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Abstract

The Mach-Zehnder interferometer is a key element in optics and integrated pho-
tonics, with applications ranging from precision metrology to quantum optics. The
device splits an optical signal into two paths and recombines them: the output at
each port depends on the phase shift between the arms, which can be exploited to
route the signal toward one port or the other. With the development of integrated
nanophotonic platforms, it is now possible to build interferometers where the signal
is a single photon propagating in a waveguide, and the phase shift is induced by
the interaction with a single quantum emitter coupled to one of the two arms. In
this context, a complete theoretical treatment of the Mach-Zehnder interferometer
with a single input photon and a single qubit — in its technological realization, a
semiconductor quantum dot — as the active phase-control element appears to be
missing from the literature.

In this thesis, a complete calculation of the response of such an interferometer is
developed, modelling the quantum dot as a two-level system (TLS) coupled directly
to the waveguide, and subsequently as a Jaynes—Cummings (JC) system in which
the emitter is embedded in an optical cavity coupled in turn to the waveguide. The
adopted formalism is the time-bin framework, which discretizes the photonic field
into temporal modes and reduces the dynamics to a collisional model that can be
solved step by step. For the TLS case, a closed-form analytical solution is derived
for the transmission and reflection probabilities and the phase shift as a function
of the detuning. A comparison with a numerical simulation and an independent
Runge—Kutta integration confirms the validity of the method. The core of the work
is the extension to the JC system: the time-bin simulation is in this case the only
available tool and allows the interferometer response to be explored as a function of
the qubit-cavity coupling and the pulse bandwidth.

The results show that in both configurations the single photon can be routed
from the transmission port to the reflection port with near-unity efficiency, when
the pulse bandwidth is sufficiently narrow compared to the system linewidth. In
the JC case, the transmission as a function of detuning exhibits the characteristic
vacuum Rabi splitting, with two minima separated by 2g, where ¢ is the qubit-
cavity coupling strength, and the effective phase shift displays 7 discontinuities at
the reflection maxima, confirming the consistency between the phase and amplitude
response. These results may find application in the realization of high-efficiency
optical switches at the single-photon level, or in proof-of-concept demonstrations of

quantum machine learning and quantum simulation.



L’interferometro di Mach-Zehnder ¢ un elemento centrale in ottica e fotonica in-
tegrata, con applicazioni che spaziano dalla metrologia di precisione all’ottica quan-
tistica. Il dispositivo divide un segnale ottico in due cammini e li ricombina: 1'uscita
delle due porte dipende dallo sfasamento tra i bracci, che puo essere sfruttato per
instradare il segnale verso I'una o l'altra porta. Con lo sviluppo di piattaforme
nanofotoniche integrate, ¢ oggi possibile realizzare interferometri in cui il segnale ¢ un
singolo fotone propagante in guida d’onda, e lo sfasamento e indotto dall’interazione
con un singolo emettitore quantistico accoppiato a uno dei due bracci. In questo con-
testo, sembra mancare in letteratura una trattazione teorica completa che consideri
un singolo fotone in ingresso e un singolo qubit — nella realizzazione tecnologica,
un quantum dot semiconduttore — come elemento attivo per il controllo della fase.

In questa tesi viene sviluppato un calcolo completo della risposta di un tale in-
terferometro, modellizzando il quantum dot come un sistema a due livelli (TLS)
accoppiato direttamente alla guida d’onda, e successivamente come un sistema di
Jaynes—-Cummings (JC) in cui 'emettitore ¢ inserito in una cavita ottica a sua volta
accoppiata alla guida. Il formalismo adottato & quello dei time bins, che discretizza
il campo fotonico in modi temporali e riduce la dinamica a un modello collisionale
risolubile passo per passo. Per il caso del TLS viene derivata una soluzione analitica
in forma chiusa per le probabilita di trasmissione, riflessione e lo sfasamento in fun-
zione del detuning, e il confronto con una simulazione numerica e con un’integrazione
Runge-Kutta indipendente conferma la validita del metodo. Il cuore del lavoro e
I’estensione al sistema JC, per il quale non esiste una soluzione analitica: la simu-
lazione time-bin costituisce in questo caso 'unico strumento di indagine e permette
di esplorare la risposta dell’interferometro al variare dell’accoppiamento qubit-cavita
e della bandwidth dell’'impulso.

I risultati mostrano che in entrambe le configurazioni il singolo fotone puo essere
instradato dalla porta di trasmissione alla porta di riflessione con efficienza prossima
all’'unita, quando la bandwidth dell’impulso e sufficientemente stretta rispetto alla
larghezza di riga del sistema. Nel caso JC, la trasmissione in funzione del detun-
ing presenta il caratteristico vacuum Rabi splitting, con due minimi separati di
2g, dove g ¢ la costante di accoppiamento qubit-cavita, e lo sfasamento effettivo
mostra discontinuita di 7 in corrispondenza dei massimi di riflessione, confermando
la coerenza tra risposta in fase e in ampiezza. Questi risultati possono trovare ap-
plicazione nella realizzazione di switch ottici ad alta efficienza a livello di singolo
fotone, o in dimostrazioni proof-of-concept di quantum machine learning e simu-

lazione quantistica.
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Introduction

Photons propagating through free space do not interact with one another. This lin-
earity, while enabling long-distance transmission of quantum information, prevents
the direct realization of photon-photon gates and nonlinear optical operations at
the single-quantum level [CVL14]. In conventional optical media, nonlinear effects
become appreciable only when the number of photons involved is large, because the
interaction cross-section between a single photon and a single atom in free space
is exceedingly small — of order A\?/d?, where A is the optical wavelength and d
the transverse confinement of the beam [CVL14]. Reaching the regime of quantum
nonlinear optics, in which the propagation of light depends measurably on whether
one or two photons are present, requires enhancing this interaction probability to
values approaching unity. Two complementary strategies have been pursued. The
first employs high-finesse optical cavities, where a photon bounces between mirrors
many times and the effective interaction probability scales with the cooperativity
parameter, n ~ FA?/d* [CVL14], and thus with the cavity finesse, F. The second
confines light to sub-wavelength dimensions in nanophotonic waveguides, suppress-
ing unwanted radiation channels and funnelling the emission of the emitter into a
single guided mode [LMS15]. In both cases, the key figure of merit is the probability
that a single propagating photon interacts with a single quantum emitter during a
single pass. When this probability approaches unity, the absorption of one photon
saturates the emitter and alters its response to a second photon arriving within the
excited-state lifetime, producing a strongly nonlinear optical response at the level
of individual quanta [CVL14]. Solid-state implementations based on semiconduc-
tor quantum dots embedded in photonic nanostructures have proven particularly
promising in this respect, combining near-unity light-matter coupling efficiencies
with the scalability of nanofabrication technology [LMS15]

Among solid-state quantum emitters, semiconductor quantum dots occupy a
distinctive position. A quantum dot is a nanometre-scale heterostructure in which
electrons and holes are confined in all three spatial dimensions, resulting in a dis-
crete, atom-like energy spectrum [LMS15]. Self-assembled InGaAs quantum dots
grown by molecular-beam epitaxy on GaAs substrates are among the most widely

studied platforms for quantum-optics experiments at optical frequencies. Their opti-



cal transitions can be made nearly lifetime-limited at cryogenic temperatures, where
phonon-induced decoherence is suppressed and the emission linewidth approaches
the Fourier-transform limit [Upp+21]. When embedded in a photonic-crystal waveg-
uide, a quantum dot couples preferentially to the guided mode. The figure of merit
for this coupling is the -factor, defined as the fraction of the total spontaneous emis-
sion rate directed into the waveguide mode; near-unity values have been reported
in photonic-crystal waveguide geometries [LMS15; Upp+21]. Such high coupling
efficiencies make waveguide-coupled quantum dots behave as strongly nonlinear op-
tical elements at the single-photon level: a single resonant photon is reflected with
high probability, while two-photon wavepackets are partly transmitted due to the
saturation of the emitter [Upp+21]. An additional degree of control is provided by
the DC Stark effect. By applying a static electric field across a p-i-n diode struc-
ture in which the quantum dot is embedded, the exciton transition energy can be
tuned electrically over a range of several linewidths [Hal+18]. This enables fast, re-
versible switching of the quantum dot into and out of resonance with the waveguide
mode, with measured switching times as short as 80ns [Hal418]. The combina-
tion of near-unity [-factors, transform-limited emission, and electrical tunability
makes waveguide-coupled quantum dots a mature platform for the investigation of
single-photon nonlinear phenomena in integrated photonic circuits.

The nonlinear response of a waveguide-coupled quantum emitter manifests itself
most directly in the phase and amplitude of the transmitted and reflected fields.
For a single photon at resonance with a two-level emitter in a waveguide, the trans-
mission coefficient acquires a phase shift whose maximum value is 7/2 in the ideal
case of unity [S-factor, while the photon is predominantly reflected [SF09; Upp-+21].
When the emitter is coupled to a single-mode cavity that is in turn side-coupled to
the waveguide, instead, the transmission spectrum exhibits a richer structure. Shen
and Fan provided an exact analytical solution for the single-photon transport in this
configuration, showing that when the cavity mode and the atomic transition are in
resonance condition, the transmission spectrum displays two dips separated by 2g,
where ¢ is the atom-cavity coupling strength — a signature of the vacuum Rabi
splitting [SF09]. At the Rabi-split frequencies w = {2 £ g, the photon is completely
reflected. A particularly striking feature emerges when the atom is far detuned from
the cavity resonance: the transmission at the cavity frequency drops to zero while re-
maining unity at the atomic frequency, such that the system acts as a single-photon
switch controlled by the atomic transition frequency [SF09].

An experimental observation of the emitter-induced phase shift in a waveguide
geometry was recently reported by Staunstrup et al. [Sta+24]. In this experiment,
a Mach-Zehnder interferometer of approximately 3m in length was built on top of

a closed-cycle cryostat, with one arm containing a GaAs photonic-crystal waveg-
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Figure 1: Schematic illustration of the quantum Mach-Zehnder interferometer em-
ployed in the experiment of Ref. [Sta424]. A weak coherent beam (few photons on
average) enters the first beam splitter into an equal superposition of the beam trav-
eling in free space, and the beam traveling thorugh a photonic crystal waveguide,
in which it interacts with a single quantum dot. Figure adapted from the original
work in [Sta-+24].

uide with a single embedded InGaAs quantum dot. A scheme of this state-of-art
experiment is reported in Fig. 1 ;| as taken from the original reference. By sweeping
the frequency of a weak coherent laser across the quantum dot resonance and mea-
suring the interferometric signal, a phase shift of 0.197 + 0.03 radians was directly
extracted [Sta+24]. The process was shown to be nonlinear in power, and to saturate
at the few photon level (although not yet at the single photon level), confirming the
quantum character of the interaction [Sta+24]. These results demonstrate that the
phase shift induced by a single quantum emitter, combined with the interferometric
geometry of a Mach-Zehnder device, provides a viable mechanism for controlling the
routing of single photons between the output ports of the interferometer.

The relevance of this type of devices for the current development of quantum
technologies is striking. The ability to route single photons between different spatial
modes without external control fields is a long-sought capability for scalable photonic
quantum networks. In classical optical networks, switching is performed by modu-
lating the refractive index of a material with an intense control beam. At the single-
photon level, this approach fails: the control field itself must consist of individual
quanta, and the switching must rely on the nonlinear interaction between the control
and target photons mediated by a single quantum emitter [CVL14]. Shomroni et
al. demonstrated the experimental realization of such a scheme using a single 3’Rb

atom coupled to a chip-based whispering-gallery-mode microresonator [Sho+14]. In



their device, a single reflected control photon toggles the internal state of the atom,
deterministically switching the routing of subsequent target photons between the
two output ports. The switch operates with a reflection of approximately 65% and
a transmission of approximately 90%, with an average of about 1.5 control photons
per switching event [Sho+14]. The underlying mechanism is the destructive interfer-
ence between the incoming field and the field radiated by the atom into the forward
direction, which forces the photon to be reflected backward [Sho+14].

The all-optical routing principle applied to single-photon wave packets directly
connects to the physics investigated in the present thesis. In fact, the experiments
just outlined have constituted the main motivation for the present work: a full the-
oretical description of a single-photon wavepacket transmitted through a quantum
Mach—Zehnder interferometer. What do we mean by “quantum” here? Simple: a
Mach-Zehnder interferometer in which a single quantum system is coupled to one of
the two interferometer arms, such that the emitter-induced phase shift controls the
interference condition at the second beam splitter, thereby determining the proba-
bility of detecting the single-photon at each of the two output ports. As shown in
the analytical and numerical results of this work, when the pulse bandwidth is suf-
ficiently narrow compared to the system linewidth, the single photon can be routed
from the transmission port to the reflection port with near-unity efficiency — real-
izing, in a different geometry, the same functionality demonstrated by Shomroni et
al. with the microresonator switch.

In perspective, a natural application domain for single-photon nonlinear ele-
ments is quantum machine learning implemented on photonic hardware. In fact,
the concept of a quantum optical neural network (QONN) has been already shown
to map the architecture of classical neural networks onto integrated photonic cir-
cuits, in which linear transformations are realized by meshes of tunable Mach-
Zehnder interferometers and nonlinearities are provided by single-site optical in-
teractions [Ste+19]. In the architecture proposed by Steinbrecher et al., each layer
consists of an m-mode linear optical unitary, U (5), parameterized by arrays of beam
splitters and phase shifters, followed by a single-site Kerr-type nonlinearity that ap-
plies a phase quadratic in the photon number [Ste+19]. The network is trained by
optimizing the phase parameters to minimize a cost function constructed from input-
output state pairs, and it has been shown to learn a range of quantum information
processing tasks including quantum optical state compression, black-box quantum
simulation, and the implementation of a one-way quantum repeater [Ste+19].

A practical concern in any physical realization of such networks is the effect of
fabrication imperfections. Ewaniuk et al. investigated the performance of quantum
photonic neural networks (QPNNS) in the presence of realistic imperfections, includ-

ing unbalanced photon loss, imperfect routing, and weak nonlinearities [Ewa+23].



Their analysis shows that even with a sub-optimal 7/10 effective Kerr nonlinearity, a
network trained in situ can achieve an unconditional fidelity of 0.905 for a Bell-state
analyzer, provided the network depth is sufficient [Ewa+23]. The Mach-Zehnder
interferometer with an embedded quantum emitter studied in the present thesis
constitutes precisely the type of building block required by these architectures: a
device in which a tunable, photon-number-dependent phase shift is integrated within
the interferometric unit cell.

Despite the experimental and theoretical advances outlined above, a complete
theoretical treatment of a Mach-Zehnder interferometer operating with a single in-
put photon and a single qubit — in its technological realization, a semiconductor
quantum dot — as the active phase-control element appears to be missing from the
literature. The existing theoretical framework of Shen and Fan [SF09] solves the
single-photon transport problem for a waveguide coupled to a cavity containing a
two-level atom, but does not embed this scattering process within an interferometric
device. The experimental work of Staunstrup et al. [Sta+24], on the other hand,
employs a Mach-Zehnder geometry to measure the phase shift, but uses a weak co-
herent laser rather than a true single-photon wavepacket, and it does not develop
a full quantum-mechanical model of the interferometer response. Ultimately, the
present thesis aims to fill this gap. Let us further emphasize that an experiment as
the one proposed in this thesis (i.e., following the same scheme as the one in Fig. 1,
but having genuine single-photon wavepackets at the input) has not been performed
at time of writing, yet.

Here, a complete calculation of the response of a quantum Mach-Zehnder inter-
ferometer is developed, by modeling the quantum dot as a two-level system coupled
directly to the waveguide and subsequently as a Jaynes-Cummings system in which
the emitter is embedded in an optical cavity coupled in turn to the waveguide.
For the two-level system, the single-photon scattering problem is solved analytically
within the time-bin framework, yielding closed-form expressions for the transmis-
sion and reflection probabilities and the accumulated phase shift as a function of
the detuning [Bun+25; SF09]. For the Jaynes-Cummings system, no analytical
closed-form solution is available; the time-bin simulation constitutes the best tool
to approach the problem, allowing the interferometer response to be explored as a
function of the qubit-cavity coupling and the pulse bandwidth. The results show
that in both configurations the single photon can be routed from the transmission
port to the reflection port with near-unity efficiency when the pulse bandwidth is
sufficiently narrow as compared to the system linewidth, with potential applications
in the realization of high-efficiency optical switches at the single-photon level and
as proof-of-concept building blocks for quantum photonic neural networks [Ste+19;
Ewa+23].



The presentation of this thesis is organized as follows. Chapter 1 introduces
the Mach-Zehnder interferometer in the classical and quantum-optical regimes, in-
cluding the transfer-matrix formalism, the quantization of the electromagnetic field,
and single-photon interference (in single-mode approximation). Chapter 2 devel-
ops the input-output theory for propagating single-photon pulses (i.e., spectrally
distributed single-photon wavepackets), presenting the Hamiltonian formulation of
the waveguide-QED system, and it introduces the time-bin formalism, as well as
the Jaynes-Cummings model. Chapter 3 derives the analytic solution for the quan-
tum MZI with a single qubit directly coupled to the waveguide. Finally, Chapter 4
presents the numerical time-bin simulation for the MZI with a single qubit coupled to
the waveguide arm, validating it against the analytical results previously obtained,
and then exploring the full parameter space of the Jaynes-Cummings configuration.
Conclusions summarize the main findings and discuss several perspectives for future

work.
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Chapter 1

The Mach-Zehnder interferometer

in Quantum Optics

1.1 The classical Mach-Zehnder interferometer

The optical Mach-Zehnder Interferometer (MZI) occupies a central position in both
classical and quantum physics [SZ97]. In the classical regime, the MZI is widely
employed for precision measurements of refractive indices, optical path differences,
and phase perturbations induced by samples placed in one arm. Unlike the Michel-
son interferometer, which reflects the beams back along their original paths and
recombines them at the same beam splitter [SZ97], the MZI employs a second, spa-
tially distinct beam splitter for recombination. This forward-propagating geometry
makes the device particularly suited to integrated photonic implementations, where
the two arms correspond to waveguide channels connected by directional couplers.
The MZI is a two-beam interferometric device that splits an incoming light field
into two spatially separated paths and subsequently recombines them to produce an
interference pattern at two distinct output ports. Its standard configuration consists
of two beam splitters, labelled as BS; and BS,, two perfectly reflecting mirrors M;
and My, and a phase-shifting element placed in one of the two arms [Kri26]. A
light beam entering through one input port of BS; is divided into two components
that propagate along the upper and lower arms of the interferometer. The mirrors
redirect the two beams so that they converge onto BS,, where they are recombined.
Two photodetectors, placed at the output ports of BS,, register the resulting inter-
ference signal. A second input port at BS; is also present, even when no external
field is injected through it. This port admits vacuum fluctuations in the quantum
treatment of the device, a point that will become relevant in Section 1.3.

The geometry of the MZI can be understood as a closed, diamond-shaped optical
circuit. BS; performs the initial amplitude division: two input fields with complex
amplitudes o and [ enter the first and the second ports of BS1, respectively. Si-
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Figure 1.1: Schematic representation of the Mach-Zehnder interferometer. A light
field enters through the input ports of beam splitter BS;, which divides it into two
beams propagating along the upper arm (via mirror M;) and the lower arm (via
mirror Ms). A phase-shifting element in the lower arm, depicted in the scheme as
as a blue flag between BS1 and M2, imparts a relative phase ¢ before the beams
are recombined at BSy. Detectors DO and D1 register the output signals. Adapted
from [Kri26]

multaneously, both the beams are split into two parts each: as a consequence, a
superposition of the two input amplitudes is created [Kri26]. These beams travel
along the upper arm (via M;) and the lower arm (via My) before arriving at BS,.
If a phase-shifting element is inserted in one of the arms, the beam traversing that
arm acquires an additional phase factor e relative to the other. The optical path-
length difference between the two arms, together with any externally imposed phase
shift, determines the relative phase ¢ that governs the interference condition at the
output.

The analysis of the MZI in the classical wave picture, and the corresponding out-
put intensities as a function of the phase difference ¢, represent a classical two-beam
interference exercise, which is mathematically derived in the following paragraph for

completeness.

1.1.1 Operating principle of a classical MZI

The operation of the MZI is analyzed by tracking the complex field amplitude
through each optical element. Two input fields with complex amplitudes, respec-
tively o and 3, are considered at the two input ports of BS;, subject to the normal-
ization condition |a|* + |3]> = 1 [Kri26]. For a balanced (50:50) beam splitter, the

action of BS; on the input vector is described by the linear transformation

Buperl 1 (=1 1\ [a\ 1 (—a+8
() ()0 (D)
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such that each output arm carries an equal superposition of the two input ampli-
tudes. Here, the minus sign assigned to the reflected component of o accounts for
the 7 phase shift, corresponding to a factor of e = —1, acquired upon reflection at
the beam splitter interface. Introducing this relative phase is a necessary convention
to ensure the unitarity of the transformation, thereby satisfying energy conservation.

The two beams propagate along the upper and lower arms, where the mirrors M;
and My redirect them toward BS, (ideally without losses, i.e., with unit reflectivity
independent on the incidence angle). The phase-shifting element placed in the lower
arm multiplies the corresponding amplitude by a factor e, while the upper arm is

left unperturbed, 1.1. The field amplitudes arriving at BS, are therefore

Eupper 1 —a+ B
, = — . (1.2)
Elower \/§ (Oé + B) e
The second beam splitter BSy recombines the two beams. Its action on the field

amplitudes arriving from the two arms is given by

Epg\ _ 1 (1 1) 1 [ —a+p 1 (—a+ B+ (a+p)e®
) NG vl =5 |, (13)
Eoi)  v2\1 1) V2\(a+pB)e¥) 2\-a+p—(a+p)e®
where D0 and D1 label the two output ports [Kri26].

In a typical experimental configuration, light enters through a single input port.
Setting 8 =0 and |a|> = 1 in Eq. (1.3), the output amplitudes reduce to

— X (e _ — & (i
ED0—2(6 1),  Ep = 2(6 +1). (1.4)
The intensities registered by the two detectors are obtained as the squared moduls
of the output amplitudes. Using the identity |e?? — 1|> = 2(1 — cos ) = 4sin*(p/2)

and the analogous expression for the sum, one finds

Ipo = Ipsin® (g) , Ipy = I cos? (g) , (1.5)
where Iy = |a|? is the input intensity. The total output intensity satisfies Ing+Ip; =
1y for any value of p, as required by energy conservation.

Equations (1.5) encode the full interference behaviour of the device. When ¢ =0
(or any even multiple of 7), all the light exits through D1 and none reaches DO: the
interferometer is set at a bright fringe for one port and a dark fringe for the other.
When ¢ = 7 (or any odd multiple), the situation is reversed. For intermediate values
of the phase shift the intensity is distributed between the two detectors continuously.
This phase-dependent redistribution of the output intensity is the operating principle
behind all interferometric sensing and switching applications of the MZI [SZ97].

13



1.1.2 Transfer-matrix formalism for the classical MZI

The behaviour of the MZI can be cast in a compact algebraic form by representing
each optical element as a 2 x 2 matrix that acts on a two-component column vector of

field amplitudes. Let the state of the field at any cross-section of the interferometer

Ell er
o (). s

where Eypper and Elower denote the complex amplitudes in the upper and lower

be described by the vector

arms, respectively. Each optical component maps an input vector to an output
vector through multiplication by a transfer matrix, so the overall transformation of
the interferometer is obtained as an ordered product of the individual matrices.

The first beam splitter BS; is characterized by the matrix

1 (-1 1
Mle = E ( 1 1) ’ (17)

which encodes the fact that the reflected component acquires a 7 phase shift while
the transmitted component does not [Lou00; GAF10]. The input beams « and
entering through the two ports of BS; are represented as Ei, = (a, 5)T, with the

normalisation |«|? 4 |3]? = 1. After the splitting, the field vector becomes

1 [—a+p
EafterBs, = Mps, Ein = 7 ( ot ) : (1.8)

A phase-shifting element placed in one of the two arms is described by a diagonal

matrix. If the phase shifter sits in the lower arm and introduces a phase ¢, the

Mpg = (é 620) | (1.9)

An analogous expression holds when the phase shifter is placed in the upper arm:

corresponding matrix reads

the diagonal entries are simply exchanged. The mirrors M; and M, redirect the
beams towards BS, without altering the amplitudes, so their effect reduces to the

identity in this idealised treatment. The second beam splitter BS, is described by

1 (1 1
Mgs, = 2 (1 _1> : (1.10)

Note that BS; and BS, are represented by different matrices; physically, this reflects
the fact that the two beam splitters are traversed in opposite senses with respect to

the propagation direction of the reflected beam.
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The total transfer matrix of the MZI is the ordered product
Myiz1 = Mps, Mps Mg, - (1.11)

Carrying out the multiplication explicitly yields

My = (_(1 —ev) (0 61@)) . (1.12)
2\—(1+¢€%) (1—e")

For a single input beam entering port 1 only (Ja]* = 1, |3]*> = 0), the output

amplitudes at detectors DO and D1 are obtained from the first column of Myz;.

= oo(3)
(1.13)

which are identical to the results derived previously through the sequential appli-

The detection probabilities reduce to

_ sin2<§), P(D1) = ‘_(1262«0) 2

—(1—e¥)|?

P(D0) = ’ .

cation of the individual beam-splitter transformations. The matrix formulation,
however, has a distinct practical advantage: it allows the transfer function of com-
plex multi-element configurations to be built up by simple matrix multiplication.
The transfer-matrix formalism presented here provides the algebraic foundation
upon which the quantum-mechanical treatment of the MZI will be constructed. In
the quantum description, the complex field amplitudes are promoted to annihilation
operators, and the beam-splitter matrices become unitary input—output relations for

bosonic modes; this transition is the subject of Section 1.3.

