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Abstract

This thesis explores the profound connection between Topological Quantum Field Theory
and dynamical systems through a field-theoretic analysis of Abelian BF' theory. Employing
the Batalin-Vilkovisky formalism, the partition function of the theory is computed using two
distinct gauge-fixing procedures. The first, a standard metric-dependent gauge, also known
as “Lorenz gauge” in physics literature, is shown to yield the Ray-Singer analytic torsion,
which is a topological invariant of the underlying manifold. The second, a novel axial gauge
adapted to Morse-Smale flows, is proven to correspond to the value at zero of the Ruelle Zeta
function, which is instead a quantity directly related to the underlying dynamical system. This
work provides a physical interpretation of the generalised Fried conjecture by the physical
expectation that observable quantities in QFT should not depend on gauge-fixing choices. By
conceptualizing the partition function as the result of a partial integration over the space of
fields, we demonstrate that this procedure yields a composite object possessing both a vector
and a scalar component, correctly encoding that both the analytic torsion and the value at zero
of the Ruelle Zeta function are not scalar invariants, but rather norms on appropriate vector
spaces. The vector component is shown to be common to both gauge-fixing procedures, while
the scalar component is identified as the Ray-Singer analytic torsion in the metric gauge, and as
the product of the Ruelle Zeta function and the torsion of the Thom-Smale complex in the axial
gauge. This result confirms that the two computations yield the correct norms as prescribed
by the generalised Fried conjecture, thereby establishing the consistency of the field-theoretic
approach in the more complex setting of Morse-Smale flows.

In questo lavoro di tesi si esplora la profonda connessione tra la Teoria Quantistica dei Campi
Topologica e i sistemi dinamici, mediante un’analisi di teoria dei campi della teoria BF
Abeliana. Impiegando il formalismo di Batalin-Vilkovisky, la funzione di partizione della teoria
viene calcolata utilizzando due distinte procedure di gauge-fixing. La prima, una scelta di gauge
standard dipendente dalla metrica, nota nella letteratura fisica come "gauge di Lorenz", conduce
alla torsione analitica di Ray-Singer, un invariante topologico della varieta sottostante. La
seconda, un nuovo gauge assiale adattato ai flussi di tipo Morse-Smale, si dimostra corrispondere
al valore in zero della funzione Zeta di Ruelle, una quantita invece direttamente legata al sistema
dinamico sottostante. Questo lavoro fornisce un’interpretazione fisica della congettura di Fried
generalizzata, sulla base del principio fisico secondo cui le quantita osservabili in QFT non
debbano dipendere dalla scelta di gauge-fixing. Pensando alla funzione di partizione come
il risultato di un’integrazione parziale sullo spazio dei campi, si dimostra che tale procedura
produce un oggetto composito, che possiede sia una componente vettoriale che una scalare,
codificando correttamente il fatto che sia la torsione analitica sia il valore in zero della funzione
Zeta di Ruelle non sono invarianti scalari, bensi norme su opportuni spazi vettoriali. Si dimostra
che la componente vettoriale ¢ comune a entrambe le procedure di gauge-fixing, mentre la
componente scalare viene identificata con la torsione analitica di Ray-Singer nella gauge metrica,
e con il prodotto della funzione Zeta di Ruelle e della torsione del complesso di Thom-Smale
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nel gauge assiale. Questo risultato conferma che i due calcoli producono le norme corrette come
prescritto dalla congettura di Fried generalizzata, stabilendo cosi la coerenza dell’approccio di
teoria dei campi nel contesto pitt complesso dei flussi di tipo Morse-Smale.
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Introduction

One of the pillars of modern theoretical physics is the Standard Model of particle physics
[ 1, which describes three of the four fundamental forces through the language of quantum
field theory. At its heart lies the profound and unifying principle of gauge symmetry. Gauge
theories, which are Lagrangian field theories that enjoy gauge symmetry, therefore, constitute
the fundamental mathematical language for the description of these interactions. The distinctive
feature of this kind of theory — the presence of local “gauge” symmetry — introduces a degree of
redundancy in the mathematical description of the underlying degrees of freedom. Physically,
this means that different field configurations can represent the exact same physical state. While
this might seem like a mere technicality, demanding that the laws of physics be invariant under
such local transformations — which can vary independently at every point in spacetime — has a
remarkably powerful consequence. This requirement forces the existence of new fields, the
gauge fields, which act as the mediators of interactions. In this sense, interactions are not an
ad-hoc addition to a theory, but rather an inevitable consequence of a fundamental symmetry
principle. The most successful examples are Quantum Electrodynamics, the gauge theory of
electromagnetism mediated by the photon, the theory of the weak nuclear force mediated by
the W and Z bosons, and Quantum Chromodynamics, the theory of the strong nuclear force
mediated by gluons. Given their immense success, gauge theories do not simply represent a
class of models, but embody a fundamental constructive principle for theoretical physics. While
gauge theories form the bedrock of our understanding of the quantum world, the theory of
dynamical systems [ ] operates in a seemingly disparate realm: the evolution of classical
systems. The natural setting for describing such an evolution is a differentiable manifold [ ].
Heuristically, a manifold can be thought of as the "state space" of a system — the arena containing
all possible states the system can occupy. In this sense, they are the geometric stage on which
the dynamics of classical physics unfolds. Moreover, the dynamic itself is described by a flow
on this manifold, generated by a vector field [ ]. A flow is the geometric representation
of the system’s evolution in time, a collection of all possible trajectories that the system can
follow according to its equations of motion. Studying the qualitative properties of a flow —
such as identifying its fixed points, periodic orbits, and their stability — gives deep insights
into the long-term behaviour of the physical system, whether it be the fate of a cosmological
model, the stability of a plasma configuration, or the folding of a protein. A fascinating and
modern research direction has emerged at the intersection of these two branch of physics.
This involves leveraging the powerful and sophisticated formalisms of quantum field theory,
originally developed to describe fundamental interactions, as a novel lens through which to
analyse the geometric and topological properties of classical flows on differentiable manifolds.
The core idea is that a suitably chosen physical theory can provide an effective and computable
description of a complex dynamical system, revealing hidden structures and relations. It is
precisely within this fertile and cross-disciplinary research area that the work of this thesis is
situated.

Focusing on the structure of gauge theories, their defining feature, already apparent at the
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8 INDEX

classical level, is a profound redundancy of description. In the historically first and most famous
gauge theory, Maxwell’s electromagnetism, this manifests as the freedom to choose different
vector potentials that describe the same physical electric and magnetic fields. This means that
many different mathematical configurations of the fields correspond to a single, unique physical
state. While this is an elegant feature classically, this redundancy becomes a significant challenge
upon quantisation, particularly within the path integral formulation [ ]. The path integral
would naively attempt to sum over an infinite number of field configurations that describe
the exact same physical reality. This infinite overcounting of physically indistinguishable
states ensures that the integral diverges, making any direct calculation of physical observables
meaningless. To manage this divergence and obtain finite predictions, one must implement a
procedure known as gauge-fixing. The standard approach to handle this is the Faddeev-Popov
method [ 1, which introduces auxiliary ghost fields to cancel the unphysical contributions.
This procedure finds its most elegant and powerful formulation within the BRST formalism
[ ]. However, for theories with more intricate gauge structures, a more powerful framework
is still required. This is provided by the Batalin-Vilkovisky (BV) formalism, a sophisticated
generalisation of the BRST procedure, introduced in [ ]Jand in [ ]. It is capable of
handling the most general types of gauge theories, making it an invaluable tool for modern
theoretical physics. It is precisely this advanced formalism that will be employed in the present
work. Within the vast landscape of gauge theories, a subclass of particular interest is constituted
by Topological Quantum Field Theories (TQFTs). For a foundational review of TQFTs, see
for instance [ ]. Their defining property is that their observables are independent of the
metric of the spacetime manifold on which the theory is defined. They are therefore insensitive
to the local geometry (distances, angles, curvatures) and they are solely dependent on the
global topological structure of the manifold. This radical invariance has a profound physical
consequence: the absence of local propagating degrees of freedom, which means TQFTs do
not describe particles that evolve dynamically on a spacetime background, as is the case in
conventional field theories. The applications and influence of TQFTs have been vast, with
the Chern-Simons theory serving as the central and most celebrated example [ ]. This
3-dimensional TQFT is in many ways the archetype of the entire field, with an action that is
manifestly independent of any spacetime metric. Its most significant physical application arose
in condensed matter physics, where it was identified as the low-energy effective field theory
describing the fractional Quantum Hall Effect, see [ ]and [ ]. In this remarkable
phenomenon, electrons confined to a two-dimensional plane under a strong magnetic field
exhibit a collective behaviour that is surprisingly robust against the material’s impurities and
deformations. The Chern-Simons theory perfectly captures this emergent physics. Beyond
this direct physical application, the study of this theory, pioneered by Witten, revealed a
profound and unexpected bridge between quantum field theory and pure mathematics. It
was shown that observables within this physical theory could be used to compute interesting
mathematical quantities. This discovery sparked a revolution at the interface between the
two disciplines. Among the various models of TQFTSs, a prominent role is occupied by BF
theory, see [ 1,1 ]and [ ]. Its physical interest lies mainly in the fact that
many theories, such as General Relativity, can be reformulated from it. In three spacetime
dimensions, BF theory is classically equivalent to General Relativity with local Lorentz and
diffeomorphism symmetries [ ]. In four or higher dimensions, the situation is more
complex, but the logic persists: General Relativity can be formulated as a BF" theory to which
additional constraints are imposed, see [ ] and [ ]. In a similar spirit to how
Chern-Simons theory provides an effective description for the Quantum Hall Effect, B theory
also finds a remarkable application in condensed matter physics. It has been proposed that
topological insulators in two and three dimensions are described by an Abelian version of BF'
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theory, see [ ]. In this context, the theory does not describe the dynamics of spacetime,
but it captures the universal topological response of the material to external electromagnetic
fields, commonly known as "axion electrodynamics" [ ]. The defining properties of the
topological insulator, such as protected surface states and their quantised response, find a natural
and elegant description within this formalism. This theory, as this thesis will aim to demonstrate,
also has an unexpected connection with the theory of dynamical systems, particularly with
Morse-Smale and Anosov flows. While the latter are renowned for describing chaotic and
complex behaviour, Morse-Smale systems represent the opposite archetype: a stable, predictable,
and robust dynamical system. A rigorous definition and a thorough discussion of their properties
can be found in [ Jorin [ ]. A Morse-Smale flow is, heuristically, the prototype of
a "simple" and well-behaved dynamical system, whose global dynamics are entirely governed
by only two kind of recurrent behaviours: fixed points and periodic orbits. The fundamental
characteristic of these elements is their hyperbolicity: in their proximity, trajectories do not
exhibit uncertain behaviour but they are either exponentially attracted or repelled. Furthermore,
a Morse-Smale system is robust. Small perturbations do not alter its global qualitative structure,
unlike Anosov flows, where exponential sensitivity to initial conditions dominates the system
behaviour. In fluid dynamics, the application of methods based on Morse-Smale theory enables
the analysis of the velocity field to extract its essential and invariant features: stagnation
points, vortex cores, and separation lines that partition the flow into regions with qualitatively
distinct behaviours. This provides a simplified, yet rigorous description of the global flow
structure, which is robust against numerical or experimental noise, see [ ] for a possible
application of these methods. A conceptually analogous application is found in biochemistry
and physical chemistry. The conformation of a protein evolves on a high-dimensional potential
energy surface. The local minima of this surface correspond to stable or metastable conforma-
tional states, while the saddle points represent the energy barriers of the transitions between
them. The Morse-Smale complex [ ] associated with this energy landscape provides a
complete and topologically stable map of all possible states and transition pathways, reducing ex-
tremely complex molecular dynamics to a discrete graph of states and connections, see [ ].

Having outlined the motivations that led us to this inquiry, we now turn to the specific problem
addressed in this thesis. Given the topological character of a BF' theory, its partition function
possesses remarkable properties. Unlike for generic interacting gauge theories, for which the
exact computation of the partition function is often prohibitive, in the case of some topological
theories this fundamental object can be calculated in closed form. This feature makes BF
theory ideal to study in detail one of the most profound properties of any gauge theory:
invariance of physical results with respect to the chosen computational procedure. From a
field theory perspective, the central problem thus becomes the investigation of the theory
gauge invariance. This translates into the study of its partition function which is done by
taking into account that the presence of gauge symmetries implies an intrinsic redundancy
in the system description: infinitely many field configurations are physically equivalent. To
make the procedure well-defined, a gauge-fixing procedure must be adopted. Heuristically,
to fix the gauge means to impose an additional condition that selects a single representative
configuration from each equivalence class of physically identical configurations. In this way, the
non-physical, or redundant, degrees of freedom are eliminated, and the path integral is restricted
to a subspace that yields a finite result. While the choice of a specific gauge-fixing condition is
arbitrary, the final value of the partition function, being a physical observable, is expected to
be independent of this choice. The approach explored in [ ] is based precisely on this
fundamental idea. The strategy, therefore, consists of evaluating the partition function of a
BF theory in two completely distinct ways by applying two different gauge-fixing procedures
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and studying their equivalence. The first gauge-fixing procedure is based on introducing a
Riemannian metric on the manifold. This is the quintessential geometric tool that allows for
the construction of differential operators such as the Laplacian [ ]. The result of the first
expression for the gauge-fixed partition function, as originally demonstrated in [ ],isa
celebrated mathematical structure: the Ray-Singer analytic torsion. For a rigorous definition
of this topological invariant, the reader is referred to [ ]. This quantity is defined as a
combination of the regularised determinants of the Laplacian operator acting on differential
forms of various degrees. Its most notable property is that, although its definition is explicitly
based on a metric, the final result is completely independent of it, as shown in [ ] and
in [ ]. The second procedure, which is central to the work discussed here, abandons the
metric as a fundamental structure. In its place, one assumes the existence of a vector field V'
that generates a Morse-Smale flow on the manifold. This vector field allows to impose a gauge
condition intrinsically linked to the dynamics of the flow. In this case, the calculation of the BF’
partition function follows a completely different procedure. The result is a mathematical object
of a radically different nature: the value at zero of the Ruelle Zeta function. We refer to [ ]
for a detailed discussion of this function and of its properties. It is defined as a product over all
closed periodic orbits of the flow. The Ruelle Zeta function is therefore an object that belongs
entirely to the theory of dynamical systems, as it encodes the entire periodic structure of the
flow. Crucially for the connection to field theory, the Ruelle Zeta function can also be expressed
as an alternating product of regularised determinants, this time of the Lie derivative operator
associated with the vector field V. For a formal definition of the Lie derivative, see [ ].

The possibility to express both the analytic torsion and the Ruelle Zeta function as regularised
determinants is the key to their field-theoretic interpretation. The partition function of a
gauge-fixed quadratic theory, such as a BF' theory, formally corresponds to a Gaussian path
integral. In finite dimensions, such an integral is the inverse square root of the determinant of
the operator in the quadratic action as one can check in [ ]. In the infinite-dimensional
context of quantum field theory, this is defined to be the regularised determinants of the relevant
operators — the Laplacian in one gauge, and the Lie derivative in the other — in the absence of
a properly defined integration theory on infinite dimensional spaces of fields. For a detailed
review of the topic of regularised determinants, see for example [ ] for the Laplacian and
[ ] for the Lie derivative. A quandary thus emerges: the computation of the same physical
quantity — the partition function of BF" theory — through two radically different gauge-fixing
procedures yields two apparently unrelated mathematical objects. On the one hand, we have a
topological invariant defined via differential geometry, the analytic torsion, on the other hand,
a dynamical system invariant defined via periodic orbits, namely the Ruelle Zeta function
evaluated at zero. Since physics must be independent of the gauge choice, the logical and
inevitable conclusion would be that these two quantities, born from such disparate contexts,
must be equivalent (at least up to a phase). This is deduced here from first principles and it
finds its precise mathematical counterpart in a celebrated conjecture formulated in [ ] and
then extended and proven in [ ]. The Fried conjecture essentially postulates the equality
between the Ray-Singer analytic torsion and the value at zero of the Ruelle Zeta function, again
up to a phase. The relevance of this parallelism, from the perspective of theoretical physics, is
profound and it has a dual interpretation. On one hand, the formalism of field theory offers a
powerful lens through which to understand the conjecture itself. The Fried conjecture can be
viewed not merely as a surprising mathematical identity, but as a direct manifestation of the
gauge-fixing invariance of BF’ theory. From the point of view of physical heuristics, torsion
and Zeta function, are equal because they are nothing more than two different expressions of
the same partition function, computed in two different gauges. Proving the conjecture, in this
light, becomes a highly non-trivial check of the internal consistency of the field theory. At
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the same time, the logic can be inverted. The principle of gauge invariance, a cornerstone of
theoretical physics, provides a powerful heuristic argument for the validity of the conjecture itself.

The primary objective of this thesis, therefore, is to follow the logical thread established in
[ ], which laid the groundwork for this field-theoretic approach in the context of Anosov
flows, and to extend it to the case of Morse-Smale flows. This endeavour is not a straightforward
generalisation but rather a study of the profound structural differences between these two classes
of dynamical systems and the theoretical challenges they pose. The central distinction, which
proved to be the source of most technical difficulties, lies in the structure of the non-wandering
set. For a technical discussion of this concept, see [ ]. Unlike Anosov flows, those
of Morse-Smale type generically possess fixed points on the manifold, i.e., points where the
vector field vanishes. This seemingly simple feature has deep ramifications for the entire
correspondence. The first consequence is that the two mathematical quantities at the heart of
the discussion, the analytic torsion and the Ruelle Zeta function, are no longer simple scalar
quantities. Instead, they acquire a more refined structure. In this more general context, the Fried
conjecture itself must be reformulated. Equality no longer holds between scalars, but between
the norms defined on a specific vector space, see [ ] for details. The numerical factors that
appear in the original conjecture are now understood as the norms of suitable elements lying in
this vector space. This structural change requires a significant refinement of the dynamical side
of the correspondence. The standard Ruelle Zeta function, which is defined solely in terms
of periodic orbits, fails to capture the topological information concentrated at the fixed points.
To rectify this, it will be necessary to augment the Zeta function with a multiplicative factor.
This new term will be identified as the torsion of a specific differential complex constructed
from its fixed points [ ]. A further and more technical complication stems from the
Batalin-Vilkovisky formalism itself. In this framework, a gauge-fixing is equivalent to choosing
a suitable subspace, known as a Lagrangian subspace, within the space of fields. Further details
on this formalism can be found in [ ]. While the metric-dependent gauge-fixing can be
mimicked for the Morse-Smale case — as it does not depend on the vector field — the axial gauge
required a complete redefinition. It is therefore necessary to develop a novel decomposition of
the space of fields, tailored to the Morse-Smale structure, from which a suitable Lagrangian
subspace for the axial gauge could be extracted. Eventually, a significant portion of the analysis
was dedicated to establishing a rigorous link between the combinatorial definition of the Ruelle
Zeta function and a regularised determinant of the Lie derivative operator. This step is crucial,
as previously stated, because it provides the bridge from the language of dynamical systems to
that of quantum field theory.

