10At¢,50A¢,100At}). Empirical simulation his-
tograms (step lines) are compared against the corresponding theoretical log-
normal distributions (dashed lines).

The visual breakdown confirms key properties of the process:

e Mean shift: As time advances, the distribution shifts rightward, consistent
with the growth of the expected value E[S;].

e Dispersion growth: The profile broadens significantly, reflecting the expo-

nential increase of the variance Var{S;} over time.

e Peak decay: The maximum probability density value decreases steadily to

maintain a total area under the curve equal to one.

e The high degree of alignment between the theoretical continuous curves

and the numerical histograms validates the performance of the simulation
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framework under the classic Black-Scholes-Merton model.

H =056

Regarding the case where H = 0.6, the noise is driven by Fractional Brownian
Motion (fBM), and the process reduces to a Geometric Fractional Brownian Mo-
tion (fGBM). Solving the fSDE yields the following analytical solution, which is

suitable for numerical simulation:
o2
S(t) = Spexp (ut - TPH - aBH(t)) (4.28)

As was done for the case H = 0.5, we numerically verify the consistency of

the theoretical results by simulating the main statistical moments and the PDF'.

Statistical Moments

In this case as well, the values of the main moments obtained from the numerical
simulation were compared with the theoretical results derived from the general
formula. The resulting plots are reported in Figure [4.3|

A direct comparison with the standard case (H = 0.5, Figure [4.1]) reveals two

essential properties of the fractional process:

e Invariance of the expected value: The first moment E[S;] = Spe** is com-

pletely independent of H, matching the exact trajectory of standard GBM.

e Amplification of higher-order moments: The variance and higher-order mo-
ments exhibit substantially faster growth over time. This behavior is gov-

erned by the 2 dependence in the analytical moment equations.

The tight agreement between simulated points and theoretical curves confirms
the accuracy of the numerical algorithm when handling persistent long-range

dependencies.

Probability Density Function

In this case, the previously observed log-normal PDF is modified to incorporate

the dependence on the Hurst parameter H:

9 2
. [m(st /50) — (,ut - %ﬁHﬂ
o (t) = s, P | P (429)
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Figure 4.3: Comparison between theoretical statistical moments (red dashed line)
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tional Brownian Motion) over a time horizon ¢ € [0, 128].
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Performing a simulation analogous to the previous one with the same time

parameters leads to the results condensed in Figure [4.4]

1 t=104t
[ t=50At
4- 1 t=100At
3_
=
)
=
Q@
O
Q D 4
1-
0 ;
0 1 2 3 4 5 6 7 8

St

Figure 4.4: Probability density function pamm(St, t) for H = 0.6 (Geometric Frac-
tional Brownian Motion) evaluated at three time steps (¢ € {10A¢, 50A¢, 100At}).
Empirical simulation histograms (step lines) are compared against theoretical
fractional log-normal distributions (dashed lines).

Analyzing the graphs key differences emerge when comparing these results to
the standard case (H = 0.5, Figure [4.2)):

e Increased dispersion: Because the variance scales as 2, the probability

distribution increases significantly faster, developing a heavier right tail.

e Lower peak probability: For any given time step, the maximum density

value is lower.

e Preserved mean behavior: Despite the larger variance, the distribution re-

mains centered around the same expected value as standard GBM.

Here too, strong agreement between the theoretical curves and simulation his-
tograms confirms the reliability of the algorithm in reproducing fractional stochas-

tic dynamics.
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4.4 Fractional Black&Scholes Model

In this final section, the implemented model will be applied to validate and ana-
lyze the dynamics of financial options.

By employing Wick-Ito-Skorokhod (WIS) calculus, the Black-Scholes (BS)
equation can be generalized to prices whose dynamics evolve according to the
GIBM |29, 27]. Solving this equation [26], the price of a call option C, for the
underlying asset price S at the current time ¢ (spot price), is given by the following
solution:

C(S,t) = SN(dy) — Ke "T=YN(d,) (4.30)

where K represents the exercise price (strike price), r is the risk-free interest rate,
and T denotes the expiration date (maturity). Denoting by N(-) the standard
normal cumulative distribution function and by o the volatility, the parameters
dy and dy are given by:

In (£) +7(T —t) + Lo?(T?H — 2H)

dy = — (4.31)

d2 = d1 — o\ T2H — t2H (432)

Note that the above equations, for ¢ = 0 and 7" = 1, reproduce the solutions of

standard Black-Scholes-Merton model [17, 18] for H = 3. To simulate the call

option price, we set the current time to ¢ = 0, which implies taking the initial

price of the underlying asset as S(0) = Sy. Under these initial conditions, the

equations simplify as follows:

C(Sp,0) = SyN(d1) — Ke ™" N(dy) (4.33)
In (%) + T+ %02T2H

d, = g (4.34)

dy =dy —oT? (4.35)

Remark 4.1. In the fractional model, the solution to the Black-Scholes equation

features a time dependence governed by the terms T?H — 21

, unlike the standard
model where the dynamics depend solely on the time to maturity (T —t). Con-
sequently, the property of time-translation invariance no longer holds: the option
price depends not only on the length of the time interval between the evaluation
instant t and the expiration date T', but also on the absolute value of t itself.

However, it is important to emphasize that the payoff function remains the same
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as in the classical model, namely,

T2Hl_ig1H_>o C(S,t) = max(S — K,0)

Using this theoretical solution, we will evaluate the evolution of the option
price C as a function of Sy for H € {0.5,0.6, 0.7}, setting the following parameters:
volatility o = 0.6, risk-free rate r = 0.05, and strike price K = 100.