1.2 Quantization of the electromagnetic field

A single mode of the free electromagnetic field oscillates at angular frequency w
determined by the dispersion relation w = ¢ |k|, where k is the wave vector. The
total energy stored in such a mode, integrated over the quantisation volume V', can

be written in terms of a dimensionless complex amplitude «(t) as [Lou00; GAF10]
H = hwla(t)]?. (1.14)

The variable a encodes both the magnitude and the phase of the field, and its equa-
tion of motion, & = —iw a, describes a simple harmonic oscillation. This classical
structure is made explicit by separating « into its real and imaginary parts through

two real variables () and P,

h(Q—HP), (1.15)

s“r_\
—_

5



so that the Hamiltonian becomes
_ W2 2
H_Z(Q +P?). (1.16)

This is the Hamiltonian of a one-dimensional harmonic oscillator with unit mass and
frequency w. Hamilton’s equations, Q) = wP and P = —w(@, reproduce the original
field dynamics, which confirms that () and P are canonically conjugate variables.
The transition to quantum mechanics follows the standard canonical prescrip-
tion: () and P are promoted to Hermitian operators satisfying [Q, 15] = ih, and the

complex amplitude « is replaced by the annihilation operator

Q>

— \/12_h<(g+115), (1.17)

together with its adjoint, the creation operator a' [Lou00]. From the commutator
of Q and P it automatically follows that

[, al] =1, (1.18)

which is the fundamental bosonic commutation relation of quantum optics. The

quantized Hamiltonian, expressed through these operators, reads
N pa ]
H = hw aa+§ : (1.19)

i.e., the quantized Hamiltonian operator for a simple harmonic oscillator of fun-
damental frequency w. We further notice that the additional constant fiw/2 with
respect to the classical expression in Eq. (1.14) represents the zero-point energy of
the harmonic oscillator: it reflects the fact that the ground state of the quantized
oscillator possesses a residual, irreducible energy even when no photons are present
in the field [SZ97], which is a remarkable result of quantum theory.

Although the discussion has been focussing on a single mode, so far, the quanti-
zation scheme naturally extends to the full electromagnetic field spectrum. In fact,
each mode of the continuous spectrum, which can be labelled by its wave vector
k and polarisation ), is associated with its own independent pair of creation and
destruction operators, respectively a, and dL, while the quantized electric field op-
erator becomes a sum (or, better, an integral) over all such modes. In the absence of
nonlinear effects, understanding the basic physics of the single harmonic oscillator
means understanding also the full quantized electromagnetic field.

Coming back to the single-mode field, the product # = aa is a Hermitian oper-
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ator called the number operator. Its eigenvalue equation,
nln) =n|n), n=0,1,2 ... (1.20)

defines the Fock states (or photon-number states) |n), which form a complete or-

thonormal basis for the Hilbert space of the single mode oscillator [SZ97], i.e.,
(m|n) = dmn, > In)(n| = 1. (1.21)
n=0

In terms of the number operator, the Hamiltonian in Eq. (1.19) can be simply
written as H = hw (7 +1/2), such that its energy eigenvalues are simply given
as E, = (n+1/2) hw. The quantum number is an integer n, which is simply
interpreted as the number of photons occupying the mode.

The action of the operators @ and a' on a Fock state is straightforwardly derived

from the commutation relation (1.18), and it reads
alny =+vnn—1), a'jn)=vVn+1|n+1). (1.22)

The operator @ removes one photon from the field, a' adds one. This is why they
are called annihilation and creation operators, respectively. Repeated application of

a' to the ground state generates the entire Fock basis of number states, expressed

= @0
Vn!

The state |0), called the vacuum, contains no photons. It is defined by the

as:

10). (1.23)

condition @ |0) = 0, and its eigenenergy Ey = fw/2 is entirely due to zero-point
fluctuations. Although the expectation value of the electric field vanishes in the
vacuum, (0|E|0) = 0, its variance does not[Lou00; SZ97):

(0162)0) = 2|42 (;) 20, (1.24)

in which & = (hw/2g0V)'/? is the single-photon field amplitude. These vacuum
fluctuations have measurable consequences — they enter the second input port of
a beam splitter whenever it is left open, as it will explicitly appear in the quantum
treatment of the MZI developed in Sec. 1.3.

The single-photon state [1) = af|0) describes a field that carries exactly one quantum
of energy, with total eigenenergy given by F; = 3hw/2, and it is the state of primary
interest for the single-photon interference experiments discussed in the remainder of
this chapter.
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1.3 Quantized description of the beam splitter

In the quantum description of the beam splitter operation, each input and output
port is associated with a single bosonic mode of the electromagnetic field. For
example, two independent input modes, described by annihilation operators a and
3, enter the device from opposite sides; the two output modes are then described
by two further operators, respectively ¢ and a?, as they emerge after the interaction.
A scheme of the relevant degrees of freedom is represented in Fig. 1.2 The beam
splitter is characterized by a single parameter, 7, called the transmissivity, which
essentially quantifies the fraction of the input intensity that is transmitted through
the beam splitter [GK23; Lou00].

In the Heisenberg picture, the beam splitter acts as a linear transformation that
maps the input operators onto the output operators. The transformation explicitly

reads

S

(1.25)
(1.26)

>
33

S D

Q>

SN
I

in which the relative minus sign accounts for the 7 phase shift acquired upon reflec-
tion at one of the two surfaces [Lou00][Jac23]. In matrix notation, the transforma-

tion can be straightforwardly respresented as

¢y V1 VI=n)\ [a
A = . (1.27)
d —1-n /1 b

The 2 x 2 matrix must be unitary, since the output modes are required to satisfy the

same bosonic algebra as the input modes. Such a condition can be verified directly

by direct substitution. As an example, the commutator of ¢ with its adjoint gives
2, & =nla,al+ 1 —=n) b, =n+(1—n) =1, (1.28)

in which the the cross terms vanish because @ and b belong to independent modes,
and so [a, IA)T] = 0. An identical calculation yields [CZ, aﬁ] = 1. The output modes must
also be mutually independent. In fact, the commutator between the two different

outputs is
[, d') = /n(1 —n)[a,a"] — \/n(1 —n) [b,b] =0, (1.29)

which confirms that é and d describe two independent bosonic modes, as required.
All remaining commutators ([¢, ci], etc.) vanish as well. Therefore, the beam-splitter
transformation is a legitimate canonical transformation: it preserves the full bosonic

commutation algebra.
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Figure 1.2: Schematic representation of a quantum beam splitter element[Jac23].
Two input modes impinge on the device from independent directions, while two
output modes emerge after the interaction. Solid arrows denote transmitted compo-
nents, dashed arrows denote reflected components. The diagonal line represents the
partially reflecting surface characterized by the transmissivity, . In the notation
adopted in the text, operators are changed as a; — a, as — b (input modes) and
a3 — d, a4 — ¢ (output modes).

From a physical standpoint, the unitarity of the transformation guarantees photon-
number conservation. An equivalent way to state this fact is the following: the total

number operator is the same before and after the beam splitter, i.e.,
ete+did=ata+b'b. (1.30)

No photons are created or destroyed by the device, they are only redistributed be-
tween the two output channels.
An equivalent formulation of the quantized beam splitter is related to the definition
of a Hamiltonian and a time evolution operator associated to the given transforma-
tion. In fact, it is easy to show that the relations (1.25)—(1.26) can also be derived
from a two-mode interaction Hamiltonian of the form Hgg o (alh + bia), which
describes the coherent exchange of excitations between the two modes [SZ97; Jac23;
GK23]. The unitary operator generated by this Hamiltonian, U= exp[—iI:IBSt/ h},
acts on the input operators through the transformations ¢ = UtaU and d = UTbU ,
thus recovering precisely the linear relations above.

On the other hand, the Heisenberg-picture formulation of Egs. (1.25)—(1.26) has
a clear structural parallel with the classical transfer-matrix description developed in
Sec. 1.1: the 2 x 2 matrix in Eq. (1.27) plays the same algebraic role as the classical
beam-splitter matrices, Mps, and Mgg,, but now the entries of the column vector
are field operators rather than complex amplitudes.

The most common configuration encountered in interferometric setups is the bal-
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anced beam splitter, which is formally obtained by setting 7 = 1/2 in the expressions

above. The input—output relations derived in the previous subsection reduce to

é:i(awb), E:\/g(é—a), (1.31)
so that each output mode receives equal contributions from both inputs. The trans-
mission and reflection probabilities are identical, and the relative m-phase shift be-
tween the two terms is preserved by the unitarity constraint discussed above [GK23].

Consider now a single photon entering the beam splitter from the port described
by the operator a, while the port described by the operator b is left in the vacuum
state, such that the input state is described by [1),]0),. Because the photon is
an indivisible quantum of energy, it cannot be split into two half-photons at the
outputs. Instead, the unitary evolution of the beam splitter places the photon in

a coherent superposition of the two paths, according to the unitary transformation
[MS16]:

=12, 1

V2

The state on the right-hand side is a path superposition: a measurement performed

U 11)al0)s = /7 [1)al0)s — VT = 1710}l 1) (11)a]0), = [0)a]1)s). (1.32)

at either output ports will register the full photon with probability 1/2, yet no
fractions of a photon are ever detected. The vacuum input at port b is not a mere
placeholder. Although no real photons enter through that port, the vacuum mode
participates in the unitary mixing performed by the beam splitter and directly affects
the quantum state of the output [GK23]. It is interesting to notice that omitting it
from the description would inevitably break the unitarity of the transformation.
While probing the beam splitter with a single input photon gives results that
are aligned with the classical description, somehow, a striking departure from any
classical analogy appears when both input ports are simultaneously fed with a single
photon, i.e., assuming the two-photon input state |1),|1),. A naive argument based
on independent coin flips would predict that in half of the events one photon exits
from each port. However, the quantum calculation tells a different story. Expanding

the product of the transformed creation operators and setting n = 1/2, one obtains:

1

V2

This is a striking result: the two photons always leave the beam splitter together,

U [1)al1)s = —=(12)a]0)s — 0)12),) (1.33)

i.e., they are both transmitted or both reflected, and the coincidence count at the two
output ports vanishes. This photon bunching is a signature of the Hong-Ou-Mandel
(HOM) effect, and it arises from destructive interference between the transmission—

transmission and reflection-reflection amplitudes. The cancellation of the |1, 1) com-
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ponent has no classical counterpart, and it can actually be interpreted as one of the
clearest experimental demonstrations of the bosonic nature of photons [GAF10;
Jac23], very interestingly. We will not be concerned with the two-photon excitation
scheme in this thesis, which might represent a future development of the work, in
fact.

1.4 Single-photon interference in the MZI

The quantum description of the MZI is straightforwardly constructed by cascading
the three unitary operations that a photon encounters along the device: the first
beam splitter operator, UBSl; then a phase shift acquired in one of the two arms,
(A]SD, and finally the second beam splitter Upso. The total evolution operator thus

reads [SZ97; GK23]
Uniz = Upsa U, Usg: - (1.34)

We will now assume that a single photon is injected into the input port a while
port b is initialized in its vacuum state, such that the overall initial state is |1)4]0)s.
The first beam splitter, assumed to be balanced at n = 1/2, produces the path
superposition already derived in Sect. 1.3:

Opsa |1,0) = \}5(\1,@ ~10,1)). (1.35)

At this stage the photon has no definite path inside the interferometer; its state is
in a coherent superposition of occupying the upper and the lower arm [MS16].

The component |1,0) propagates along the arm that contains the phase-shifting
element: a path-length difference, or an external device, introduces a relative phase
¢ through the operator U, = e*%'% whose generator is the photon-number operator
of that mode [GK23]. Because a'a returns 1 on |1,0) and 0 on |0, 1), the state after

the phase shifter becomes

\}501,0) — 10, 1>> = \}i(ew 11,0) — |0, 1>) : (1.36)

The two path components recombine at the second beam splitter. In the Mach—

O,

Zehnder geometry the light impinges on BS, from the opposite side with respect
to BS;, which exchanges the port that acquires the reflection phase. The resulting
single-photon transformations are:
Upsz |1,0) = i(\l,O) +10,1)),  Ups20,1) = i(|0, 1) —[1,0)).  (1.37)
V2 V2

Applying Eq. (1.37) to the state of Eq. (1.36) and collecting terms yields the output
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state of the interferometer:
A 1 . )
— | (ot ip
Orz|1,0) = 5 [(e +1)]1,0) + (e — 1) |0, 1>]
= ¢/ <cos“20|1,0> +isin% 0, 1)) . (1.38)

The global phase ¢“/? carries no observable consequence. The detection probabil-
ities at the two output ports follow immediately from the squared moduli of the
coefficients|GK23]:

p(Dy) = COSZ§ , p(Da) = sinZ% : (1.39)

When ¢ = 0 the photon exits deterministically from port D;: constructive inter-
ference channels the full probability amplitude into one output while destructive
interference suppresses the other. As ¢ is varied continuously, the click rates at the
two detectors trace out complementary sinusoidal fringes. These expressions are
formally identical to the classical intensity fractions derived in Sect. 1.1 for a coher-
ent beam traversing the same interferometer [Kri26], yet they are produced here by
individual quanta arriving one at a time, and can only have a probabilistic interpre-
tation. The single photon, having no definite trajectory inside the interferometer,
interferes with itself [MS16].

1.4.1 Interference and “which-path” information

The periodic phase-dependent fringes derived previously rely on the fact that no
information is available about which of the two arms the single photon actually
traversed. In fact, whenever the path becomes distinguishable, the interference dis-
appears. A simple way to reveal the path is to remove the second beam splitter
altogether, as schematically depicted in Fig. 1.3. In that configuration, only one
component of the photon path state can reach each detector: the component trav-
elling along the upper arm (U) is projected into D;, while the one travelling along
the lower arm (L) goes into Dy. Which-path information (WPI) is therefore known
for every detection event, and each detector clicks with probability 1/2 irrespective
of the phase ¢ [MS16].

The same suppression of fringes occurs when two orthogonal polarizers are in-
serted in the arms of the interferometer, one transmitting the vertical polarization
and the other the horizontal one, respectively. The polarisation degree of freedom
now tags each path with a distinguishable internal state, and the photon’s path and
polarisation become entangled. Since the two polarisation components are orthog-
onal, the cross terms that produce interference vanish: the detection probability at
each output port becomes 1/4 per polarisation channel, and 1/2 in total, which is
again independent of ¢ [MS16].
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Figure 1.3: Schematic representation of the single-photon Mach-Zehnder interferom-
eter with the second beam splitter removed. In this configuration, the which-path
information is fully accessible: a click at detector D; corresponds deterministically
to the photon having traversed the upper path (U), while a click at Dy corresponds
to the lower path (L). This predictability results in the complete loss of interference
fringes. Adapted from [MS16].

These observations are particular instances of a general wave—particle duality
relation. The Greenberger—Yasin inequality provides a quantitative bound on the
trade-off between path knowledge and fringe contrast, and it is simply formulated
as follows [GK23|[SZ97]:

P24V <1, (1.40)

in which P is the path predictability, and V the fringe visibility. For a pure quantum
state, the bound is saturated and the relation becomes an equality. In order to
understand the origin of these expressions, we can refer to the standard definition
of fringe visibility, V = (Pmax — Pmin)/(Pmax + Pmin), Where pmax and pui, are the
maximum and minimum detection probabilities at a given output port as the phase
@ is varied [GK23|. For a Mach-Zehnder interferometer with a first beam splitter of
transmissivity n and a balanced second beam splitter, the probability of the photon
taking the transmitted or reflected path is n and 1 — 7, respectively. The quantum
interference between these two paths leads to an output detection probability of
p = 1/2 £ /n(1 —n)cosp. Inserting the maximum and minimum values of this

probability into the definition of V directly yields V = 2,/n(1 — 7).

On the other hand, the path predictability P is defined as the absolute difference
between the a priori probabilities of the photon taking the two paths [GK23|, which
translates to P = |n — (1 —n)| = [2n — 1].

By squaring and adding these two fundamental quantities, one straightforwardly
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recovers the Greenberger-Yasin equality: P?+V? = (2n— 1) +4n(1 —n) = 1. The
two limiting cases are enlightening: a balanced beam splitter (n = 1/2) gives P =0
and V = 1, corresponding to maximum interference (i.e., maximal visibility) and
no path knowledge. On the contrary, a fully transmitting element (n = 1) gives
P =1, and condequently V = 0, corresponding to the knowledge of a well defined
path for the photon, and hence a complete disappearance of interference fringes at
the output of the MZI.

A remarkable consequence of this framework is that the loss of interference is
not caused by an uncontrolled disturbance on the photon. If the which-path marker
is measured in a basis that is conjugate to the one that encodes the path, the
distinguishing information is erased, and interference reappears. This phenomenon
is known as the quantum erasure [KH23; DNR98]. In the Mach—Zehnder setting,
a qubit () can be coupled to the interferometer such that its state records which
arm the photon took: |0)q for the upper arm, and |1)¢ for the lower arm. After
the phase shifter and the qubit interaction, the state then becomes (ewll, 0)[0)g —

|0, 1)\1)Q> /v/2. Recombination at BS, then yields the joint photon—qubit state

o) — ;[ew(|1,0>+|0,1)) ) + (11,0) = [0,1) 1)g] (1.41)

If the qubit is measured in the computational basis, {|0),|1)}, the photon path is
revealed and the marginal detection probabilities are p(D;) = p(Ds) = 1/2, with no
dependence on . If instead the qubit is measured in the conjugate basis, i.e., |£) =
(|0) & |1))/+/2, the which-path information is erased. The conditional detection
probabilities then recover a phase-dependent pattern: for a qubit outcome |+) one
obtains p(Dy, +) = cos?(p/2)/2 and p(Ds, +) = sin?(p/2)/2, while for |—) the roles

2 are exchanged. The total probability, summed over both qubit

of cos? and sin
outcomes, remains 1/2 at each port. The fringes are visible only when the photon
detection is conditioned on the qubit result. Interference has not been created or
destroyed; it was present in the correlations all along and made observable by the

choice of measurement basis.

1.5 Experimental implementations of MZI: from

free-space to integrated photonics examples

The modular character makes the transfer-matrix approach particularly natural in
integrated photonic implementations of the MZI. Different material platforms cur-
rently employ the MZI as an essential component for their functionalities, in partic-
ular silicon-on-insulator (SOI), silicon nitride (SiN), III-V compounds (e.g., AlGaAs

integrated circuits), just to name the ones related to the semiconductor technology.
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Figure 1.4: Experimental observation of classical macroscopic interference fringes in
a free-space Mach-Zehnder interferometer. A continuous-wave laser is used as the
coherent source. The complementary sinusoidal signals at the two output ports (D1
and D2) are recorded as a function of the relative phase shift induced by sweeping
the voltage of a piezoelectric transducer (PZT). Adapted from [KH23].

In all these realizations, each beam splitter is typically realized by a directional cou-
pler or a multimode interference (MMI) coupler, and the two arms are single-mode
ridge waveguides connected by these coupling elements, as it will be shown in the
following.

Before going into integrated configurations, and in order to provide a concrete
example of the aforementioned free-space transfer-matrix theory in an actual exper-
imental setup, we hereby refer to a standard classical MZI measurement, such as
the one reported by Kim and Ham [KH23]. In their macroscopic free-space setup,
a coherent continuous-wave (CW) laser is injected into the first bulk beam splitter.
One of the mirrors is mounted on a piezoelectric transducer (PZT). By applying a
sweeping voltage to the PZT, the optical path length of one arm is precisely varied at
the sub-wavelength scale, continuously scanning the relative phase . Photodetec-
tors placed at the two output ports (D1 and D2) record the intensities. As predicted
by the classical intensity fractions derived in Eq. (1.5), the measured output signals

exhibit perfectly complementary sinusoidal interference fringes as a function of the
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Figure 1.5: (a) Scheme of the free-space MZI with single-photon input: A single-
photon pulse is sent into a MZI composed of a balanced input beam splitter (BS)
and a variable output one (VBS). The reflection coefficient of this second VBS is
an adjustable parameter (R); the single-photon photodetectors P1 and P2 allow to
record single photon counts, thus building the interference pattern. (b) Interference
fringes at the output ports measured for R = 0.43 as a function of the adjustable
phase ®, each point is recorded with 1.9 s acquisition time; detectors dark counts,
corresponding to a rate of 60 Hz each, have been substracted to the data. Original
panels adapted from Ref. [Jac+08].

applied PZT voltage. The experimental results are reported in Fig. 1.4, showing a
nice correspondence with the theoretical prediction.

A very interesting extension of the experiment reported above is performed by
employing quantum states of light, such as pure single photons instead of classical
input beams. As a matter of fact, interference with individual quanta has been
demonstrated even in educational settings [Bon21]. Here, we report another histor-
ical experiment performed by using a true source of single photons - i.e., a single
nitrogen vacancy center in a diamond nanocrystal, emitting single photon streams
with almost 90% efficiency [Jac+08]. A scheme of this experiment is shown in
Fig. 1.5(a): a clock-triggered single-photon source based on the photoluminescence
of a single N-V color center; the linearly polarized single-photon pulses are then
directed to a polarization MZI, in which the input polarization beam splitter (BS)
splits the light pulse into two spatially separated components of equal amplitudes,
associated with the two orthogonal polarizations; the two beams then propagate in
free space for 48 m, and recombined through a variable reflectivity beam splitter.
The relative phase between the two paths can be adjusted by finely tuning the posi-
tion of one of the two mirrors. The experimentally recorded interference fringes are
beautifully shown in Fig. 1.5(b), also offering a striking visual demonstration of the
wave-particle duality and the superposition principle for single photons.

The experimental demonstrations of wave interference shown above establish the
baseline of the interferometric device both at the level of classical and quantum in-
put states. However, bench-top free-space setups are highly sensitive to thermal
drifts, air currents, and mechanical vibrations, thus requiring constant and rigorous

realignment. This intrinsic instability represents the primary motivation for trans-
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Figure 1.6: Schematic illustration of an integrated MZI cell based on two 3 dB direc-
tional couplers on a silicon-on-insulator platform. Two independent phase shifters
¢1 and ¢, are placed in the upper and lower arm, respectively, allowing full control
of the differential phase. P;, P, denote the input ports and P3, P4 the output ports.
Adapted from [Lel8].

ferring interferometric geometries into monolithic, scalable on-chip architectures. In
this respect, the correspondence between the free-space and waveguide descriptions
is straightforward: the 2 x 2 coupler matrix replaces the beam-splitter matrix, and
the waveguide phase accumulation replaces the free-space optical path-length dif-
ference. In integrated photonics implementations, two independent phase shifters
(¢1 and ¢3) may be inserted in both arms for individual tuning of the differential
phase between the two arms [Lel8]. A generic scheme implementing a tuneable
MZI in integrated waveguides is shown in Fig. 1.6 From a technological standpoint,
SOI or SiN platforms typically employ thermal phase shifters, which locally alter
the refractive index of the material by heating it. A directional coupler in inte-
grated photonic implementations operates through evanescent-field overlap between
two closely spaced single-mode waveguides; its power splitting ratio is set by the
coupling length and the gap between the neighboring waveguides (once the group
velocity of the propagating beams is fixed).

Fabrication of directional couplers, however, requires tight dimensional con-
trol, because the coupling ratio is very sensitive to small variations of the gap
width [Lel8]. MMI-based couplers offer a practical alternative: they exhibit large
fabrication tolerance, wide operation bandwidth and compact footprint, making
them attractive for scalable photonic circuits. The SOI platform, for example, is
particularly well suited for these devices. The large refractive-index contrast be-
tween the silicon core and the oxide cladding allows sharp waveguide bends and
dense component integration, while full compatibility with complementary metal-
oxide-semiconductor (CMOS) fabrication processes ensures scalability and low man-
ufacturing cost [Lel8]. On the SOI platform the MZI cell has been established as a
basic building block for photonic circuits serving applications ranging from optical
switching and filtering to quantum computing and reconfigurable unitary transfor-
mations. In the following, we show a few examples of MZI realized in different

technological platforms: SOI, GaAs, and more recently LiNb.
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Figure 1.7: Experimental characterization of a thermo-optic phase shifter embedded
in a SOI-based MZI: (a) Schematic layout of the unbalanced MZI test structure; (b)
Measured phase shift versus dissipated power; (¢) Average MZI amplitude response
vs. driving frequency; (d) Histogram of the transmission measured across multiple
devices on the same wafer; (e) Transmission spectra of the MZI recorded around 1550
nm (telecom band) for different applied heating powers, showing the continuous shift
of the interference fringes. Original panels adapted from Ref. [Har+14].

We start this survey by showing a practical demonstration from Harris et al.,
who have demonstrated an efficient thermo-optic phase shifter embedded in an
unbalanced Mach-Zehnder interferometer [Har+14]. The schematic experimental
configuration and the key results are summarized in Fig. 1.7. In this experiment,
modulation is achieved by applying a voltage to a resistive heater, which changes
the local temperature and thus the refractive index of the silicon waveguide in one
of the two MZI arms. By recording the transmission spectra around the 1550 nm
wavelength for different power dissipation levels, clear high-visibility sinusoidal in-
terference fringes are observed as a function of wavelength. In addition, in Fig. 1.7
the continuous shift of the interference spectra as a function of the applied heating
power can also be appreciated, which perfectly mirrors the classical macroscopic
behavior. This confirms the reliability of the transfer-matrix description for on-chip
components in SOI material platforms.