In light of the challenges previously outlined, the work of this thesis focused primarily on
establishing the correspondence from the dynamical side, specifically addressing the role of
the Ruelle Zeta function for Morse-Smale flows. The first essential task was to build a bridge
between the combinatorial definition of the Ruelle Zeta function and the quantum language
of path integrals. The key to this connection lies in expressing the Zeta function as a product
of regularised determinants of the Lie derivative operator. This is a highly non-trivial step, as
the operator acts on infinite-dimensional spaces. This translation was made possible by the
Guillemin trace formula, a powerful result that explicitly connects the spectrum of a differential
operator, which determines its determinant, to the geometric data of the classical flow, its
periodic orbits. A detailed discussion of this formalism can be found in [ ]. This procedure
provided the crucial path for identifying the Zeta function with the formal result of a Gaussian
path integral. The next challenge was to correctly implement the gauge-fixing procedure within
the BV formalism. In particular, we needed to define the subspace that corresponds to the axial
gauge on which to formally integrate, a condition intrinsically tied to the flow. The construction
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of this subspace was guided by the results described in [ ]. The final and most subtle
aspect of this work concerned the resolution of a conceptual puzzle, namely how to reconcile
the result of a functional integral with the mathematical structure of the generalised Fried
conjecture, which involves norms on a vector space. The key insight is that the path integral,
when computed in both gauges, is best understood as the result of a partial integration, a concept
powerfully illustrated by an analogy with the Wilsonian renormalisation group [ ]. In
that physical framework, one conceptually splits the fields of a theory into high-energy (or
"ultraviolet") and low-energy (or "infrared") modes. The goal is to understand the physics of
the infrared modes. To do this, one does not compute the entire partition function at once.
Instead, one first "integrates out" only the ultraviolet modes. The result of this first step is not a
number. Rather, it is a new, effective action for the low-energy modes, which now encapsulates
all the quantum effects of the high-energy physics that have been integrated out. In our case, a
similar logic applies. The infinite-dimensional space of fields can be split. The path integral
is then performed in two stages. First, we integrate over the infinite-dimensional part of the
field space. The crucial finding is that the result of this integration is independent of the gauge
choice, as it pertains to the generic structure of the theory. Furthermore, and this is the central
point, its result is not a scalar. It is an object that still depends on the remaining, un-integrated
modes. In this thesis, we show that this object is precisely a specific element — a vector — within
the very vector space on which the norms of the Fried conjecture are defined. This common
vector is then multiplied by a scalar prefactor, the result of the first integration. In the metric
gauge, this prefactor corresponds precisely to the Ray-Singer analytic torsion. Conversely,
in the axial gauge, the partition function evaluates to the same vector, but it is multiplied by
the product of two terms: the Ruelle Zeta function evaluated at zero, and an additional factor
corresponding to the torsion of the Thom-Smale complex, which accounts for the contribution
of the fixed points. For a definition of this complex and of its torsion, see [ ]and [ ].
Crucially, this composite factor on the dynamical side was found to be in perfect agreement
with the mathematical definition of the norm associated with this contribution. This closes
the logical loop, proving that the two seemingly different results are in fact just two different
representations of the same underlying physical quantity, thereby confirming the consistency of
the entire approach in the more complex setting of Morse-Smale flows.

Synopsis

In Section 1.1, we will introduce the concept of twisted de Rham differential between differential
forms with values in a vector bundle and the concept of twisted de Rham cohomology. In
Section 1.2, we will focus on recalling the Hodge decomposition theorem and its consequences.
In Section 1.3 we will address the definition of Morse-Smale vector fields and we study their
structural properties. In Section 1.4 we will delve into the study of Anisotropic Sobolev spaces
and the spectral properties of the Lie derivative acting on such spaces, culminating in the
proof of chain homotopy equation. In Section 1.5, we will introduce the notion of torsion of
a finite-dimensional differential complex, the definition of isomorphism between differential
complexes and prove that the Thom-Smale complex and the complex of Pollicott-Ruelle resonant
states at zero are isomorphic in that sense.

In Section 2.1, we will define the Ray-Singer torsion and explore an equivalent rewriting of it.
Section 2.2 will be devoted to defining the Ruelle Zeta function and to finding an equivalent
expression through the alternating product of regularised determinants of the Lie derivative.
Section 2.3 will discuss the Fried’s conjecture in its general version as the equivalence of the
Milnor’s metric and the Ray-Singer one.

In Section 3.1 we will outline the main features of BF' theory in the BV formalism. In Section
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3.2 we will recall the work done by Schwarz on the analytic torsion coming from a field theoretic
approach. In Section 3.3 we will introduce the notion of BV-pushforward in a finite-dimensional
setting. In Section 3.4 we will discuss the result of the B[’ partition function in the metric
gauge-fixing, leading to the Ray-Singer torsion. Finally, in Section 3.5, we will introduce the
BF partition function in the axial gauge-fixing, leading to the Ruelle Zeta function, and we will
make comparison with the formal statement of the conjecture in the previous chapter. The last
part, Section 3.6, will be devoted to prospecting possible solutions to a problem that has yet to
be resolved.






Chapter 1

Mathematical Tools

In order to proceed in a logically structured and self-contained manner, this initial chapter
presents several recurrent mathematical objects, the notation and properties of which will be
useful for the reader to recall.

The first subsection introduces the concept of the twisted exterior differentiable defined via the
choice of a connection on the base differential manifold. This is an essential tool in our analysis,
playing a role analogous to that of the de Rham differential, but acting on forms with values in
an appropriate vector bundle. Taking this operator and its adjoint with respect to a specific scalar
product as a starting point, the fundamental steps leading to the Hodge decomposition theorem
for twisted differential forms will be retraced. Furthermore, we will investigate a consequence
of the decomposition that may be even more consequential for our purposes: the existence of an
isomorphism between the space of harmonic forms and twisted de Rham cohomology.

Subsequently, in what may seem a departure from the preceding topics, the formal definition of a
Morse-Smale vector field will be introduced. This is followed by a construction of an extension
of smooth differential forms. This yields Sobolev spaces which allow a Hodge-like decomposi-
tion into a direct sum of three subspaces via the so-called chain homotopy equation. The first
of these subspaces will be the generalised eigenspace of the twisted Lie derivative along the
vector field, whose dimension and basis will be made explicit by the end of the associated section.

Finally, another topic that may initially seem detached, but which will prove instrumental in
interpreting one of our final results, is the non-trivial definition of the torsion of a generic
finite-dimensional differential complex. We will eventually examine how this notion applies to
Thom-Smale torsion, which will be defined as the torsion of a specific complex, appropriately
constructed from the critical points of the Morse-Smale vector field under analysis.

1.0.1 Remark. For this chapter and throughout the thesis, we will always take into account the
fact that the differentiable manifold under examination (M, g) of dimension n will be compact,
oriented, connected, Riemannian and without boundary. Moreover, X(M) will denote the
space of smooth vector fields on M and (¢!, ):cgr will denote the flow associated to an element
V € X(M). This exists for all t € R due to compactness of M.

1.1 Twisted de Rham differential

To begin, for the sake of clarity and to avoid later confusion, it is essential that we establish a
notation for the mathematical structures that will be used throughout this thesis. Alongside this,
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we need to set out some reasonable assumptions, which are required for us to proceed without
encountering insurmountable technical obstacles.

Our main references for this section will be [ ]land [ ] for the construction of the
twisted differential, while [ 1 [ ]and [ ] will be used for the mathematical
background.

1.1.1 Convention. We state here to avoid repetition and to therefore lighten the premises in the
statements of this section that we will always take into consideration the fact that (M, g) is a
Riemannian manifold of dimension n as given in Remark 1.0.1 and we will consider E to be a
complex vector space of dimension N.

As noted in the introduction to this chapter, our primary objective is to construct a space
of differential forms that are not scalar-valued but instead take values in a complex vector
bundle. This vector bundle will be built upon a unitary representation of the manifold’s
fundamental group. The following remark, which we will now present, justifies the use of such
a representation.

1.1.2 Remark. Since any differentiable manifold is locally path-connected, and we assume M
to be connected, it follows that M is also path-connected. Hence, by considering any p,q € M,
the fundamental groups based at them, denoted by 71 (M, p) and 71 (M, q), are isomorphic.
We are therefore justified in unambiguously denoting the fundamental group by 71 (M). This
enables us to consider a unitary representation p : 1 (M) — GL(FE) of the fundamental group
of M.

Starting with the representation p introduced in the previous remark, we are now able to
explicitly define a vector bundle £ over M.

1.1.3 Definition. Lez p : w1 (M) — GL(FE) be a unitary group representation as per Remark
1.1.2. Therefore, we can define the following topological space.

E=(ExM)/~, (1.1)
where M stands for the universal cover of M, while "~" stands for the equivalence relation
(w,z-[Y]) ~ (p(I)v,z), V[y] € m(M), VzeM, YveE, (1.2)
where the product x - [y] denotes the right action of a deck transformation 2, corresponding
to the element [y] € (M), on a point x € M. Subsequently, £ is endowed with a natural
projection map P : £ — M, defined as follows:

P([v,z]) = n(x), V|v,z] €€, (1.3)

where 7 : M — M is the universal covering map.

Observe that a structure of smooth vector bundle can be assigned to & — M.

!The existence of a universal cover over M is always assured since every differentiable manifold is a local
simply-connected topological space.

2A deck transformation for 7 : M — M isa homeomorphism f : M — M such that 7 o f = m. The set of all
such transformations forms the deck transformation group, denoted by Deck(]\7[ /M). If M is simply connected,

Deck(]\7[ /M) is isomorphic to the fundamental group of the base manifold 71 (M). See [ , Cor. 81.3] for
details
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1.1.4 Proposition. Let £ and let P : £ — M be as per Definition 1.1.3. Hence, the triple
(M, E,P) is a smooth vector bundle.

Proof. The proof aims at verifying the hypotheses of the Vector Bundle Chart Lemma, | ,
Lemma 10.6].

First, note that for each p € M, the fibre £, :== P~!(p) is endowed with the structure of a vector
space. Subsequently, we proceed by constructing the local trivialisations. Let {U,}aca be
an open cover of M. We may choose it so that each open set U,, is simply connected and the
intersection between any pair, Uy, Ug, is connected. For each o € A, we choose a smooth local
section s, : U, — M such that 7 o Sq = Iy, where 7 : M — M is the universal covering
projection map. For each o € A, we define a trivialisation map ®,, : P~1(U,) — U, x E. An
element in the domain is an equivalence class [v, g], where ¢ = 7(q) € U,. As both ¢ and
54(q) lie in the fibre 71 (q), there exists a unique deck transformation, corresponding to an
element [y], € w1 (M), such that ¢ = 5,(q) - [7]q-

Therefore, the map is defined by

®o([v,q]) = (g, p(["]g)v)-

A pedantic approach would require to verify that the above definition is hopefully independent
from the choice of representative within the equivalence class, but we will omit it. The map ®,,
is a bijection, with its inverse given by ®-!(q, u) = [u, 55(q)]. Verifying that these are inverses
of each other follows directly from the definitions. One can also show that, for each ¢ € U, the
restriction ®, g, : & — {q} x E is alinear isomorphism.

The crucial step is to verify the compatibility condition on the overlaps. For each pair o, 3 € A
such that U, N Ug # 0, we must show that the transition map ®3 o ®_! is smooth. For any
q€ UyNUgandv € E, it reads

(@50 25") (4, v) = @s([v, 52 ()

To evaluate the right-hand side, we must relate the sections s, and sg. As both s,(q) and
53(q) lie in the same fibre of the universal cover, there exists a unique deck transformation,
corresponding to an element [y,3], € 71 (M), such that

sa(q) = 55(q) - [aplq-

The map q — [’yag]q is continuous from a connected domain, U, N Ug, into a discrete space,
71 (M), the latter being a standard result in covering space theory, see [ , p- 335]. It must
therefore be a constant, denoted by [y,z].

Applying the definition of ®4 to the element [v, 54(q)], the required deck transformation is
precisely this constant [y,g]. Therefore,

Ds([v; 5a(9)]) = (¢, p([7ap])0)-
The full transition map is thus given by
(@50 251)(a,0) = (@, p([Yap)v)-

This has the required form (g, go3(q)v), where the map gog : Uy N Ug — GL(E) is defined
by the constant assignment g,3(q) = p([ap]). Since a constant map is necessarily smooth,
even the last requirement is fulfilled, thus completing the the proof. |

The last objects one usually associates to a vector bundle are smooth sections over it.
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1.1.5 Remark. Let (M, £, P) be the vector bundle as per Proposition 1.1.4 and let ¢ : M— E
be an equivariant smooth map, i.e. such that

d(z-[7]) = p(() (), V] € m(M), Vze M. (1.4)

A smooth section s € T'(M, E), i.e. asmoothmap s : M — & such that Po s = I, is uniquely
determined by ¢. We will show it by explicitly defining a smooth section on &, starting from
the equivariant map ¢. Therefore, let us build a map s : M — £ defined as follows.

sigeMr—zen (¢ — (¢p(x),x) € Ex M — [¢(z),z] € &g (1.5)

what we are doing is assigning a generic element x in the fibre 7~ 1(q) C M to q and eventually
considering the associated equivalence class of (¢(x),z). It is important to note that the
previous map is well defined, since is not dependent on the choice of the element z € 7~ 1(q).
As a matter of fact, let us consider another generic element 2’ € 771(g). Due to transitivity,
there exists [y] € w1 (M) such that 2’ = z - [7], then

(6(2),2") = (¢(z - ),z - 1)) = (p(D) "' l@),x - [7]) ~
~ (p(LDp() " o(x), 2) = (¢(2), ).

Therefore, (¢(x), x) and (¢(z), 2’) lie in the same equivalence class. In conclusion, by applying
the vector bundle projector P, as per Definition 1.1.3, to [¢(z), ], we obtain the base point g.

1.1.6 Convention. Having verified that the construction of (M,E,P) given in Proposition
1.1.4 yields a vector bundle, we will consider as granted this triple for the rest of the section.
Moreover, we will denote by Q°*(M,E) the space of differential forms valued in the vector
bundle £, where Q°(M, £) == T'(M, £) are the smooth section over it.

The construction we outline allows us to construct, starting from a flat connection, a notion of
de Rham differential on Q°*(M, £). However, to be self-contained, we recall some definitions
and results whose proof we omit. The interested reader can find all the details in [ ] and

[ I

1.1.7 Definition. Let I'(M, E) be as per Remark 1.1.5. A Koszul connection on the vector
bundle isamap V : X(M) x T'(M, E) — T'(M, £) satisfying the following four properties.

1. Vyx(s) = fVxs, forall f € C®(M), X € (M) and s € T'(M,E);

2. Vyxiys=Vxs+Vys forall X,Y € X(M)and s € T(M,€E);

3. Vx(s+1)=Vxs+ Vxt, forall X € X(M) and s,t € T(M, E);

4 Vx(fs) = (Xf)s+ fVxs forall f € C®(M), X € X(M) and s € T'(M,€).

For a fixed X € X(M), the map Vx : T'(M,E) — I'(M, &) is called the covariant derivative
with respect to X.

While the wedge product is introduced as an internal operation on the algebra of scalar-valued
differential forms to define the product between two forms, this is not possible in the twisted
case. In fact, the only definable wedge product is between a twisted form and a scalar-valued
form, which yields a twisted form. The following remark serves to highlight the properties of
this operation.
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1.1.8 Remark. By referring to the previous setting, we notice that a left and a right exterior
products between a scalar form o € Q¥(M) and an £-valued form w € Q'(M, ) are defined.
These are both denoted by A and they satisfy the following properties:

o A QF(M) x QYM, &) — QF(M, E),
o A QY M, E) x QF(M) — QMM E).
Furthermore, they are compatible and follow a graded commutativity rule:
s (aANw)AB=aA(wAp),
cahw=(-1DFwAa,
forall & € QF(M), B € Q™(M) and w € Q(M, ).

The following Theorem shows how the new de Rham differential is introduced. A proof of the
subsequent result can be found in [ , Thm. 12.57].

1.1.9 Theorem. LetV : X(M) x I'(M, &) — I'(M, &) be a connection as per Definition 1.1.7.
Forall k € {0,...,n}, there exists a unique linear operator dy : QF(M, &) — QFFL(M, €)
satisfying the following properties:

() dY, (e Aw) =dra Aw+ (—D)Pand)w, YaeQ¥(M), vYweQ(M,E),
(Il dyo =Vo, VYoeT(M,E),

where dy, : QF(M) — QFFL(M) is the de Rham differential and "\" is as per Remark 1.1.8.

1.1.10 Remark. Note that the statement of Theorem 1.1.9 only provides an explicit definition
for the action of dV on O-forms, but not on forms of degree 1 or greater. However, the
characterisation for 1-forms is a direct consequence of properties (I) and (II) and does not
require a separate axiom. Indeed, any twisted 1-form w € Q!(M, £) can be locally represented
as a sum of elementary terms of the form o A s, where a € Q!(M) is a scalar-valued form and
s € Q%(M, €) is a section. By applying the Leibniz rule (I) to such a term, the action of dV
on w is uniquely determined, as it depends only on the known action of d on « and of dV on
the O-form s (as given by property (II)). This provides the base case for an inductive argument:
once the operator is defined for forms of degree k, the same principle determines its action on
forms of degree k£ + 1. The operator is thus well-defined for all degrees.

Based on the preceding theorem, we have begun to construct an operator that, like the de
Rham differential, is linear and increases the degree of a differential form by one. However,
the property of nilpotency is missing; that is, the condition that the operator vanishes when
applied twice. To achieve this property, we will need to require that the vector bundle satisfies
an additional condition.

1.1.11 Definition. Let V : X(M) x I'(M,E) — I'(M, &) be a connection as per Definition
1.1.7 and let Y : QQF(M, &) — QF1(M, &) be as per Theorem 1.1.9. The curvature form Fy
is the only element in Q*(M) such that

Ay odyn=Fg An, ¥y € Q' (MLE), (1.6)
forallk € {0,...,n}.