To test this theoretical behavior, we can exploit the dynamics of the GfBM
via the Feynman-Kac formula, which in our context translates into simulating

the discounted expected payoff:
| M
C(Sp,0) = e ""E[max(Sy — K,0)] ~ e”"TM Zl max (S, — K, 0) (4.36)

To describe the price evolution, we adopt the GfBM equation presented earlier:
Sy = Spe' T T 4o Bu(T) (4.37)

Operationally, for a given value of Sy, a trajectory of the fBM is simulated using
the Davies-Harte method. The value of the trajectory at time ¢t = T is then
extracted and inserted into the expression for S(7'), yielding the i-th realization
St. By repeating this process M = 10? times and computing the Monte Carlo
average prescribed by the Feynman-Kac formula, we obtain the numerical esti-
mate of C(Sp,0). Finally, repeating this entire procedure for different values of
Sp across the domain of interest yields the simulated call option price curve as a
function of the initial spot price, ready to be overlaid onto the theoretical curve.

For a maturity of 7" = 0.5, the performed simulations highlight the behaviors
for the theoretical call option price, C'(Sy,0), Figure and for the call-option
Delta, A = N(d), Figure [1.6]

The analysis of the results provides significant insights into the application of
Geometric Fractional Brownian Motion for option pricing. The perfect alignment
between the analytical solutions and the Monte Carlo validates the implemented
numerical framework.

The figures illustrate the impact that memory has on pricing and hedging
dynamics. From a financial perspective, introducing a Hurst parameter H > 0.5
describes a persistent market that tends to follow trends. For short time horizons
(T < 1), this persistence reduces the unpredictability of the underlying asset.

Since an option’s value is driven by uncertainty, lower variance translates into

cheaper options, which explains the reduction in value of the call option price
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observed in Figure [4.6

This market memory also affects risk management. As shown in Figure [£.5]
the Delta curve becomes more vertical. In this scenario, for the delta-hedging
process any minor fluctuation of the underlying value near the strike price will
generate grate increases in Delta value. Consequently, traders are forced to buy

and sell much faster and more frequent in order to avoid risk exposures.
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Figure 4.5: Call option price C'(Sp, 0) as a function of initial spot price Sy for H €
{0.5,0.6,0.7} with maturity 7' = 0.5, volatility o = 0.6, risk-free rate r = 0.05,
and strike price K = 100. Solid lines represent theoretical analytical solutions,
whereas markers denote numerical Monte Carlo estimates via the Feynman-Kac
formula.
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Figure 4.6: Theoretical Call option Delta, A = N(d;), as a function of the initial
spot price Sy for H € {0.5,0.6,0.7} with maturity 7" = 0.5, volatility ¢ = 0.6,
risk-free rate r = 0.05, and strike price K = 100.
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Conclusion

The primary aim of this thesis was to numerically validate the statistical prop-
erties of fractional Brownian motion (fBM). Through the implementation of the
Davies-Harte algorithm, favored over the Cholesky and Hosking methods for its
computational efficiency, it was possible to generate a statistically significant
sample of paths.

Numerical analyses performed on the simulations confirmed all theoretical
aspects described by the mathematical model. In particular, the variance of the
process demonstrated excellent agreement with the non-stationary power law 27,
graphically validating the existence of anomalous diffusion regimes (sub-diffusive
H < 0.5 and super-diffusive H > 0.5), both on a linear and via log-log scale.
The Gaussian nature of the process was confirmed by the clear overlap between
empirical histograms and theoretical probability density functions at various time
instants. Finally, the long-range autocorrelation of the increments was verified,
showing persistence for H > 0.5 and anti-persistence for H < 0.5, in agreement
with the analytically predicted asymptotic decay.

A second objective of this thesis concerned the modeling and simulation of
geometric fractional Brownian motion (GfBM), a process of fundamental impor-
tance in quantitative finance, used here to describe the stochastic evolution of
financial returns. Using the formalism of Wick-Ito6-Skorokhod (WIS) calculus,
the analytical solution of the process was derived.

In this case as well, numerical simulations provided excellent confirmation of
the expected theoretical properties. The comparison between generated sample
paths and analytical results validated the behavior of statistical moments up
to the fourth order. In particular, the invariance of the expected value with
respect to the Hurst parameter was verified, alongside the clear amplification of
the variance and higher-order moments. Analysis of the probability distributions
confirmed the log-normal behavior of GfBM, displaying for H = 0.6 greater
dispersion and a more pronounced tail compared to the standard Markovian case.

The final aim of this work was to apply GfBM to the pricing of financial

75



derivatives by generalizing the Black-Scholes model. Numerical validation of the
analytical pricing formula was successfully performed using the Feynman-Kac
representation, demonstrating excellent convergence between simulated outcomes
and theoretical solutions.

The conducted analyses highlight crucial differences compared to the classical
Black-Scholes model. Introducing a persistent Hurst parameter, consistent with
the dynamics observed in emerging markets, results in a lower call option price
compared to the classical model. Concurrently, the Delta sensitivity exhibits
a steeper profile around the strike price, implying that minor fluctuations in
the underlying asset price induce large price variations, thereby forcing market
participants to execute faster and more frequent trades to hedge their risk.

In conclusion, the results of this thesis demonstrate that incorporating stochas-
tic memory in a model yields greater fidelity to real-world market phenomenology,
particularly in emerging markets or for equities where empirical evidence reveals

long-range return dependencies.
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