Along similar lines, another beautiful demonstration of MZI pattern formation
at the output of an integrated device is reported in Fig. 1.8. This experiment,
in particular, has been performed at the Quantum Photonics Laboratory here at
the Department of Physics “A. Volta” of the University of Pavia. In fact, the

relevance of these experiments stems from the fact that is performed in a radically
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Figure 1.8: (a) Schematic of the thin-film LiNb-on-insulator (LNOI) platform with
electro-optical modulators and thermal phase shifters; (b) linear characterization of
the unbalanced MZI section of the device, showing nice interference fringes at the
two output ports as a function of the relative phase accumulated between the two
arms (tuning parameter: thermal power). Adapted from [Ber+26].

different material platform, Lithium Niobate (LiNb), quite popular in the integrated
photonics literature lately thanks to its superior electro-optical nonlinear properties.
Above all, this experiment is performed by injecting single-photon pulses, and in
this respect it is the quantum photonic integrated counterpart of the result shown
in Fig. 1.5. Single-photons are generated externally and injected into the device
through edge coupling. Here we focus on the unbalanced MZI section of the device,
whose linear characterization is shown in Fig. 1.8(b), where the nice interference
fringes at the output ports are reported in the dB scale transmission (showing about
20 dB extinction ratios), as a function of the thermal power applied to the phase
shifter and nicely reproducing the canonical MZI expectation.

Finally, we also report an interesting experiment realized in III-V semiconductor
technology, namely GaAs waveguides operated in the transparency window (telecom
band). The schematic MZI is shown in Fig. 1.9(a). In this case, the device is
probed by simultaneously injecting pairs of single-photons in the two input arms
[Wan+14]. In the MZI, the relative phase between the two propagating waveguides
is finely tuned by an applied voltage through the electro-optic Pockels effect of
GaAs. A nice interference figure is measured and the results are reported in Fig. 1.9.
The unbalance between the two output ports is due to the non-perfect 50:50 beam
splitting condition obtained from the two directional couplers. Overall, also in this
case the integrated MZI is shown to the display the expected behavior as a function

of the tuning knob (in this case, an external voltage).

1.5.1 The Quantum Mach—Zehnder Interferometer

We now go back to briefly outline the recent experimental results already mentioned
in the Introduction, and representing the main motivation behind the present thesis.

In particular, we hereby refer to a version of the MZI in which the classical phase
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Figure 1.9: (a) Scheme of the GaAs on AlGaAs device with integrated MZI voltage
controlled through Pockels effect; (b) measured output at the two ports, showing
interference fringes typical of the MZI response. Panels are adapted from the results
reported in Ref. [Wan+14].

shifter element that, as seen above, can be implemented in various ways according to
the specific experimental setup employed, is replaced by a quantum system. This,
in addition to the excitation of the system via a quantum state of light, justifies
our definition of a quantum MZI. The key reference in this respect, as already
introduced, is the one from Staunstrup et al., summarized in Fig. 1.10, in which the
first phase shift induced by a single quantum dot in a MZI has been reported.

From a theoretical point of view, the quantum-mechanical analysis of the in-
tegrated MZI is carried out with minimal modification as compared to the general
treatment described in this chapter. First, the quantised electromagnetic field inside
a single-mode waveguide of length L is described by the Hamiltonian [SK24]

17 dp

H=LY [~ ho8) a3 and) + 5| - (1.42)

in which g = 27” is the wave vector along the waveguide axis, and w(/3) the corre-
sponding angular frequency. For a single-mode guide, the index n reduces to a single
term. A realistic single-photon excitation is modelled as a Gaussian wave packet
with envelope A(z) = (27) /4 exp(—22/4), which enters port 1 of the waveguide
MZI while port 2 carries the vacuum state. The expectation value of the photon

flux operator F(z, t) =1, BT(z, t) l;(z, t) at the two output ports is found to be [SK24]
(Fy) = vy |A(z —vt)|? sin® ¢, (FL) = vy |A(z — vyt)[* cos? o, (1.43)

where v, is the group velocity of the guided mode and ¢ the phase shift introduced
in one arm. The sinusoidal dependence on ¢ reproduces the interference pattern
obtained for the idealised single-mode treatment of Sect. 1.4, confirming that the

waveguide MZI preserves the same quantum interference behaviour. The Gaussian
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Figure 1.10: (i) Experimental setup for the interferometric measurement of the
phase shift induced by a single quantum dot in a photonic crystal waveguide, cooled
to 4 K inside a fibre-based Mach-Zehnder interferometer. (ii) Isotropic and chiral
coupling configurations: panels (a) and (b) show the scattering geometry and the
corresponding phase shift as a function of detuning for both cases, with a maximum
of /2 (isotropic) and 7 (chiral); panels (¢) and (d) show the dependence of @y
on the driving Rabi frequency and the pure dephasing rate, respectively. Adapted
from [Sta+-24].

envelope |A(z — v,t)|* modulates the flux in space and time without altering the
phase-dependent splitting ratio.

The phase shift ¢ appearing in the interferometric equations derived so far has
been treated as an externally tuneable parameter. A qualitatively different regime is
reached when the phase is generated by the interaction of the guided photon with a
single quantum emitter, such as a quantum dot or a trapped atom, embedded in one
arm of the waveguide interferometer, as it happens, e.g., in Ref. [Sta+24]. In this
configuration, the strong transverse confinement of the guided mode and the sup-
pression of emission into radiative channels yield light—matter coupling efficiencies
approaching unity [Sta+24]. The resulting optical nonlinearity operates at the level
of individual photons: a single-photon wavepacket acquires a measurable phase shift
upon scattering off the emitter, while a two-photon component experiences a differ-
ent shift due to the saturation of the two-level transition. The theoretical framework
for this class of photon-by-photon nonlinearities was established by Chang, Vuletic¢
and Lukin [CVL14].

The steady-state transmission coefficient of a waveguide coupled to a single
lifetime-limited quantum emitter with decay rate ~ is characterised by the g-factor,
defined as the fraction of the total emission funneled into the guided mode. In the
isotropic (bidirectional) coupling geometry, the phase shift is expressed as ¢ = arg(t),

where t is the ratio of the output to the input field operators. On resonance, the
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maximum achievable single-photon phase shift approaches 7/2 in the limit § — 1.

For 8 < 1 the maximum phase shift occurs at a finite light-emitter detuning
A = +v+/1 — 32/2 and is given by [Sta+24]

|| max = arctan (2\/15_752> : (1.44)
A chiral (unidirectional) coupling geometry, in which the emitter radiates preferen-
tially into a single propagation direction, lifts this restriction: the maximum phase
shift can in principle reach 7, which is the condition required for deterministic quan-
tum phase gates, see Fig. 1.10.

In fact, Staunstrup et al. reported the first direct interferometric measurement
of such a phase shift in a nanophotonic platform. A single self-assembled InGaAs
quantum dot was embedded in a GaAs photonic crystal waveguide and placed inside
one arm of a ~ 3 m long fibre-based MZI, cooled to 4 K. By sweeping the frequency
of a weak coherent probe across the quantum-dot resonance, and recording the
interference signal at the output, the authors were able to infer a phase shift of
0.197 £ 0.03 radians. The process saturates at a mean photon flux of approximately
ne ~ 0.39 photons interacting with the quantum dot during its lifetime, confirming
the nonlinear character of the interaction at the single-photon level.

The remainder of this thesis is dedicated to a theoretical description of physical
systems that can be practically realized as in the platform above: a semiconductor
quantum dot deterministically coupled to a photonic crystal waveguide integrated
into an on-chip MZI, and driven by a single-photon pulse. The theoretical frame-
work developed in this chapter provides the foundation for the quantitative analysis

presented in the following chapters.
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Chapter 2

Input-output theory of
propagating single-photon pulses

coupled to quantum systems

2.1 Overview

In Chapter 1 we have shown that the response of a waveguide Mach—Zehnder inter-
ferometer is established by the phase difference acquired between the propagating
photons in the two arms. When this phase originates from the scattering of a sin-
gle photon off a localized quantum system, a theoretical framework connecting the
incoming and outgoing propagating fields is required. This chapter develops such a
theoretical framework, which will then be used in the rest of the thesis to analyse the
behavior of such quantum Mach—Zehnder interferometer. In particular, Section 2.2
introduces the input-output formalism of Gardiner and Collett [GC85] and estab-
lishes the general relation between input and output field operators. Section 2.3 spe-
cializes the formalism to a two-level quantum emitter coupled to a one-dimensional
waveguide, defining the corresponding full system Hamiltonian. In Section 2.4 we
show that the same problem can be reformulated in terms of discrete temporal
modes, and we applies this discretization to derive the single-photon scattering dy-
namics induced by coupling of the propagating mode with the localized quantum
emitter, together with the corresponding input—output relation. This formulation
is essential to be then able to generalize the formalism to the full quantum MZI.
Finally, Section 2.5 introduces a more complex local quantum system, by including
single-mode cavity coherently interacting with the emitter via the Jaynes—Cummings
Hamiltonian, thereby setting the stage for the numerical analysis of the quantum
MZI embedding such a quantum system in one of the two arms, which will be

discussed in Chapter 4.
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2.2 Input-output formalism for open quantum sys-

tems

In a classical or semiclassical setting, the phase ¢ accumulated along the MZI arms is
an externally imposed parameter. A qualitatively different situation arises when the
phase is generated by the coherent interaction of a propagating single photon with
a localized quantum system — such as a two-level emitter or a cavity-coupled qubit
— placed inside one arm of the interferometer. In this regime, the photon can be
partially absorbed and re-emitted by the scatterer, acquiring a frequency-dependent
phase shift that encodes the spectral response of the local system [CVL14]. Describ-
ing this process requires a framework that relates the quantum state of the outgoing
field to that of the incoming field, while properly accounting for the irreversible
coupling between the propagating mode and the localized degrees of freedom. The
input—output formalism [GPZ92; ZG97; KM19], originally formulated by Gardiner
and Collett [GC85], provides exactly this connection. In the following treatment,
largely based on the above-mentioned seminal work [GC85], the formalism is first
introduced in general; then, it is specialized to the waveguide quantum electrody-
namics (WQED) setting, which is particularly relevant to the present thesis.

The starting point is a standard open quantum system approach: a localized
system is assumed to be described by a free Hamiltonian, Hgy, and coupled to a
continuum of bosonic modes that constitute the electromagnetic environment (bath).

In the language of Gardiner and Collett, the total Hamiltonian takes the form
H = Hys+ Hf + Hine (2.1)

in which Hy describes the free propagation of the continuous field modes,
+0o0
Hy = h/ dww b (w)b(w), (2.2)

where b(w) and bf(w) are the bosonic annihilation and creation operators for the
bath modes, satisfying the commutation relation [b(w),b'(w’)] = §(w — w’). The
term Hi,; accounts for the energy exchange between the localized system and the
field. Assuming the system interacts via a generic operator ¢, the interaction is
assumed to be linear in the field operators and to satisfy energy conservation. The
latter condition is explicitly enforced by the rotating-wave approzimation (RWA),

leading to:
+oo
Hyy = zh/ dw r(w) [ch(w) - ch(w)} , (2.3)

where k(w) represents the frequency-dependent coupling strength. This is a stan-

dard assumption that is valid in the weak-coupling regime, according to which the
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rapidly oscillating effects of energy non-preserving coupling operators—also com-
monly referred to as counter-rotating terms—average out to zero and are therefore
neglected [For+19]. A third requirement, known as the first Markov approximation,
demands that the coupling strength be independent of frequency. Physically, this
holds whenever the bandwidth of the pulse largely exceeds any characteristic fre-
quency scale of the system, such that the continuum acts as a memoryless reservoir.
Under these conditions, the dynamics of the localized system are fully determined
by a single parameter: the spontaneous emission rate v into the guided mode.

The central result of the formalism is obtained by solving the Heisenberg equa-
tions of motion for the field and system operators under the assumptions stated
above. Gardiner and Collett define an input field operator, by, (), as the free evolu-
tion of the bath modes evaluated before the interaction with the localized quantum
syste,, satisfying the bosonic commutation relation [by(t), bl (#)] = 6(t — /). Sub-
stituting this definition into the Heisenberg equation for a generic system operator
A yields the quantum Langevin equation

?

A= =214, Hay) = [4, ] (;H ﬁbin(t)> + (g ¢+ ﬁbjn(t)> A, d. (2.4)

It is insightful to consider the simplest case of a single-mode cavity with annihilation

operator a and resonance frequency wy, for which [a, a'] = 1 and Hgyys = hwy ata. In
this situation, the Langevin equation reduces to

L g

@=—ipa—ga- V7 bin(t) (2.5)

where the three terms on the right-hand side describe, respectively, the free oscil-
lation at frequency wy, the radiative damping at rate /2, and the driving by the
input field.

An output field operator by (t) is defined analogously by evolving the bath modes
forward in time, past the interaction region [GC85]. From the Langevin equation

one obtains the boundary condition

bout (t) — bin(t) = /7 ¢(t) , (2.6)

which relates the outgoing field to the incoming field and the instantaneous state
of the system. Eq. (2.6) is independent of the specific form of Hg, and applies to
any localized system, harmonic oscillator, two-level emitter, or multilevel structure,
coupled to the continuum under the three conditions stated above [GC85]. Once
H,ys is specified and the Langevin equation solved for ¢(t), the outgoing field is fully
determined.

In the remainder of this chapter, the formalism is applied to a one-dimensional
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waveguide coupled to a localized quantum system. The bath operators b;,(¢) and
bous () of the general theory are replaced by the waveguide field operators w(t)
and their output counterpart, while the system operator ¢ is identified with the
appropriate transition operator of the scatterer. At this stage, it is necessary to
formally introduce the quantum emitter as a two-level system (TLS). The system is
characterized by two energy levels: a ground state |g) and an excited state |e). These
are the eigenstates of the Pauli inversion operator o,, with eigenvalues —1 and +1,
respectively, such that o, = |e)(e| — |¢g)(g|- The quantum transitions between these
two energy levels are mediated by the atomic lowering (annihilation) and raising
(creation) operators, defined as o = |g){e| and of = |e)(g], respectively.

For a two-level emitter, therefore, the generic local operator is replaced as ¢ —
o = |g){e|, and the input—output relation, Eq. (2.6), connects the incoming and
outgoing photon amplitudes through the emitter dynamics. The following sections
develop this protocol in detail: in Sec. 2.3 the full Hamiltonian of the waveguide-
QED system is formulated, while in Sec. 2.4 the field is discretized into temporal
modes, deriving the single-photon scattering solution together with the correspond-
ing input—output relation in a discretized form.

The general input—output relation formally written in Eq. (2.6) remains valid
when the localized system acquires a more complex internal structure. A config-
uration of direct relevance to this thesis is that of a single-mode cavity for the
electromagnetic field coupled to the waveguide continuum, with a two-level emitter
embedded inside the cavity and interacting with the cavity mode via the Jaynes—
Cummings coupling Hamiltonian [SF09; OH17]. Since the waveguide field couples
to the cavity, the system operator in Eq. (2.6) is identified with the cavity annihila-
tion operator, ¢ — a, while the qubit degrees of freedom enter through the system
Hamiltonian Hgy and modify the solution of the Langevin equation for a(t). The

formulation of this extended problem is the subject of Sec. 2.6.

2.3 Hamiltonian formulation for the waveguide-
QED system

The simplest realization of a WQED system consists of a two-level system (TLS)
interacting with a continuum of propagating modes confined to a one-dimensional
waveguide. Despite its simplicity, this minimal model already captures the essential
ingredients of photon scattering, spontaneous emission and interference effects in
open quantum systems.

In its most general formulation, the quantum state of a traveling single-photon pulse
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can be expressed as [Cicl7]:
0) = [ dv i) wlw)[0), (2.7

where w'(v) denotes the creation operator of a photon with frequency v, having
units of v/time. The function v (v) represents the wavefunction of the pulse and
carries the same units, ensuring normalization over the continuum of frequencies.
Finally, |@) corresponds to the vacuum state of the waveguide, i.e., the state with
no photons present.
Let us assume to have a generic system S described by a free Hamiltonian Hg and
coupled to a continuum of bosonic modes (henceforth referred to as the “field”). In
our case, we specialize the system S to a two-level emitter, whose free Hamiltonian
reads 5

Hgys = %Um (2.8)
where 1 is the transition frequency between the ground and excited states and o,
is the usual Pauli operator.

The free Hamiltonian of the field can be written as
Hy = h/dVl/’lUT(V)UJ(l/) (2.9)

where w(v) and w'(v) are the annihilation and creation operators, respectively, for a
photon of frequency v. The integration extends over the entire continuous spectrum
of the field (and the same convention applies to all similar integrals hereafter). The
field operators satisfy the standard bosonic commutation relations [w(v), wi(v)] =
S(v—v') and [w(v), w(')] = [w'(v), wi()] = 0.

This Hamiltonian describes a continuum of propagating modes confined within
a one-dimensional waveguide, with each mode corresponding to a frequency compo-
nent v of the traveling single-photon pulse. In this framework, the total field energy
is obtained by integrating over all possible frequency modes, each contributing an
amount hv per photon occupation.

The total Hamiltonian of the system can thus be written as the sum of this three
contributions:

H = Hyy+ Hf + Hip (2.10)

where, for the interaction between the field and a localized quantum system, such
as a two-level system characterized by the transition operators o = |g)(e| and of =

le)(g|, we can write:

Hyy = h/du [g(y) olw(v) — g*(v) JwT(V)} (2.11)
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where g(v) describes the strength of the coupling between the emitter and each
individual mode. In a realistic system, the coupling coefficient g(r) may vary with
frequency due to the frequency dependence of the photonic density of states and the
spatial field profile of the guided mode. However, since the two-level system typically
interacts only with a narrow band of frequencies around its transition frequency vy,
it is reasonable to approximate the coupling as frequency-independent, and we can
set

These assumptions allow for a Markovian continuum where the decay rate v denotes
the effective coupling rate between the emitter and the waveguide.
In the interaction picture, the field operators evolve in time as w(v, t) = w(v)e™ ",

leading to the time-domain representation
(1) = o [ dvu()e ™ (212
w(t) = — [ dvw(v)e .
V2
Accordingly, the interaction Hamiltonian becomes [Bun+-25]:
Hin(t) = ihﬁ[a*w(t) —ow'(t)]. (2.13)

This form is particularly convenient, as it removes the explicit frequency dependence
of the coupling and it allows to describe the dynamics in terms of localized time
modes interacting sequentially with the emitter.

By performing a Fourier transform of the spectral wavefunction ¢ (v), the single-

photon state can equivalently be expressed in the time domain as:

vy = [ a0 whon), (2.14)
where £ (t) = \/% [dvip(v)e~™ is the temporal wavefunction of the pulse. The
quantity [¢™M)(¢)|?, with units of inverse time, represents the photon flux at time ¢.
Multiplying it by a small timestep At gives the probability of detecting the photon
within the interval [t, ¢t + At].

A photon propagating in a one-dimensional waveguide is characterized by a dis-
persion relation between frequency and wavenumber, in general given by v(k) =
vy(k)k, where vy(k) = % is the group velocity of the guided mode. For an approx-
imately linear dispersion, v, can be taken as a constant value, such that time and
position are directly related by = = v,t. If the propagation velocity is taken to be
the speed of light ¢ (or set to unity in natural units), time and spatial coordinates
become directly interchangeable through ¢ <+ x/c. Hence, under the assumption of

linear dispersion, the modes w(t) can be directly mapped to spatial modes of the
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Figure 2.1: A single-photon pulse interacts with a localized quantum system, whose
evolution is obtained by allowing each temporal bin to successively interact with the
system one at a time. Adapted from [Bun+25].

propagating photon.
In this representation, the emitter interacts only with a single temporal mode w(t)
at each instant of time. Hence, the description no longer involves a continuum of
frequency modes, but rather a time-dependent Hamiltonian acting locally in time.
This reformulation greatly simplifies the physical picture, allowing us to describe
the dynamics as a sequence of discrete time bins, each interacting with the localized
system individually. Thus, one can simply think of the evolution of the time-binned
modes as a moving conveyor belt, Fig.2.1.

In the next two sections, we describe the photon scattering process within the
time-bin formalism mentioned above. This formulation provides a clear and intuitive
picture of the scattering dynamics, as well as a convenient framework for numerical

simulation.

2.4 Time-Bin Formalism and the Scattering Pro-

cess

Before delving into the detailed derivation, it is important to explicitly state that
the time-bin formalism and the associated numerical implementation discussed in
this section are heavily inspired by the theoretical framework originally introduced
by Heuck et al. [HJE20]. This approach was subsequently expanded in the Master’s
thesis of M. Bundgaard-Nielsen [Bun23] and formalized in the WaveguideQED. j1
computational package [Bun+25].
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Following this established methodology, the continuous single-photon state is
initially discretized into a finite set of temporal modes of width At, each representing
a localized portion (in time) of the wavepacket. In the continuous case, the field
operator in the time domain is defined from Eq. (2.12), and it satisfies the canonical
commutation relation [w(t),w'(#')] = §(t — t'). We now divide time into discrete

intervals, or time bins, of width At:
tr = k At, k=1,2,...,N.

For each bin, we define a corresponding operator that collects the field information
within the time interval [ty, tx + At] [Gro+18][HJE20]:

1 tr+At

- VAL Jy,

W, dtw(t).
The prefactor 1/v/At ensures that wy is dimensionless and preserves the canonical

commutation relations. Indeed, computing the commutator between two bins gives:

fy 1 bkt D btAt N
[wpull = 57 ﬁA ﬁmumumynmé ﬁL dt' 6(t—t') =
This is precisely the discrete bosonic commutation relation: each time bin behaves
as an independent mode of the field. When moving from the continuous to the
discrete picture, the continuous field operator w(t;) is replaced by the normalized
discrete operator wy(t;)/V/At, so that the commutation relations remain properly
normalized.

This means that the continuous single-photon Fock state becomes
N N
[w) = >° VALt wil0) = >- VALE(n) L), (2.15)
k=1 k=1

where we defined the time-bin state as |1;) = wf|0). The sum runs up to N, such
that NAt corresponds to the total simulation time.

Figure 2.2 illustrates the numerical representation of a single-photon state dis-
cretized in time. Along the horizontal axis, each bin corresponds to a discrete time
interval [tx, t + At]. The operator w,t creates a photon within the corresponding
time bin, so that each state |1;) = w£|®) represents a photon localized in the k-th
interval. The overall single-photon state is then a coherent superposition of all these
temporal modes, weighted according to the temporal envelope of the photon ().

The discrete form of the interaction Hamiltonian can be written as

mm@:§ﬁ@mﬁl@mrw@) (2.16)
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States

Figure 2.2: Numerical representation of the single-photon state in the time-bin
formalism. Figure adapted from the original in Ref. [Bun+25].

where we defined:
1, t, <t<ty+ At
fr(t) = (2.17)
0, otherwise.
In this representation, the Hamiltonian remains constant within each time bin. This
picture provides a clear and intuitive interpretation of the dynamics. The field can
be viewed as a stream of photon bins that sequentially pass by the emitter, with

only one bin interacting with the system at any given time, Fig.2.1.

2.4.1 Photon scattering from a two-level system

In the previous section, we introduced the time-bin formalism. We now apply it
to derive the dynamics of a single-photon pulse scattering off a two-level emitter,
following the derivation illustrated in [Bun23; HJE20].

The time evolution of the system follows from the Hamiltonian in Eq. (2.16) and
the Schrodinger equation ihdy|i) = H|y). Since the Hamiltonian remains constant

within each time bin, we can define the interaction Hamiltonian for the k-th bin as:

— il (ot — ow!
Hy =ih A7 (ka ka>. (2.18)

The dynamics within each time interval [tx_i, tx] are governed by the unitary

evolution operator
Uy, = e nllkAt (2.19)

Since Hj, o< 1/At, we expand the exponential up to first order in At:

iAt (At)?

Keeping only terms to first order in At, the corresponding time-evolution operator
is:

ol

Up = I +\/yAt (ofwy, — ow]) — ol wkwﬂ (2.20)
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Note that we omitted the term o< oo’ w,twk because it results in terms proportional
to Atz when acting on states with the photon in the waveguide.
We consider the initial state where the emitter is in the ground state |g) and the

waveguide contains a single-photon wavepacket with temporal envelope £(t):

2

o) = Z E(tx) 19) [ 1r)- (2.21)

By recursively applying the unitary operators U,, to Eq. (14), we obtain the state

after n time steps as:

[n) = Z VALE(L) |g|1k+Z¢_§outtk>|g>|1k>+we<>|>|@>. (2.22)

k=n+1

To clarify the physical meaning of this expression, it is essential to distinguish the
time bins based on their index k relative to the current evolution step n. At time
t, = nAt, the total state is composed of three distinct contributions. The temporal
modes with & > n + 1 represent the portion of the incoming wavepacket that is
still approaching and has not yet interacted with the emitter; consequently, their
probability amplitude remains defined by the original unperturbed envelope &(t).
Conversely, the modes with k& < n represent the portion of the field that has already
passed the emitter. The light-matter interaction modifies their original state, giv-
ing rise to a new envelope function &, (tx), which explicitly defines the scattered
(output) field. Finally, the last term t.(n) is the excitation amplitude, representing
the probability that the photon has been absorbed from the waveguide, leaving the
localized system in the excited state |e).
Relating ¥.(n) to ¥.(n — 1) leads to the following equation of motion:

d@/}jt(t) _ —%we(t) N0 (2.23)

together with the well-known input—output relation [GC85]

Sout (tnt1) = &E(tnt1) = V7 Yeltn) (2.24)

In this case, the derivation of the scattered field is rather systematic. However,
one could easily imagine more complex situations. These could involve, for instance,
the presence of additional quantum systems coupled to the emitter, the inclusion of
extra interaction terms in the Hamiltonian, or simply a frequency detuning between
the waveguide pulse and the emitter transition.

In summary, the time-bin formalism provides an intuitive and powerful frame-

work for describing the dynamics of single-photon scattering in one-dimensional
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Figure 2.3: Coupling geometries for a cavity containing a two-level emitter inter-
acting with a single-mode waveguide. (a) Side-coupled single-mode microcavity.
(b) Side-coupled ring resonator. (c) Direct-coupled configuration. The system con-
sidered in this thesis corresponds to panel (a), where the waveguide couples exclu-
sively to the cavity mode and the emitter interacts only with the confined field inside
the resonator.

waveguides, laying the foundation for the numerical analysis presented in the next

section.