We are now in a position to give the definition of the twisted de Rham differential.
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1.1.12 Definition. Let dY : QF(M,E) — Q¥Y(M, €) be as per Theorem 1.1.9 and let Iy €
Q2(M) be as per Definition 1.1.11. If Fy = 0, we will denote d¥ : Q*(M, &) — Q*(M, &) as
the twisted de Rham differential. Moreover, we denote the pair (Q°(M,E),dY ) as the twisted
de Rham complex.

1.1.13 Remark. In the setting of Definition 1.1.11, a connection V is said to be flat if its
curvature form Fy is identically zero. It is a standard result, as we will explicitly see in
Proposition 1.4.44, that a vector bundle constructed from a unitary representation of the
fundamental group naturally comes equipped with a flat connection. Consequently, for the
vector bundle £ under analysis, we may choose a connection V such that Fy = 0. In this
case, Equation (1.6) implies that ¥ o dV = 0. Therefore, the twisted de Rham differential is
nilpotent.

With what we have constructed so far, we aim to give a scalar product structure to the space
of differential forms with values in the vector bundle £. To achieve the desired outcome, it is
necessary to introduce a generalised version of the Hodge dual and a Hermitian structure on the
vector bundle. To begin with, it is important to introduce an alternative definition of the wedge
product. This operation takes two twisted forms and, by means of the Hermitian product on the
vector bundle, yields a scalar-valued form.

1.1.14 Proposition. Let (Q2°(M, E),dV) be as per Definition 1.1.12 and let h : £ x € — C
be a Hermitian structure on &, such that point-wise hy, : £, x &, — C for all p € M. Hence,
there exists a wedge product

Ap: QUM E) x V(M E) — QT (M), Vi,je{0,...,n}, (1.7)
such that it satisfies a graduate commutation relation:
arB=(-1)"8A,a, YaeQ(ME)andV3 e YV (M,E). (1.8)

Since we are not particularly focused on the explicit action of this wedge product — and its
formal notation would be rather convoluted — we will restrict our discussion to confirming its
existence and highlighting its most useful property. For the interested reader, we provide the
following proof outline to illustrate the core idea behind its construction.

Proof. [Sketch] Let us provide a more explicit definition of the pairing By recalling that any
Y € QF(M, ) can be locally expressed as a finite sum of elementary tensors of the form o @ s,
where o € QF(M) and s € T'(M, &). The wedge product is defined by its action on these local
expressions, and then extended by bilinearity and by a partition of unity argument. Let us
consider ¢; = a1 ® 51 € QY (M, &) and 1y = ap ® 59 € QI (M, E), their wedge product is
defined as
VY1 Ap b2 = (a1 Aag) - h(s1,52).

The final result is the multiplication of a (i + j)-form by a scalar function, which yields an
element of Q+7 (M), as expected. |

Since we are working with a manifold M which is Riemannian, we would expect this to allow
for the identification of a generalisation of the Hodge dual. This is indeed the case.

1.1.15 Definition. Let Ay : Q(M,E) x QI (M, E) — QI (M) be as per Proposition 1.1.14
and let p € Q'°P(M) be the standard volume form. We call twisted Hodge dual operator the
map *p, : QH(M,E) — QV(M, E) such that the following identity holds true.

W AR kRN = (W, M) ghtt, Yw,m € QY M, E), Viedo,...,n}, (1.9)
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where N, is as per Proposition 1.1.14, while (-, ) gy, is the pairing obtained combining the
action of the Riemannian metric g and of the Hermitian product h.

The following corollary is a consequence of the previous definition and states that applying the
Hodge dual twice is equivalent to the identity, up to a sign.

1.1.16 Corollary. Let xj, : Q' (M,&E) — Q" ¢(M,E) be the twisted Hodge dual as per
Definition 1.1.15. By applying twice the twisted Hodge dual, we obtain that

sprp t QUM E) = QUM E),  sprn = (—1) gy ey (1.10)

By combining the newly introduced Hodge operator with the second wedge product we have
discussed, we can define a scalar product on the vector space of twisted forms. This construction
will be crucial for subsequently defining the notion of an adjoint operator for the twisted de
Rham differential.

1.1.17 Definition. Let Aj, : Q1(M, &) x VY (M, E) — QI (M) be as per Proposition 1.1.14
and let x5, : V(M, &) — Q" "I(M, €) be the twisted Hodge dual as per Definition 1.1.15. We
define the scalar product as

() s QI(M,E) x Q(M,E) — C

N , o | (L1
(w,w).:/M(w/\h*hw), Vw,w' € QY(M,E), Vie{0,...,n}.

1.1.18 Remark. Since the previous definition explains how a scalar product can be defined on
the space of twisted differential forms, this makes Q'(M, £) a pre-Hilbert space. Therefore,
there exists a unique completion to a Hilbert space (up to isomorphism), which we denote by
L2(M,A*T*M ® &).

We now have sufficient mathematical structure to provide the long-sought definition of twisted
de Rham cohomology. It is important to note that since the twisted differential essentially
behaves as the de Rham differential, the definition of twisted cohomology will be analogous to
the untwisted case.

1.1.19 Definition. Let (Q°(M,E),dY) be the twisted de Rham complex as per Definition 1.1.12.
Therefore, the k-th twisted de Rham cohomology group is
Ker (dY : OF(M, &) — QF1(M, €))

H*(M, &) = ,
I (Y., : QFFI(M, ) — QH(M, €))

k=0,...,n. (1.12)

The corresponding twisted Betti numbers are denoted by by, == dim(H (M, & ))-

To conclude this section, we introduce two notable operators. Along with the twisted de Rham
differential, these will be the main subjects of the next section and they will be actively involved
in the Hodge decomposition of the space of k-forms.

1.1.20 Definition. Let (Q*(M,E),d") be the twisted de Rham complex as per Definition 1.1.12.
We define the adjoint operator to d, i.e., a linear operator de,T QR (ML E) — QF(M,E)
such that

(dYw,n) = (w,dy '), Vw e QF(M,E)and Vn € V(M E), (1.13)
where () : Q{(M, &) x QY(M, E) — C is as per Definition 1.1.17.
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The combination of the two operators just introduced gives rise to the Laplace-Beltrami operator,
also knows as the Laplacian, which, unlike the other two operators, does not change the degree
of the differential form it acts upon.

1.1.21 Definition. Let (Q*(M, E),dY) be as per Definition 1.1.12 andletdkv’T C QRN (ML E) —
Qk(M ,&) be as per Definition 1.1.20. Then, the twisted Laplacian is the linear operator
Ay QF(M, ) — QF (M, £) defined as

A =d) Ty +dy_d)t (1.14)

We will conclude this section by demonstrating a connection between the twisted differential
and its adjoint operator using the Hodge operator.

1.1.22 Proposition. Let dV' : Q*(M, &) — Q*~Y(M, ) be as per Definition 1.1.20. The
following relation holds true:

V7
T = (1) g Ao, (1.15)
where %y, is the Hodge operator as per Definition 1.1.15 while n is the dimension of M.

Proof. Taking into account bilinearity, we can consider homogeneous forms o € QF(M, &)
and 3 € QFF1(M, £) verifying the statement using Definition 1.1.17.

(a,dZ’TB) = / a A *hdkv’T/B = / a A ((—1)"’““ sy *pdy 6)
M M
Using linearity = (—1)"’”1/ aA ((*h*h)(dx,k,l * ﬁ))
M
Using Corollary 1.1.16 = (—1)"k+1+k(n_k)/ aANdY ;1% B
M

Integrating by parts = (—1)"k+1+k(n_k)_k_1 / dY o A s 8
M
= (- A o, B) = (dY o, ).

On account of Definition 1.1.20, the sought statement follows. [ |
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1.2 Hodge decomposition

The Hodge decomposition is a splitting of the space of differential forms that, as we will
explicitly show, actively involves the three differential operators mentioned earlier: the de Rham
operator, its adjoint, and the Laplacian. For this section, concerning Hodge decomposition,
we will essentially rely on [ ], in which the proofs of theorems only cited in this thesis
are reported. Moreover, we would like to point out that the results contained in that book are
presented in the case of a trivial bundle, i.e., £ = M x C. Therefore, the differential forms
used therein are scalar-valued.

1.2.1 Convention. 7o avoid constant repetition, throughout this section, we will always consider
the vector bundle (M, E,P) as per Proposition 1.1.4, where the differentiable manifold (M, g)
is as per Remark 1.0.1 and has dimension n, while the rank of £ is denoted by N. Moreover, let
us consider (Q2*(M, ), dY ) to be the twisted de Rham complex as per Definition 1.1.12.

We would like to begin this section by pointing out that the Laplacian is a self-adjoint operator
with respect to the scalar product previously defined. That is an immediate consequence of
Definition 1.1.20 and of the definition of twisted Laplacian. Therefore, we state it without
proving it.

1.2.2 Corollary. Let Ay, : QF(M, E) — QF(M, E) be as per Definition 1.1.21. The Laplacian
is a self-adjoint operator with respect to the scalar product of Definition 1.1.17:

(Ager, B) = (o, ApB) Vo, B € QF (M, E).

Here we state another useful result concerning the properties of elements inside the kernel of
the Laplacian.

1.2.3 Proposition. Let de’T C QML E) — QF(M, E) be as per Definition 1.1.20 and let
Ay QF (M, E) — QF(M, E) be as per Definition 1.1.21. Hence, for all o« € QF(M,E), it
holds that Ao = 0 <— dkvoz = 0and dkv_’Tla =0.

Proof. The proof proceeds by checking both implications separately.
<) If a € QF(M, €) is such that dY o = 0 and dkvjla = 0 then by definition Ao = 0.
=) If a € QF(M, &) is such that A = 0, then the following identity holds true.

v, v, v, v,
0= (Apa, @) = (dY_1dy T, + dY 1 dY Vo, o) = (dy Yo, dY o) + (dY a, dY o),

where we have used bilinearity and Proposition 1.1.22 in the last equality. Since the scalar
product is positive definite, the sought statement immediately follows. |

1.2.4 Remark. It is interesting to note that in our setting with M also being connected, if
s € I'(M, E) is such that Ags = 0, then it is a constant section. For later convenience, we are
interested in finding a necessary and sufficient condition such that there exists a smooth solution
to

Arw = a, (1.16)

with o € QF (M, E).

1.2.5 Remark. By considering w € QF(M, ) to be a solution for Equation (1.16), we note
that, for all ¢ € QF(M, £), it holds that

(Apw, ) = (,0) = (w,A;0) = (a, ),
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where A* stands for the adjoint operator of the Laplacian. Although we know that A* = A, it
will be useful to keep the distinction.

Let us begin by defining what a weak solution to the differential equation mentioned earlier is.

1.2.6 Definition. Let Ay, : QF(M, E) — QF(M, ) be as per Definition 1.1.21. A weak solution
for Equation (1.16) is a linear continuos operator | : Q*(M, E) — C such that

[(Ar9) = (a,0), Vo € Q°(M,E), (1.17)
where (-, -) stands for the scalar product defined in Definition 1.1.17.
1.2.7 Remark. We want now to show how a weak solution to the partial differential equation can

be constructed from a classical solution for the same differential equation. Let w € QF(M, &)
be a solution for Equation (1.16), and let us define the following operator:

L:QF(M,E) - C, B—I1B):=(wp). (1.18)
Due to Remark 1.2.5, this is indeed a weak solution as per Definition 1.2.6.

While constructing a weak solution from a classical smooth solution is a relatively straightforward
process — a direct consequence of the observation made in Remark 1.2.5 — the reverse problem
is far from trivial. Nevertheless, it is possible, and the following theorem provides the necessary
statement for this case. An interested reader could refer to [ , Thm. 6.5] for all the details.

1.2.8 Theorem. Let Ay : QF(M,&) — QF(M,E) be as per Definition 1.1.21 and let | :
QF(M, E) — C be aweak solution of Equation (1.16) according to Definition 1.2.6. Then, there
exists w € QF (M, E) such that 1(B) = (w, B)for all B € QF(M, E). Consequently, Apw = .

One of the key elements for the Hodge decomposition and subsequent results is the kernel of
the Laplacian operator. The following definition introduces this important class of differential
forms.

1.2.9 Definition. Let A, : QF(M, ) — QF(M, &) be as per Definition 1.1.21. We define the
space of harmonic k-differential forms as

HE(M, E) = {w e QF(M, E) : Apw = 0}. (1.19)
The following result is the treasure we have been looking for during the previous pages.

1.2.10 Theorem (Hodge Decomposition). Let dkv,f CQFL(ME) — QF(M, E) be as per
Definition 1.1.20 and let Ay, : Q¥(M, &) — QF(M, &) be as per Definition 1.1.21. The
following direct sum decomposition holds true:

QF (M, E) = A(QF(M, E)) & HF (M, E)
= dY_dy N (QF(M, €)) @ dY Ty (QF (M, €)) @ H* (M, €) (1.20)
= Ay (ML) @ d (@ (M, €)) @ HF (M, €),
where H* (M, €) is as per Definition 1.2.9.

1.2.11 Remark. Being in the setting of the previous result, the statement of the Hodge theorem
can be presented in a more compact manner:

Qb (M, &) = m (dY_,) @ m (1) @D H*(M,¢). (1.21)
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This means that every differential £-form can be uniquely written as the sum of a harmonic
form, an exact form and a coexact one.

A consequence of the Hodge decomposition is that the subspace of harmonic forms is isomorphic
to the twisted de Rham cohomology. To show this fact, it is important to define an operator G
representing the solution of Equation (1.16) in the particular case where the known term « has
no harmonic component.

1.2.12 Definition. Let Ay : QF(M,E) — QF(M,E) be as per Definition 1.1.21 and let
H:QFNM,E) — H¥ (M, E) be the projection on the harmonic component of (M, E). We
define the Green operator G : QF(M, &) — (HF(M, &))" such that for all o € QF(M, E),
w = G(a) is the unique solution of

ApG(a) = a — H(a) € (HF (M, E))*, (1.22)
where H* (M, £) is as per Definition 1.2.9.

1.2.13 Remark. It is interesting to note that the previously defined Green operator G commutes
with the twisted de Rham differential and its adjoint operator. Therefore, it also commutes with
the Laplacian.

With the definition of the Green operator, we can state and prove the theorem that was only
mentioned previously.

1.2.14 Theorem. Let H* (M, E) be as per Definition 1.2.9 and let H* (M, £) be the k-th twisted
cohomology class as per Definition 1.1.19. Hence, there exists a natural isomorphism between
HF (M, E) and H* (M, E).

Proof. By using Hodge decomposition as per Equation (1.21) and Definition 1.2.12, we have
that, for all @ € QF(M, £),

a=dy_d " Gla)+ dY TdY G(a) + H(a).
Since G commutes with the differential as stated in Remark 1.2.13, we have that
a=dy_d)G(a)+dY  G(dY o) + H(a),
where H is the projection on the harmonic component. If dkva = 0 then
a=dy_dG(a) + H(),

which means that H(«) belongs to the cohomology equivalence class [o]. Therefore, for
each element of the cohomology class there exists a harmonic counterpart. In order to
prove uniqueness, let us consider a1, as € H¥(M, E) such that [a;] = [az], i.e., there exists
B € QF1(M,E) such that a1 — ap = dkvflﬁ. Eventually,

(1 — ag, 0 —ag) = (dY_B,a1 —ag) = (ﬁ’dkvjl(al — a2)> = (B,0) =0,

where we have used Proposition 1.2.3 to state that, since («; — «2) is harmonic, then it is also
coexact. Due to the scalar product being positive definite, it follows that a; = ao. |

1.2.15 Remark. Being in the setting of the previous result, since H* (M, &) is finite-dimensional,
due to M being compact, the space of harmonic forms #* (M, £) is a finite-dimensional vector
space.
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1.3 Morse-Smale vector fields

In this section we give the definition of Morse-Smale flows, which a reader may note, it is far
from concise. In fact, it necessitates the introduction of several concepts intrinsically linked to
dynamical systems, starting with the non-wandering set. What is crucial to observe, and will
be emphasised throughout this section, is that these types of flows possess unique structural
properties. This characteristic, despite their particularly convoluted definition, makes them
especially amenable to study. We will rely on [ 1 [ , Appendix A] and [ Jto
provide a formal definition of Morse-Smale flows.

1.3.1 Convention. In this section and in the rest of the thesis we will only consider one vector
field V' at a time, hence, its associated flow will be denoted as (¢}, )tcr = (¢')icr, since there
is no ambiguity. Moreover, with (M, g) we will denote the Riemannian manifold as per Remark
1.0.1.

To begin with, the definition of non-wandering set is given. Denoted by N'W (V/), heuristically
it contains all points p € M such that trajectories starting within any neighbourhood of p
will return to that neighbourhood at arbitrarily large time. Morally, it captures the long-term
behaviour of a dynamical system by identifying regions where trajectories exhibit some form of
recurrence.

1.3.2 Definition. Ler (M, g) be a differentiable manifold as per Remark 1.0.1, together with
V € X(M) and with its associated flow (¢")icr. The non-wandering set is

NW(V) = { € M : YU > p, open set, and VT > 0, U N U o (U) # (D} (1.23)
t>T

1.3.3 Remark. In the setting of the previous definition, the non-wandering set is a closed subset
of M and it is invariant under the R action given by (¢');cr.

Another crucial definition is the one concerning stable and unstable manifolds associated to a
closed subset.

1.3.4 Definition. Let V € X(M) be a smooth vector field and let (¢')icr be its associated flow.
For all p € M, we define

= N {¢'p): t<T} and w(p):= ) {¢'(p):t=>T} (1.24)

T<0 T>0

Hence, by considering A to be an invariant closed subset of M, unstable and stable manifolds
of A are respectively defined as

WA)={peM:alp) CA} and W?*A)={pe M :w(p) CA}. (1.25)

Intuitively, the stable manifold W*(A) is the set of all points whose orbits converge to the
invariant set A as time flows forward. Conversely, the unstable manifold W (A) consists of all
points whose orbits converge to A in the past. They can be respectively thought of as the basin
of attraction and the basin of repulsion for the set A.

1.3.5 Remark. Observe that for every p € M, both a(p) and w(p) in Definition 1.3.4 are
contained within the non-wandering set NW (V). Another important fact is that if the flow
admits fixed points and closed orbits, since they are closed and invariant subsets of M, which is
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a Hausdorff topological space, there exist their stable and unstable manifolds as per Equation
(1.25).