2.5 Photon scattering from a cavity coupled sin-

gle emitter: Jaynes—Cummings model

In the preceding sections, the localized system consisted of a bare two-level emitter
coupled directly to the waveguide continuum. A different architecture arises when
the emitter is embedded inside a single-mode optical cavity that is itself coupled to
the waveguide, as schematically illustrated in Fig. 2.3 for different models. In all of
the schematic examples, the propagating photon does not directly interact with the
two-level system. Instead, it couples to the cavity mode, which in turn exchanges
excitations with the emitter through the coherent light—-matter interaction [SF09].

The system spectrum is therefore characterized by a hierarchy of energy scales:
the cavity resonance frequency w,., the emitter transition frequency wy, the cavity—

emitter coupling strength g, and the cavity decay rate into the waveguide x. As
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anticipated in Sec. 2.2, the input-output relation in Eq. (2.6) remains valid in this
extended setting, with the system operator identified as the cavity annihilation
operator a.

In the absence of the single-mode cavity, the localized system is fully described
by the free Hamiltonian of the two-level emitter, Hypg = % 0., as introduced in
Sec. 2.3. The inclusion of the cavity mode adds a bosonic degree of freedom — the
confined electromagnetic mode at frequency w. — and a coherent coupling between
this mode and the emitter. The Hamiltonian of the composite local system takes
then the Jaynes—Cummings form (in RWA) [SF09; OH17]

hew
Hsys = hw, a'a + 70 0, + hg<0+a + QTO',) , (225)

in which a' and a are the creation and annihilation operators of the cavity mode
satisfying [a, a'] = 1, and o, = |e){g|, o_ = |g){e| are the raising and lowering
operators of the emitter. The parameter g is the vacuum Rabi frequency, quantifying
the rate of coherent excitation exchange between the cavity photon and the qubit.
The coupling between the waveguide modes and the single-mode cavity is described
by the interaction Hamiltonian [SF09; OH17]

Hiy = h\/Z/_J:O dv {wT(V) a+a'wv)|, (2.26)

in which we now define x as the cavity decay rate into the guided mode!, and w(v)
are the waveguide field operators introduced in Sect. 2.3. The interaction is linear in
both the cavity and field operators, and it conserves the total number of excitations.
A distinctive feature of this architecture is that the two-level emitter does not couple
directly to the waveguide: the terms of the form [dv[o, w(v) — o_ w'(v)] that
appeared in the bare-emitter Hamiltonian of Sect. 2.3 are now absent. The emitter
can only exchange excitations with the cavity mode through the Jaynes—Cummings
coupling rate (g), as evident from Eq. (2.25). Therefore, the cavity mode acts as a
frequency-selective mediator between the propagating field and the qubit.
Collecting the contributions from the free field, the local system, and the waveguide-

cavity coupling, the total Hamiltonian reads

+oo
Hi.=nh dvvw'(v)w(v) + hwea'a + h(;ooz
oo (2.27)

i LI R i
+hg<a+a+aa_)+h,/2ﬂlm dv {w W) a+alw)|.

!Notice that we change notation on purpose, to distinguish between the same coupling rate to
a single emitter defined as  in the previous section, and the current coupling between bosonic
modes.
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Since in the whole thesis we will assume that the initial state consists of a single
photon propagating in the waveguide and the local system in its ground state, the
dynamics is confined to the single-excitation subspace. Within this subspace, the
system can be found in one of three configurations: the photon in the waveguide with
the cavity empty and the emitter in |g), the photon absorbed by the cavity with the
emitter in |g), or the cavity empty with the emitter in |e) [SF09]. This restriction re-
duces the problem to a local Hilbert space spanned by {|1wg, Oc; 9), |Owgs Les 9)s [Owg, Oc, €)1}

Ultimately, the interplay between the cavity—emitter coupling and the cavity
decay rate determines the scattering response of the system. When £ > g, the
photon escapes the cavity before a complete Rabi oscillation can occur; the emitter
acts as a weak perturbation and the transmission spectrum is dominated by a single
Lorentzian resonance of width s centered at w.. This is the weak-coupling (or
Purcell-enhanced regime) [Uts+22]. In the opposite limit, g > /4, the coherent
exchange between the cavity photon and the emitter becomes faster than the photon
loss rate. The transmission spectrum then develops a doublet structure — the
vacuum Rabi splitting — with two peaks separated by 2¢g [SF09] [OH17]. The
dimensionless ratio g/k therefore discriminates between the two regimes and governs
the phase response of the system to the incident photon.

In the configuration studied in this thesis, the cavity and the emitter are always
tuned to the same resonance frequency, w. = wy, and the scattering dynamics is fully
characterized by two relevant energy scales, g and &, respectively. The frequency-
dependent response of the system is then explored as a function of the detuning
between the photon and the common resonance, A = w —w,.. While exact transmis-
sion and reflection amplitudes can be obtained in the stationary single-frequency
limit, the time-dependent transport of an arbitrary single-photon wavepacket re-
quires numerical integration of the equations of motion [SF09]. This is carried out
within the time-bin formalism of Sect. 2.4, by propagating the full Hamiltonian
Eq. (2.27) in the single-excitation subspace. The implementation and results will be

presented in Chapter 4.

2.5.1 Dressed states and the polariton basis

Here we limit our analysis to the spectral characteristics of the Jaynes—Cummings
Hamiltonian (i.e., no losses included). From Eq. (2.25), it is evident that, given an
initial state, the dynamics conserves the total excitation number N = afa 4+ o 0_.
Hence, the dynamics relevant to single-photon scattering are confined to the N =1
sector. This is the standard approach to study vacuum Rabi oscillations and single-
photon transport in cavity QED [SF09; LMS15]. In this sector, the cavity-qubit
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Figure 2.4: Energy level diagram illustrating the formation of the dressed state
basis. At resonance (w. = wy = wg), the degenerate bare states |1., ¢) and |0, e)
couple via the coherent exchange interaction g. This coupling lifts the degeneracy,
creating the dressed states |+) separated by the vacuum Rabi splitting 2g.

Hilbert space is two-dimensional and it is spanned by the states

11e,9),  0c,e). (2.28)

These states denote one photon in the cavity with the qubit in the ground state,
and the empty cavity with the excited qubit, respectively. Assuming the resonance
condition w, = wy = wg adopted in this work, the bare cavity and qubit contri-
butions to the JC Hamiltonian give the same diagonal energy hwpr/2 to both basis
vectors. In the frame rotating at wg, this common shift is removed. Only the coher-
ent exchange hg (o0,a + a'o_) survives. This interaction couples |1.,g) and |0, e)
symmetrically with interaction strength hg. The diagonalization is straightforward.
The eigenstates are the dressed states, or polaritons, as shown in Figure 2.4:

_ L

)= (119} % 10c.6)). (2:29)

with eigenvalues +hg in the rotating frame. These correspond to physical energies
E. = h(wg £ g). The two polaritons are separated by the vacuum Rabi splitting
2¢g [SF09; LMS15]. This splitting is the spectral signature of the coherent hybridiza-

tion between the cavity and the qubit excitation in the strong coupling regime.
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2.5.2 Effective two-level system picture in the single-excitation

subspace

The primary goal of this section is to demonstrate that, when restricted to the
single-photon regime, the composite Jaynes—Cummings system effectively behaves
as a simple two-level emitter, with a modified coupling rate to the continuum as
compared to the single-emitter case. This mathematical reduction provides a highly
intuitive framework to understand the complex scattering dynamics. This behavior
can be easily observed by analyzing the output field equations. The interferometric
response of the device is determined by the cavity amplitude a(t) entering the input—

output relation
gout(t) = Sln(t) - \/Ea(t) (230)

This equation expresses the output field as a coherent superposition of the incoming
field field and the cavity re-emission [GC85; Bar+12]. In the single-excitation sector,
a(t) has a precise definition: it is the projection of the joint state |1(¢)) on the cavity-

excited basis vector |1, g),
a(t) = (1o, g |(1)). (2.31)

The polariton basis of Eq. (2.29) provides an equivalent description of this two-
dimensional cavity-qubit subspace. Inverting Eq. (2.29) yields

1, 9) = |+>:/L§!—> (2.32)
and substituting this into Eq. (2.31) gives
alt) = —= [+ 1 9(0) + (— (] = DL =) (2.33)

S

B

where ¢y (t) = (£ |9(t)) are the polariton amplitudes. This decomposition is ex-
act. It is a direct consequence of the unitarity of the basis transformation be-
tween {|1.,¢),|0.,€)} and {|+),|—)}. The same logic applied to the qubit-excited
basis vector gives |0.,e) = (|[+) — |-))/v/2 and the analogous qubit amplitude
b(t) = (0., e|(t)) = [cy(t) —c_(t)]/v/2. This term does not enter the input-output
relation directly. In Appendix G, this framework is used to reduce the input-output
relation on a single-polariton resonance. This reduction recovers an effective two-
level emitter picture that we will employ to interpret the time-domain JC scattering

response calculated in Chapter 4.
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Chapter 3

Quantum MZI with a single qubit:

analytic solution

3.1 Overview

While the time-bin formalism provides a robust framework for numerical integra-
tion of the Schrodinger equation, as illustrated in the previous chapter, a compre-
hensive understanding of the light-matter interaction requires a rigorous analytical
treatment. In this chapter, we derive the exact analytic solution for the emitter’s

excitation amplitude by solving the continuous-time equation of motion.

3.2 Analytic solution for the scattering of a two-
level emitter in WQED

The dynamics of a single two-level emitter interacting with the single-photon wavepacket

is governed by the first-order linear ordinary differential equation (ODE) previously

d@i;t(t) = —%we(t) + V(1) (3.1)

where 9.(t) is the probability amplitude of the emitter being in the excited state,

introduced:

~ is the spontaneous emission rate into the waveguide, and £(t) is the temporal
envelope of the incident single-photon pulse.

To solve Eq. (3.1), we employ the integrating factor method. First, we rewrite
the equation in the standard form for a linear first-order ODE, % +a(t)y = f(t):

dipe(t)
dt

+ 20t = VAED). (32)

We then define the integrating factor p(t), which is given by the exponential of
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the integral of the coefficient multiplying ). (t):

,u(t):exp</gdt> =e

Multiplying both sides of Eq. (3.2) by this integrating factor yields:

R

t (3.3)

e%t dwe(t)

2+ _ 1t
)y 3D = ¥ AE), (3.4

The left-hand side of this expression is precisely the time derivative of the product
of the integrating factor and the excitation amplitude. Thus, we can condense the
equation into:

& e n)] = e (3.5)

To determine the time evolution of the system, we integrate both sides of Eq. (3.5)
with respect to a dummy time variable, ¢, from the initial time ¢ = 0 to an arbitrary
time ¢:

[l ue]a = [ reeet ar. (3.6)

Evaluating the integral on the left-hand side using the Fundamental Theorem of

Calculus, we obtain:

20 ()], = e (t) — i (0). (37)

According to the physical setup described in the theoretical framework, the sys-
tem is initialized with the emitter in its ground state |g) prior to the arrival of the
photon. This boundary condition implies ¥,.(0) = 0. Applying this to our equation,
the expression simplifies to:

() = V7 [ ()R . (3.8)

Finally, by isolating the excitation amplitude 1. (t), we arrive at the exact ana-

lytical expression for the state of the quantum emitter at any given time ¢:

Uelt) = Ve 3 [ E(e)ed” ar. (3.9)

This closed-form integral solution provides a complete deterministic description
of the emitter’s dynamics for an arbitrary input single-photon wavepacket (). It
serves not only as a rigorous theoretical counterpart to our fundamental physical
intuition but also as the absolute baseline against which the discrete time-bin nu-
merical methods and standard ODE solvers (such as the RK4 method) must be
evaluated and validated.
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3.3 Single-photon routing through a quantum MZI

with a single qubit in one arm

Having established the exact analytical solution for the scattering of a single photon
by the TLS, we can now embed this dynamic interaction within the MZI architec-
ture. As discussed in Chapter 1, the MZI translates phase shifts into measurable
spatial routing. Here, we evaluate the full operatorial evolution of the single-photon
wavepacket as it propagates through the device, with the TLS located in the upper
arm.

We initialize the system by injecting a single-photon wavepacket with temporal
envelope &;,,(t) into the first input port (a), while the second input port (b) is in the

vacuum state. The initial state of the field is:

Win) = [ dt €)' (1)10). (3.10)

The photon first encounters a 50:50 beam splitter (BS1). Following the real-
valued unitary transformations (Hadamard convention), the creation operator splits
into the upper (u) and lower () spatial modes without accumulating imaginary

phase shifts:
WQ%;AM@+NM. (3.11)

Consequently, the state of the system immediately after BS1 becomes a coherent

spatial superposition:

/m% i)+ 11(8)] 10). (3.12)

As the wavepackets propagate, the component in the lower arm travels freely,
maintaining its original temporal envelope &;,(t) (assuming negligible propagation
losses and perfectly matched path lengths). Conversely, the wavepacket in the upper
arm interacts resonantly with the TLS. As derived in the input-output formalism,
this interaction maps the input envelope ;,(f) into a scattered output envelope

Eout(t). Therefore, the state immediately before the second beam splitter (BS2) is:

92 = 5 [ e [60u®(0) + (0 (0)] 10). (3.13)

The two modes are then recombined at BS2. Applying the real-valued beam

splitter transformations to both the upper and lower arm operators to map them
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into the final output ports ¢ and d:
)+ di)], (3.14)

GIOEXUGIE (3.15)

Substituting these transformations into |¥s), we obtain the final state of the

system:

|%m=;/ﬁ&uwwww+$@hfme@—ﬁmﬂmy (3.16)

Expanding and grouping the terms associated with each output port, the expres-

sion simplifies to:

Vo) = 5 [t {[oul) + Gl E0) + [an(t) — GaO] D} (317)

From this final state, we can extract the time-dependent detection probabilities
(or photon fluxes) at the two output ports. The intensity at the two output ports ¢
and d are given by:

Pu(t) = § |ou(t) + En(0)P. (3.15)

Pult) = 1 leonelt) ~ &) (3.19)

These equations capture the device’s operational principle. The dynamic phase
and amplitude modulations encoded within &, (f) by the quantum emitter are di-
rectly translated into macroscopic intensity variations at the output ports. In the
absence of the TLS (&,:(t) = &in(t)), perfect destructive interference occurs at port
d (P; = 0), and all light exits through port c.

3.4 Analytic Integration for a Gaussian Wavepacket

To evaluate the exact dynamics of the quantum emitter, we explicitly solve the
integral in the equation of motion for an incident single-photon Gaussian wavepacket.
The temporal envelope of the incoming photon is defined as:

3 [In2)7 “9in2t—t)
£(t) = <n> e G (3.20)

TG m

where 75 characterizes the pulse width and t, represents the central arrival time.

Substituting this wavepacket into the general integral solution for the emitter’s ex-
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citation amplitude, we obtain:

1 ’ 2
2 (In2)* t —2m2l=jl
@ue(lt):\ﬁ,/E (fr) e—%t/o e & ertdl (3.21)

To compute this integral, it is convenient to aggregate the arguments of the ex-

ponential functions within the integrand. Let E(t') denote this combined argument.
Expanding the quadratic term yields:
2In2 ~y

E{t) = -z (t”? — 2tot’ + 1) + §t’ (3.22)

We proceed by completing the square to express E(t') in the form —a(t' — p)* + K,
271%2

the shifted center of the Gaussian profile, pu:

defining the coefficient a =

. Equating the linear coefficients allows us to identify

okre
8In2

2ap = 2aty + % — pu=to+ (3.23)

Subsequently, we determine the residual constant K by balancing the time-independent

terms:
—ap’ + K = —atl = K =a(y® —t7) (3.24)
By substituting p = to + -, the constant K evaluates to:
2.2
gl T TG
K=—=t 3.25
2" 322 (3.25)

With the square completed, the integral can be elegantly recast in terms of the
shifted temporal coordinate. Factoring the constant term e’ out of the integral
and grouping it with the external decay exponential e~ 3!, the excitation amplitude

becomes:

1

1 2,2 t _2In2./_ \2

Ye(t) =V 2 <1n2> 6_%(t_t°)+;21n02/ e & = dt’ (3.26)
TG 0

™

This definite integral is readily resolved via the substitution x = Léfﬂ (¥

— 1),
mapping the expression to the standard error function, erf(z) = % I e " dz. By
applying the transformed integration limits z(¢) and z(0), we derive the final closed-
form analytical expression for the emitter’s excitation amplitude. To enhance the
readability of the formula, we can express the exponential argument in terms of
the previously defined constant K, noting that —J(t — t) + ;221; 3;2 = -1t + K.
Furthermore, by algebraically simplifying and aggregating the constant prefactors,
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the equation elegantly condenses to:

Wm) erf <_m>] 7 (3.27)

e TG

Yo(t) = Cge 3K [erf (

1
where the global amplitude coefficient simplifies to Cq = @ (ﬁ%) * . This determin-
istic solution rigorously describes the transient excitation and subsequent radiative
decay of the TLS, capturing the finite-bandwidth effects and the dynamic interaction
induced by the single-photon wavepacket. It is worth noting that a mathematically
equivalent time-domain analytical solution for the Gaussian wavepacket, similarly
expressed in terms of error functions, was also derived by Chen et al. in the context
of optimizing single-photon absorption in one-dimensional nanophotonic waveguides
[Che+11].

While the parameterization of the Gaussian wavepacket in terms of the Full
Width at Half Maximum (FWHM), denoted as 7¢, is ubiquitous in experimental
settings due to its direct measurability, rigorous theoretical treatments generally
favor the standard statistical formulation of the Gaussian distribution, that is, the
one parametrized by the standard deviation o.

Adopting the standard deviation offers profound conceptual and mathematical
advantages. Primarily, o directly defines the quantum mechanical uncertainty in the
photon’s arrival time, At = o [SZ97][GK23]. Furthermore, operating with o stream-
lines the transition to the frequency domain via the Fourier transform, yielding a
symmetric Gaussian spectral profile with standard deviation o, = 1/(20). This
natural symmetry greatly simplifies the evaluation of the Heisenberg uncertainty
limit, AtAw > 1/2, without the burden of unwieldy numerical prefactors.

To bridge the experimental and theoretical formalisms, we establish the exact
mapping between the intensity FWHM, 7, and the amplitude standard deviation,
0. By equating the exponential arguments of the probability density profiles, |£(¢)|?,

derived from both representations, we find:

t—1ty)? t—ty)?
U=t g0t =to) 20>
202 Té

(3.28)

which readily yields the fundamental relation:
¢ = 20V2In2 (3.29)

By substituting this relation into the initial wavepacket definition, all the intri-

cate numerical constants cancel out elegantly. This allows us to recast the incident
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field amplitude into its canonical standard form:

1 i (t—tg)?
t—tq
t) = e 402 3.30
&0 = (5.3) (330
This strictly normalized expression ensures [ |£(¢)|?dt = 1 and serves as a cleaner,
more intuitive theoretical baseline for evaluating the exact analytical dynamics of
the emitter.

By substituting this canonical Gaussian envelope into the general integral solu-
tion, the analytical evaluation proceeds via completing the square in the exponent.
The mathematical derivation is considerably streamlined in this parameterization.

The shifted temporal center of the interaction naturally reduces to u = to + vo2.

t'—p
20

Evaluating the definite integral through the substitution z = directly yields the

closed-form excitation amplitude:

Pe(t) = /Y <7r;2> i e_%(t_t‘))JﬂQf2 [erf (t 2_ ﬂ) — erf <_2,u)] (3.31)

o o

This formulation perfectly recovers the exact deterministic dynamics of the quantum
dot while providing a mathematically elegant and physically transparent parame-
terization of the finite-bandwidth effects.

3.5 Dependence on photon-qubit detuning and Ro-

tating Frame Transformation

In the standard waveguide QED scattering model presented thus far, the interaction
between the single-photon wavepacket and the two-level emitter has been treated
under the assumption of perfect resonance. However, a rigorous and comprehensive
description must account for a finite frequency detuning between the incident optical
field and the atomic transition.

Let wy denote the resonant transition frequency of the two-level system (TLS)
and w be the central carrier frequency of the incident single-photon wavepacket.
The total Hamiltonian of the system can be decomposed into three fundamental
contributions, Hror = Hgys + Hy + H;n:. For the sake of convenience, we set the
energy of the ground state |g) to zero. The free Hamiltonian of the TLS is expressed
as Hyys = hwoo'o, where oo is the excitation number operator. The continuous field
in the waveguide is described by H; = h [ dvvw'(v)w(v), and the standard dipole
interaction is given by Hy,, = ih [ dv g(v)[otw(v) — ow'(v)], where g(v) =~ \/7/?
under the assumption of a flat spectral density around the resonance.

To factor out the high-frequency optical oscillations and explicitly isolate the
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dynamic effect of the detuning A = wy — w, it is analytically necessary to transition
into a rotating reference frame. To do so, we define a unitary transformation op-
erator that rotates both the atomic system and the continuous field modes at the

carrier frequency w:
U(t) = exp {iwt <O‘TO' + /du qu)w(u))] . (3.32)

The dynamics of the state vector in this rotating frame, defined as [¢)') = U(t)|¢),
are governed by the Schrodinger equation. Taking the exact time derivative yields
iho ') = (ihUUT + UHTOTUT) |¢"), which defines the effective Hamiltonian in the
rotating frame:

H' = UHrporU' +ihUU". (3.33)

We systematically apply this transformation to the individual components of
the total Hamiltonian. The gauge term associated with the time derivative of the
unitary operator yields ihUU" = —hwole — hw [ dvw!(v)w(r). Combining this
with the free energy terms, the system and field Hamiltonians in the rotating frame
become:

H, .= hwy —w)o'o =hAd'o, (3.34)

H} = h/du (v —w)w!(V)w(v). (3.35)

Crucially, because the transformation rotates both the atomic operators and the
field operators equally (UoTUT = ofe™™! and Uw(v)UT = w(v)e™!), the interaction
Hamiltonian H,;,; commutes completely with the rotation operator, retaining its
original time-independent form.

To bridge this representation with the time-bin formalism, we adopt the Slowly
Varying Envelope Approximation (SVEA) [SK24; Ran24]. Physically, this approx-
imation assumes that the spectral bandwidth of the single-photon wavepacket is
extremely narrow compared to its central optical carrier frequency w. As a conse-
quence, the temporal envelope of the field varies much more slowly than the rapid
underlying optical oscillations. This temporal scale separation allows us to factor out
the high-frequency carrier and mathematically define the continuous time-domain
field operators purely in terms of their slowly varying envelope. By absorbing the
free evolution of the detuned field modes, we define the wavepacket envelope opera-
tors as w(t) = \/% [ dvw(v)e "=« This strictly localizes the interaction, yielding
a localized effective interaction Hamiltonian H,,(t) = ihy/7(otw(t) — ow'(t)).

Within the time-bin formalism, the total effective Hamiltonian Hj dictates the

discrete unitary propagator Uy for each temporal mode of width At. Including the
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detuning term, the local Hamiltonian for the k-th bin is:

- gl
H| = hAoto + Zh”Kt (a*wk — awT) . (3.36)
Expanding the unitary evolution operator Uy = exp(—iH} At/h) to first order in At,
we obtain:
~ i t 1y _ YAt t
Uy~ 1 —iAAto'o + \/vAt (0 wy, — ka) = 50 Wk (3.37)

We now apply this propagator to the relevant sub-spaces to evaluate the state
evolution. When the photon is absorbed, the evolution of the excited state is given
by:

Usle)|0) = (1 _iAA— gAt> e)|0) — /72t g) [ 11)- (3.38)

Conversely, when the emitter is in the ground state and interacts with the incident

photon, the evolution is:

Uklg) 1) = 9)|1) + /7 At|e) |0). (3.39)

By taking the continuum limit At — 0 of the resulting discrete finite-difference
equations, the differential equation governing the excited state probability amplitude

e (t) rigorously acquires a complex frequency shift:

dipe(t)
dt

— = (ia+ 2 veld) + V(). (3.40)

This operatorial derivation demonstrates that the detuning A naturally emerges
from the gauge transformation, effectively acting as an imaginary frequency com-
ponent that dynamically couples to the dissipative radiative decay of the quantum
emitter. Following the mathematical framework established in Section 3.1, the ex-
act analytical solution to the detuned differential equation (Eq. 3.40) is obtained
via the integrating factor method. The general integral solution for the emitter’s
excitation amplitude is formally identical to the resonant case, albeit acquiring a

complex phase winding;:

be(t) = e (1A+3)1 /O Ce(#)elB ) gy (3.41)

We evaluate this integral explicitly for the incident single-photon Gaussian wavepacket
utilizing its canonical standard deviation parameterization £(t), which reads £(t) =
(2mo?) "1/ * exp|[—(t — t9)%/40?]. The integration proceeds by completing the square
in the exponent. Crucially, the presence of the detuning shifts the effective temporal

center of the interaction into the complex plane, defining a generalized shifted center
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pp = to + o*(y + 2iA).
By factoring out the resulting complex constants and resolving the integral via
the standard error function, we derive the exact, closed-form expression for the

detuned excitation amplitude:

2

Ye(t) = /7 <7m>‘11 e‘(m*%)(t_tﬂ)*%("/“my [erf (t _2 #D> —erf (—gDH . (3.42)

2 o o

This comprehensive deterministic solution fully captures both the finite-bandwidth
effects dictated by ¢ and the dynamical phase modulations induced by the frequency
mismatch A. It is worth noting that the evaluation of the error function with com-
plex arguments is numerically straightforward and natively supported by standard
computational libraries. For instance, it is readily computed via the Faddeeva func-
tion implementation scipy.special.wofz in the SciPy ecosystem [Vir+20; Sci24].
This computational accessibility makes the derived analytical result directly appli-

cable and highly efficient for validating detuned time-bin numerical simulations.