As we will see, Morse-Smale flows exhibit recurrent behaviour that is confined exclusively to
fixed points and closed orbits. Therefore, we proceed by defining hyperbolicity specifically for
these two types of closed and invariant sets.

1.3.6 Definition. Let V € X (M) and its associated flow (¢')icr be as per Remark 1.0.1. A point
p € M is said to be hyperbolic and fixed with respect 1o V., if V,, = 0, and d,¢* : T,M — T,M
has no eigenvalues of absolute value 1 for all t > 0.

1.3.7 Remark. An immediate consequence of the previous definition and of Remark 1.3.5 is
that we can specify the form of the unstable and stable manifolds associated to a hyperbolic
fixed pointp € M.

Wi(p) = {a e M tim o'la) =p}. W)= {g€ M lm o0 =p}. (126)

Respectively, they represent the set of points such that trajectories arriving to them or starting
from them asymptotically approach the fixed point in the distant past or in the distant future.

1.3.8 Remark. A direct of consequence of hyperbolicity is that 7}, M admits a decomposition
in d,¢'-invariant subspaces:

T,M =TT, 1.27)
where T is the stable subspace, i.e., the sum of the eigenspaces relative to the eigenvalues A of
dp@' such that [A| < 1, while T, p 18 the unstable subspace, relative to the eigenvalues such that
|A| > 1. As a consequence of this splitting, one may show that there exist C' > 0 e ¥ > 0 such
that for all v € T;,‘, v € Tlf and t > 0, the following inequalities hold true:

|dpo~t@)| < e 1o, ||dpst ()| < Cem | (1.28)

Here, the norms introduced are those induced by the metric g on the tangent bundle. These
inequalities entail that, along the unstable direction, vectors face an exponential decrease
backward in time, while, in the stable direction, the behaviour is the same but forward in time.

1.3.9 Remark. We state an interesting result reported in [ ], which clarifies the link
between the stable and unstable spaces as per Remark 1.3.8 with the tangent spaces to the stable
and unstable manifolds of the fixed point as in Equation (1.26).

LW p) =T,, T,W"p) =1, (1.29)

Subsequently, we proceed by outlining the properties concerning hyperbolic closed orbits.

1.3.10 Definition. Let V € X(M) and its associated flow (¢')icr be as per Remark 1.0.1.
A closed orbit A C M of minimal period Tx > 0 is said to be hyperbolic if for any point
p € A, the differential of the time-T) map of the flow, dpqSTA : TpM — T, M, has 1 as simple
eigenvalue with V), as corresponding eigenvector, while all others have a different absolute
value.

1.3.11 Remark. Similarly to hyperbolic fixed points, we can explicitly define the stable and
unstable manifolds for a hyperbolic closed orbit A C M as

WU(A) = {q e M: t_l)ir_noo da(oe(q),A) = O} ,
(1.30)
We) = {a € M lim_du(la). ) =0},
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where dps(q, A) := infpep dar(g, p) is the distance from point a g to the orbit A.

1.3.12 Remark. Similarly to what has been stated for fixed points, a key consequence of the
hyperbolicity of A is the direct sum decomposition of the tangent bundle 7'M restricted to each
point p € A:

T,M =RV, &T, T, (1.31)

where T3 is the stable subspace, i.e., the sum of eigenspaces relative to eigenvalues A of dpqﬁTA
such that [A| < 1, while T} is the unstable subspace relative to eigenvalues such that |A| > 1.
This splitting is continuous along A and it is invariant under the linearised flow d¢!, making it
into a splitting of the tangent bundle restricted to the closed orbit.

TM|y =RV & T; & T}. (1.32)

As a dynamical characterization of hyperbolicity, there exist constants C' > 0 and ¥ > 0 such
that, forallp € A,v' € T5, v € T,}, and for t > 0,

|dpo~ )| < ce™ o], |[dpo' ()| < Ce ], (1.33)

where the norm is the one induced by the Riemannian metric g on T'M..

1.3.13 Remark. As in the case of fixed points, the Stable Manifold Theorem for hyperbolic
periodic orbits, whose proof can be found in [ Jor[ ], establishes that the tangent
spaces to W*(A) and W*(A) defined in Equation (1.30) are given precisely by the subspaces
of the splitting reported in Equation (1.31):

T,WA) =RV, & T and T,W"“(A) =RV, & T, VpeA. (1.34)

Having analysed the hyperbolic fixed points and closed orbits, together with all their properties,
we must give one last definition before we can define Morse-Smale flows. This last definition
concerns how two submanifolds can intersect.

1.3.14 Definition. Let us consider two submanifolds Ly and Lo of M. The intersection of 1,
and Lo is called transversal if, for every p € Ly N Lo, the tangent space to M is the sum of the
tangent spaces to the two submanifolds at the same point, i.e., T,M = T,L1 +T,Lo. If the
submanifolds do not intersect, they are considered transversal vacuously.

1.3.15 Remark. A brief comment on the preceding definition is in order. In much of the
literature, the definition of a transversal intersection between two submanifolds requires that the
tangent space to M is the direct sum of the tangent spaces to the submanifolds at every point of
intersection. In other texts, however, the intersection of the two tangent subspaces is not required
to be trivial. As we have seen, we will adopt this latter convention. For subsequent purposes,
considering a closed orbit A, we have from Remark 1.3.13 that T, M = T,W*(A) + T, IW*(A).
Although this is not a direct sum, we will still say that /'*(A) and W*(A) intersect transversally.

We are finally ready to define what is a Morse-Smale flow.

1.3.16 Definition. Let V € X(M) and its associated flow (¢')icr be as per Remark 1.0.1.
Denoting by hyperbolic critical element any given fixed point or closed orbit of the flow as per
Definitions 1.3.6 and 1.3.10, the flow (¢!);cr is Morse-Smale if the two following properties
hold true:

1. The non-wandering set NW (V') defined in Definition 1.3.2 is a finite union of hyperbolic
critical elements {A;}1- |,
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2. Foranyi,j =1...K, the stable and unstable manifolds W*(A;) and W*(A;) defined
in Equations (1.26) and (1.30) intersect transversally as per Definition 1.3.14.

1.3.17 Remark. The definition tells us that a generic Morse-Smale flow has a finite number of
fixed points and closed orbits, and all these elements are hyperbolic. It is important to note,
however, that the flow may not exhibit both types of recurrent behaviour, as we will see from
the following examples.

To clarify the nature of the flows under consideration, we discuss two examples, see [ ,
pp. 119-120]. These illustrate respectively a flow containing only fixed points and another
containing only closed orbits.

1.3.18 Example. This is inspired by [ ] and it provides an example of Morse-Smale flow
in the class of gradient flows and in particular in the subclass of the so-called North-South
flows which possess only two fixed points coinciding with the geographical poles on the sphere.
Hence, let us consider S? := {(z,y, z) € R? | 22 4+ y? + 22 = 1} to be the base differentiable
manifold and let us consider the height function defined as

h:S* =R, h(x,yz) ==z (1.35)
The associated gradient vector field, X := Vh has the following explicit expression.
X(z,y,2) = (—xz, —yz,1 — 22). (1.36)

Visually, all trajectories originate from the south pole and terminate at the north pole, following
paths analogous to lines of longitude on a globe.
We can check that this system is Morse-Smale by verifying that all requirements are met.

* Critical Elements: The critical points of the flow are those where X = 0. These occur
at the south pole Pg = (0,0, —1) and the north pole Py = (0,0, 1). There are no closed
orbits.

* Hyperbolicity: By evaluating the Jacobian of X at the critical points, we can verify that
they are hyperbolic. As a matter of fact, as [ ] suggests, the hyperbolicity condition
for fixed points is equivalent to checking that the Jacobian matrix of the vector field at
the critical points does not possess imaginary eigenvalues. The Jacobian matrix at Py
has eigenvalues {—1, —2}, making it a hyperbolic sink, while at Pg, the eigenvalues are
{1, 2}, making it a hyperbolic source.

* Transversality: To be extremely pedantic, by comparison with Equation (1.24) we notice
that forall ¢ € S?\{ Py} itholds that a(q) = Ps. Conversely, forall ¢ € S?\{Ps} itholds
that w(q) = Py. Therefore, the unstable manifold of the source is W*(Ps) = S*\ { Py},
and the stable manifold of the sink is W*(Py) = S? \ {Ps}. We will omit the proof of
the transversality condition which is, however, trivially satisfied by applying [ ,
Prop. 1.1].

* Non-wandering Set: The non-wandering set NW (X') consists only of the two poles, i.e.
NW(X) = {Pg, Py}, which is precisely the set of critical elements.

1.3.19 Example. The following system of differential equations is an example of Morse-Smale
flow that possesses only two hyperbolic closed orbits. Hence, let us consider T2, the 2-torus,
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being the base differentiable manifold. Let the torus be parametrised by angular coordinates
(9, @), with both angles lying in [0, 27). The vector field X is

X {19 = sin(v) (1.37)

¢ =1

This vector field satisfies the Morse-Smale conditions, even tough we will not be thorough on
the verifications.

* Singularities: There are no fixed points due to the fact that the second component is
always different from zero.

* Closed Orbits: The critical elements are the closed orbits where the dynamics in the
v direction are stationary, i.e., where sin(¢) = 0. This occurs for two invariant circles
that are Ay = {(), ¢) | ¥ = 0} (a repelling closed orbit) and Ap = {(0,¢) | 9 = 7} (an
attracting closed orbit). The hyperbolicity of these closed orbits is checked, as [ ]
suggests, by verifying the absence of imaginary eigenvalues of the Jacobian of the vector
field. Since cos(0) = 1 and cos(m) = —1, the condition is fulfilled.

« Transversality Condition: The stable manifold Ay is W¥(Ag) = T? \ A;, and the
unstable manifold of Ay is W%(A1) = T? \ Ay. Both are verified to be transversal.

* Non-wandering Set: Any orbit different from A; or As moves monotonically in the ¥
direction spiraling around the torus. These are wandering orbits. The non-wandering set
NW(X) is therefore the union of the two closed orbits, i.e., NW(X) = A; U Ag. This
coincides with the set of critical elements, fulfilling the final condition.

It is interesting to sketch some of the most relevant properties of this kind of dynamical system.
First of all, we would like to point out two peculiar aspects of the stable and unstable manifolds.

1.3.20 Proposition. Let (¢!);cr be a Morse-Smale flow as per Definition 1.3.16 together with

its associated vector field V € X(M). For all p € M there exists a unique pair of critical
elements of the flow denoted by \; and A; such that p € W*(A;) N W*(A;).

1.3.21 Proposition. Let (¢!);cr be a Morse-Smale flow as per Definition 1.3.16 together with
its associated vector field V € X(M). Both the unstable and stable manifolds associated to
every critical elements of the flow, denoted by {Ai}fil, form a partition of M :

K K
M = UlVV“(Ai) = U1 W*(A;), (1.38)
1= J=

where K is the cardinality of the non-wandering set associated to the flow as per Definition
1.3.2.

Since we will omit the proofs for both these statements the interested reader can refer to [ ,
Sec. 3] for further details.

In the next section, we will make extensive use of the definition and properties of Morse-Smale
flows. However, we will also need to introduce an additional technical hypothesis, which will
be examined in the following definition.
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1.3.22 Definition. Let (¢!);cr be a Morse-Smale flow as per Definition 1.3.16 together with its
associated vector field V € X(M). Let {\;}X | be the set of critical elements of the flow. The
flow (¢!)ser is said to be C'-linearisable if. for each hyperbolic critical element \;, one of the
Jollowing conditions holds:

* Denoting by B, (0,7) C R™ an open ball centred at the origin, if \; is a fixed point, there
exist a neighbourhood W of A;, a C'-diffeomorphism h : By, (0,7) — W, and a linear
map A; € GL(R™) such that the vector field V satisfies

Voh=dhol, (1.39)

where L is defined by L(x) = (A;x) - O, while dh : TBy,(0,7) — TW is the usual
differential of a map between differentiable manifolds.

* If A\; is a closed orbit with minimal period Ty, there exists a neighbourhood W
of N;, a C'-diffeomorphism h : B,,_1(0,7) x (R/T\,Z) — W, and a smooth map
A; :R/T\,Z — M,_1(R), where M,,_1 stands for the space of real square matrices of
order n — 1, such that the vector field V abides by

Voh=dholL, (1.40)

where L is defined by L(x,9) = (A;(¥)x) - Oy + Oy, with U being the coordinate on
R/T},Z.

A flow is said to be C™®-linearisable if it is C'-linearisable for all | > 1.

We conclude this section with two results on the structural nature of Morse-Smale flows. These
results provide information on the behaviour of orbits and how the dimensions of the tangent
spaces to the stable and unstable orbits of two critical elements are related.

1.3.23 Proposition. Let (¢!);cr be a Morse-Smale flow as per Definition 1.3.16 together with
its associated vector field V € X(M). Let Aj, Aj € M be fixed points as per Definition 1.3.6.
Then,

WHU(A) NWS(A)) £ 0 = dim(W"(A;)) > dim(W"(A;)).

Moreover, one knows that

dim(T,W*"(A;)) + dim(T, W?*(A;)) = dim(T, W"(A;) + T, W?*(A;)) (141)
+ dim(T,W*(A;) N T W*(A;)). '
1.3.24 Remark. The first of the two statements in the preceding proposition contains a
fundamental dynamical interpretation. As a matter of fact, it tells us that orbits starting in the
proximity of fixed points with a stable manifold of a certain dimension must always end in
the proximity of fixed points with stable orbits of a strictly higher dimension. This will be a
fundamental observation for the construction of the Morse complex.
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1.4 Anisotropic Sobolev spaces and chain homotopy equation

In this section, we review the construction of the anisotropic Sobolev spaces that represent the
functional framework for our analysis. This review is for the sake of being self-contained, as
our main focus will be on the topological consequences derived from this framework rather
than on its technical construction. The central idea is to construct a space of functions where
the Lie derivative acts as an operator with a discrete spectrum. These eigenvalues, known as
the Pollicott-Ruelle resonances, are key to decomposing the space and revealing underlying
topological information. Our presentation will outline the main conceptual steps, closely
following the approach in [ ]. We will omit the technical proofs and intricate details of
the construction. For a comprehensive and rigorous analysis, the reader is referred to [ 1.

1.4.1 Convention. For the entire duration of this section, we will consider (M, g) to be a
differentiable manifold as per Remark 1.0.1 and (¢')cr to be a C*°-linearisable Morse-Smale
flow as per Definition 1.3.22, associated to the vector field V € X(M). Moreover, we will
consider (M, E,P) to be a vector bundle as per Proposition 1.1.4 and (Q2*(M, £),dY ) to be
the twisted de Rham differential complex as per Definition 1.1.12.

1.4.1 Escape function

The first and most critical step of the construction is to build a specific kind of function on the
cotangent bundle of the base manifold M, known as escape function. This is engineered to
"tame" the Hamiltonian dynamics, providing the necessary control to later define anisotropic
Sobolev spaces.

1.4.2 Definition. Ler V' € X(M) be a C™-linearisable Morse-Smale vector field as per
Definition 1.3.22. We associate a smooth Hamiltonian function Hy : T*M — R defined as

Hy(x,&) =&V (x)), Y(x,§)eT M. (1.42)

1.4.3 Remark. Recalling that the cotangent bundle is naturally endowed with a symplectic
form, Hy generates a corresponding Hamiltonian flow (¢');cg on T M, which is the cotangent
lift of the original flow (¢!);cR.

The core of the construction is to introduce a function G(z,§) that decreases along the
Hamiltonian flow, except within a small, well-defined region corresponding to the non-
wandering set of the dynamical system. The existence and properties of this function are
summarised in the following statements.

1.4.4 Definition. Let G : T*M — R be a smooth function. G is said to be an escape function
associated to V, if it is of the form

G(x,&) =m(x,§)log /1 + f(x,£)? (1.43)
where the auxiliary functions m and f satisfy the following conditions:

» The function m : T*M — R, known as the order function, is smooth and for any
multi-indices (o, ) € N?"

18]
2

0200 m(z,€) = O ((1 + ||s|ri>—) , (1.44)

where || - || is the norm on T* M induced by the metric g.
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e The function f : T*M — R is smooth and, for ||£||, > 1, it is positively homogeneous of
order one. Moreover, there exists a conical open set Ny C T* M and a constant C' > 0
such that the function f(z,£) = |Hy (x,&)| for all (x,&) € Ny satisfying the condition
l€]| > C. Outside a slightly larger conical open set N1 D Ny, f(z,€) = ||€]]-

* Forevery (x,€&) € T* M with sufficiently large ||£||, the following inequality holds true:

(Xmy (G)) (2,€) <0, (1.45)

where the left-hand side is the action of the Hamiltonian vector field on G evaluated at
(x,&) as per Definition 1.4.2. In addition, there exists a constant ¢ > 0 such that, for any
(x, &) outside N,

(Xny, (G)) (2,8) < —c. (1.46)

The following result begins to clarify why the class of Morse-Smale flows was introduced.
Indeed, according to the literature, the only two classes of flows with spectral properties good
enough to admit such an escape function are Morse-Smale as per Definition 1.3.16 and Anosov
flows. See [ ] for details.

1.4.5 Proposition. Let V € X(M) be a C*-linearisable Morse-Smale vector field as per
Definition 1.3.22. Then, it admits an escape function G : T*M — R as per Definition 1.4.4.

1.4.2 Anisotropic Sobolev spaces

The main idea of what we are going to do in this subsection is to first define a new function from
the components of the escape function. This new function will prove useful for constructing
the principal symbol of an operator that acts on the space L?(M, A*T*M ® &) to produce the
sought Sobolev space.

1.4.6 Definition. Let s > 0 be a real parameter and let G be an escape function® as per
Definition 1.4.4. Hence, we define the following smooth and positive function:

A (2, €) = exp (<s (2, €) +n— K)log /14 f(a:,o?) , (1.47)

where m(z,€) and f(x,&) are the order function and the auxiliary function whose properties
are stated in Definition 1.4.4. Thus, we define the following operator as

Agk) (:L'a 5) = Agk) (l’, 5) ’ HA’“(T*M)@S? (148)
where the identity acts on the fibres.

The following result, whose proof we will again omit due to its highly technical nature, shows

how to construct an operator that acts on twisted differential forms, using Agk)

symbol.

as its principal

1.4.7 Proposition. Let AP Ak (T*M) ® & — A¥(T*M) @ € be as per Definition 1.4.6.
Then, there exists an essentially self-adjoint pseudodifferential operator 0p(Agk)) that acts on
sections of the bundle A*(T* M) ® £, whose principal symbol is Agk). Moreover, Op(Agk)) is
invertible on L*(M, N*T*M ® &), for any s > 0.