3.6 Transmission/Reflection Probabilities and Phase

Accumulation

Having obtained the exact analytical expression for the emitter’s excitation am-
plitude v.(t) in the presence of detuning, we can now determine the macroscopic
outcome of the scattering process within the MZI. Specifically, we are interested in
the total integrated probabilities of detecting the single photon at the output ports
c and d.

As derived in Section 3.2, the time-dependent intensities at the output ports
are given by P.(t) = 1|&u(t) + &n(t)* and Py(t) = 1[&uw(t) — &n(t)]*. In the
following discussion, P, will be referred to as the transmission probability, as it
represents the default routing path for an unperturbed wavepacket experiencing
perfect constructive interference. Conversely, P; will be designated as the reflection
probability, since it captures the fraction of the field that is dynamically scattered
into the otherwise dark port strictly due to the interaction with the quantum emitter.
To evaluate these quantities, we leverage the fundamental input-output relation of
waveguide QED, §ui(t) = &in(t) — /7e(t). Substituting this into the expression
for the transmission-like port d, the incident field perfectly cancels out, yielding a

direct proportionality to the emitter’s excitation probability:

Paft) = 1 = VAP = Tl o)F (3.43)

The total probability P, of the photon being routed to port d is the time integral
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of this intensity over the entire scattering event. While integrating the complex time-
domain solution is mathematically cumbersome, we can vastly simplify the problem
by transitioning to the frequency domain. Utilizing Parseval’s theorem [Morl7], we

can express the total probability as an integral over the spectral components:

v Lot

= 2
197 ) [the (w)|dw (3.44)

_ [t 27 _
Pu=1 [ lut)Pdt =

To proceed, we must first determine the spectral intensity of the incident Gaus-

sian wavepacket, |&;,(w)|?. The temporal envelope of the normalized Gaussian pulse

2
is given by & (t) = Ne 17, where the normalization constant is A/ = %(i)l/ 1,
The Fourier transform is defined as:

~ +o0 +2 E
fnlw) = [ NeTimeiar (3.45)

This can be resolved using the standard Gaussian integral relation [ et ekt gt —
2
\/ge_%z. By setting a = ﬁ and k = w, the resulting spectral amplitude allows us

to compute the squared modulus:

|§~m(w)|2 — 90V 2207w

(3.46)
Next, we evaluate the emitter’s excitation in the frequency domain. By applying
the Fourier transform to the time-domain equation of motion derived previously, the

differential equation transforms into a simple algebraic relation:

i) = = (3 +i8) Guw) + VT () (3.47)

Isolating ?ﬁe(w) and computing its squared modulus yields a Lorentzian response
centered around the detuning A:

V[€in ()]
(3)? + (w - A)?

[Pe(w)]? = (3.48)
Substituting this and the Gaussian spectral intensity back into the Parseval

integral for Py, we obtain the exact integral formulation for the routing probability:

52,2
2 oo 204/ 2me20w

T 81w (D7 (w— A

2

Pa

dw (3.49)

This integral represents the convolution of a Gaussian spectral profile (originating
from the finite bandwidth of the incident wavepacket) and a Lorentzian resonance
(characterizing the natural lineshape of the two-level emitter). To solve this analyt-

ically, we perform the variable substitution z = /20w, which implies dw = ﬁdm‘.
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Factoring out the constants, the integral maps perfectly to a well-known analytical
form related to the Faddeeva function, W (z) [AS64]:

T TReW(y +i 3.50
/_OOCMU_WQ?—G e[W(y + ia)] (3.50)

By comparing the denominators, we identify the scaled parameters y = v/20A
and a = ”’7‘% Replacing these into the analytical solution, the total routing proba-

bility to port d elegantly reduces to a closed-form expression:

P = ’70‘\/ZR6 [W <\/§U (A + zg)ﬂ (3.51)

From a physical perspective, the real part of the Faddeeva function exactly de-
fines the Voigt profile, see Appendix B. This result conceptually seals the quantum
scattering problem: the macroscopic switching efficiency of the MZI is deterministi-
cally governed by the Voigt profile, encapsulating the overlap between the photon’s
continuous-mode spectral distribution and the broadened atomic resonance of the
quantum dot.

Finally, assuming a lossless beam splitter and perfect waveguide-to-emitter cou-
pling efficiency, the unitarity of the total system is preserved. Consequently, the
probability of detecting the photon at the transmission-like port ¢ is simply the
complement:

Po=1-"Py (3.52)

Beyond the macroscopic routing probabilities, the interaction with the two-level
emitter crucially imprints a dynamic, frequency-dependent phase shift on the propa-
gating single-photon wavepacket. In the context of quantum information processing,
this phase accumulation is the fundamental mechanism that enables the two-level
system to operate as a coherent phase shifter within the MZI.

Since the incident single photon is not perfectly monochromatic but possesses
a finite bandwidth, different spectral components accumulate different phase shifts.
To rigorously define the global, effective phase shift ®.;; measured at the output
ports, we must evaluate the macroscopic transmission amplitude 7. This quantity is
formally defined as the overlap integral between the incident unscattered wavepacket
and the scattered output field:

T=o [ &) (359)

T 2r )

By substituting the frequency-domain input-output relation, &y (w) = Epn(w) —
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ﬁz[ze(w), into the overlap integral, we obtain:

7= glﬂ /+Oo [€in(c) P - ;Tﬁ/::) £ () e(w)duw (3.54)

— 00

The first term is simply the normalization of the incident wavepacket, which equals
unity. The second term defines the complex macroscopic scattering response of the
emitter, which we denote as Z(A). Recalling the algebraic solution for 9. (w), we

can write:

Z(A) = 217T /_ :O ;de (3.55)

At first glance, the denominator of this integral is linear in the complex plane,
whereas the integral for the macroscopic transmission probability P, derived in the
previous section featured a strictly real, squared denominator. However, rational-
izing the complex fraction reveals a profound physical connection inherent to the
Optical Theorem [SN17]. As established in general scattering theory, this fundamen-
tal theorem dictates that the total probability of scattering (extinction) is directly
proportional to the imaginary part of the forward scattering amplitude. In our

one-dimensional waveguide geometry, this principle manifests elegantly:

1 _ i-iA-w)
sHilA=w) (1) (A —w)y

2

(3.56)

The real part of this rationalized integrand is precisely the Lorentzian profile
governing the absorptive routing dynamics. Complementary to this, the imaginary
part of the integrand dictates the dispersive properties of the interaction, directly
governing the phase accumulation of the propagating field without contributing to
the net transfer of population between the optical ports. By comparing the prefac-
tors derived previously, we find that the real part of the complex response is exactly
twice the macroscopic reflection probability, Re[Z(A)] = 2P,. This fundamental
factor of 2 ensures the conservation of probability across the interferometer ports.
Consequently, the full complex response yields the Faddeeva function W (z) scaled
by this additional factor:

Z(A) = 270£W (\/ﬁa (A 4 [;)) (3.57)

With the complex transmission amplitude fully determined as 7 = 1—Z(A), the
effective macroscopic phase shift ®. ;¢ accumulated by the single photon is physically
defined as the argument (or phase angle) of 7

O, ;5 = arg(T) = arg (1 _ Z(A)) (3.58)
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By separating Z(A) into its real and imaginary parts, the accumulated phase

shift can be explicitly written in terms of the standard arctangent function:

—Im[Z(A)] )

I~ Re[Z(A)) (3:59)

®.¢p = arctan (

This complete formulation highlights a crucial physical distinction between per-
turbative optics and the exact Waveguide QED regime. In standard weak-coupling
scenarios, the macroscopic routing probability is negligible (Re[Z] < 1), and the ef-
fective phase shift simplifies to the purely dispersive term, ®.r; &~ arctan(—Im[Z]) ~
—Im|[Z].

However, for a quantum emitter with a near-unity coupling efficiency to a nanopho-
tonic waveguide (i.e., a [-factor approaching 1; in this respect, see Sect. 1.5), the
dynamical interaction regime is fundamentally governed by the detuning A. Near
resonance (A = 0), the interaction becomes highly non-perturbative. Here, the
real part of the response becomes macroscopic. Crucially, as dictated by energy
conservation, Re[Z(A)] can exceed unity (reaching up to 2 in the monochromatic
limit). Physically, this means the unscattered coherent background of the incident
wavepacket, represented by 1 — Re[Z(A)], is not merely depleted, but can be com-
pletely canceled and driven to negative values by the resonant scattering process.
As this denominator shrinks, crosses zero, and becomes negative, the macroscopic
transmission amplitude enters the left half of the complex plane. This dynamic
allows the relative weight of the out-of-phase scattered component —Im[Z(A)] to
be massively amplified, pushing the accumulated phase beyond the bounds of the
standard right-half plane ([—7/2,7/2]).

Consequently, the accumulated phase is a highly non-linear response driven by
the intricate coupling between absorption and dispersion. Conversely, as we scan
the detuning far from resonance (JA| > ), the real part naturally vanishes, and the
system smoothly transitions back to a purely dispersive, weakly interacting regime.
This demonstrates how the finite bandwidth of the photon intertwines with the
complex atomic polarizability, yielding a deterministic phase winding that sweeps

across different physical quadrants as a function of A.
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Chapter 4

Quantum MZI with a
cavity-coupled qubit: numerical

solution

4.1 Numerical framework: time-bin discretization

The time-bin formalism introduced in Section 2.4 provides a natural framework for
the numerical simulation of single-photon scattering in waveguide-QED systems.
The discretization of the continuous Fock state into N temporal modes of width
At reduces the problem from a continuum of bosonic modes to a finite-dimensional
Hilbert space, where the interaction between the propagating field and the localized
quantum system is local in time, and can be computed step by step. In Chapter 3,
this framework was exploited analytically to derive closed-form expressions for the
scattering of a single-photon pulse off a TLS embedded in a MZI. The present chapter
further extends this analysis to the case where the emitter is coupled to a single-
mode optical cavity through the Jaynes—-Cummings interaction, a configuration for
which, to our knowledge, no analytical closed-form solution is available. A fully
numerical approach is therefore required, and the time-bin discretization provides

the best suited algorithmic backbone for this purpose.

4.1.1 Numerical process workflow

The computational procedure follows the collision model picture [Gro+18]: the prop-
agating single-photon wavepacket is represented as a sequence of N time bins, each
playing the role of an independent bath ancilla that interacts with the localized quan-
tum system exactly once before being discarded. At every time step n, the interac-
tion Hamiltonian H,,, constructed as a sparse matrix acting on the single-excitation

subspace, is exponentiated over the interval At to yield the unitary propagator U,.
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The updated state vector is then obtained via the action |¢,) = U, |[t),_1), com-
puted through a Krylov-subspace method (expm_multiply from the SciPy library)
that evaluates the matrix-vector product e *#n2!|¢h) directly, without construct-
ing the full matrix exponential (see Appendix F, line 4 for the import and the
main loop for its repeated application). This sequential procedure is repeated for
n=20,1,..., N —1, producing the complete time evolution of the system one bin at
a time.

A key simplification arises from restricting the dynamics to the single-excitation
subspace. Since the initial state consists of one photon in the waveguide and the
localized system in its ground state, the total excitation number is conserved by the
Hamiltonian. At any time step n, the excitation can reside in one of the NV waveguide
time bins or in the internal degrees of freedom of the local system: the excited
state |e) for the bare emitter, or the cavity mode and the qubit excited state for
the Jaynes—-Cummings (JC) configuration. In its most compact representation, the
quantum state is therefore fully described by a vector of N + d complex amplitudes,
where d is the number of internal degrees of freedom (d = 1 for the TLS, d = 2 for
the JC system). Specific implementations may adopt a larger, redundant layout,
as discussed in Sect. 4.4. The corresponding Hamiltonian H, at each step is a
sparse matrix with O(1) non-zero off-diagonal entries, since only the n-th time
bin couples to the local system at step n (see the functions construct_H_n and
construct_H_n_jc in Appendix F, lines 103 and 128, respectively).

The accuracy of the time-bin discretization is controlled by the bin width At,
which must be small enough to resolve the fastest dynamical scale in the prob-
lem. For a Gaussian wavepacket with temporal width o, this translates into the
requirement At < o, ensuring that the pulse envelope is quasi-constant within
each bin and that the piecewise-constant approximation of the Hamiltonian re-
mains valid. The code enforces this condition explicitly through a runtime check
(see Appendix F, lines 26 and 54). In the limit At — 0, the discrete collision
model recovers the continuous-time dynamics governed by the Lindblad master
equation [Gro+18] [Cicl7]. At finite A¢, the convergence has been verified sys-
tematically by Bundgaard-Nielsen et al. [Bun+25], who computed the integrated
squared deviation between the numerical output wavefunction 5(%) (t) and the exact
analytical solution, e(N) = [ ygé{ft)(t) — £eact ()2 dt, and showed that this error de-
creases monotonically as the number of bins /V is increased at fixed total simulation
time.

The following sections apply this framework to two configurations of the MZI:
first with a bare two-level emitter, where the numerical results are validated against
an independent Runge—Kutta integration (Appendix E) and against the analytic
solution derived in Chapter 3, and then with the full JC system.
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4.2 Two-level system phase shifter: Hamiltonian

construction and MZI assembly

The first system considered is the bare two-level emitter coupled directly to the
waveguide, as treated analytically in Chapter 3. Within the time-bin framework
introduced in Section 4.1, the interaction Hamiltonian at step n takes the form

derived in Section 2.4:

| T
—ih t 1 l
H, =1 t(a W, an) +hAo'o, (4.1)

where I' is the spontaneous emission rate into the guided mode, A = w, — wy is the
detuning between the photon carrier frequency and the emitter transition, and w,,
is the annihilation operator for the n-th time bin. The coupling prefactor i\/I'/ At
is the signature of the time-bin discretization discussed in Section 4.1. In the code,
this prefactor is set as pref = 1j * np.sqrt(Gamma/dt) (Appendix F, line 115),
as we work with A = 1, and the full sparse Hamiltonian is assembled in block
form by the function construct_H_n (line 103). The MZI requires a two-arm field
representation. The state vector has dimension 1+ 2N: one vacuum component, N
amplitudes for the upper arm (waveguide a), and N for the lower arm (waveguide b)

(Appendix F, line 66). The beam-splitter Hamiltonian for the n-th time bin reads

Bs _ T

n T AAL

(wg)n Wam — w;n wb,n), (4.2)

whose exponentiation yields the Hadamard mixing matrix

—iHPSAL _ \}5 (1 _1) (4.3)

in the subspace {|14), |1p,)} (Appendix F, line 82).

At each time step n, the simulation executes the three-stage MZI sequence: the
first beam splitter splits the input photon between the two arms, the upper arm
undergoes the TLS interaction governed by H,, in Eq. (4.1), and the second beam
splitter recombines the two paths. The output amplitudes at the reflection and
transmission ports are extracted after BS2 as &e(tnt1) = Ysaaln + 1]/ VAt and
Eivans (tnr1) = Vgea[N +n + 1]/ V/At, respectively. The integrated probabilities are
then obtained as Pans = Y. |Eorans(tn)|? At and similarly for Py (Appendix F,
function run_one_tls, line 197).

The validation of this numerical scheme is presented in the following section,

where the results are compared with the closed-form solution derived in Chapter 3.
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4.3 Two-level system phase shifter: numerical re-

sults and validation with analytic solution

As a preliminary validation step, the time-bin simulation was compared against an
independent Runge-Kutta (RK4) integration of the Schrodinger equation in the
continuum limit. The two methods show excellent agreement across the full param-
eter range explored. The details of this comparison are reported in Appendix E
(Fig. E.1). Having established the consistency of the numerical framework, the
simulation results are now systematically compared with the closed-form analytical
solution derived in Chapter 3.

The simulations utilize a Gaussian input pulse where the full width at half max-
imum (FWHM) of the intensity profile, denoted as 7, is chosen as the fundamental
unit of time. All physical parameters are subsequently expressed in a dimension-
less form scaled by this reference. The input pulse is centered at ¢,/7, = 5.0.
The numerical propagation is performed over a temporal grid with a step size
of At/t, = 0.005 and a total duration of tn../7, = 15.0, which corresponds to
N = 3001 time bins. Under this choice of units, the dimensionless spectral band-
width of the pulse is AwpyseTy &~ 2.77. The dimensionless spontaneous emission
parameter I'7, is varied across the values {0.5, 1.0, 1.45, 1.9, 3.0}. This selec-
tion spans from the weak-coupling regime to values well above the critical coupling
condition I'c7;, ~ 1.45, where the forward-propagating field in the interaction arm
is completely extinguished at resonance (Appendix D). Finally, the dimensionless
emitter—field detuning A7, is swept in the range [—10, 10] with a step size of 0.1.

Figure 4.1 shows the scattered field intensity |y (t)]* on the interaction arm of
the interferometer for three values of the dimensionless spontaneous emission pa-
rameter: I'r, = 0.5, 1.45, and 3.0. Each panel displays five dimensionless detunings
AT, = 0, 1, 2, 3.5, 5 alongside the input Gaussian envelope (shaded area). Solid
curves are the analytical solution of Chapter 3, while triangular markers are the
time-bin simulation. The agreement is exact across the entire parameter space.

A common feature of all three panels is the progressive recovery of the input pulse
shape as the detuning increases. The scattering response of the emitter is peaked at
A7, = 0 and falls off as a Lorentzian with half-width I'r;/2. For A7, > I't,/2 the
emitter is effectively transparent. At smaller detunings, a larger fraction of the pulse
spectrum overlaps with the emitter resonance and the output wavepacket becomes
appreciably distorted. The crossover between these two regimes shifts to higher A7,
as I't, increases, following the broadening of the Lorentzian linewidth. At I'r, = 0.5,
for instance, the curve at A7, = 3.5 nearly coincides with the input; at I'r, = 3.0
the same detuning still produces a visible deviation.

The physical origin of the distortion is apparent from the input—output relation
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Figure 4.1: Scattered field intensity on the TLS within the interaction arm, quanti-
fied by |&out(t)|?, for T'r, = 0.5 (top), I'r, = 1.45 (middle), and I'r, = 3.0 (bottom),
corresponding to I'/Awpuse & 0.18, 0.52, and 1.08, respectively. Each panel shows
results for five different values of dimensionless detuning (A7y); the shaded area is
the input Gaussian envelope. Solid curves: analytic solutions (see Chapt. 3). Tri-

angular markers: time-bin MZI simulation.
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(Eq. 2.24): the output field is the superposition of the input and the re-emitted
field, &oui(t) = &n(t) — VT ¢e(t). At resonance (A7, = 0) the two contributions
carry no relative phase. At a specific instant their amplitudes match exactly and the
output intensity drops to zero. This complete destructive interference produces the
characteristic double-peaked structure visible in all of the three panels at A7, = 0.
For A7, # 0 the re-emitted field accumulates a phase e "(A7)(t/7s) yelative to the
input, the cancellation is only partial, and the zero disappears.

The strength of the interaction is governed by the ratio I'/ Awpyise, where Awpyise =
V2In2 /o is the spectral FEWHM of the Gaussian wavepacket. At I't, = 0.5 the emit-
ter linewidth is much narrower than the pulse bandwidth and only a small spectral
fraction interacts: the first peak remains comparable to the second. As I'7, increases
to 1.45, the coupling term /T ), grows faster and cancels the input more effectively,
suppressing the first peak well below the second. The trend reaches its extreme at
I't, = 3.0, with I'/ Awpuse = 1.08, where the emitter is spectrally broader than the
photon: nearly the entire pulse content falls within the resonance, the first peak is
almost completely suppressed, and the output is dominated by the re-emission.

After the input pulse has passed, &, — 0 and the output reduces to &, =
—T t.. From Eq. (2.23), in the absence of the driving field the excitation amplitude
decays as 1, oc e~ I0)t/79)/2 50 the output intensity falls off as e~ (F7)(#/70)  This
exponential tail is the temporal signature of spontaneous emission into the guided
mode. Its duration is set by the dimensionless lifetime 2/(I'7,): at I'r, = 0.5 the tail
extends over several pulse widths, while at I'r, = 3.0 the re-emission is concentrated
in a narrow window immediately following the input. The total energy carried by
the tail grows with I'r,, since a broader linewidth captures a larger spectral fraction
of the photon. However, this energy is released over a shorter time, yielding higher
instantaneous intensity over a more compact interval.

A further effect visible in all panels, including the curves at large detuning where
no double-peaked structure appears, is the systematic shift of the output wavepacket
toward later times with respect to the input. This group delay is a direct consequence
of the subtraction in Eq. (2.24): the re-emitted field v/T v, (¢) builds up with a finite
response time set by the excitation dynamics of Eq. (2.23), and is therefore delayed
relative to &,. The resulting asymmetric subtraction suppresses the leading edge of
the pulse more than the trailing edge, displacing the output envelope to later times.
The effect is stronger at smaller detunings and larger I'7,, where the interaction is
more intense.

Figure 4.2 displays the integrated detection probabilities at the two output ports
of the interferometer — transmission P. and reflection P; — as functions of the
dimensionless detuning A7, for all five values of I'7,. These quantities are governed

by the complex scattering response Z(Ar,) derived in Section 3.6, with P; = 1Re[Z]
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Figure 4.2: Transmission (P, left) and reflection (P, right) probabilities calculated
at the output ports of the MZI as functions of the dimensionless detuning (A7),
for five different values of I',. Solid curves: analytic Faddeeva solution, as defined
in Eq. (3.51). Open markers: results of the full time-bin MZI simulation.

and P, = 1 — Py; the factor % originates from the two balanced beam splitters of
the MZI. Solid curves correspond to the closed-form Faddeeva solution, Eq. (3.51).
Open markers are the time-bin simulation and the agreement is exact over the full
detuning range.

For |A7,| > I'r,/2 the scattering response vanishes, Z — 0, and the interfer-
ometer reduces to the balanced case with no differential phase between its arms:
P. — 1 and P; — 0. Both figures confirm this limit. All five curves converge to
P.~ 1 and P; = 0 for |A7,| 2 7, regardless of I't,. At resonance (A7, = 0) the
interaction is strongest and a fraction of the photon is routed to the reflection port.
The reflection probability P,(0) grows monotonically with I'r,, ranging from approx-
imately 0.22 at I'r; = 0.5 to 0.73 at I'r, = 3.0. This trend is governed by the ratio
I'/Awpyise: @ larger I'r, broadens the Lorentzian linewidth of the emitter, so that a
greater spectral fraction of the Gaussian wavepacket falls within the resonance and
contributes to the scattering response. At I'/Awpuse =~ 1.08 (I't, = 3.0), however,
the emitter linewidth only marginally exceeds the pulse bandwidth, and a sizeable
portion of the photon spectrum still lies outside the resonance. The routing there-
fore remains incomplete. The analytical expression for P, reported in Eq. (3.49) is
the convolution of the Gaussian photon spectrum with the Lorentzian response of
the emitter. In the monochromatic limit (Awpyse — 0), the Gaussian acts as a spec-
tral d-function and samples the Lorentzian at its peak; the entire photon spectrum
falls within the resonance and P; — 1. The narrow-bandwidth simulations reported
below, performed with a five-fold reduction in the pulse bandwidth, confirm this
trend.

Figure 4.3 shows the effective phase shift ®.¢ = arg(1— Z(A7,)) accumulated by
the single photon after the scattering event, as predicted by Eq. (3.58). The profile
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Figure 4.3: Effective phase shift ®.4 as a function of the dimensionless detuning
(AT,) calculated for five different values of I'r, (left). The right panel details the
transition near the critical coupling parameter I'.7, ~ 1.45, with I't, swept in steps
of 0.01. Solid curves: analytical Faddeeva solution. Triangular markers: time-bin
MZI simulation.

is antisymmetric in A7, reflecting the odd symmetry of the dispersive component of
Z(AT,), and vanishes at large detuning where Z — 0. Solid curves are the analytical
Faddeeva solution; triangular markers are the time-bin simulation. The agreement
holds across the full parameter range, including the region near A7, = 0 where the
phase varies rapidly.

The behaviour near A7, = 0 is governed by the ratio between I't, and the
critical coupling parameter I'c7, (in this respect, see Appendix D). Below I'.7,, the
re-emitted field v/T ¢, at resonance is weaker than the input; the transmitted field
is reduced in amplitude but retains the same sign, and ®g(0) = 0. At I'ry =T'e1y =
1.45 the two fields match exactly: the forward-propagating amplitude vanishes and
the phase is undefined. Above I'c7y, the re-emitted field exceeds the input and
the subtraction in Eq. (2.24) overshoots the cancellation and the transmitted field
acquires the opposite sign. This sign reversal corresponds to ®.z(0) = +m, visible
in the curves at I'r, = 1.9 and 3.0. The right panel of Figure 4.3 zooms into
the region I't, € [1.40, 1.51] near resonance. For I'r, < I'.7, the phase crosses
zero smoothly at A7, = 0. As I't, increases toward I'.7,, the transition becomes
progressively sharper until, at I'r;, = 1.45, a discontinuous jump appears with a
slight inconsistency between the analytical and numerical curves in the immediate
vicinity of the discontinuity. For I'r, > I'.7, the sign of the slope reverses and the
phase at resonance settles to 7. This narrow scan provides a direct numerical
confirmation of the critical coupling value derived analytically in Appendix D.

The same analysis is repeated with a five-fold reduction in the pulse spectral
bandwidth. Figure 4.4 shows the transmission and reflection probabilities for I'r, =
7.25, 9.5, and 15.0, yielding I'/ Awpuse = 2.6, 3.4, and 5.4 respectively. At resonance,
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Figure 4.4: Transmission (P, left) and reflection (P, right) probabilities calculated
at the output ports of the MZI for the narrower bandwidth case, considering three
different values of I'r,. Solid curves: analytic Faddeeva solution (see Chapt. 3).
Open markers: results of the full time-bin MZI simulation.

P,(0) approaches unity for all three values of I'r,, a marked increase over the broader
bandwidth case. The profiles are also narrower in A7y, as the reduced spectral width
of the photon resolves the Lorentzian lineshape with greater selectivity. This result
admits a direct interpretation in the time domain.

A narrower bandwidth corresponds to a longer pulse in time, which drives the
emitter for a duration well exceeding its dimensionless radiative lifetime, 2/(I'r,).
The excitation amplitude, 1., can therefore build up fully, and the re-emitted field,
VT 1., reaches the amplitude of the input pulse over its entire duration. The cancel-
lation in Eq. (2.24) becomes nearly complete at resonance: the forward-propagating
field is almost entirely extinguished and the photon is almost fully routed to the
dark port.

Let us stress that the results of the time-bin simulation and the analytic Faddeeva
solution are in excellent quantitative agreement across all the considered observables
— wavepacket profiles, detection probabilities, and phase shifts — and over the
entire parameter space explored. The quantum MZI response to a bare TLS as
phase shifting element in one of the two arms already exhibits near-unity single-
photon routing when the pulse bandwidth is sufficiently narrow. However, since it
might be difficult to couple a single TLS to the waveguide mode with unit efficiency,
in the next section we are going to extend the model of a quantum MZI to account for
a Jaynes-Cummings Hamiltonian in the MZI arm, having in mind the single TLS
embedded inside an optical resonator that is directly coupled to the waveguide.
While the latter configuration might be easier to achieve experimentally with large
waveguide-resonator coupling, the mode also introduces a further energy scale to the
problem, namely the vacuum Rabi coupling g, to be considered as a further control

parameter for our quantum MZI.
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4.4 Jaynes—Cummings phase shifter: Hamiltonian

construction and MZI assembly

The system considered in this section is the Jaynes—Cummings configuration of
Sect. 2.5: a single-mode optical cavity is side-coupled to the waveguide at rate s
and exchanges excitations with a two-level qubit at the vacuum Rabi frequency g.
The numerical framework of Sect. 4.1 applies without modification. What changes is
the composition of the localized subsystem, which now hosts two internal degrees of
freedom, the cavity mode and the qubit, rather than the single emitter of Sect. 4.2.
The parameters of the first scan are collected in Appendix F. The cavity decay rate
k is established as the fundamental frequency scale, so that all physical quantities
are expressed as dimensionless ratios. The vacuum Rabi coupling is swept across
g/k € {0.1, 1.0, 5.0} (Appendix F, line 39), spanning the bare-cavity limit, the
Purcell regime (g < k), the onset of strong coupling (g ~ k), and the deep strong
coupling regime (g > k). The input Gaussian wavepacket, constructed by the
function pulse_shape (Appendix F, line 61), has a dimensionless temporal standard
deviation ok = v2In2 ~ 1.18, chosen so that its spectral FWHM matches the
cavity linewidth, Awyuse/k = v2In2/(ok) = 1. The pulse is centred at kty = 9 on
a temporal grid with step kAt = 0.02 extending up to ktn.x = 30, for a total of
N = 1501 bins. Cavity and qubit are tuned to a common resonance, w. = wy, SO
that the scattering response depends on a single detuning A = w, — w, between the
photon carrier and the cavity—qubit resonance, swept across A/k € [—8, 8] in steps
of 0.05 (Appendix F, line 42) [Sch+07].

The handling of the localized subsystem differs from the bare-emitter case in the
layout of the state vector. For the two-level system of Sect. 4.2, the dynamics was
propagated on a 2(N + 1)-dimensional vector with a block structure separating a
ground sector and an excited sector of N 4+ 1 components each, encoding the field
in the upper arm together with the emitter state (psi_tls in run_one_tls, Ap-
pendix F| line 201). This representation is redundant. The conservation of the total
excitation number restricts the physical dynamics to a subspace of minimal dimen-
sion N + 1; the doubling to 2(N + 1) in the implementation comes from writing the
Hamiltonian as an explicit block matrix with separate ground and excited sectors.
The Jaynes-Cummings simulation adopts instead the most compact representation
compatible with the single-excitation constraint. The state vector psi_sys has di-
mension N +2: the first IV entries store the photon amplitude in each waveguide bin,
one entry tracks the cavity excitation, and one entry tracks the qubit excited state
(Appendix F, lines 131-133 and 280). Despite carrying one extra internal degree of
freedom relative to the TLS, the JC state vector is therefore smaller in dimension

(N + 2 against 2(N + 1)), which translates into a lighter Hamiltonian application
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at each step.
Within the time-bin framework of Sect. 4.1, the Hamiltonian governing the local

subsystem at step n takes the form
HIC = ih,/ % (a'w, —wla) + hg (a'o_ + oya) + RA (d'a + oy0_), (4.4)

where a and a' are the cavity ladder operators, o4 are the qubit raising and lowering
operators, and w,, is the annihilation operator of the n-th waveguide time bin. The
first term encodes the waveguide-cavity coupling, with the same /x/At prefactor
signature of the time-bin discretization that appeared in the TLS case of Eq. 4.1
with I" replaced by . The second term is the Jaynes—Cummings coupling, exchang-
ing excitations between cavity and qubit at the vacuum Rabi rate g. No direct
waveguide-qubit coupling is present. The qubit interacts with the propagating field
only through the cavity, in accordance with the side-coupled architecture of Sect. 2.5.
Both internal modes carry the same detuning A on the diagonal, as required by the
condition w. = wy. In the code the sparse (N +2) x (N +2) Hamiltonian is assembled
by the function construct_H_n_jc (Appendix F, line 128). The non-zero entries
are four off-diagonal couplings at positions (n, N), (N,n), (N,N + 1), (N +1,N)
and two diagonal terms on the cavity and qubit slots (Appendix F, lines 142-148).

The MZI assembly is identical to the TLS case of Sect. 4.2. The two-arm field
representation is unchanged. The field vector has dimension 142N, with one vacuum
component, N amplitudes for the upper arm and N for the lower arm (Appendix F,
line 66). The beam-splitter Hamiltonian H2® keeps the form of Eq. (4.2), with the
same Hadamard mixing matrix on the subspace {|14n),|1on)}. At each step n, the
loop executes the three-stage sequence: the first beam splitter distributes the photon
between the two arms, the upper arm evolves under H’¢ of Eq. (4.4), and the second
beam splitter recombines the two paths. The n-th bin amplitude is synchronised
between Ygeq and 1y before and after the JC step (Appendix F, lines 290 and 294).
After BS2 the output amplitudes at the reflection and transmission ports are ex-
tracted as & (tnt1) = Yseia[n+ 1]/ VAL and Eyans(tut1) = Y[ N +n+1]/V/At; the
integrated probabilities Pans = Y.y, [Etrans(tn)[PAt and Peg are accumulated as the
loop proceeds (Appendix F, function run_one_jc, line 275). The internal cavity
and qubit amplitudes are stored at each step (Appendix F, lines 296-297). The

numerical results obtained with this scheme are presented in Sect. 4.5.
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4.5 Numerical results for the quantum MZI with

a Jaynes—Cummings phase shifter

The numerical results obtained with the simulation framework of Sect. 4.4 are now
reported. The first set of scans explores the regime where the pulse bandwidth
matches the cavity linewidth, Awpyse = ~. The parameter set matches the one
specified in Sect. 4.4: or = v/2In2 ~ 1.18, ktyg = 9, Ktmax = 30, kKAt = 0.02. The
dimensionless photon-cavity detuning A/k is swept across [—8, 8] in steps of 0.05..
The vacuum Rabi coupling takes three distinct values: g/k = 0.1, 1.0, 5.0. These
specific values sample the Purcell regime, the onset of strong coupling, and the
deep strong coupling regime, respectively. The analysis first examines the scattered
wavepacket on the JC arm. Then, it evaluates the output port amplitudes. Finally,
it addresses the integrated detection probabilities and the effective phase shift as
functions of A and g.

|2, on the

Figure 4.5 shows the scattered field intensity, calculated as |Eout(?)
JC arm of the MZI interferometer for three different values of the vacuum Rabi
coupling. Each panel displays three representative detunings, namely A = 0, k,
and 5k, alongside the input Gaussian envelope (shaded area). These three regimes
evidently exhibit distinct dynamical signatures. They are detailed in the remainder
of this section.

The three panels shown in Fig. 4.5 essentially cover all the cavity-emitter coupling
regimes introduced in Sect. 2.5. For g = 0.1k, the vacuum Rabi coupling remains
well below the cavity decay rate. Consequently, the photon escapes back into the
waveguide before the interaction can transfer the excitation to the qubit. The cavity
and qubit eigenstates remain essentially decoupled. The qubit acts simply as a
small perturbation that modifies the cavity scattering response through the Purcell
effect [LMS15]. As g crosses the strong coupling threshold g 2 /4, the cavity and
qubit wave functions hybridize into two polariton eigenstates:

1

) = —5(11e.9) £ [0c.0)). (45)

These states possess energies . = +g¢ relative to the bare cavity-qubit resonance.
They are separated by the vacuum Rabi splitting 2¢g [SF09; LMS15]. The middle
panel (g = k) sits at the onset of strong coupling, just above the threshold. The bot-
tom panel (g = 5k) represents the deep strong coupling regime, where the polaritons
are well resolved relative to the cavity linewidth.

A notable feature in Fig. 4.5 is the double-peaked structure displayed by the
A = g curve in the middle panel (¢ = k) and the A = 5k curve in the bottom panel

(9 = 5k). In both cases, the detuning matches one of the polariton frequencies,
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Figure 4.5: Scattered field intensities within the JC arm of the MZI, quantified by
|€out (1) |?, calculated for g/k = 0.1 (top, Purcell regime), 1.0 (middle, onset of strong
coupling), and 5.0 (bottom, deep strong coupling), with the cavity linewidth fixed
at k = 1. Each panel shows three values of the detuning A = w, — w,; the shaded

area represents the input Gaussian envelope.
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A = +g. The output drops to nearly zero at t =~ t;. It then reappears as a
delayed re-emission peak, preceded by a small precursor at the leading edge. This
specific pattern matches the results obtained for the resonant TLS in Sect. 4.3.
The analogy is not coincidental. As demonstrated in Appendix G, when the input
photon is tuned to a single-polariton resonance, the cavity-coupled qubit reduces to
an effective two-level emitter. This effective emitter possesses a decay rate I'og = /2
and is located spectrally at w.+ g rather than at w, [SF09; LMS15]. The destructive
interference observed in Sect. 4.3 is thus transposed from A = 0 to A = £g¢. The two
panels at (g, A) = (k, k) and (bk, 5k) appear nearly identical. This occurs because
the temporal shape on a polariton resonance is determined by 'y = k/2 and by
the ratio Iesr/Awpuse = 1/2, both of which are independent of g. The coupling ¢
determines the polariton frequency. It does not affect the scattering dynamics once
on resonance.

A complementary perspective on the role of g emerges from the response at
A = 0, when the photon is tuned exactly between the two polaritons. Three dis-
tinct behaviours appear, one per panel. At ¢ = 0.1« (top, black curve), the polariton
splitting 2g = 0.2k is much smaller than the pulse bandwidth. Both polaritons are
populated, but the Rabi exchange between cavity and qubit is too slow to develop
before the photon escapes through the cavity. The output displays a single delayed
peak with an exponential tail. This shape characterizes the Purcell-dominated scat-
tering of a bare cavity [LMS15]. At g = x (middle, black curve), the polariton
splitting matches the pulse bandwidth. Both polaritons are coherently excited, and

~29t produces a beat in the cavity amplitude at the vacuum

their relative phase e
Rabi frequency. This manifests in the output as a slowly decaying oscillatory struc-
ture superimposed on the re-emission tail. Finally, at ¢ = 5k (bottom, black curve),
the splitting 2g = 10k exceeds the pulse bandwidth by a factor of ten. Neither
polariton is excited. The photon traverses the JC arm undisturbed, and the out-
put is indistinguishable from the input envelope. This phenomenon corresponds
to the cavity-induced transparency window of strongly coupled cavity QED [SF09;
LMS15]. In the time domain, it appears as a vanishing scattering response between
the two polariton resonances.

Figure 4.6 displays the integrated detection probabilities at the two output ports
of the interferometer, P, and P;, as functions of the photon-cavity detuning A. The
plots show three values of the coupling constant: g/k = 0.1, 1, and 5. The two
probabilities obey the conservation law P. + P; = 1 at each detuning point A.
For values of |A| much larger than both x and g, all three curves converge to full
transmission, P, — 1, and zero reflection, P; — 0. Far from any internal resonance,
the JC system becomes spectrally transparent. The interferometer simply recovers

its balanced classical configuration, with no differential phase shift accumulating
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Figure 4.6: Transmission (P,., left) and reflection (P, right) probabilities at the
output ports of the MZI as functions of the photon-cavity detuning A/k, for three
values of the vacuum Rabi coupling ¢g/k. Vertical dashed lines mark the vacuum Rabi
splitted resonances, i.e., occurring at A = +g¢ for each curve. The two-headed arrow
in the left panel highlights the vacuum Rabi splitting 2¢,,.« = 10k, corresponding
to the deep strong coupling curve.

between the two arms.

The structure at smaller detunings |A| clearly separates the three coupling
regimes. At g = 0.1k, the response of P, shows a single Lorentzian-like dip cen-
tered at A = 0, with a width of approximately k. The transmission drops below
one-third. This minimum is mirrored by a single maximum in P,;, which approaches
two-thirds. Here, the vacuum Rabi splitting 2¢g = 0.2k is significantly smaller than
the cavity linewidth and remains unresolved. The system responds essentially as
a bare cavity weakly perturbed by the qubit. This represents the Purcell regime
introduced in Sect. 2.5.1 [LMS15].

As the Rabi coupling increases to g = k, the doublet structure typical of the
JC anticrossing begins to emerge: P, develops two distinct minima at A ~ +g
dropping to nearly one-half, separated by a partial transparency window over which
transmission is mostly restored. Correspondingly, P, exhibits two peaks at A ~ +g¢
that reach approximately one-half, accompanied by a local minimum near zero at
A = 0. Finally, at ¢ = 5k, the doublet is fully resolved. The two dips in P, sit
precisely at A = £5k, separated by a broad unit-transmission window for |A| < 3k.
In this regime, P; shows two well-separated peaks of identical height, again near
one-half. The separation between the dips, marked as 2¢,.x = 10x in the left panel,
constitutes the direct spectral footprint of the vacuum Rabi splitting [SF09; LMS15].

A specific physical property emerges from the invariance of the P; peak heights
between ¢ = k and g = 5kx. Both peaks saturate near one-half on the polariton
resonances A = +g, despite the fivefold change in coupling strength. This behavior
fulfills the exact prediction of the effective TLS model derived in Appendix G. On
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Figure 4.7: Effective phase shift, ¢.¢, as a function of the photon-cavity detuning
A/k for g/k = 0.1, 1.0, and 5.0, respectively. The phase response illustrates the
transition from a single resonance profile to a well resolved polaritonic doublet in
the strong coupling regime.

a single-polariton resonance, the cavity-coupled qubit behaves as an effective TLS
with a decay rate of ',y = k/2. Consequently, the routing efficiency depends strictly
on the ratio I'e/Awpmse = 1/2, which is entirely independent of g. The coupling
parameter g establishes the spectral position of the polaritons, but it does not dictate
the magnitude of the scattering response at resonance.

The behavior at g = 0.1k stands apart. It clarifies the operational role of the
strong coupling threshold. In the Purcell regime, the system reduces to a single ef-
fective emitter—the bare cavity weakly dressed by the qubit. Its effective linewidth
is approximately ey & &, resulting in a ratio I'eg/Awpuse = 1. Because the effective
resonance is broad enough to accommodate the entire pulse bandwidth, the inter-
action maximizes the differential phase shift, leading to the high routing efficiency
observed in the single central peak. The transition from g = 0.1k to g 2 k therefore
reduces the single-resonance routing efficiency (from near two-thirds down to one-
half). In exchange, however, it splits the interferometric response into two distinct
routing channels at A = +g, creating one distinct port per polariton.

The physical mechanism responsible for the routing behavior observed in Fig. 4.6
is elucidated by analyzing the phase shift induced during the scattering process.
Figure 4.7 illustrates the effective phase shift ¢ of the scattered field as a function of
the photon-cavity detuning A for the three selected values of g/k. The phase profiles

demonstrate a direct map to the integrated detection probabilities, revealing how

77



Transmission P, vs detuning (w. = wp) Reflection Py vs detuning (w. = wp)
T T T

T T
— e 10+ i —_— /=0 o
— g/k=01

L0 ——

— g/r=1

g/k=5 |

%
T

%
T

=3
T

'S
T

=
T

Transmission probability P,
2

Reflection probability Py

S
T

0.0F — g/k=0 —— g/k=01 —— g/i=1 9/k=35 q 0.0+

. | L L . L L , L L L | |
-8 —6 —4 -2 0 2 4 6 8 -8 —6 —4 -2 0 2 4 6 8
Detuning A = w, — w, [K] Detuning A = w, — we [K]

Figure 4.8: Transmission (P, left) and reflection (P, right) probabilities calculated
in the narrow-bandwidth regime (Awpuse = 0.2k) as functions of the photon-cavity
detuning A/k. The curves show the response for g/k = 0, 0.1, 1.0, and 5.0, respec-
tively.

the coherent light-matter coupling shapes the phase response of the interferometer.

At weak coupling (¢ = 0.1k), the phase shift displays a single steep transition
centered at A = 0, where it reaches a maximum value of 7. This behavior closely
mirrors the resonant response of the bare two-level emitter discussed in Sect. 4.3.
In this Purcell-dominated regime, the cavity and the qubit are not hybridized. The
system acts essentially as a single over-coupled scattering center. Because the entire
pulse bandwidth sits within this broad effective resonance, the incoming wavepacket
experiences a full inversion of its phase profile at zero detuning. This phase jump
of m maximizes the differential phase between the two arms of the MZI, explaining
the high routing efficiency into port P; observed in Fig. 4.6.

As the coupling strength increases beyond the threshold, the single phase jump
splits into two distinct features centered at the polariton frequencies A = +g¢, while
the maximum phase shift at these resonances drops from 7 to /2. This reduction
is explained by the effective two-level emitter picture established in Appendix G.
At strong coupling, the excitation is shared equally between the cavity mode and
the qubit. Since only the cavity component couples directly to the waveguide, the
effective interaction strength of each resolved polariton channel is halved. Each
polariton resonance acts as an isolated, under-coupled mode. On exact resonance
with a single polariton (A = +g), this reduction caps the phase contribution at 7/2.
At detuning A = 0, the phase drops back to zero. In this condition, the photon is
tuned exactly between the two polaritons, experiencing equal and opposite phase
pulls that cancel each other out. This flat zero-phase region for ¢ = 5k directly
accounts for the broad unit-transmission window seen in P..

To fully evaluate the operational performance of the interferometer, the scatter-
ing dynamics are investigated in the narrow-bandwidth regime. Figure 4.8 presents

the integrated transmission (P.) and reflection (P,) probabilities for a pulse band-
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Figure 4.9: Effective phase shift, ¢.g as a function of the photon-cavity detuning A
in the narrow-bandwidth regime (Awpuse = 0.2k). The steep phase transitions at
the polariton frequencies A = +¢g enable the high routing efficiencies observed in
the strong coupling regime.

width reduced to Awpyse = 0.2k. This spectral narrowing alters the interaction,
moving the system toward a quasi-monochromatic probing configuration. The anal-
ysis includes the uncoupled baseline case (¢ = 0) to benchmark the routing perfor-
mance against a bare cavity.

For g = 0, the photon interacts exclusively with the bare cavity resonance of
width k. Since the pulse bandwidth is much narrower than the cavity linewidth,
the entire wavepacket fits inside the resonance curve. At zero detuning (A = 0), the
interaction introduces a phase shift close to m. This optimal phase differential routes
the photon almost entirely to the reflection port. Consequently, P; approaches unity
while P. drops near zero, demonstrating the maximum routing efficiency of the bare
cavity under monochromatic conditions.

The narrow-bandwidth configuration reveals its high sensitivity when weak cou-
pling is introduced at g = 0.1x. In the previous broadband case, the vacuum Rabi
splitting was hidden because the pulse covered both polaritons at once. Now, the
pulse bandwidth Awpyse = 0.2k matches the polariton separation 2g = 0.2x. The
incoming packet is spectrally narrow enough to resolve the individual light-matter
states. As a result, the single central peak splits into an emerging doublet. Two
distinct minima appear in P. at A = +0.1k, mirrored by two corresponding peaks
in P;. This feature confirms that the device acts as a sensitive, frequency-selective
router even at low coupling strengths.

When the system enters the strong coupling regime (g = k and g = 5k), the po-
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lariton resonances separate completely. According to the effective description, each
polariton possesses a decay rate of ['ey = /2 = 0.5k. The narrow pulse bandwidth
(0.2k) is smaller than this individual linewidth, yielding a ratio of e/ Awpyise = 2.5.
Each isolated polariton channel operates in an over-coupled condition. The routing
efficiency at the polariton frequencies A = +g¢ is significantly enhanced. The re-
flection probability P, easily exceeds the one-half threshold, climbing toward higher
routing values. The peak heights for ¢ = k and g = 5k reach identical maximum val-
ues on resonance. This invariance confirms that the coupling strength dictates the
spectral tuning of the routing channels without reducing their maximum efficiency.

The corresponding phase response confirms this physical picture. Figure 4.9
displays the effective phase shift ¢ for the narrow-bandwidth regime. Because the
pulse is now spectrally confined, it probes the resonances with high resolution. For
g = k and g = bk, the phase transitions at A = +g are no longer capped at 7/2.
Instead, they exhibit steep profiles that approach a full 7 shift. This occurs because
the narrow pulse bandwidth (0.2x) is fully contained within the effective polariton
linewidth (0.5k). Unlike the broadband case, the entire wavepacket accumulates a
uniform phase inversion without its spectral tails being rejected. This nearly uniform
7 phase shift maximizes the interferometric contrast. It perfectly accounts for the
high routing efficiency P, observed at the polariton frequencies. The phase analysis
thus provides a consistent explanation for the high-efficiency routing capabilities of

the device in the quasi-monochromatic limit.

4.6 Dimensional mapping and experimental fea-
sibility

The simulations presented in this thesis work are all displayed in dimensionless units,
with the temporal FWHM of the input wavepacket (i.e., 7,) serving as the fixed
reference scale. All the physical observables — detection probabilities, phase shifts,
and output wavepacket profiles — depend on the dimensionless ratio I'/Awpuise
rather than on I' and Awpyise independently. A given ratio can therefore be realized
either by changing the emitter linewidth at a fixed pulse bandwidth, as done to
explore the parameter space in Section 4.3, or by adjusting the pulse duration for a
fixed quantum dot.

To assess the experimental accessibility of the explored parameter range, we have
adopted the latter perspective. Staunstrup et al. [Sta+24] report linewidths of T" &~
1.45 and 1.95 GHz for the two dipole transitions of an InGaAs quantum dot inside a
GaAs photonic crystal waveguide at 4 K base temperature. Taking I' ~ 1.5 GHz as a
representative value, Table 4.1 lists the pulse bandwidth and duration corresponding

to each configuration explored in the numerical simulations reported in this Chapter.
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Table 4.1: Mapping of the dimensionless simulation parameters onto physical units,
assuming a representative emitter linewidth of I' = 1.5 GHz consistent with the
InGaAs quantum dot characterized, e.g., in Ref. [Sta+24]. The first column links
directly to the dimensionless coupling parameters I'7, used in the numerical figures.
Since the scattering response depends strictly on the ratio I'/ Awpyise, €ach entry can
equivalently be realized by varying I" at a fixed bandwidth, or by varying the pulse
duration 7, for a fixed value of T'.

FTg (Slm) F/Awpulse A("qulse [GHZ] Tg [HS]

0.5 0.18 8.3 0.33
1.0 0.36 4.2 0.66
1.45 0.52 29 0.96
1.9 0.69 2.2 1.3
3.0 1.08 1.4 2.0
7.25 2.62 0.57 4.9
9.5 3.43 0.44 6.3
15.0 5.42 0.28 10

The physical values span from sub-nanosecond pulses in the weak-interaction regime
(I'r, = 0.5) to 7, &~ 10 ns in the near-unity routing regime (I'7, = 15.0). All derived
durations fall within the range of current nanophotonic experiments, confirming that
the transition from partial to near-complete single-photon routing predicted by the
numerical model is accessible using existing technology.

A comparable dimensional mapping applies to the Jaynes-Cummings interfer-
ometric results discussed in Sections 4.4 and 4.5. In those simulations, the cavity
decay rate x dictates the primary physical scale. To establish a realistic experimental
context, this parameter can be directly linked to the values derived in Table 4.1. The
broadband scattering condition Awpyse = & Wwas simulated using a reference pulse.
Selecting the 7, = 2.0 ns entry yields a physical cavity linewidth of x = 1.4 GHz.

This fixed cavity decay rate directly scales the interaction parameters. Table 4.2
details the physical frequencies for the three coupling regimes explored. The vacuum
Rabi coupling g ranges from 140 MHz in the weakly coupled Purcell regime to
7.0 GHz deep within the strong coupling limit. Such values align well with standard
experimental capabilities for quantum dots embedded in photonic crystal cavities or
micropillars [LMS15].