3ts existence is guaranteed by Proposition 1.4.5.
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With the operator Op(Agk)) in place, we can now define the anisotropic Sobolev spaces and list
their key properties.

1.4.8 Definition. Ler A : AF (T*M) ® & — A¥(T*M) ® & be as per Definition 1.4.6 and

let 0p(Agk)) be as per Proposition 1.4.7 for a given real parameter s > 0. Hence, we define
the space HE, (M, £)* as

-1
HE (M, €)= (0p(AR)) LM, AT*M © €), (1.49)
where L?(M, A\*T* M ® £) is as per Remark 1.1.18.

1.4.9 Remark. Being in the setting of the previous definition and having fixed a real parameter
s > 0 to build the principal symbol A% it can be proven that the spaces H¥ (M, &) are
Sobolev of regularity parameter s for all £ € {0, ...,n}. An interested reader can find all the
details in [ , Sec. 9]. Since the specific regularity of these spaces is not relevant for our
work and to remain consistent with the notation used in the literature, we will continue to denote

the anisotropic forms by H¥ (M, £) as a reminder of the function m used in their construction.

These spaces are endowed with several important structural properties and two of them are
particularly worthy to be highlighted. To begin with, it is important to point out how the scalar
product is generalised to these Sobolev spaces.

1.4.10 Definition. Ler Op(Agk)) be as per Proposition 1.4.7 for a given real parameter s > 0
and let HE, (M, E) be as per Definition 1.4.8. The scalar product on the Sobolev space is
defined as

(1,0)5, = (OP(AM)u, 0p(AP)0) ', Vu,v € H, (M, £), (1.50)

*
where the inner product (-, )2 is as per Definition 1.1.17.

Now that we have defined a scalar product on these spaces of anisotropic forms, we will define
the twisted de Rham differential on the newly introduced Sobolev spaces. We will accomplish
this by first considering the definition of the space of currents.

1.4.11 Definition. Let (Q°(M,E),dV) be as per Definition 1.1.12. The space of currents,
denoted by D’k(M , &), is the topological dual of the space of twisted differential forms of
complementary degree:

DM, E) = (0 (M, 8)) (1.51)

where the topology of the test forms is the Fréchet topology.

1.4.12 Remark. Note that, due to the compactness of M, the distinction between smooth forms
and smooth forms with compact support vanishes. Consequently, the space of test functions is
simply the Fréchet space of all smooth forms, Q" *(M, &).

This means that a generic element u € D'*(M, £) is a linear and continuous application that
takes as input a test form v € Q" *(M, £) to give a complex number.

The following definition extends the de Rham differential to the newly defined space of currents.
Intuitively, just as with distributions on the real line, the action of the differential operator is
dualised to the test differential form.

*Not to be confused with harmonic forms which are denoted by #* (M, £) in Definition 1.2.9.
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1.4.13 Definition. Let D'*(M, E) be as per Definition 1.4.11, the extended differential d¥ :
D'*(M,E) — D'*TY (M, E) is defined as

(dYw)(v) = (=) (@Y o), YueD®M,E), voe Q" *D(E), (1.52)

where in the right-hand side dV is the standard twisted de Rham differential as per Definition
1.1.12.

The following result, which is useful for concluding our reasoning, establishes the inclusion
relation that holds between the three spaces cited thus far, see [ , Rem. 3.1].

1.4.14 Proposition. Let (Q°(M,E),dY ) be as per Definition 1.1.12, let HE, (M, £) be as per
Definition 1.4.8 and let D'* (M, £) be as per Definition 1.4.11. The following are continuous
and dense injections:

QF (M, E) — HE (M, E) — D*(M,E). (1.53)

Thus, we can observe that the smooth forms are contained within the anisotropic Sobolev forms,
which are, in turn, contained within the space of currents.

1.4.15 Remark. As seen in Definition 1.4.13, the exterior derivative was successfully extended
to the space of currents D'(M, E) by duality. Since the anisotropic Sobolev spaces are
continuously embedded in the space of currents, i.e., HE (M, E) — D'*(M, ), according
to Equation (1.53), the action of dV is naturally defined on any element of an(M , &) with
its image lying in D'*(M, £). However, a far stronger and more crucial property holds for
these specifically constructed spaces. As shown in [ , Eq. (9)], the exterior derivative is
algebraically closed when restricted to the Sobolev spaces:

dy - HE (M, &) — HEFL (M, €). (1.54)

This result guarantees that the entire de Rham complex structure can be lifted to the level of
these Sobolev spaces without concerns about operator domains.

1.4.3 The Lie derivative and its spectrum

The entire construction of the anisotropic Sobolev spaces H, (M, £) is motivated by the goal of
analysing the spectral properties of the Lie derivative, an operator whose behaviour on standard
functional spaces can be notoriously complex. However, within the tailored framework of
HE (M, £), its properties become remarkably well-structured.

1.4.16 Convention. Within this subsection, we will consider (M, £, P) to be the vector bundle as
per Proposition 1.1.4 and (¢")icr to be a C*-linearisable Morse-Smale flow as per Definition
1.3.22, associated to the vector field V € X(M). Moreover, we will consider H¥, (M, £) to be
the anisotropic Sobolev spaces as per Definition 1.4.8 and (Q*(M,E),dY) to be twisted de
Rham comlex as per Definition 1.1.12.

First of all, let us recall how the Lie derivative is defined.

1.4.17 Definition. Let d : HE, (M, E) — HEFY(M, E) be as per Remark 1.4.15. We define
the Lie derivative Egﬂ)v cHE (M, &) — HE, (M, €) as the linear operator

LOL =Y g0l +F T oay, (1.55)

where Lgc) cHE (M, E) — HEY(M, &) is the interior product with respect to V.
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The following proposition, stated without proof, gives important information about the local-
isation in the complex plane of the spectrum of the Lie derivative acting on the anisotropic
Sobolev spaces. See [ , Prop. 9.3] for all the details.

1.4.18 Proposition. Let HE (M, &) be as per Definition 1.4.8. For every real threshold
By > 0 there exists a Sobolev regularity parameter s(By) > 0 such that the operator
—L'gf)v s HE (M, E) — HE (M, &) defined in Definition 1.4.17 possesses a purely discrete
spectrum in the complex half-plane Re(z) > —By. Each eigenvalue in this set has a finite
algebraic multiplicity. The set of these eigenvalues is denoted by R@,v and its elements are
called the Pollicott-Ruelle resonances.

1.4.19 Remark. A crucial feature of this spectral theory is that the Pollicott-Ruelle resonances
and their corresponding generalised eigenspaces are, in fact, independent of the technical choices
made in the construction of the Sobolev space H¥, (M, &). Specifically, they do not depend on
the Sobolev regularity parameter s or on the particular escape function m(x, §) used to define
the spaces, see [ , Thm. 1.5]. This independence establishes that the spectrum is not an
artifact of the analytical framework but rather an intrinsic property of the Lie derivative and of
the underlying dynamics of the flow. It is for this reason that the resonances are considered true
dynamical invariants. While the eigenvalues themselves are intrinsic, the resonant states are
realised as distributions within these specific anisotropic Sobolev spaces, whose structure is
tailored to the geometry of the flow, a fact that will be illustrated when we explicitly construct a
basis for the eigenspace of the zero eigenvalue.

A crucial step in the spectral analysis is to study the resolvent of the Lie operator.
k)

1.4.20 Definition. Let 'Cg/,v cHE (M, E) — HE (M, &) be as per Definition 1.4.17. We define
the generator of the flow as

(k)
e vy = () HE (M, E) — HE (M, ), (1.56)

where (®!)cr is the flow associated to Hy : T*M — R, whose expression is reported in
Definition 1.4.2.

Having defined the exponential of the Lie derivative in this way, it is useful to relate it to the
resolvent of the operator via the following proposition.
1.4.21 Proposition. Let Lgf)v cHE (M, &) — HE, (M, E) be as per Definition 1.4.17 and let

(k)
e v HE (M, E) — HE (M, E) be as per Definition 1.4.20. There exists a real constant

(k)
Coy > 0 such that, for every t > 0, the norm of the operator e VS s bounded by €'“° and the
following identity holds true for Re(z) > Cjy:

oo i z4Lik) -1
| e (502%) gy e = (L6 +2) (), v eHh(ME),  (57)
where the right-hand side is the resolvent of the operator.

For each resonance 2y € R'{,’V, standard functional analysis allows us to define a corresponding
spectral projector. This is a finite-rank operator that projects onto the generalised eigenspace
associated with 2y via a contour integral of the resolvent around the isolated eigenvalue
zZo € Rlxﬂ/,v’ the set of Pollicott-Ruelle resonances.
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1.4.22 Definition. Let ng)v cHE (M, E) — HE (M, E) be as per Definition 1.4.17. Hence,
we define the spectral projection as

1 k _
)= yg (L +2) 7 dz : HE (M, €) — HE (M, €), (1.58)
=0

where v, is a small, positively oriented contour enclosing only the eigenvalue zy € Rl{}v. We

denote by C"k/’v(zo) the image of the spectral projector, 7795) (HE (M, E)).

1.4.23 Remark. In the previous setting the spectral projector could be defined even for
29 ¢ Ry,v by simply imposing it to be identically vanishing.

The resolvent operator itself can then be expressed in terms of these spectral projectors.

1.4.24 Proposition. Let [,( ) cHE (M, E) — HE (M, E) be as per Definition 1.4.17. The

resolvent (ﬁg/y)v + z) admn‘s a meromorphic extension to the half-plane Re(z) > — By whose
finite-order poles are in the set of Pollicott-Ruelle resonances R’& v- Here By and R(C/V are as
per Proposition 1.4.18. Moreover, for all poles z there exist integer numbers my,(zo) such that
the resolvent admits a Laurent series expansion around the resonance with a pole of order at
most my(20):

mk(zo ) ﬁ(k) + 20 )l 1 ()
7 +on,k(2)7 (1.59)

E(k +2)”
( AV — 2720)

where F 1,(2) is an operator-valued function holomorphic in a neighbourhood of z.

The following result is a straightforward consequence of the previous statement and it clarifies
why we have consistently referred to generalised eigenspaces up to this point.

1.4.25 Corollary. Let Cgf)v cHE (M, E) — HE (M, E) be as per Definition 1.4.17 and let
C‘k},v(zo) be as per Definition 1.4.22. Then, it holds that

<£g§j)v + zo)mk(zo) u = 0’ Vu € C‘k/;',V(ZO)a (160)
where my(zo) is as per Proposition 1.4.24.

Therefore, we denotes C‘k/’v(zo) as the space of the generalised eigenvalues for the operator
L% HE (M, E) — HE (M, E).

1.44 Homotopy equation

A powerful consequence of the spectral theory developed for the Lie derivative on anisotropic
Sobolev spaces is the ability to decompose any element of these spaces in three components.
This is formalised by the chain homotopy equation. As the reader will notice, a particularly
important role will be played by the eigenspace corresponding to the zero eigenvalue.

1.4.26 Convention. Within this subsection, we will always consider (M, E,P) to be the vector
bundle as per Proposition 1.1.4 and (¢!)cr to be a C*-linearisable Morse-Smale flow as per
Definition 1.3.22, associated to the vector field V € X(M ). Moreover, let us consider HE, (M, £)
to be the anisotropic Sobolev spaces as per Definition 1.4.8, dY : HE (M, E) — HEFLH(M, €)

to be as per Remark 1.4.15 and /J(k) : HE (M, &) — HE, (M, E) to be as per Definition 1.4.17.
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Before discussing the decomposition of anisotropic Sobolev spaces, we need to highlight some
essential algebraic properties of the operators involved. These will be stated without proof, as it
would be extremely time-consuming to check all the identities. A interested reader can find a
justification of this identities in [ , Sec. 4.2].

1.4.27 Proposition. Let W(()k) cHE (M, E) — C‘k/’v(()) be as per Definition 1.4.22 and let

L%f ) HE (M, E) — HEZY(M, ) be the interior product. Then, the following commutation
relations holds true:

(I) The Lie derivative commutes with the differential and the interior product:

o LU, = LU ody, W oLl = LG ol

(II) All the operators commute with the spectral projector TI'[()k)Z

0F o n®) = D) o g¥ 0 1) kD) )

5 Ly omy = oty
Consequently ,Cgf)v o W(()k) = ﬂ'(gk) ﬁgc,)V'

(IIl) The Lie derivative ng )V is invertible on Im(I — F(()k)).
(IV) The inverse of the Lie derivative commutes with the differential and the interior product.
k+1)\— k k) \— k
(P o dY o (1=m) = dY o (LY%) ™ o (- 7))
k—1)\— k k k k) \— k
(ys) ot o (- m?) = o (L) o (T mg)

The above properties are essential, as we will see, to prove the aforementioned decomposition
theorem.

1.4.28 Theorem (Chain Homotopy Decomposition). Let 7" : 7% (M, €) — Ct.v(0) be as

per Definition 1.4.22 and let Lgc) cHE (M, E) — HE-L(M, &) be the interior product. Then, it
holds that

¥ =m) W) +dy_ 0 QW)+ QE Vo dY (v), W e HE(M,E),  (1.6])
where Q) == L%f) (ng%)_l o(I— W(()k)).

Proof. Let us consider a generic element ¢ € H¥ (M, ). We begin by applying the trivial
(k)

decomposition based on the spectral projector m;

b =7 (@) + (- 7)) ().

Our next step is to decompose the second term. By item (III) of Proposition 1.4.27, the operator

ng )v is invertible on the range of (I — ’/T(()k)). We can therefore write the subsequent identity:

- n$) W) = £ o (£8%) " o (1) w).

We apply the explicit definition of Lie derivative to the first operator on the right-hand side of
the previous equation to obtain

(- m)@) = @y 0+ odl) o (£05) " o (- )W),
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Let us split the right-hand side in two terms by applying linearity. For the first term, we use
straightforwardly the definition of Q(*), while for the second one we use item (IV) of Proposition
1.4.27 to commute the differential with the inverse of the Lie derivative:

(- ) @) =¥y ol o (L) o (- nf) )
il oal o (£80) o (1- ) (w)
= qu o Q(k) ()
T+l o (£0eD) o dY o (1))
= dy_1 0 QW (¥) + Q¥ o d¥ ().

We can now recompose this last expression with the first decomposition written. Therefore, the
sought statement is proven. |

The following is a direct consequence of the previous theorem.

1.4.29 Corollary. Let ﬂ(()k) : HE (M, E) — C§7V(O) be as per Definition 1.4.22 and let
L%ﬁ) : HE (M, &) — HE1(M, ) be the interior product. Then, it holds that

1
Hi (M, E) = CY g (0) P Im (dk 1‘ o) ) @Im( (k+ >‘K6r( (k+1>)>' (1.62)
o

Proof. Thank to the chain homotopy equation, we know that for all ¢» € HE (M, £) there exist
w= W[()k) () € C§7V(O) as per Definition 1.4.22, o € Im(I — W(()k_l)) and § € Im(I — W(()k+1))
such that

b= w+dY () + 15D (B).

Therefore, we note that the found decomposition can be written in a more compact form as

HE (M, €) = Clg(0) + Im (delIKer(WM)) + Im ( v (1.63)
0

Ker(wék+1))> ’
Moreover, we have to prove that the three subspaces generated by the three terms in the
decomposition are in direct sum. As a first step, we can consider the direct sum of the first
subspace and the sum of the other two. As a matter of fact, since W(()k) (I— F(()k)) = 0, it holds
that H% (M, £) can be decomposed as the direct sum of Im(w(()k)) and Im(I — w(()k)). Therefore,

what remains to be checked is that the second and the third subspaces have trivial intersection

within the subspace Im(I — ﬂ(()k)). Let us consider w € Im(I — Wék)), equivalently written as

w=dy_j 0 QW (1) = Q¥ o qY (1),
for ¢1, 19 € H%(M,é’).

We notice that the following two identities hold true:
dy (w) = dy o dy_y 0 QW (y1) =0,
4P @) =i 0 o (L) o (- w0 Y () =
where we applied the nilpotency of the operators in both cases.
Eventually, we notice that by applying the Lie derivative to w we obtain zero due to the previous

identities: . . .
L8 (w) = (T o dY +dY_y o) (w) =0.
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Since the Lie derivative is a linear operator and it is invertible on Im(T — W(()k)), entails that
w = 0 and that the two subspaces have zero as only element in the intersection. Hence, the
sought statement is proven. ]

1.4.5 Generalised eigenspace at zero

Given that the generalised eigenspace for the zero eigenvalue plays a key role in the preceding
decomposition theorem, it is both interesting and useful for future purposes to examine its
properties. In particular, we will observe its close connection to the twisted de Rham cohomology.
The study of its dimension, however, will be the subject of the following subsection.

1.4.30 Convention. Even in this subsection, as in the one before, we will consider (M, E,P)
to be the vector bundle as per Proposition 1.1.4 and (¢*)icr to be a C™-linearisable Morse-
Smale flow as per Definition 1.3.22, associated to the vector field V € X(M). Moreover,
let us consider ’HE,L(M,E) to be the anisotropic Sobolev spaces as per Definition 1.4.8,

W(()k) cHE (M, E) — C‘]“,,V(O) to be as per Definition 1.4.22, E(k)v HE (M, E) — HE (M, €)
to be as per Definition 1.4.17 and dY : HE, (M, &) — HEFY(M, ) to be as per Remark 1.4.15.

We begin reporting a direct consequence of the aforementioned commutation properties of the
various operators, see Proposition 1.4.27.

1.4.31 Corollary. Ler C‘@’V(O) be as per Definition 1.4.22 and let dY : HE,(M,€E) —
HEFL(M, E) be as per Remark 1.4.15. Hence, it holds that

dy/

(chv(0) c et ().

v,v(0)

Proof. Ttem (II) in Proposition 1.4.27 ensures that the exterior derivative commutes with
(k

the spectral projector 7 ). Let us recall that any element ¢y € C’"“/V(O) can be written as

o = 70 (1) for a v € HE). By applying to it the twisted differential, it holds that

dy (Yo) = dY o m” () =m0 dY (v),
which is an element in C‘k}fvl(O). Due to the generality of 1y, the statement follows. [ |
1.4.32 Remark. Since the nilpotency property of the differential holds on HE (M, £), it is

inherited when restricted to the subspaces C"}V(O). The following sequence forms a chain
complex of vector spaces.

dy ay ay_ v
095 00 (0) 2 Cho(0) S ... 224 en o (0) 2 0. (1.64)

Since the generalised eigenspaces relative to zero (CY,(0), dV') form a chain complex, its
cohomology is well defined and denoted by H*(Cy.v(0)).