The narrow-bandwidth scattering scenario requires a pulse spectrally five times
narrower than the cavity resonance. Imposing Awpyse = 0.2k results in a physical
bandwidth of 0.28 GHz. This value perfectly matches the 10 ns pulse duration
already listed in Table 4.1. The detuning sweeps A scale proportionally, requiring
laser tuning ranges on the order of a few tens of GHz. The entire parameter space in-
vestigated in the JC simulations is thus experimentally accessible. This scaling con-

sistency confirms the feasibility of implementing highly efficient, frequency-selective
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Table 4.2: Mapping of the dimensionless Jaynes—Cummings parameters onto phys-
ical units. The cavity linewidth is fixed at k = 1.4 GHz to match the broadband
pulse condition Awpyse = K corresponding to a 7, = 2.0 ns duration. The table
provides the physical values for the coupling strength g and the resulting vacuum
Rabi splitting 2g across the three simulated regimes.

JC Regime g/k ¢ |GHz] 2g[GHz]
Purcell 0.1 0.14 0.28
Onset of strong coupling 1.0 1.4 2.8
Deep strong coupling 5.0 7.0 14.0

photon routing with current nanophotonic solid-state architectures.

The required spectral detuning provides a final validation of the experimental
feasibility. Consider the narrow-bandwidth routing configuration at the onset of
strong coupling (¢ = k). The dimensional mapping fixes the polariton resonances
at A = +g = +1.4 GHz. To activate the routing channel, the central frequency of
the incoming single-photon pulse and the resonance of the target state must be pre-
cisely matched. Rather than sweeping the optical frequency of the excitation laser,
standard experimental protocols keep the laser carrier fixed and tune the transi-
tion energy of the emitter. For InGaAs quantum dots embedded in nanophotonic
structures, this is routinely achieved via the DC Stark effect by using local electrical
contacts (see, e.g., Ref. [Hal+18]). The works present in the literature demonstrate
that electrical gating can induce resonance shifts well exceeding 0.3 meV, which
translates to over 70 GHz in the frequency domain. A required shift of 1.4 GHz (ap-
proximately 6 peV) falls well within the easily accessible linear regime of the Stark
tuning curve. Because standard precision voltage sources provide sub-millivolt res-
olution, the resulting spectral tuning rate of a few tens of megahertz per millivolt
guarantees exact positioning on the polariton resonance. Targeting the specific po-
lariton frequencies to maximize the interferometric routing efficiency is therefore

fully compatible with modern laboratory capabilities.
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Conclusions

This thesis has presented a complete theoretical treatment of a Mach-Zehnder in-
terferometer in which the phase shift in one arm is induced by the interaction of
a single propagating photon with a quantum system: a “quantum MZI”. Two con-
figurations have been analyzed for the phase-shifting arm of the interferometer: a
two-level system coupled directly to the waveguide, for which an exact analytical
solution has been derived, and a Jaynes-Cummings system in which the emitter is
embedded within a single-mode optical cavity, which is in turn side-coupled to the
waveguide arm, treated numerically within the time-bin framework. In both cases,
the interferometer translates the phase and amplitude modifications imprinted by
the scattering process into measurable routing probabilities at the two output ports.

For the single two-level emitter case, the single-photon scattering problem has
been solved analytically by integrating the equation of motion for the emitter’s
excitation amplitude driven by a Gaussian wavepacket. The resulting closed-form
expression, written in terms of the error function with complex argument, captures
the full time-domain dynamics of the interaction including both the finite-bandwidth
effects as well as the phase modulation induced by the detuning. The macroscopic
routing probability at the reflection port, Py, has been shown to reduce to the real
part of the Faddeeva function — a Voigt profile encoding the convolution of the
Gaussian photon spectrum with the Lorentzian response of the emitter. The effec-
tive phase shift accumulated by the single propagating photon across the interferom-
eter, ®.¢, has been derived as the argument of the complex transmission amplitude
T =1— Z(A), where Z(A) is fully determined by the same Faddeeva function.
The numerical time-bin simulation and an independent Runge-Kutta integration
faithfully reproduce the analytical results across the entire parameter space. The
interferometer response is controlled by the dimensionless coupling parameter I'7,.
In the weak-coupling regime (I'r, = 0.5), only a small spectral fraction of the pho-
ton interacts with the emitter and the routing remains partial. As I'7, increases, a
critical coupling condition is reached at I'.7;, ~ 1.45, where the forward-propagating
field in the interaction arm is completely extinguished at resonance. Beyond this
threshold, the re-emitted field exceeds the input amplitude and the effective phase
shift undergoes a 7 discontinuity. In the narrow-bandwidth limit (I'r, = 15.0), the
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photon is routed from the transmission port to the reflection port with near-unity
efficiency.

For the case in which a Jaynes-Cummings system is placed in the phase shifting
arm of the interferometer, the time-bin simulation has been adopted as the primary
computational tool, due to the fact that an analytic approach would have been
highly non-trivial, if not intractable. The cavity decay rate into the single-mode
waveguide, here indicated as k, sets the natural frequency scale of the problem, and
the interferometer response has been explored as a function of the photon-cavity
detuning, A/k, as well as the vacuum Rabi coupling, g/k, across three different
regimes: weak coupling, i.e., Purcell enhanced emitter (¢ = 0.1k), onset of strong
coupling (¢ = k), and deep strong coupling (¢ = 5k) regimes, respectively. In the
Purcell regime, the system responds as a single broadened resonance, and the routing
efficiency at A = 0 reaches approximately two-thirds. As g increases beyond x/4 (set
by the Jaynes—-Cummings transition point), the transmission spectrum develops two
distinct minima at A = 4g, separated by the vacuum Rabi splitting 2¢g, with two
corresponding maxima in P,;. The reflection probability on each polariton resonance
saturates near one-half, independently of ¢ — a result explained by the reduction to
an effective two-level emitter with decay rate [y = k/2, as derived in Appendix G.
In the narrow-bandwidth regime (Awpuse = 0.25), the pulse resolves the individual
polariton channels and the phase shift at A = 4+¢ approaches 7, driving the routing
efficiency well above one-half. The dimensional mapping onto physical units confirms
that the entire parameter space explored in the simulations is accessible with current
InGaAs quantum dot technology in photonic crystal waveguides and cavities.

The theoretical framework developed here relies on a set of idealized assump-
tions that should be kept in mind when contextualizing the results. The waveguide
is treated as lossless, the beam splitters as perfectly balanced, and the quantum
emitter as purely radiative — non-radiative decay channels, pure dephasing induced
by phonon scattering, and imperfect light-matter coupling have been explicitly ex-
cluded from the Hamiltonian. Intrinsic propagation losses in the interferometric
arms and the non-ideal behavior of the beam splitters would further reduce the
absolute detection probabilities at the output ports. In a realistic solid-state envi-
ronment, these mechanisms inevitably broaden the spectral features and lower the
routing efficiency below the ideal values reported in the simulations. Nevertheless,
the core physical mechanism remains robust. The transition from a single-resonance
(Purcell) regime to a resolved polaritonic doublet dictates the fundamental routing
dynamics, and the phase-driven redistribution of the photon between the output
ports is a general consequence of the Jaynes-Cummings interaction that survives
moderate decoherence. The dimensional mapping presented in Section 4.6 confirms

that the physical parameters required to observe these effects — nanosecond pulse
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durations, emitter linewidths in the few GHz range, and vacuum Rabi couplings
ranging from hundreds of MHz to several GHz — fall within the reach of current
nanophotonic experiments on InGaAs quantum dots embedded in photonic crystal
waveguides [Sta+24; LMS15]. The electrical tunability of the quantum dot transi-
tion via the DC Stark effect, with demonstrated tuning ranges well exceeding the
required spectral shifts, provides a practical route to position the system precisely
on the target polariton resonance [Hal+18].

Several directions for future work emerge naturally from this study. A first ex-
tension concerns the two-excitation sector of the Jaynes-Cummings Hamiltonian,
in which two photons are simultaneously injected into the Mach-Zehnder interfer-
ometer. In this regime, the nonlinear saturation of the emitter produces photon-
number-dependent scattering amplitudes: the response to a two-photon wavepacket
differs from the single-photon case, as the emitter cannot absorb a second photon
while it is in the excited state. The interferometric geometry would then map these
amplitude differences into correlations between the two output ports, providing a
direct route to investigate the Hong-Ou-Mandel effect in the presence of a quantum
emitter. The interplay between photon indistinguishability and emitter-mediated
nonlinearity may alter the bunching statistics with respect to the passive beam-
splitter case, and the time-bin framework employed in this thesis can be extended
to handle the two-excitation Hilbert space without modification of the underlying
algorithmic structure. On the applied side, the device studied in this thesis repre-
sents a single unit cell of the mesh architectures underlying quantum photonic neu-
ral networks [Ste+19; Ewa+23|, where tunable Mach-Zehnder interferometers with
single-site nonlinearities constitute the elementary computational building block.
The characterization of the single-photon routing efficiency and its dependence on
the system parameters carried out in this work may therefore set the basis for the
design of such networks at the level of the individual nonlinear interferometric nodes

behaving quantum mechanically.
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Appendix A

Derivation of the Equations of
Motion and the Input—Output

Relation

The state |1;_1) describes the joint system composed of the emitter and the field
after the emitter has interacted with the first (k — 1) time bins of the waveguide
field, but before it interacts with the k-th bin.

1) = 20 VALE() |9)IL) + velk — 1) [e)]0) (A1)

In other words, the bins with indices 7 < k correspond to portions of the photonic
pulse that have already interacted with the emitter and possibly been scattered,
while the bins with j > k represent the remaining part of the pulse that has not yet
reached the emitter. At this stage, the emitter may be found either in its excited
state, with probability amplitude ¥.(k — 1), or in the ground state, correlated with
the unscattered portion of the field.

Recalling Eq. (2.20), we can derive the effect of the unitary evolution on the two

relevant subspaces, |g)|1) and |e)|0):

Ule)l0) = (1= ZAt) [e)0) - At 9L, (A.2)
Uklg)|Le) = 9|11} + y/vAt ) 0). (A.3)

Following the interaction with the k-th time bin, the system state evolves as
W) = VAt Eoue(tr) |9) | 1k) + ve(k) [€)]0) = Uy [ve1). (A4)

Where we can separate the different contributions as follows: the future bins (j > k)

do not interact and therefore remain unchanged, the current bin (5 = k) evolves
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according to Eq. (A.2)- (A.3), and the excited state also evolves under the same
equations. By evaluating the evolution of the (k — 1)-th state and collecting the

coeflicients of the two subspaces, we obtain:

bolk) = (1 - gAt) Velk — 1)+ AALE(t), (A.5)

VAL Eoui(t) = VALE(tr) — \yAL e (k — 1). (A.6)

By dividing by At and taking the limit At — 0, we obtain the Eq. (2.23) [HJE20]:
dy.(k —

b 2L - 1)+ A (A7)

and the well-known input-output relation in Eq. (2.24) [HJE20; GC85]:

Sout (k) = E(t) — V7 ¢e(k = 1) (A.8)
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Appendix B

The Faddeeva Function and the
Voigt Profile in Waveguide QED

The Faddeeva function, also known as the complex error function, is a special func-
tion of fundamental importance across various branches of physics, including spec-
troscopy, plasma kinetics, and radiative transfer. Mathematically, it is defined as a

scaled complex complementary error function:
w(z) = e erfe(—iz) (B.1)

where z is a complex variable. From a physical perspective, the Faddeeva func-
tion naturally emerges whenever the system under consideration is governed by the
convolution of a Gaussian and a Lorentzian distribution (i.e., a simple pole in the
complex plane).

The real part of the Faddeeva function, up to normalization constants, consti-
tutes the renowned Voigt profile. In classical spectroscopy, the Voigt distribution
models the broadening of a spectral line due to the simultaneous combination of two
independent mechanisms: thermal Doppler broadening (which produces a Gaussian
profile) and natural or collisional broadening (which produces a Lorentzian profile).

In the context of this thesis, which focuses on Waveguide Quantum Electro-
dynamics (Waveguide QED), the Voigt profile and the Faddeeva function do not
describe the thermal broadening of a classical atomic gas. Rather, they emerge
deterministically from the quantum kinematics of a single scattering event.

Our system involves an incident single photon, which is not an ideal monochro-
matic wave but possesses a finite bandwidth described by a Gaussian spectral enve-
lope (characterized by the standard deviation o). The quantum emitter, acting as a
two-level system, responds instead with a Lorentzian resonance curve, governed by
its radiative decay rate v and the frequency detuning A.

When computing the overlap integral between the photonic pulse and the tem-
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poral response of the atom to obtain the macroscopic probabilities, we are effectively
performing a convolution in the frequency domain between the Gaussian spectrum
of the pulse and the Lorentzian susceptibility of the two-level emitter. It is for
this precise structural reason that the complex scattering amplitude assumes the
elegant analytical form of the Faddeeva function, and that the macroscopic routing
probabilities faithfully follow a Voigt profile.

To rigorously interpret the dynamics of the Mach-Zehnder interferometer and
the phase shift accumulated by the photon, it is imperative to establish a clear
physical distinction between two fundamental quantities: the scattering amplitude

Z and the macroscopic transmission amplitude 7T .

o The Scattering Amplitude (Z): This quantity is directly proportional to the
Faddeeva function and describes exclusively the local response of the emitter.
Its real part (the Voigt profile) quantifies the absorption and emission of the
photon by the dipole, while its imaginary part quantifies the dispersion, namely

the intrinsic phase shift introduced by the atomic polarizability.

o The Transmission Amplitude (7): Defined by the interferometric relation
T = 1 — Z, this quantity describes the global outcome of the propagation
process within the waveguide arm housing the atom. Physically, it represents
the coherent superposition between the unperturbed incident field and the
forward-scattered field from the TLS, whose negative sign reflects the charac-

teristic phase opposition of resonant emission.

The phase shift measurable at the interferometer detectors (®.ss) does not triv-
ially coincide with the phase angle of the Faddeeva function, but is instead given
by the argument of the entirely transmitted wave 7. In a regime of strong one-
dimensional light-matter coupling, the intensity of the scattered field can equal or
even exceed that of the unscattered incident field. At resonance, this dynamic causes
the real part of Z to dominate over the coherent background, driving the transmis-
sion vector 7T into the complex half-plane with a negative real part. It is precisely
this geometric transition, stemming from the destructive interference between 1 and
Z, that generates the highly non-linear phase jump and the topological phase wind-

ing of £ observed in the numerical simulations of the device.

89



Appendix C

Energy Conservation and the

Macroscopic Scattering Response

The exact mathematical relationship between the macroscopic routing probability
P4 and the complex scattering response Z is fundamentally rooted in the conserva-
tion of probability. This connection, which represents a one-dimensional manifesta-
tion of the Optical Theorem, can be rigorously derived directly from the continuous-
time equation of motion of the two-level system.

Let us consider the differential equation governing the probability amplitude of

the excited state of the emitter in the waveguide:

die(t)

= ) + /() (€)

To evaluate the dynamic balance of the atomic population, we compute the time
derivative of the excitation probability, [1.(t)|> = ¥} (¢)v(t):

0 = w0 (0) + () )

Substituting the equation of motion into this expression yields:

D) = e + T L) + Gl (C3)

Recognizing that the sum of a complex number and its conjugate equates to twice

its real part, the population dynamics simplify to:

jtrwe@)\? = =[O + 2y/7Re [, (B)ve(1)] (C4)

We now integrate this equation over the entire duration of the scattering event,
fromt = —oo tot = 4+00. Since the emitter is initially in its ground state prior to the
arrival of the photon and must eventually decay back to it via spontaneous emission,
2

the boundary conditions strictly enforce that [¢.(+00)|* = 0. Consequently, the
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integral of the total derivative on the left-hand side vanishes exactly:
+00 9 +oo .
0= [ et +2y7Re | [ g 0ult)d] (€3)

Rearranging the terms, we establish a strict identity between the integrated atomic

population and the coherent overlap integral:

TP = vare [ [ g wo] (C.6)

At this stage, we map these integral quantities to the macroscopic observables
defined in the theoretical framework. The term on the left is exactly twice the inte-
grated transmission-like routing probability, since, by definition, Py = 2 [755 [, (t)|dt.
The integral enclosed in the real part on the right side is precisely the definition of
the macroscopic complex scattering response Z.

Substituting these macroscopic definitions into the integral equality, we obtain
the exact relation:

2P, = RelZ] (C.7)

Beyond its rigorous mathematical derivation, this factor of 2 embodies a profound
physical interplay between the local dipole radiation dynamics and the global in-
terferometric geometry. From the perspective of light-matter interaction, the term
2Re[Z] quantifies the total energy exchanged between the incident field and the
two-level system. In both classical and quantum electrodynamics, the total power
transferred to a dipole oscillator is strictly proportional to twice the real part of the
overlap between the driving field and the induced polarization. Thus, the quantity
2Re[Z] physically represents the total integrated probability of the photon being
scattered by the emitter.

However, this locally scattered light must navigate the macroscopic architecture of
the MZI to be detected. Because the emitter is embedded in only one arm of the
interferometer, the interaction occurs after the first 50:50 beam splitter and the
scattered field subsequently pass through the final 50:50 beam splitter to reach the
output ports. Each balanced beam splitter divides the field amplitude by a factor of
V2. Consequently, the intensity of the scattered field reaching the transmission-like
dark port (d) undergoes a geometric attenuation (1/v/2)* = 1/4 relative to the total
intensity of the incoming single photon.

The integrated detection probability P, therefore measures exactly one-quarter of
the total scattered energy: Py = § X (2Re[Z]) = sRe[Z]. The identity Re[Z] = 2P,
is thus not a mere mathematical artifact, but the necessary physical bridge recon-
ciling the continuous-mode dipole scattering theory with the discrete, linear optical

transformations of the MZI.
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Appendix D

Analytical Derivation of the
Critical Coupling Rate

In the framework of Waveguide Quantum Electrodynamics, a dynamical regime
of particular physical interest is the perfect critical coupling. In this regime, the
coherent forward-propagating field in the waveguide is completely extinguished due
to perfect destructive interference with the secondary wave resonantly emitted by
the quantum dot. In terms of the scattering formalism developed in Chapter 3, this
condition corresponds to the vanishing of the single-arm transmission amplitude at
zero detuning, 7 (A =0) =1— Z(0) = 0.

Recalling the fundamental interferometric relation 7 = 1 — Z(A), the critical
coupling condition rigorously translates to imposing a unity macroscopic scattering

response at exact resonance:

Z(0) = 1. (D.1)

To determine the specific atomic decay rate v that satisfies this condition, we rely

on the exact closed-form expression for the complex response derived previously:

Z(A) = 270—\/§W (ﬂa (A 4 z;)) | (D.2)

Under strictly resonant conditions (A = 0), the argument of the Faddeeva function,
W (z), becomes purely imaginary. Leveraging the mathematical identity W (iy) =
ey2erfc(y) for y € R, the complex response elegantly loses its dispersive imaginary
component, reducing to a strictly real function. By introducing the dimensionless
parameter r = “’—‘;, the critical coupling condition simplifies to the following tran-
scendental equation:

2y/mre” erfe(x) = 1. (D.3)

This relationship encapsulates the delicate energetic balance between the finite

bandwidth of the incident Gaussian wavepacket (parameterized by o) and the ra-
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diative decay rate of the atomic transition (). Solving this transcendental equation

numerically yields a single definitive positive root:
x ~ 0.435. (D.4)

To extract the corresponding critical dimensionless coupling parameter, 7.7,

we express the standard deviation o in terms of the intensity Full Width at Half

Tg

Maximum (FWHM), 7,. Utilizing the rigorous statistical relation o = ; NOTTVL and

substituting this into the definition of x, we find:

Vg
r=—. D.5
44/1n 2 (D:5)
By isolating the dimensionless coupling parameter and substituting the numerical
root for x, we obtain the exact condition required to achieve perfect coherent can-

cellation:

YTy = 4xvIn2 ~ 1.45. (D.6)

This analytically derived dimensionless value identifies the exact transition threshold
between the undercoupled (y7, < 1.45) and overcoupled (y7, > 1.45) scattering
regimes. It confirms that a dimensionless coupling parameter of y7, ~ 1.45 induces a
discontinuous £ phase jump in the transmitted field exactly at resonance. It should
be noted that this condition characterises the single-arm scattering problem: in the
full Mach—Zehnder interferometer, the detection probability at the dark port P; =
%Re[Z] does not reach unity at critical coupling and continues to grow monotonically

for y7, > 7.7,, as the scattering response Z(0) can exceed unity.
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Appendix E

Comparison with the Numerical
RK4 Solution

The numerical approach utilizing the time-bin formalism provides an exact and
norm-preserving solution for the system’s unitary evolution. To ensure the robust-
ness and validity of this approach, it is essential to compare the results with a
standard numerical technique for solving ordinary differential equations (ODEs),
such as the Fourth-Order Runge-Kutta Method (RK4). The full Python code is
presented as follows.

The RK4 method, often referred to as the classical Runge-Kutta method, is
a highly effective iterative technique for approximating the solution to an Initial
Value Problem (IVP) of a first-order ODE, typically expressed as dy/dt = f(t,y(t))
[Gurl6; Kaw10].

In the context of the single-photon scattering problem, the time evolution of
the emitter’s excitation amplitude, ¥.(t), is governed by the first-order ODE of
Eq. (2.23).

The RK4 method calculates the solution y,; at time t,41 = t, + h (where h is

the step size) based on the known value y,, at time ¢, [Wanl1]:

h
Yn+1l = Yn + g(kl + 2k2 + 2k3 + k4) (El)

The core of the method involves calculating four estimated slopes, ki, ko, k3, k4,
across the interval [t,,t,.1], which are combined as a weighted average to achieve
high accuracy [Kaw10; Was07]:

e ky: Slope at the beginning of the interval (Euler’s estimate):

kl - f(tmyn)
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Figure E.1: Comparison of the output field intensity |£,u(#)|? derived from the
matrix-based time-bin model (blue solid line) and the numerical RK4 solution of
the continuous ODEs (light blue shaded area). The gray shaded area represents the
normalized input Gaussian pulse |&,|?. The excellent overlap confirms the consis-
tency between the two numerical frameworks.

e ky: Slope at the midpoint, using the k; estimate:

h h
ky = f (tn+ §7Z/n+ 2k1>

e ks: Slope at the midpoint, refined using k»:

h h
k3 - f (tn + §7yn+ 2k2>

e ky: Slope at the endpoint, using k3:
ks = f(tn + h, yn + hiks)

The RK4 method is preferred for its fourth-order accuracy, meaning the global
truncation error is proportional to O(h?). Once the numerical solution for 1, (t)
is obtained, the output wave-packet function &,,.(t) is determined via the input-
output relation provided in Eq. (2.24). The RK4 algorithm was implemented in
Python (details provided in Appendix B) using the same simulation parameters
(v = 1.0, h = At = 0.05) and Gaussian input pulse ({(t)) as the matrix time-
bin model. Figure E.1 presents a comparative plot of the input and output field
intensities, |&,]? and |€que|?, obtained from the two distinct numerical methods.

The visual analysis of the output intensity [£,u()]* demonstrates an excellent

quantitative agreement between the temporal profiles computed by the two methods:
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the blue solid line, representing the result from the matrix time-bin model, perfectly
overlaps with the light blue shaded area, representing the result from the RK4
solution, and the characteristic scattering pattern is accurately captured by both
approaches, with a clear dip in intensity during the interaction time, followed by a
delayed re-emission peak. This appendix provides also the complete Python source
code used to generate the numerical RK4 solution, which served as the primary

benchmark for cross-validating the matrix-based time-bin model.

Listing 1: Implementation of the RK4 method for the solution of the continuous
ODE.

from __future__ import annotations
import numpy as np
import matplotlib.pyplot as plt
from typing import Callable, Tuple, Union
ArraylLike = Union[float, complex, np.ndarray]
def _as_arrayld(yO: ArrayLike) -> np.ndarray:
arr = np.asarray(y0)
if arr.ndim ==
arr = arr.reshape(1)
if np.iscomplexobj(arr):
return arr.astype(complex, copy=False)
return arr.astype(float, copy=False)
def rk4_step(f: Callable[[float, np.ndarray], np.ndarray],
t: float,
y: np.ndarray,

h: float) -> np.ndarray:

k1 = f(t, y)

k2 = £f(t + 0.5%h, y + 0.5%h¥k1l)
k3 = f(t + 0.5%h, y + 0.5%h*k2)
k4 = £f(t + h, y + hxk3)

return y + (h/6.0)*(kl + 2%¥k2 + 2xk3 + k4)
def rk4(f: Callable[[float, np.ndarray], np.ndarray],

t_span: Tuple[float, float],
yO: ArrayLike,
h: float):

t0, tf = t_span

if h <= 0:
raise ValueError("h must be > 0")

if tf < t0:

raise ValueError("tf must be >= t0")
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y = _as_arrayld(y0)

dim = y.size

N = max(1, int(np.ceil((tf - t0)/h)))
h = (¢f - t0)/N

t = np.linspace(t0, tf, N+1)

Y = np.empty((N+1, dim), dtype=y.dtype)
Y[0] =y

ti = t0

for n in range(N):
y = rk4_Step(f: tl, Y, h)

Y[n+l] =y
ti = t[n+1]
if dim ==

return t, Y[:, O]
return t, Y
gamma, Delta = 1.0, 0.0
def xi(t, tauG=1.0, t0=5.0):

return

— mnp.sqrt(2/tauG)*(np.log(2) /np.pi)**0.25%np.exp (-2*np.log(2)* (t-t0) **2/tauG*

def f_tls(t, psi_vec):
i = psi_vec[0]

psi

rhs

return np.array([rhs], dtype=complex)
t_tls, psi = rk4(f_tls, (0.0, 10.0), y0=0.0+0.0j, h=5e-3)

xi in = xi(t_tls)

xi_out_rk4 = xi_in - np.sqrt(gamma) * psi

(-(gamma/2) - 1j*Delta)*psi + np.sqrt(gamma)*xi(t)
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Appendix F

Python Code for the time-bins

Numerical Simulation

The complete Python implementation of the matrix-based time-bin model is re-

ported below.

Listing 2: Time-bin simulation code.

import numpy as np

from scipy.special import wofz, erf

from scipy.sparse import csr_matrix, 1lil matrix, bmat, identity,

— diags

from scipy.sparse.linalg import expm multiply

import datetime

# — == = ==

# PARAMETERS: TLS (Two-Level System)

# = P - P

# Spontaneous emission rates to explore (main scan)
tls_gamma_values = [0.5, 1.0, 1.45, 1.9, 3.0]

# Fine gamma range for the dense scan around the critical coupling

tls_gamma_focus = np.round(np.arange(1.40, 1.51, 0.01), 2)

# Atom-field detuning sweep

tls _delta values

tls _delta focus
tls_delta_snapshot_values
# Gaussian wavepacket
tls_sigma = 0.425

tls tO =5.0

# Time grid

tls_tmax = 15.0

np.arange(-10.0, 10.0, 0.1)
np.round(np.arange(-0.10, 0.11, 0.01), 2)
[0.0, 1.0, 2.0, 3.5, 5.0]
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tls dt = 0.005
tls_times = np.arange(0, tls_tmax + tls_dt, tls_dt)
tls N = len(tls_times)
tls_dim w = tls N + 1 # N time-bins + 1 atomic degree of
- freedom
if tls_dt > tls_sigma:
raise ValueError(f"tls_dt={tls_dt} > tls_sigma={tls_sigma}: time
< step too coarse")
if tls_tmax < tls_tO0:
raise ValueError(f"tls tmax={tls_tmax} < tls_tO0={tls_tO0}: grid

- does not cover the pulse")

#_
# PARAMETERS: JC (Jaynes—-Cummings + cavity)
#
# Cavity-waveguide coupling rate (cavity linewidth, HWHM), units of

-~ kappa

jc_kappa = 1.0

# Vacuum Rabi coupling strengths (main scan)

# g = 0.1 kappa : weak coupling (Purcell regime)
# 9
# 9

jc_g_values

1.0 kappa : onset of strong coupling

5.0 kappa : deep stromg coupling
[0.0, 0.1, 1.0, 5.0]
sorted(set(jc_g values + [0.5, 1.5]))  # denser

jc_g_values_pop
—~ set for the internal-populations run at Delta = 0

# Photon-cavity detuning sweep (delta = omega_p - omega_c)

np.round(np.arange(-8.0, 8.01, 0.05), 5)
np.round(np.arange(-0.5, 0.501, 0.01), 5)
[0.0, 0.1, 1.0, 5.0]

# Gaussian wavepacket — sigma chosen so that spectral FWHM = kappa:

jc_delta_values

jc_delta_focus

jc_delta_snapshot_values

#  FWHM_omega = sqrt(2 ln 2) / sigma = kappa => sigma = sqrt(2
o Im2) x5

jc_sigma = 5 * np.sqrt(2 * np.log(2))
jc_t0 =30
# Time grid

jc_tmax = 80
jec_dt = 0.02

jc_times = np.arange(0, jc_tmax + jc_dt, jc_dt)

jc N len(jc_times)

if jc_dt > jc_sigma:
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81

82

83
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raise ValueError(f"jc_dt={jc_dt} > jc_sigma={jc_sigmal}: time
- step too coarse")
if jc_tmax < jc_tO:
raise ValueError(f"jc_tmax={jc_tmax} < jc_tO0={jc_t0}: grid does

< mnot cover the pulse")

#_
# COMMON UTILITY FUNCTIONS
#_
def pulse_shape(t, sigma, t0):

"""Gaussian probability amplitude, normalised so that int
~ [pulsel/ 2 dt = 1."""

norm = (1.0 / sigma) ** 0.5 % (1.0 / (2.0 * np.pi)) *x 0.25
return norm * np.exp(-(t - t0) ** 2 / (4.0 % sigma ** 2))

# —-—-— Beam-splitter ladder operators (shared by both simulations)
# Field vector layout (dim = 1 + 2N):

# psi_field[0] : vacuum

# psi_field[1:N+1] :wg_alk], k=0..N-1 (upper arm)

# psi_field[N+1:2N+1]: wg_bl[k], k=0..N-1 (lower arm)

def w _bin_a(k, N):
dim =1 + 2 * N
return csr_matrix(([1.0], ([0], [k + 1])), shape=(dim, dim),
< dtype=complex)

def wd bin _a(k, N):
dim =1 + 2 * N
return csr_matrix(([1.0], ([k + 1], [0])), shape=(dim, dim),
- dtype=complex)

def w_bin b(k, N):
dim =1 + 2 * N
return csr_matrix(([1.0], ([0], [N + k + 1])), shape=(dim, dim),
- dtype=complex)

def wd bin b(k, N):
dim = 1 + 2 * N
return csr_matrix(([1.0], ([N + k + 1], [0])), shape=(dim, dim),
< dtype=complex)

def construct H n bs(n, N, dt):
"inn
50:50 beam-splitter Hamiltonian (Hadamard convention) for
-~ time-bin n.
H = i*x(pi/4/dt) * (wd_b w_a - wd_a w_b)
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86 => exp(-1 H dt) = (1/sqrt(2)) [[1,-1],[1,1]]

mimnn
87

88 V =np.pi/ 4

89 wa = w bin a(n, N); wd a = _wd_bin_a(n, N)
90 w b = w bin b(n, N); wd b= wd bin b(n, N)
91 return 1j * (V / dt) * (wd_b @ w_a - wd_a @ w_b)

92 def build_initial field state(pulse_in, N, dt):

nmnn
93

94 Initial field vector for the full time-bin MZI formalism.

95 psi_field[n+1] = sqrt(dt) * pulse_in[n+1] for n = 0..N-2 (wg_a
~ = input, wg_b = vacuum).

96 o

o7 psi = np.zeros(l + 2 * N, dtype=complex)

98 psi[1:N] = np.sqrt(dt) * pulse_in[1:N]

99 return psi

100 # =

101 # TLS HAMILTONIAN

102 # = = =

13 def construct_H_n(n, gamma, delta, N, dt):

nmnn
104

105 Sparse TLS Hamiltonian in the full time-bin formalism at step
> on.

106 Acts on psi_tls of dimension 2%(N+1):

107 psi_tls[0:N+1] : ground sector (field in wg_a)

108 pst_tls[N+1:2+%(N+1)]: excited sector (field in wg_a)

100 Block structure:

110 H=1[[ 0, -pref * wd_n ],

111 [ pref * w_n, delta * I  ]]

112 with pref = 1 * sqrt(gamma / dt).

s win

114 dim w = N + 1

115 pref = 1j * np.sqrt(gamma / dt)

116 w_n = 1il matrix((dim_w, dim_w), dtype=complex)

117 if n + 1 < dim_w:

118 w_n[O, n+ 1] =1.0

119 wn = w.n.tocsr()

120 wd_n = w_n.conj().T.tocsr()

121 H_gg = csr_matrix((dim_w, dim_w), dtype=complex)

122 H_ee = delta * identity(dim_w, dtype=complex, format='csr')

123 return bmat([[H_gg, -pref * wd_n],
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124

125

126

127

128

129

131

132
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134

135
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137

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

[pref * w_n

, H ee]]l, format='csr')

#_

# JAYNES-CUMMINGS HAMILTONIAN

#

def construct_H n_jc(n, kappa, g, delta, N, dt):

nmmnn

Sparse Jaynes—-Cummings Hamiltonian in the full time-bin

—

formalism at step n.

Acts on psi_sys of dimension N+2:

psi_sys[0:N]
psi_sys[N]

psi_sys[N+1] : atom

—

= omega_0)

: waveguide time-bins

: cavity mode

(kept on resonance with cavity: omega_c

Non-zero off-dtagonal couplings:

wg bin n <-> cavity

cavity <-> atom

: coupling sqrt(kappa/dt)

: wvacuum Rabi coupling g

Diagonal: delta = omega_p — omega_c on both cavity and atom.

won
dim
pref
rows
cols
data
H =
diag
diag
diag

=N + 2

= 1j * np.sqrt(kappa / dt)
= [n, N, N,

= [N, n, N+1,

[-pref, pref, g,

N + 1]
N ]
g ]

csr_matrix((data, (rows, cols)), shape=(dim, dim),

dtype=complex)

_vals =
_vals[N] = delta
_vals[N + 1] = delta

np.zeros(dim, dtype=complex)

return H + diags(diag vals, format='csr')

#

# ANALYTIC SCATTERING FUNCTIONS (TLS, Faddeeva)

#_

def calculate_analytic_scattering(delta_values, gamma, sigma):

nmnn

Transmission (P_trans), reflection (P_refl), and phase shift

—

for a TLS

in a waveguide, for a Gaussian wavepacket of width sigma

—

mimnn

(Faddeeva function).
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158

159

160

161

162

163

164

165

166

167

169

170

171

172

173

174

175

176

178

179

180

181

182

183

184

186

187

def

def

z = np.sqrt(2) * sigma * (-delta_values + 1j * (gamma /
- 2))

prefactor = gamma * sigma * np.sqrt(np.pi / 2)

Z = prefactor * wofz(z)

P_refl = np.real(Z)

P trans = 1.0 - P_refl

phase = np.angle(1.0 - 2.0 * Z)

return P_trans, P_refl, phase
calculate_analytic_complex_amplitudes(delta_values, gamma,
sigma) :
Complex transmission amplitude T and scattering response Z for
-~ a TLS,
for a Gaussian wavepacket of width sigma. Returns (T, Z) with
- TI'=1-2.
z = np.sqrt(2) * sigma * (-delta_values + 1j * (gamma /
~ 2))
prefactor = 2 * gamma * sigma * np.sqrt(up.pi / 2)
YA = prefactor * wofz(z)
return 1.0 - Z, Z
calculate _psi_out_analytic(pulse_vals, gamma, delta, sigma, tO,
times_plot):
Closed-form output wavefunction psi_out(t) for a TLS in a
- waveguide.
With lambda = gamma/2 + i*delta and mu_eff = t0 +
— 2*sigma "2*lambda:
c_e(t) = sqrt(gamma) * (pi*sigma2/2) {1/4}
* exp[-lambda*(t-t0) + lambda "2*sigma 2]
* [erf((t - mu_eff)/(2*sigma)) -
o erf(-mu_eff/(2*sigma))]
psi_out(t) = pulse_in(t) - sqrt(gamma) * c_e(t)

mnimnn

lam = gamma / 2 + 1j * delta

mu_eff = t0 + 2 * sigma*x*2 * lam

pref = np.sqrt(gamma) * (np.pi * sigma**2 / 2)*x0.25
exp_term = np.exp(-lam * (times_plot - t0) + lam**2 * sigmax*2)

erf_term = erf((times_plot - mu_eff) / (2 * sigma)) - erf(-mu_eff
- /(2

*

sigma))
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188

189

191

192

193

194

195

196

197

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

c_e = pref * exp_term * erf_term

return pulse vals[:-1] - np.sqrt(gamma) * c_e

# — —t— — —t— —t— —t— —t— — —t— —
# TLS SIMULATION

# = == = == === == == = == ==
# -——— Input field ——-

tls_pulse_in = pulse_shape(tls_times, tls_sigma, tls_t0)

tls_pulse_in /= np.sqrt(np.sum(np.abs(tls_pulse_in)**2) * tls_dt)

tls_psi_field_init = build_initial field state(tls_pulse_in, tls_N,

—

tls_dt)

def run_one_tls(gamma, delta):

"""Run one full time-bin MZI simulation for a TLS at the given
~ (gamma, delta).
Returns a dict with integrated probabilities and selected

— time-domain fields."""

psi_field
psi_tls
upper_arm_out
port_refl field
port_trans_field
for n in range(t

# BS1

H n bs

psi_field

= tls_psi_field init.copy()
= np.zeros(2 * tls_dim w, dtype=complex)
= np.zeros(tls_N, dtype=complex)

np.zeros(tls_N, dtype=complex)

np.zeros(tls_N, dtype=complex)
1s N - 1):

construct H n bs(n, tls N, tls_dt)
expm_multiply(-1j * H_n_bs * tls_dt, psi_field)

# TLS interaction

psi_tls[n + 1]

psi_field[n + 1]

Hn = construct_H n(n, gamma, delta, tls_N,
~ tls_dt)

psi_tls = expm_multiply(-1j * H_n * tls_dt,

~ psi_tls)

psi_field[n + 1]
upper_arm_out[n + 1] =
# BS2

psi_field = expm _multiply(-1j * H_n_bs * tls_dt, psi_field)
port_refl field[n + 1] = psi_field[n + 1] /

< np.sqrt(tls_dt)

port_trans field[n + 1] = psi_field[tls N + n + 1] /

psi_tls[n + 1]
psi_tls[n + 1] / np.sqrt(tls_dt)

np.sqrt(tls_dt)

P_trans = np.sum(np.abs(port_trans_field[:-1])**2) * tls_dt
P refl = np.sum(np.abs(port_refl field[:-1])**2) x tls_dt
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221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

xi_out upper_arm_out * np.sqrt(2)

overlap_out = np.sum(np.conj(tls_pulse_in) * xi_out) * tls_dt

overlap_in np.sum(np.abs(tls_pulse_in)**2) * tls_dt

transm = overlap_out / overlap_in if np.abs(overlap_in) >
— le-15 else 0.0 + 0j
return {

'P_trans': P_trams,
'P_ refl': P_refl,

'transm': transm,
'xi_out': xi_out,

}
# -—— Simulation loop ——-

_t0_tls = datetime.datetime.now()

print(£"TLS simulation started [{_tO_tls.strftime('%H:%M:%S')}]")
tls_all _deltas = np.sort(np.unique(np.concatenate((tls_delta_values,
< tls_delta_focus))))

tls_all gammas = np.sort(np.unique(np.concatenate((tls_gamma values,

< tls_gamma_focus))))

n_tls_gamma len(tls_all_gammas)
n_tls delta len(tls_all deltas)
tls_results_by_gamma = {}

for g_idx, current_gamma in enumerate(tls_all gammas, 1):
print(f"\n[{g_idx}/{n_tls_gamma}] gamma = {current_gamma}
— ({n_tls_delta} delta points)")

trans_list = [
refl list = [
phase_list =[]
transm list = [

gaussian_plots = {}
milestones = {int(n_tls delta * f) for f in (0.25, 0.50, 0.75,
- 1.00}
for d_idx, current delta in enumerate(tls _all deltas, 1):
if d_idx in milestones:
print(f" delta {d_idx}/{n_tls_deltal}
— ({100%d_idx//n_tls_deltal}’%)")
out = run_one_tls(current_gamma, current_delta)
trans_list.append(out['P_trans'])
refl list.append(out['P_refl'])
phase_list.append(np.angle(out['transm']))

transm_list.append(out['transm'])
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255 for d_snap in tls_delta_snapshot_values:
256 if np.isclose(current_delta, d_snap, atol=le-5):
257 gaussian_plots[d_snap] =

— mnp.abs(out['xi_out'][:-1])*%2

258 break

259 tls_results_by_gamma[current_gamma] = {

260 'trans_final': np.array(trans_list),
261 'refl final': np.array(refl_list),
262 'phase numeric': np.array(phase_list),
263 "transm_complex': np.array(transm_list),
264 'gaussian_plots': gaussian_plots,

265 }

266 _tl tls = datetime.datetime.now()
267 print (f"\nTLS simulation complete (elapsed: {str(_tl_tls -
< _t0_tls).split('.")[01F)™)

s # = == == ====== == == ====
260 # JAYNES-CUMMINGS SIMULATION

20 # = == = == = = == = ==

er1 # ——— Input field -—-

o2 jc_pulse_in = pulse_shape(jc_times, jc_sigma, jc_tO)

a3 jc_pulse_in /= np.sqrt(np.sum(np.abs(jc_pulse_in)**2) * jc_dt)
ora jc_psi_field_init = build_initial field state(jc_pulse_in, jc_N,
<~ jc_dt)
o5 def run_one_jc(g, delta):
276 """Run one full time-bin MZI simulation for the JC system at
~ the given (g, delta).
277 Returns a dict with integrated probabilities, internal

— populations, and

278 the complex transmission amplitude. """

279 psi_field = jc_psi_field_init.copy()

280 psi_sys = np.zeros(jc N + 2, dtype=complex)

281 upper_arm_out = np.zeros(jc_N, dtype=complex)
282 port_refl field = np.zeros(jc_N, dtype=complex)
283 port_trans_field = np.zeros(jc_N, dtype=complex)
284 cav_amp = np.zeros(jc_N, dtype=complex)
285 atom_amp = np.zeros(jc_N, dtype=complex)
286 for n in range(jc N - 1):

287 # BS1

288 H n bs = construct_H n_bs(n, jc_N, jc_dt)

289 psi_field = expm_multiply(-1j * H_n_bs * jc_dt, psi_field)
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290 psi_sys[n] = psi_field[n + 1]

201 # Jaynes—-Cummings evolution

292 H n jc = construct H n_jc(n, jc_kappa, g, delta, jc_N,
< jc_dt)

293 psi_sys = expm multiply(-1j * H_n_jc * jc_dt, psi_sys)

294 psi_field[n + 1] = psi_sys([n]

295 upper_arm_out[n + 1] = psi_sys[n] / np.sqrt(jc_dt)

296 cav_amp[n + 1] = psi_sys[jc_N]

297 atom_amp[n + 1] = psi_sys[jc_N + 1]
208 # BSZ2
299 psi_field = expm _multiply(-1j * H n_bs * jc_dt, psi_field)
300 port_refl field[n + 1] = psi_field[n + 1] /
< np.sqrt(jc_dt)
301 port_trans_field[n + 1] = psi_field[jc_ N + n + 1] /
< mnp.sqrt(jc_dt)

302 P_trans = np.sum(up.abs(port_trans_field[:-1])#**2) * jc_dt
303 P_refl = np.sum(np.abs(port_refl field[:-1])**2) * jc_dt
304 xi out = upper_arm_out * np.sqrt(2)
305 overlap_out = np.sum(np.conj(jc_pulse_in) * xi_out) * jc_dt
306 overlap_in = np.sum(np.abs(jc_pulse_in)**2) * jc_dt
307 transm = overlap_out / overlap_in if np.abs(overlap_in) >

— le-15 else 0.0 + 0j
308 return {
309 '"P_trans': P _trans,
310 'P_refl': P_refl,
311 '"transm': transm,
312 'xi_out': xi_out,
313 'cav_amp': cav_amp,
314 'atom_amp': atom_amp,
315 }
si6 # ——— Main simulation loop (full delta sweep for each g) —-—-

sir_t0_jc = datetime.datetime.now()

sis print (£"\nJC simulation started [{_tO_jc.strftime('JH:%M:%S')}]")

si9 jc_all _deltas = np.sort(np.unique(np.concatenate((jc_delta_values,
<~ jc_delta_focus))))

a0 n_jc_delta = len(jc_all_deltas)

321 n_jc_g = len(jc_g_values)

a2 jc_results_by_g = {}

s23 for g_idx, current_g in enumerate(jc_g_values, 1):
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324 print(f"\n[{g_idx}/{n_jc_g}]l g = {current_g} ({n_jc_deltal}
— delta points)")

325 trans_list = [
326 refl list =[]
327 phase_list =[]
328 transm_list = [
329 cav_pop_plots = {}
330 atom_pop_plots = {}
331 milestones = {int(n_jc_delta * f) for f in (0.25, 0.50, 0.75,
~ 1.0)}
332 for d_idx, current_delta in enumerate(jc_all deltas, 1):
333 if d_idx in milestones:
334 print(f" delta {d_idx}/{n_jc_deltal}
< ({100%d_idx//n_jc_deltal}’)")
335 out = run_one_jc(current_g, current_delta)
336 trans_list.append(out['P_trans'])
337 refl_list.append(out['P_refl'])
338 phase_list.append(np.angle(out['transm']))
339 transm_list.append(out['transm'])
340 for dc_snap in jc_delta_snapshot_values:
341 if np.isclose(current_delta, dc_snap, atol=le-5):
342 cav_pop_plots[dc_snap] =
— np.abs(out['cav_amp'] [:-1])**2
343 atom_pop_plots[dc_snap] =
< np.abs(out['atom_amp'] [:-1])**2
344 break
345 jc_results_by_glcurrent gl = {
346 'trans_final': np.array(trans_list),
347 'refl final': np.array(refl_list),
348 'phase numeric': np.array(phase_list),
349 "transm_complex': np.array(transm_list),
350 'cav_pop_plots': cav_pop_plots,
351 'atom_pop_plots': atom_pop_plots,
352 }
53 # ——— Exztra run: internal populations at Delta = O for the denser g
~ sweep ——-

35 print("\nExtra JC runs at Delta = O (internal populations):")
355 jc_populations_at_zero = {}

56 for g pop in jc_g values_pop:

357 stored = jc_results_by_g.get(g_pop, {})
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358

359

360

361

362

363

364

365

366

367

368

369

370

371

if 0.0 in stored.get('cav_pop plots', {}):

jc_populations_at_zero[g pop]l = {

'cav': stored['cav_pop plots'][0.0],

'atom': stored['atom pop plots'][0.0],

3

continue

print(f" extra: g = {g_pop}")

out = run_one_jc(g_pop, 0.0)

jc_populations_at_zero[g_pop]l = {

'cav': np.abs(out['cav_amp'][:-1])**2,

'atom': np.abs(out['atom_amp'][:-1])**2,

}

_tl_jc = datetime.datetime.now()

print (f"\nJC simulation complete

—

_t0_jc) .split('.")[01H)")

(elapsed: {str(_tl1_jc -
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Appendix G

Single-photon scattering on a
polariton resonance: reduction to

an effective two-level emitter

The polariton diagonalization presented in Sect. 2.5.1 provides the spectral structure
of the cavity-coupled qubit within the single-excitation subspace. However, it does
not directly yield the time-domain scattering response. This appendix bridges the
two frameworks. It demonstrates that, on a single-polariton resonance, the input-
output relation of the JC system reduces to a form structurally identical to the
bare-emitter case of Chapter 3. In this regime, the polariton acts as the effective
two-level emitter. This effective description provides a quantitative interpretation
of the double-peaked wavepackets observed at A = 4+¢ in Sect. 4.5.

Assume a Gaussian wavepacket of central frequency w, and spectral FWHM Awpyse
incident on the cavity-coupled qubit. The two polariton resonances of Eq. (2.29) are
located at wr + g, separated by 2g. When the pulse is tuned to the upper polariton,
w, = wr+9g (A = +g), its spectral support overlaps the resonance at +¢ but remains
at a distance of 2¢g from the resonance at —g. Provided that 2¢g 2 Awpuise, the lower
polariton remains unpopulated and c¢_(t) ~ 0. Similarly, for A = —g only the lower
polariton is excited and ¢y (¢) &~ 0. The transmission spectrum derived by Shen and
Fan [SF09] for the same cavity-coupled architecture confirms this behavior. It shows
that the two polaritonic dips at w = w. & g are spectrally resolved whenever the
splitting 2g exceeds the dip FWHM k.

In this regime, the basis decomposition of Eq. (2.33) simplifies to a(t) = ¢, (t)/v/2.
Substituting this into Eq. (2.30) yields

gout(t) - Sm(t) - K/Q C+(t)‘ (Gl)

This result is structurally identical to the input-output relation of the bare two-

110



level emitter analyzed in Chapter 3, i.e., Eq. (2.24), with the substitutions vI' —
m and 1. (t) — c4(t). The polariton amplitude ¢, (¢) takes the role of the bare-
emitter excitation amplitude. The cavity-coupled qubit responds to the input field
as an effective two-level system with a coupling rate of \/7/2 to the waveguide. An
analogous result holds at A = —g with ¢, (¢) replaced by c_(t).

The effective coupling rate m in Eq. (G.1) corresponds to an effective decay
rate ['eg = k/2 of the polariton into the waveguide. This result derives from two
independent arguments. The first follows directly from the hybrid composition of
the polariton. The state |4) is 50% cavity-excited and 50% qubit-excited. Since only
the cavity component couples to the waveguide with rate x, the Fermi golden rule
predicts an effective decay rate Teg = |(1., g|+)|[* s = k/2. The second argument
relies on the exact solution of the dissipative Jaynes-Cummings dynamics in the
strong coupling regime. This dynamics exhibits Rabi oscillations damped at the
rate (7., + #)/2 between the cavity and the qubit [LMS15], where 7,, explicitly
represents the rate of spontaneous emission into nonguided radiation modes (i.e.,
out of the cavity). For 7,, = 0, as ideally assumed in this setup, this overall
damping rate simply reduces to x/2, perfectly matching the half-cavity argument
derived above. The same result emerges from the stationary spectral analysis of
Shen and Fan [SF09]. The FWHM of each transmission dip at w = w. & g is exactly
K, which corresponds to a polariton amplitude decay rate of /2.

Consequently, on a single-polariton resonance, the cavity-coupled qubit responds as
an effective two-level emitter. Three parameters define this reduction. First, the
spectral position shifts from the bare qubit transition to the polariton frequency
wr £ ¢. Second, the decay rate into the waveguide is halved from k to Leg = k/2.
Third, the dynamical variable is the polariton amplitude c4(¢) rather than the bare
emitter amplitude .(f). Under this mapping, the entire phenomenology of the
bare-emitter scattering detailed in Sect. 4.3 — including destructive interference
between the input and re-emitted field, the exponential tail, and the group delay
— translates directly to the JC case at A = +¢g. The double-peaked wavepackets
observed in Fig. 4.5 of Sect. 4.5 are a direct manifestation of this effective two-
level dynamics. Because 'y = k/2 depends solely on k, the temporal shape of
the scattered field on a polariton resonance is invariant with respect to g. This is
strictly in agreement with the near superposition of the panels at (g, A) = (k, k)
and (5k, 5K).
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