The following results illustrate how the previous cohomology is related to the twisted de Rham
cohomology. Before we prove the desired statement, it is essential to state the following theorem,
which shows that the cohomologies of the three spaces involved in Equation (1.53) are, in fact,
all isomorphic. See [ , Chp. 4] for the proof.
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1.4.33 Theorem. Let (Q°(M,E),dY) be as per Definition 1.1.12, let H¥, (M, &) be as per
Definition 1.4.8 and let D'* (M, £) be as per Definition 1.4.11. The following two statements
hold true:

1. Letu € D'*(M, E) be a cocycle, i.e., dY u = 0, where dy : D'*(M, &) — D'*+1(M,€)
is as per Definition 1.4.13. There exists a smooth form w € QF(M, E) such that u — w is
a coboundary in the space of currents, i.e., u —w € d¥ (D'*71(M, £)). Consequently,
every current cohomology class has a smooth representative.

2. Let u € HE (M, E) be a cocycle with respect to the differential dY : HE,(M,E) —
HEHL (M, E) as per Remark 1.4.15. There exists a smooth representative w such that

the difference uw — w is a coboundary within the Sobolev space itself, i.e., u —w €
dy_ (Hy 1 (M E)).

The preceding theorem entails a very powerful result: every cohomology class from both the
space of currents and the anisotropic Sobolev space admits a smooth representative. This im-
plies that the cohomologies of Q°* (M, &), Hy, (M, E) and D’* (M, &) are, in fact, all isomorphic.

The following theorem, whose proof is based on the chain homotopy equation, establishes that
not only are the three cohomologies isomorphic, but they are also isomorphic to the cohomology
of the resonant spaces at zero.

1.4.34 Theorem. Let (Cy,(0), dV') be the differential complex as per Remark 1.4.32 and let
its cohomology group be defined as

k(o _ Ker(d¥ : O3 5(0) = V5 (0))
HY(Cyv(0)) = Im(d¥ : O3 3(0) = Gy (0))

: (1.65)

where d¥ is as per Corollary 1.4.31. Then, the twisted de Rham cohomology H* (M, &), as per
Definition 1.1.19, and Hk(C{/y(O)) are canonically isomorphic through W(()k) L QF(M,E) —
Vv (0).

Proof. Let us consider the spectral projector TF(()k) CQF (M, E) — C\k/,v (0) as per Definition

1.4.22. We need to show that the map induced at the level of cohomology, denoted [Wék)], is

both injective and surjective.

Injectivity: let 1] € H*(M, £) be represented by a smooth cocycle 1) € Q¥(M, £) such that
its projection onto the resonant states is a coboundary in C‘k/’v (0), i.e., there exists ¢ € C‘]‘}_Vl (0)
such that Wék) (¢) = dY _,(#). This means that [W(()k)]([i/)]) = [w(()k) ()] = 0. By using the
chain homotopy decomposition from Theorem 1.4.28, 1) decomposes as

b =7 (@) + (@Y1 0 @) () + (Q¥HD o dY ) ().

Since dkvz/J = 0, the third term vanishes. Hence, we are left with a simplified expression.

W =dy 1 (¢)+ (dy_, 0 QF)(w).

Therefore, ¢ is the sum of two coboundaries, which means that it is itself a coboundary in the
Sobolev space. By the regularity result of Theorem 1.4.33, its cohomology class must be zero
also in the smooth de Rham cohomology. Thus, [¢)] = 0, which proves injectivity.

Surjectivity: let [¢] be an arbitrary cohomology class in H*(Cy.v(0),dV ), represented by a
cocycle ¢ € C‘k/,V (0). Since ¢ is a resonant state, it lies in 7, (M, £). By Theorem 1.4.33,
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there exists a smooth cocycle w € QF(M, &) in the same Sobolev cohomology class, i.e.,
¢ —w=dy () for some a € HE1(M,E).

Let us apply the spectral projector ﬂ'(()k) to this relation. Since ¢ is a resonant state, W(()k) (¢) = o.

Moreover, by using the commutation property in item (II) of Proposition 1.2.13, we obtain the
following identity.

¢ —my)(w) = 7 (p — w) = 7V (@AY @) = dY_y (D (@)).

This shows that ¢ and W(()k) (w) differ by a coboundary within the resonant complex. Therefore,
they represent the same cohomology class in H*(Cy.v(0),dV ). Since we have found a smooth
(k)

cocycle w whose projected class [’ (w)] equals the target class [¢], surjectivity has been
proven and with that the theorem. |

1.4.35 Remark. In the setting of the previous theorem, we consider D’*(M, &) to be as per
Definition 1.4.11 and H¥ (M, €) as per Definition 1.4.8. Combining the result of Theorem
1.4.33 and the isomorphism proven in Theorem 1.4.34, we have that this last result extends to
the cohomologies computed on the anisotropic Sobolev spaces and on the space of currents:

H*(Cyv(0),dY) = H*(M, &) = H*(H,,,dY) = HY(D',dV).

As we will see, this fact is of crucial importance for interpreting the results we will obtain
regarding the torsion of the complex (C¥,(0), dv).

1.4.6 The dimension of C{/(0)

To conclude this section, we will examine the dimension of the generalised eigenspace
corresponding to the zero eigenvalue. We will prove that these spaces are finite-dimensional
and that their dimension, which will be explicitly determined, is strictly related to the number
of critical points of the vector field, namely the points on the manifold where the vector field
vanishes. To do so, it is worthwhile to recall some basic properties regarding the concept of
holonomy, which is closely related to parallel transport along a closed orbit of the flow and to
the action of the representation by which we build our vector bundle £. The inclusion of this
seemingly tangential section serves a specific purpose: to explain the interchangeable use of
terms such as representation, holonomy, and monodromy matrix in some references. By doing
so, we hope to establish a clear connection between the visually intuitive process of parallel
transport and the more abstract framework of representations.

1.4.36 Convention. Within this subsection, we will again consider (M, E,P) to be the vector
bundle as per Proposition 1.1.4 and (¢")icr to be a C*-linearisable Morse-Smale flow as per
Definition 1.3.22, associated to the vector field V € X(M). Moreover, let us consider HE (M, £)

to be the anisotropic Sobolev spaces as per Definition 1.4.8, W(()k) cHE (M, ) — C’{?V (0) to
be as per Definition 1.4.22 and [,gf)v cHE (M, E) — HE (M, €) to be as per Definition 1.4.17.

1.4.37 Definition. Let V : X(M) x I'(M, &) — I'(M, &) be a flat connection as per Definition
1.1.7 and let v : [0,1] — M be a smooth path. A smooth section o € I'(M, ) is said to be
parallel transported along v if

Vyo =0,

where §(t) € T,y M, forall t € [0, 1].
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1.4.38 Remark. The previous definition allows us to build a map between the fibres of the
vector bundle (M, £, P). Let us denote p = (0) and let us take a generic vector eg € &, in the
associated fibre. The parallel transport of e along ~y is the unique section o € I'(M, &) such
that the following two conditions hold:

{vﬁa =0
a(7(0)) = e
It is worth noticing that uniqueness of the solution is assured by the Picard-Lindelof theorem.

Hence, the connection V allows us to define an isomorphism between fibres which is called
parallel transport map along -~y and it is defined as

P(7)s: Eys) = Ey

P(y)L(o(y(s)) = o(7(t), 0<s<t<1.

1.4.39 Definition. LerV : X(M) x I'(M,E) — I'(M, ) be a flat connection as per Definition
1.1.7, let v : [0,1] — M be a loop based at v(0) = p € M and let P(v)', be the parallel
transport map as per Equation (1.66). Introducing the endomorphism P : &, — &, as
P., == P(v){, we call holonomy group

Hol,(V) .= {P € GL(&,) : v aloop at p} .

(1.66)

As seen, the holonomy group in p € M is the set of all parallel transport maps along loops
based at p. Having reached this point, we need to recall some properties concerning the lifting
of paths on the universal covering. These are codified in the following proposition, whose proof
can be found in [ , Lemma 54.1].

1.4.40 Proposition. Let v : [0,1] — M be a closed loop based at v(0) = p. By denoting
with m : M — M the universal covering map and considering p € M such that m(p) = ~v(0),
there exists a unique lifting 7 : [0,1] — M such that 5(0) = p and w(3(t)) = ~(t) for all
t € [0, 1]. Moreover, it holds that ¥(1) = p - [y], where [7] stands for the deck transformation
corresponding to an element in 71 (M), the fundamental group.

It is interesting to notice that, in general, the lifting is not a closed path in the universal covering.

We will now proceed considering the trivial bundle (M x E) and defining a flat connection on
it. This connection will be used to induce a flat connection on the vector bundle £ previously
used.

1.4.41 Remark. Let 7 : M — M be the universal covering and let £ be the finite-dimensional
vector space used in Definition 1.1.3. By considering the trivial vector bundle M xE — M,a
section5: M — M x Eis uniquely determined by a smooth function f : M — FEas

s(p) = (P, /(P)) Ve M.
The flat connection d is defined as
d:T(M,M x E) - (T*M ®~(M xE) e
d3(p) == (p,df;), df eT(T"M ®E), Vpe M.

Therefore, given a path 7 : [0, 1] — M, the section 3 is said to be parallel transported along 7 if

(7(),0) = (d:3) (1) = (3(1), (AFENE(E)) . V€ [0,1]

which is essentially the request of f(5(¢)) being constant in E for all ¢ € [0, 1].
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1.4.42 Remark. In the setting of the previous remark, where 7 : [0, 1] — M is a smooth path,
we discuss how the parallel transport acts on elements in (M x F). Hence, let us suppose to have
vo € E and a section 5 € I'(M, M x E) as per Remark 1.4.41 such that 5(5(0)) = (3(0), vo).
The parallel transport map along 7 defined in Equation (1.66) acts by only changing the base
point of the fibre:

P(7)5(3(0),v0) = (5(1),vo0)-

1.4.43 Remark. We investigate how a smooth section on the vector bundle £ is associated to a
smooth section of the trivial vector bundle (M x E). By recalling that in Remark 1.1.5 it is
stated that a section s € I'(M, £) is uniquely determined by an equivariant map ¢ : M — E,
this also defines a smooth section on the trivial vector bundle 5 € F(]T/f , M x E) as per Remark
1.4.41.

We can give a flat connection V on the vector bundle (M, &, P).

1.4.44 Proposition. Letd : (M, M x E) — I(T*M & (M x E)) be the flat connection on
M x E — M as per Remark 1.4.41. There exists a flat connection V : X(M) x T'(M, &) —
L(M, &) such that s € T'(M,E) is said to be parallel with respect to V along a path
v :[0,1] — M if and only if the associated lifted section s € T'(M, M x E) as per Remark
1.4.43 is parallel with respect to the trivial connection as per Remark 1.4.41 along every lifting
5 : [0,1] — M of the path +.

The following result shows us how the group representation we use to build the vector bundle is
linked with the holonomy group. As a consequence of this result, we will use indiscriminately
p([7]) to indicate the parallel transport map along the loop.

1.4.45 Theorem. LetV : X(M)xI'(M, &) — I'(M, &) be a flat connection as per Proposition
1.4.44 and let y : [0,1] — M be a closed path based at p € M. Given P, : £, — &, as per
Definition 1.4.39 and p : m1(M) — GL(FE), a representation of the fundamental group, the
parallel transport map acts in the same way as p([y]) € GL(E) where || is an element in
m1(M, p) and E is the vector space used in Definition 1.1.3.

Proof. Let us recall a preliminary result: a connection is flat if and only if the parallel transport
map along a generic closed curve depends only on the homotopy class of that curve. With
that in mind, let us take a generic [y] € (M, p) with representative element v : [0, 1] — M,
and its lifting path 7 : [0, 1] — M with respect to the universal covering 7 : M — M as per
Proposition 1.4.40. This lifted path is such that ¥(0) = p and (1) = p - . Let us consider
v € E, which can be identified with the element [(p, v)] € &£,. Knowing how to parallel transport
[(p,v)] along y with respect to V is equivalent to know how to parallel transport v along 7 with

respect to d thank to Proposition 1.4.44. By recalling that P(7){(57(0),v) = (p - [y],v) due to
Remark 1.4.42, the following relation holds:

P, ([(p,v)]) = [(2- 7], 0)] ~ [, p((W])0)]; (1.68)

where we have underlined the fact that the image lies in the same equivalence class as the one
on which the representation p([7]) has acted, by comparison with Equation (1.1). Therefore,
the sought statement is proven. ]

Let us once more analyse the resonant space relative to zero. Before stating the last sought
result, we have to define the twist factor, which will turn out to be useful in different cases.
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1.4.46 Definition. Let V € X(M) be a C*-linearisable Morse-Smale vector field as per
Definition 1.3.22. By considering a closed orbit A C M for V, the corresponding unstable
manifold W*(A), defined in Equation (1.30), is said to be untwisted if it is orientable, while
twisted, otherwise. We define the twist factor as
A(A) = {—i—l sz“(A) l:S un@isted (1.69)
—1 if W™(A) is twisted

The determination of the dimension of the spaces C"“/V(O) is a direct consequence of the explicit
construction of a distinguished basis for these spacesi By evaluating the cardinality of this basis,
it follows that these spaces are finite-dimensional. It is of key relevance to us to provide the
explicit form of these bases, as they will be of fundamental importance for the construction
of a non-canonical isomorphism between the complex (Cy, (0), d¥') and the Morse complex
introduced in the subsequent subsection. Let us first state the proposition about the dimension
and then explain how the specific base is built.

1.4.47 Proposition. Let V € X(M) be a C*-linearisable Morse-Smale vector field as per
Definition 1.3.22 and let C‘lﬁ—v(O) be as per Definition 1.4.22. If, for all closed orbits A C M
of the flow, the twist factor A(A) defined in Equation (1.69) is not an eigenvalue of p(\), the
following relation holds true:

dim (Cf5(0)) = New(V), (V) = #{p € M | V(p) = 0 and dim(W*(p)) = k},
(1.70)
where W*(p) is the stable manifold related to the fixed point p as per Equation (1.26).

A proof of the previous result can be found in [ ].

1.4.48 Remark. Being in the setting of the previous proposition, let a be a critical point for
the Morse-Smale field V' such that dim(W*(a)) = k, where W#(a) is the stable manifold as
per Equation (1.26). There exists a simply connected neighbourhood U of A on which we can
introduce a system of local coordinates (z1, ..., Tk, Y1, - ., Yn—k) such that the stable manifold
(W#3(a) NU) is locally given by the equation y = (y1,...,yn—x) = 0, while the unstable
manifold (W"(a) N U) is locally given by the equation z = (z1,...,xx) = 0.

This allows for the choice of a local frame {c{, ..., ¢} } for the vector bundle £ of rank N being
parallel with respect to the flat connection V : X(M) x I'(M, ) — I'(M, €), i.e., Vc§ = 0 for
allj =1,..., N. The component of the complete basis associated with the critical point a is a
set of k-currents {U, ; }é\le as per Definition 1.4.11, whose distributional support is precisely

the unstable manifold W*(a).
In the local coordinate system described above, the state U has the following explicit form.

Ua’j = 50(.%1, ... ,ij) dri N - ANdzg ® c?(:c,y), (1.71)

where do(z1,...,xy) is the Dirac delta distribution supported at the origin of the stable
coordinates. This term ensures that the current support lies in the unstable manifold. The term
dzi A - - - A dxy is the exterior product of the differentials of the stable coordinates, giving a
k-form and c?(x, y) is the j-th section from the previous local frame.

Eventually, the complete basis for C’"Z v(0) under the given conditions is the set of all such
states, constructed for every critical point whose stable manifold has dimension k.

By, = {Uq; | ais acritical point such that dim(W?(a)) =k, j=1,...,N}. (1.72)
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It is important to note that the previous hypothesis — that the twist factor is not an eigenvalue
of the representation — will be assumed throughout the remainder of the thesis. Furthermore,
thanks to the result from Theorem 1.4.45, it is interesting to observe that this hypothesis has a
much clearer interpretation: we require that no vector in the fibre &, can return to itself (up to a
sign) after being parallel transported along a closed orbit.

As the reader will have noticed, particular importance has been given, and will continue to be
given, to the space of resonant states corresponding to the eigenvalue zero. This naturally raises
the question of whether and under which conditions zyp = 0 is a Pollicott-Ruelle resonance. The
following remark clarifies this very condition and its consequences.

1.4.49 Remark. As in the previous setting, if the Morse-Smale vector field V' is non-singular,
i.e., it has no critical points, and if, for every closed orbit A, the twisting index A(A) is
not an eigenvalue of p(A), then zyp = 0 is not a Pollicott-Ruelle resonance. The converse
is also true as a consequence of the explicit expression contained in Equation (1.70). This
means that the complex (C\./,v (0),dV) is trivial if and only if these geometric conditions are met.

In this acyclic setting, the chain homotopy equation undergoes a significant simplification.
Since C"“/’V(O) = {0}, the spectral projector is ﬂ(()k) = 0 for all k. This implies that the Lie

derivative £§f )v is invertible on the entire anisotropic Sobolev space HZE, (M, £). Moreover, the

-1
homotopy operator simplifies to Q%) = L%/l? )6 (Egc )V> . Consequently, the chain homotopy
decomposition from Theorem 1.4.28 becomes as

¥ =(dy_y 0 Q)(¥) + (@ 0d)(¥), VU € Hy, (M,E).
This implies a direct sum decomposition of the entire Sobolev space into subspaces:
HE (M, E) = Im(dy_) D Im(:{Y). (1.73)

Proposition 1.4.47 has another important consequence. As a matter of fact, we will conclude
this section by stating how the contraction operator behaves on the resonant spaces C’"‘“,,V(O).
The following proposition, whose proof can be found consulting [ , Prop. 5.1], states
what is the dimension of the homology of resonant spaces ka},v (0).

1.4.50 Proposition. Let C . (0) be as per Definition 1.4.22 and let ng)c = Lg?)’ CE _(0)
) ) v,V

ka/,v 0) — C‘k},_vl (0) be the contraction operator restricted to C‘k/y (0). By defining the k-th
homology group as

_ Ker(fp : g (0) = G (0)
(Y GER0) » Clo(0)

(1.74)

its dimension is given by
dim(Hy) = N - ¢ (V), (1.75)

where ci, (V') is as per Equation (1.70), while N = rk(E).

The following proposition is an immediate consequence of the previous result and of the theorem
of dimension for finite-dimensional vector spaces.

1.4.51 Proposition. Let C . (0) be as per Definition 1.4.22 and let Lgc)c = Lg{:)lck 0 °
) ) v,V

C‘k/,v 0) — C"“/fvl (0) be the contraction operator restricted to C’{ZV(O). If, for every closed
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orbit A, the twisting index A(A), as per Equation (1.69), is not an eigenvalue of p(\), as per
Remark 1.1.2, it holds that
W =o. (1.76)

Proof. As seen in Proposition 1.4.47, the hypothesis assumed imply that dim(C‘k/y (0)) =
N - ¢(V). On the other hand, by definition, the dimension of the k-th homology group is

dim(Hy) = dim(Ker(:{+),)) — dim(Im(z{}¢.")), (1.77)
where we applied the theorem of dimensions for finite-dimensional vector spaces. From
Proposition 1.4.50, we have that dim(Hj) = N - ¢;(V'). Hence, by substituting this relation
into (1.77), we obtain

dim(CY.(0)) = dim(Ker(:{}7.)) — dim(Im(c{/ ).

We note that Ker(Lg%) is a subspace of C’"}V(O), which implies that dim(Ker(Lg%)) <

dim(C"} v(0)), and naturally dim(Im(LgC gl))) > 0. The equality can therefore only hold if

both of the following conditions are met simultaneously:
o i (B) N\ k
dim(Ker(sy,+)) = dim(Cy, 5 (0)),

. dim(Im(Lg%l))) = 0.

This proves that for any state ¢ € C"Zv (0), its image under L%f ) is the zero vector. Thus, the

(k)

operator ¢}, restricted to Cf.(0) is identically zero. [
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1.5 Torsion of a complex and Thom-Smale torsion

We begin this section by giving a general definition for the torsion of an arbitrary finite-
dimensional cochain complex. We will see how this is related to the concept of a chain
contraction and how it finds a concrete realisation once a scalar product is introduced on the
cochain spaces. To emphasise that this is a general construction, and because we intend to
apply it to different contexts, we will employ a distinct notation from our main case of study.

The primary references for this introductory general part are [ 1, [ ] and [ 1,
whereas the subsequent discussion on Thom-Smale torsion and the torsion of resonant states
will primarily draw upon [ [ ] and [ ].

We establish our notation with the following remark.

1.5.1 Remark. Let (C*,d) be a cochain complex, where {C*}7_,, is a collection of finite-
dimensional vector spaces over C, and {dj, : C¥ — Ckﬂ}z;ol is a collection of linear maps
such that di11 o di = 0 forall k € {0,...,n — 2}. Collectively, d is called differential of the
complex. This structure is represented by the sequence:

o0 do, o1 4y dno2 o1 Do, om

1.5.1 Torsion of a complex

We define the torsion, as our goal is to work within the most general framework possible, in the
case of C'* not acyclic.

1.5.2 Definition. Let V' be a finite-dimensional complex vector space of dimension n. We define
its determinant line, denoted by Det(V'), as

Det(V) :== A"V,

where A™V stands for the exterior algebra of V. By convention, if the vector space is
zero-dimensional the determinant line is taken to be C.

1.5.3 Remark. The determinant line of a vector space is a one-dimensional vector space itself
and an element p therein can be generated from a basis {vy,...,v,} C V as

nw=vy AN Avp.
1.5.4 Definition. Let (C*®,d) be a finite-dimensional complex as per Remark 1.5.1. The

determinant line of the complex, denoted by Det(C*), is

Det(C*) = X) (Det(C’k))(_l)k = Det(C%) @Det(CH) ' @---@ (Det(C™) V" | (1.78)
k=0

where Det(CF) is as per Definition 1.5.2, while Det(C*)™! denotes its dual space, i.e.
Det(C*)* = Hom(Det(C¥), C).

1.5.5 Remark. Being the tensor product of one-dimensional spaces, Det(C*®) is a one-
dimensional vector space itself.

1.5.6 Remark. The construction of the determinant line is purely algebraic and it depends only
on the graded vector space structure of the complex. Consequently, it can be applied to any
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graded vector space. In particular, we can define the determinant line of the cohomology of the
complex. By considering

L k41
HE(C®) = Ker(dy : C¥ — C")

= 1.
Im(dk,1 : Ck-1 Ck)7 ( 79)

to be the k-th cohomology group, which is itself a finite-dimensional vector space, we define
the determinant line of the cohomology as

Det(H*(C*)) = ) (Det(Hk(C‘))>(_1)k , (1.80)
k=0

where each Det(H"(C*)) is as per Definition 1.5.2. This is also a one-dimensional vector
space.

The definition of torsion is based on the following result. Since the determinant line of the
complex is one-dimensional, as is the determinant line of its cohomology, there exists an
isomorphism between the two vector spaces. What the following theorem asserts, however, is
that this isomorphism is natural. See [ , Lemma 3.15] for a detailed proof.

1.5.7 Theorem. Let (C*,d) be a finite-dimensional complex as per Remark 1.5.1, let Det(C*®)
be as per Definition 1.5.4 and let Det(H®(C*)) be as per Remark 1.5.6. There exists a canonical
isomorphism:

T : Det(C*) = Det(H*(C*)). (1.81)

This isomorphism is denoted as algebraic torsion of the complex (C*®,d).

We do not intend to provide the explicit form of this isomorphism since it is not useful for our
future purposes. Hence, we will restrict ourselves to asserting its existence.

Since our primary interest is to associate a numerical value with this torsion, the following
remark is of key importance.

1.5.8 Remark. As previously noted, both Det(C*®) and Det(H*(C*)) are one-dimensional
vector spaces. The isomorphism T : Det(C*®) — Det(H*(C*®)), as per Theorem 1.5.7, is
uniquely determined by a single non-vanishing scalar, once bases for both spaces are chosen.
By considering puc € Det(C*)\{0} and pgy € Det(H*®)\{0}, they represent a base for their
respective one-dimensional spaces. Since T is an isomorphism, its action on ¢ must result in
a scalar multiple of p g such that

T(uc) = 7(C*) - pun, (1.82)

for a unique 7(C*®) € C\ {0}. This scalar is the numerical value of the torsion of the complex
relative to the chosen bases pc and pigy.

1.5.9 Remark. In the specific case where the complex is acyclic, i.e., H*(C*) = {0} for all
k € {0,...,n}, the torsion becomes an isomorphism T : Det(C*) — C, and its numerical
value is determined solely by the choice of a basis for the complex (C*®, d).

Let us recall a theoretically important result that serves as the starting point for our discussion
on chain contractions. Recalling that, through Hodge theory, we decomposed the space of forms
into a direct sum of three subspaces, we will proceed in the same way here. This decomposition
is the fundamental structure upon which the algebraic theory of torsion is built and it allows us
to define a natural collection of underlying key operators.
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1.5.10 Proposition. Let (C*, d) be a finite-dimensional complex as per Remark 1.5.1. Denoting
by Z% := Ker(dy,) and by B* := Im(dy_,), every space C* admits a canonical decomposition
as the direct sum of three subspaces:

C* = B¥ ¢ % @ B, (1.83)

where FF is a subspace isomorphic to the k-th cohomology group Hk(C“) = Zk/Bk while
BV is a subspace of C* isomorphic to B**1.

Proof. The proof relies on a two-step application of the Splitting Lemma. A proof of this
important tool can be found [ , p- 1471
Step 1: For any degree k, the following short exact sequence yields

ik d
0— zF 2 cF & B 0,

where iy : Z% < CF is the canonical inclusion. As the dimension theorem holds for finite-
dimensional vector spaces, the isomorphism C* = Z* @ B**! holds true. Therefore, the
Splitting Lemma guarantees the existence of

hlfgﬂ : B¥*t 5 ¢* such thatdy, o h’gl = Igr+1,
s CF — ZF suchthats o5 = T.
If we define the subspace ! := Im(h'f;l) C C*, we note that it lies in the complement of

the cocycle Z* and that the differential dj, restricted to this subspace, dy| gr+1 : BXH1 — B+
is an isomorphism. Therefore, it holds that

ck=7F g B (1.84)

Step 2: The definition of the k-th cohomology group, H*(C*), corresponds to the following
short exact sequence:

-k k
0— B* B zF 25 gh(C*) — 0,

where iljé is the inclusion of the exact elements in the space of the closed ones, while p'}{
is the canonical quotient map. Again, the dimension theorem leads to the isomorphism
ZF =~ B* @ H*(C*). The Splitting Lemma guarantees the existence of

i+ HY(C*) — Z*,  suchthatp* o hfy = Iy (cey,
sk ZF - B*,  such thats% o i% = Ige.

If we define the subspace 7% := Im(h%,) C Z*, we note that it lies in the complement of
B* and that the quotient map restricted to this subspace, p*| . : % — H¥(C®), is an
isomorphism. Therefore, it holds that

ZF = B ¢ k. (1.85)

Step 3: The final result is obtained by replacing the decomposition of Z* as per Equation (1.85)
into that of C'* as per Equation (1.84):

Ck: _ Zk @%k-ﬁ-l _ Bk: ® %pk @@k-‘rl'

This establishes the claimed decomposition. |
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1.5.11 Remark. The previous result can be restated by saying that any element o € C* can
be uniquely written as a sum of its components each lying in one of the three subspaces. Let
us consider « € C*, due to Proposition 1.5.10, there exist unique ap € BF, ap € A% and
oy, € B++1 such that

a=aap+ ap + ap.
The previous decomposition provides a canonical way to define an operator that, in contrast to

the chain map d, decreases the degree of the vector space on which it acts.

1.5.12 Definition. Let (C*®, d) be a finite-dimensional complex as per Remark 1.5.1. By means
of Remark 1.5.11, we define the projector P* : C* — 7% c C* as

Pk(a) :Pk(aB—i-ah—i-ab) =aqy,, Yaelk, (1.86)
where, oy, € . A homotopy operator ny, : C*T1 — C* is a linear operator such that
dp_1nk—1 +nrde = Ior — P* and m_yom =0, Vke{0,...,n}. (1.87)

1.5.13 Remark. The following useful relations are a direct consequence of the previous
definition and will prove useful in the subsequent proofs:

(D (P*)? = PF,
(Il) diP* = Pktlq, =0,
(1) 71 P¥ = PA= 1y = 0.

The following theorem is a structural result showing that, given a finite-dimensional complex,
there always exists a homotopy operator. This is another consequence of the decomposition
previously presented.

1.5.14 Theorem. Ler (C*®,d) be a finite-dimensional complex as per Remark 1.5.1 and let
Pk . C* — C* be as per Equation (1.86). There exists a homotopy operator ny, : C*T1 — CF
as per Definition 1.5.12.

Proof. The proof begins by introducing a candidate to be a homotopy operator, which must
then satisfy the properties required by Definition 1.5.12.
By considering the spaces B*, 7% and %* as per Proposition 1.5.10, we recall that in the
proof of Proposition 1.5.10 we stated that dj,_1 |4« : &% — BF is an isomorphism. Therefore,
we denote by df  : B — 2" its inverse. Let us define 1 : C¥*!1 — C* through Remark
1.5.11 as

(W) = me(wWp + wp + wp) = d& (wp), Yw e CFFL (1.88)

It holds that, 77, o 1 = 0 because the image of 7, is in **1, and 1;_, is defined to be zero
on %1 C C*. We now give a detailed proof of dy_ 111 +nrdr = Ior — PP by applying the
definition of the operators on both sides of the sought identity to an arbitrary element o € C*.
Let us apply the operator on the left-hand side:

(dk—1mk—1 + nkdr) (@) = d—1(nk-1(c)) + k(i ()

By applying the definition of n;_1, we have that

= dp_1(d}(aB)) + i (dy(c))
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In the second term the chain map d acts non-trivially only on oy, € Z*+1
= di—1(df(@B)) + ni(di(aw))
We apply the definition of the homotopy map, knowing that dj,(cy,) € B*+!

= dp_1(d,(ap)) + dit (dy(ay))
= apB + Op,

where in the last equality we used the definition of ¥ : B¥ — %" for both terms.
The operator (Iox — P*) acts on « as

(Ick — PF)(a) = a — P¥(a).
By applying Remark 1.5.11 and P as per Definition 1.5.12
=(ap+ap+ap) —ap = ap + .

Since both operators yield the same result when applied to any arbitrary element o € C*, they
coincide. This concludes the proof of the fundamental homotopy relation. |

We will see how the concept of a contraction or homotopy operator, which we defined in a
purely algebraic manner, is equivalent to a much more familiar concept: the choice of a scalar
product on the spaces C'*. In this way, the previously presented decomposition is revealed to be
no different from a Hodge decomposition with respect to the adjoint operator to d defined by a
scalar product.

1.5.15 Remark. Let (C*, d) be a finite-dimensional complex as per Remark 1.5.1. Since each
C* is a finite-dimensional vector space, we can always equip it with an inner product, denoted
by (-, -)ok - C* x C* — C. A standard way of doing that consists of choosing an arbitrary
basis for each C* and declare it to be orthonormal. This metric structure allows us to define the
adjoint operator dL : C*+1 5 C* and the Laplacian A, : CF — CF as

Ap=dldy + dpd)_,,

which is self-adjoint with respect to (-, -)c 5. The statements in Section 1.2, that led us to the
Hodge decomposition of twisted differential forms, can be followed step by step to show that
any space C'* admits an orthogonal direct sum decomposition as

C* = Im(dy,_1) @ Im(d},) @ Ker(Ay). (1.89)

Furthermore, there is a canonical isomorphism between the kernel of the Laplacian and the
cohomology of the complex: Ker(Ay) = H¥(C*). This result establishes a concrete realisation
of the abstract decomposition from Proposition 1.5.10, identifying the space .#°* with the
concrete subspace Ker(Ay). Consequently, the projector P* from Definition 1.5.12 can be
realised as the orthogonal projection onto Ker(Ay).

To construct the homotopy operator, we note that the Laplacian Ay is not invertible on
C*. However, it is invertible on the orthogonal complement of its kernel: (KerA;): =
Im(dy—1) ® Im(dL). This inverse, denoted by G, : C* — CF, is called Green’s operator and it
satisfies

Aka = GkAk = ]Ick - Pk and GkPk = Pka =0.
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With these tools, we can define 77 : C*+1 — CF as
M= diGry1, Vke{0,...,n—1}. (1.90)

It can be proven, through a direct calculation, that 7y, satisfies di_1np—1 +nrdr = Lor — P* and
Nk—1 oM = 0, making it a homotopy operator as per Definition 1.5.12. This construction shows
that although the existence of 7 is algebraic, we can produce a candidate for it by introducing a
metric structure.

1.5.16 Remark. In the previous remark we showed how a scalar product can induce a homotopy
operator 7, : C**1 — CF as per Definition 1.5.12. A kind of converse statement also
holds true, i.e., for every homotopy operator 7, : C**1 — C*, there exists a scalar product
(-, )ck C* x C* — C and thus an adjoint operator dL : CF+1 — CF of d, such that n, is
defined as in Remark 1.5.15.

With a concrete realisation of a homotopy operator, we are now able to connect our pre-
vious discussion on the torsion of the differential complex with that on chain contractions.
The following proposition serves this purpose and it will be the starting point from which we
will connect the Thom-Smale torsion to that of the complex of Pollicott-Ruelle resonances at zero.

As we will need to specify the choice of an orthonormal basis on both C* and H*(C*®), the
following remark demonstrates how an orthonormal basis on the cohomology can be induced
from a basis on the vector space.

1.5.17 Remark. Let (C*,d) be a finite-dimensional complex as per Remark 1.5.1 and let
: k

HF¥(C*) be its cohomology group. Let us consider {ek,i}?g(c ) a basis for C* inducing a

scalar product (-, -)c k C* x C* — C, by declaring it orthonormal as in Remark 1.5.15. By

choosing such type of basis for each k, we define a non-zero element in Det(C*®) as

n

_1\k
e = Q)(ewi A A eggimen) T (1.91)
k=0

Moreover, by recalling that there exists a canonical isomorphism H”*(C*) = Ker(A}) as
stated in Remark 1.5.15, the inner product on C* induces a canonical counterpart (-, -) HpE '
H*(C*) x H*(C*) — C on the cohomology group H*(C*):

([, 18]) e = (h(@), h(B))cw,  Vlal,[5] € HMC®),

where h(a), h(B) € Ker(A}) are the unique representatives of o, 3 € H*(C*) thank to the
canonical isomorphism.

Eventually, we consider an orthonormal basis {hk, j }?i;nl(Hk(C.)). This choice defines an element
for Det(H*(C*)):
n
_1\k
HH = ®(hk71 ARERNA hk,dim(Hk(C°)))( V" (1.92)
k=0

Both pc € Det(C*) and ppy € Det(H®(C*)), constructed using orthonormal bases on their
complexes C* and H*(C*), are referred to as volume elements.

In the following theorem we establish an explicit form for the numerical part of the torsion of a
differential complex. The proof will be omitted, but an interested reader can find more details
in [ , Lemma 3.19].
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1.5.18 Theorem. Let (C*,d) be a finite-dimensional complex as per Remark 1.5.1 and let
H*(C*®) be its cohomology group. Let us consider a scalar product {-,-)c . : C* x C¥ — C,
the induced scalar product (-, )1 . : H*(C*) x H*(C*®) — C as per Remark 1.5.17 and the
Laplacian Ay, : C* — C* built in Remark 1.5.15. By considering the torsion of the complex
T : Det(C®) — Det(H®(C®)) as per Theorem 1.5.7, it holds that

T(uc) = 7(C*) - prr,  with 7(C*) = [ (det'(8g)) ™D/, (1.93)
k=0

where det’(Ay,) denotes the regularised determinant of the operator, defined as the product of all
its non-zero eigenvalues. Here, jic € Det(C®) is as per Equation (1.91) and g € Det(H®*(C*®))
is as per Equation (1.92).

This theorem connects the abstract algebraic definition of torsion to a concrete, computable
quantity derived from spectral theory. It asserts that the scalar factor relating the canonical
volume element of a complex to the canonical volume element of its cohomology is entirely
determined by the spectrum of the Laplacian operators.

1.5.19 Remark. We want to highlight a fact which arises since we work with complex vector
spaces. In Remark 1.5.17 we saw how an orthonormal basis with respect to (-, -)c . : CFx C* —
C can be used to construct a volume element gy € Det(H®(C*®)) as per Equation (1.92).
Taking another orthonormal basis with respect to the same scalar product generates a different
basis i}y € Det(H*(C*)) that differs from 177 by a complex phase:

I i
pr =€ pH.

This means that the numerical part 7(C*®) of the torsion as per Theorem 1.5.18 is defined up to
a complex number of absolute value 1. This will always be left understood in the following
discussions.

1.5.20 Remark. A crucial property of the numerical torsion, whose proof can be found in
[ , Sec. 8.4], is its independence from the specific choice of inner product used in its
construction. This ensures that the torsion is a genuine invariant of the underlying algebraic
structure of the complex, rather than an artifact of the chosen metric. Let us formalise this
statement by considering two different choices of inner product. If we consider a different inner
product from the one chosen in the previous theorem, denoted by (-, )¢k : C¥ x C* — C, this
will lead to a completely different set of mathematical objects:

* A new Hodge Laplacian, Ak 1 CF — Ok,

* A new volume element for the complex, fic € Det(C*®), corresponding to an orthonormal
basis for the new inner product.

* A new induced inner product on cohomology (-, ) : H*(C®) x H*(C*®) — C, and
its new volume element 17 € Det(H*(C*)).

From the statement of Theorem 1.5.18, it holds that
T(nc) =7(C*) - -
However, it is proven that the two scalars coincides:

7(C®) = F(C").
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This remarkable result confirms that the numerical torsion is a robust invariant. Although its
calculation requires the auxiliary choice of an inner product to define the Laplacians and the
canonical volume elements, the final result is independent from that choice. Any inner product
will lead to the same numerical value for the torsion.

To conclude our discussion, we see how all of our work on the homotopy operator can be
related to the numerical part of the torsion of a complex. In particular, since we have stated in
Remark 1.5.16 that defining a homotopy operator is tantamount to defining an inner product on
the spaces C*, we will see how the expression as a product of Laplacian determinants can be
reformulated in terms of the determinant of the chain contraction.

1.5.21 Definition. Let (C*®,d) be a finite-dimensional complex as per Remark 1.5.1, let
(v )k CF x C* — C be a scalar product on it and let us consider the generalised Hodge
decomposition as per Equation (1.89). By denoting with C¥, .= Im(dy_1) @ Im(d};), we define
the subcomplex (C3,., d) as

ac’

0 do 1 d1 dn—2 n—1 dn—1 mn
Cope = Coo —...—Cl77 — C..

Having defined this subcomplex, we can define the following operator thereon.

1.5.22 Definition. Let (C*®,d) be a finite-dimensional complex as per Remark 1.5.1 and let
n, @ C*t1 — CF be the homotopy operator as per Remark 1.5.15. By considering the
subcomplex (C2., d) as per Definition 1.5.21, we define D, : Cy, — C3. as

Dae = (d+n)|cs, - (1.94)

We note that the newly defined operator does not have a specific degree, as it is the sum of an
operator of degree 1 and one of degree (—1).

1.5.23 Remark. Let us consider the subcomplex (Cf., d) as per Definition 1.5.21 and D, :
Cy. — C3. as per Definition 1.5.22. The repeated action of this operator is equivalent to the

identity operator on the subcomplex:

(Dac)® = (dn +nd)| |, =Tex,.
due to the first property of 7, : C¥*1 — C* contained in Definition 1.5.12. This implies that
D, : C3. — C3. is an isomorphism. Moreover, by defining the graded vector spaces

even .__ 2k odd .__ 2k+1
Cac T @ Cac ’ and Cac T @ Cac )
k k

the operator D,. could be seen mapping even spaces into odd ones and vice-versa:
even . oveven odd
Dac ° CCIC - CCIC
odd . ,vodd even
Do Ot — Crc.

The fact that we proved that (Dg.)? = Ics implies that DgZ®" and D2 are inverses of each
other. Therefore, D, : C3. — Cj,. establishes a canonical isomorphism between the even and
odd parts of the subcomplex.

This important observation about the existence of an isomorphism between the even and odd
parts of the subcomplex allows us to define the determinant of D,.. This is evaluated by
choosing a basis for each C*_, and then constructing the matrix that represents the isomorphism

with respect to the basis of the even component in the domain and the basis of the odd component
in the codomain. Hence, we will interpret the notation det((d -+ 7)|ceven ) accordingly.
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The central result is that the numerical torsion of the full complex is precisely the determinant
of this restricted isomorphism. See [ , Sec. 3.3].

1.5.24 Proposition. Let (C*,d) be a finite-dimensional complex as per Remark 1.5.1 and
let ny, : C*TY — C* be the homotopy operator as per Remark 1.5.15. By considering the
subcomplex (C?., d) as per Definition 1.5.21, it holds that

[7(C*)] = [ det((d + n)lcgzen)l; (1.95)

where the determinant is as per Remark 1.5.23, while 7(C*®) is the numerical part of the torsion
as per Theorem 1.5.18.

1.5.2 Thom-Smale Torsion

In Section 1.4, we encountered a concrete example of a finite-dimensional differential complex,
i.e., the resonant spaces corresponding to the zero eigenvalue. Since our vector field generally
admits critical points, this complex is non-acyclic and thus possesses all the characteristics
necessary to define a torsion on it. The goal of this section is to construct another example of a
finite-dimensional differential complex and to prove that the two complexes are isomorphic in a
sense yet to be specified. By doing so, we will establish that the numerical parts of the two
torsions are equal, provided that orthonormal bases are chosen for both.

To maintain the flow of the discussion, we begin by stating and proving the result concerning
the isomorphism between the two complexes and the equality of their torsions.

1.5.25 Definition. Let (C*,d“) and (E*®,d¥) be two finite-dimensional complexes as per
Remark 1.5.1. If there exists a family of isomorphisms {®;, : C* — E”‘}Z:0 such that

Ppyi0d{ =df o®,, VEe{0,...,n},

the complexes are said to be isomorphic.

Graphically:
OO d(? dilQ Ckil d%Ll Ck dg C]erl ngrl dgfl Cn
<I’k—1J{ @) q’kJ{ O 4’k+1J{
EO° il Y Bk JE EF JE ERf1 Bt i E™
k—1 k

We state the theorem that relates the torsions defined on the two isomorphic complexes.

1.5.26 Theorem. Let (C*,dC) and (E*,d¥) be two finite-dimensional complexes as per Remark
1.5.1 and let H*(C*®) and H®(E®) be their cohomologies. Let T¢ : Det(C*®) — Det(H®*(C*®))
and Ty : Det(E®) — Det(H®*(E®)) be the torsions of the complexes as per Theorem 1.5.7.
Moreover, let uc € Det(C®) and pp € Det(E®) be volume elements as per Equation (1.91),
while g, € Det(H®*(C®)) and pupr,, € Det(H®(E®)) are volume elements as per Equation
(1.92). If there exists a family of maps {®, : C* — E*}1_ such that (C®,d%) = (E*,d¥) as
per Definition 1.5.25 and such that they are isometries with respect to the scalar products, it
holds that

T(C®) = 1(E*®), (1.96)

where these are such that

Te(pe) =7(C°) - pre, and Tgp(pe) = 7(E®) - pHg,
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as seen in Theorem 1.5.18.

Proof. Let us denote by (-, -)oy : C¥ x Ck¥ — Cand (-,")py : E¥ x E¥ — C the scalar
products on the spaces. Moreover, let us recall that &, : C* — E* is an isometry if

(ck1scra)ok = (Prlcr), Pr(cka))mr, Veri,cra € CF.

By denoting with dkC’T : Ck*1 — C* and with dE’T : Bk 5 E* the adjoint operators of the
cochain maps d° and d¥, we want to prove that

AT = @ o dT o (D4) (1.97)
By considering y € E* and z € E**1, we apply the isometry property in the first line:

(y, @k 0 di o (@4 1) 7 (@) = (@) T (1), di T 0 (Prat) TH(2))

Using the definition of adjoint operator = (dS o (@)~ (1), (®r11) " (2)) ok
By applying the isometry = (®j1 © dk (‘I)k)—l (Y): 2) B k1

=

=

By applying Definition 1.5.25 dE(y), 2) B rs1

Using the definition of adjoint operator Y, dy. ’T( N E k-

Thus, the statement is proven. To conclude the proof we need to show that
AF = &) 0 A 0 By,

where Ako :C* — C* and AE : E* — EF are the Laplacians defined in Remark 1.5.15. The
proof is essentially based on the previous result and on Definition 1.5.25. By applying Equation
(1.97) we have
AY = dfdh + dtdf = dfy o (k10 dT o (Br)7Y)
+ (Pg 0 dk’ o (®re1) Ho dE
By applying Definition 1.5.25 = ®; o0 dkc_l o dkc’_T1 o (®y) 7!
+ @ 0dS T o df o ()
By using linearity = @ o (d§_; 0 dS, +dST 0 d$) o (@) 7,

from which the statement follows. This means that the operators Akc . CF — CF and
AE : E* — E* have the same spectrum. Since Theorem 1.5.18 tells us that:

n n

7(C*) = I] (det’(Af) and 7(B%) = [T (det’(Af)
k=0 k=0

)

)(*1)“116/2 )(*1)“116/2

the statement is proven. |

We will introduce another example of a finite-dimensional chain complex. Its constituent vector
spaces will be generated by the critical points of a Morse-Smale vector field, and a differential
will be constructed on it by exploiting the properties of the flow. To give a thorough introduction
to this construction, we begin by analysing a simplified case where the often-cited vector bundle
& does not play a role. A good reference for all the preliminary work to be done can be found in
[ ]. Once introduced, this construction will be generalised directly.
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1.5.27 Definition. Let V be a C*°-linearisable Morse-Smale flow as per Definition 1.3.22. We
define the set of critical points as

Crity,(V) :=={p € M : V,, = 0 such that dim(W?*(p)) = k}, (1.98)

where W*(p) is as per Equation (1.26). The k-th Morse space over R, denoted by C%;(V), is
the real vector space freely generated by the set of critical points in Crit,(V'). Formally,

V)= @ R-p (1.99)
pECrit, (V)

1.5.28 Remark. An element o € C¥,(V) is a formal linear combination of the form a =
>_peCrit, (V) Cp - P, Where each coefficient ¢, € R. The dimension of this vector space
is equal to the number of critical points whose stable manifolds have dimension k, i.e.,
dim(C%,;(V)) = [Crity(V)|. The collection of spaces {C%,(V)}1_, forms the underlying
graded vector space of the Morse complex.

Having defined the spaces C]’f/[(V) through the critical points of the flow, we construct the
differential that endows this collection of spaces with the structure of a cochain complex. The
procedure is intrinsically dynamical, relying on the geometry of the flow lines connecting the
critical points.

1.5.29 Definition. Let p € Crity,(V) and q € Crity1(V') be as per Equation (1.98). Hence,
we define

M(p,q) = (W"(p) " W?*(q))/R (1.100)

where W (p)and W*(q) are the unstable and stable manifolds as per Equation (1.26) and the
quotient symbol stands for the reparametrisation of the space by the action of R through the

flow <¢t)teR-

1.5.30 Remark. Formally, the space defined above is the moduli space of flow lines from p to
q, modulo translations. It represents the set of flow trajectories that go from the fixed point
p € Critg (V) to ¢ € Crity41 (V). It is important to recall that, due to the structural properties
given in Proposition 1.3.23, trajectories can only go from points with a lower-dimensional
stable manifold to points with a higher-dimensional one. The dimension of M (p, q) is given by
Equation (1.41):

dim(M(p, q)) = dim(W"(p)) + dim(W?(q)) —n—1=(n—-k)+(k+1)—n—-1=0.
Thus, the space of connecting trajectories is a finite set of points. Therefore, we can define

n(p,q) = Y sign(y), (1.101)

YEM(p,q)

where the sign of an element in M(p, ¢) is determined by the orientation of a representative
orbit. For each fixed point z € M of the flow, we fix an orientation of its stable manifold W*(z).
Considering the fixed points p and g as above, the following isomorphism holds true:

T,W*(p) = R4, & T,W*(q).

Since R4, is endowed with a natural orientation given by the direction of the flow, if the
orientation of the direct sum coincides with the one previously fixed on the left-hand side, then
sign(v) will be positive. Otherwise, it will be negative.
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1.5.31 Definition. Ler C’f&(V) be the k-th Morse space as per Definition 1.5.27. The Morse
differential is a linear map d%; : C%; (V) — CY¥FY (V) such that

dip)= > npq)-q, pe Crig(V), (1.102)
qGCritkH(V)

where n(p, q) is as per Remark 1.5.30 while the points q € Crity1(V') are reached by a
trajectory starting from p.

To properly state that the Morse spaces, along with the map defined above, constitute a differential
complex, one must prove that d%, : C¥,;(V) — C¥F1(V) is a nilpotent map. This is the result
contained in the following proposition, and its proof will be omitted. An interested reader can
find it in [ , Lemma 2.2].

1.5.32 Proposition. Let C%,(V') be the k-th Morse space as per Definition 1.5.27 and let
dk, . C%, (V) — C¥Y(V) be as per Definition 1.5.31. Then, it holds that

ditodk, =0, Vke{o,...,n}. (1.103)
Therefore, (C;, dnr) is a cochain complex as per Remark 1.5.1.

The construction of the Morse complex does not involve any notion concerning vector bundles,
but to compare it with the other aforementioned differential complex of zero Pollicott-Ruelle
resonant states, it is necessary to introduce a twist into the definition for the vector bundle £ that
we have used repeatedly. This construction follows the work done in [ ]and in [ ]. To
make a distinction we will denote it as Thom-Smale complex.

1.5.33 Convention. To simplify the presentation of our results, as many mathematical structures
will be used, we recall here that (M, E,P) is the vector bundle of rank N as per Proposition
1.1.4, and V is a C*°-linearisable Morse-Smale flow as per Definition 1.3.22 with its associated

flow (¢')ser.

As before, let us begin by defining the spaces of the cochain complex. The core idea is to build
a vector space whose elements are not just formal sums of critical points, but critical points
"decorated" with vectors from the fibres of £ above them. This is a finite-dimensional complex
vector space.

1.5.34 Definition. Let (M, E,P) be the vector bundle as per Proposition 1.1.4 and let C¥, (V)
be the k-th Morse space as per Definition 1.5.27. We define

Chs= P & (1.104)
pECrit, (V)

where Crit, (V') is as per equation (1.98).
With the following definition we generalise the Morse differential previously defined.

1.5.35 Definition. Let V : X(M) x T(M, &) — T\(M, &) be a flat connection and let Ck4 (V')
be k-th Thom-Smale vector spaces as per Definition 1.5.34. We define the Thom-Smale
differential d%g : CK.o (V) — C{figl(V) as a linear map whose action, first defined on u, € &,
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is then extended by linearity:

dhg(up) = > ( > sign('y)Pv(up)). (1.105)

q€Crity41 (V) \veEM(p,q)
Here, M(p, q) is as per Definition 1.5.29, sign(v) is as per Remark 1.5.30, while P, : £, — &,
is the parallel transport with respect to V as per Equation (1.66).

1.5.36 Remark. The flatness of the connection V is essential to ensure that the parallel transport
along a trajectory is well-defined and it leads to another fixed point. As in the Morse complex, it

can be proven that this construction yields a genuine cochain complex, i.e., that dlﬁgl o dlfp g =0,
see [ , Sec. 10.2] for details. This complex (C7.4(V'), drg) is the precise combinatorial

object that is claimed to be isomorphic to the complex of resonant states.

1.5.37 Remark. The structure of the Thom-Morse spaces C% 5(V') deserves further clarification,
particularly concerning their basis and dimension, which reveals a first connection to the
complex of Pollicott-Ruelle resonant states at zero.

The space C%¢(V) has a privileged basis which is constructed by first choosing a basis
{ug1,...,uy N} for the fibre £, over a single base point z € M, where NN is the rank of the
vector bundle £. Then, for each critical point p € Crity(V'), we generate a basis for the fibre
&p by parallel transporting the reference basis along a chosen path from x to p. The base for
C%.(V) is the union of these bases over all critical points in Crity(V):

By, = {up,j €& | p € Critg(V),j € {1, . ,N}}

From the construction above, it is clear that the dimension of each space C%. 5(V) is the product
between the number of critical points in Crit, (V') and the rank of the vector bundle. By denoting
with ¢ (V') == |Critg(V)],

dim(CFg(V)) = cx(V) - N.

Let us recall that C% ;(0) stands for the space of Pollicott-Ruelle resonant states with resonance
Zero as per Definition 1.4.22. Under the crucial assumption that for every periodic orbit A,
the twist-parameter A(A) as per Equation (1.69) is not an eigenvalue of p(A), we stated in
Equation (1.70) that

dim(C{.¢(0)) = cx(V) - N.

Therefore, for each degree k, there exists an isomorphism of complex vector spaces:
Cig(V) = Gy (0).

However, it is essential to emphasize that an isomorphism between the vector spaces of the
same degree does not, by itself, constitute an isomorphism between the two cochain complexes
as per Definition 1.5.25.

1.5.38 Remark. By considering B to be the base constructed in Remark 1.5.37 for all
k € {0,...,n},itis useful for future purposes to make explicit the action of the Thom-Smale
differential on its elements:

N
dps(upg) = > Z( > Sign(’Y)[Pw]i]‘) Ugis (1.106)

qECritk_H(V) =1 ’YGM(p7Q)

where sign(~) is as per Remark 1.5.30, M (p, ¢) is as per Definition 1.5.29 and [P ];; is the (i, j)-
th entry of the matrix associated with the parallel transport operator P, : £, — &, expressed

: _ =1 N _ qi=1,. N
with respect to the chosen bases By = {up,; };,cciivr (1) and Br1 = {“q’ﬂ}quritkH(V)'
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In order to prove the existence of an isomorphism between the two differential complexes, it is
necessary to understand how the twisted de Rham differential acts on the individual elements of
(Cy-w(0)) and, in particular, on the basis constructed in Remark 1.4.48.

1.5.39 Proposition. Let (Cy,(0), dV) be the complex of Pollicott-Ruelle resonant states

at zero as per Remark 1.4.32 and let By, = {U a,j }ieé’m]; V) be a basis for this complex,
as described in Remark 1.4.48, for all k € {0,...,n}. The twisted de Rham differential

dy : CF 5 (0) — Ck'H( 0) acts as

N
dy (Uaj) = > Z( > sign(v)[Pyhj) Ui, ey € B (1.107)

beCrity 1 (V) i=1 \yeM(a,b)

Here, Crit (V) is as per Equation (1.98), M(a, b) is the moduli space of flow lines connecting
the critical point a to the critical point b as per Definition 1.5.29, while sign(~y) is as per Remark
1.5.30. By the symbol [P.,| we denote the matrix representing the parallel transport operator

P, : & — & along the trajectory vy, expressed with respect to the chosen local frames {c, ;}
and {cp; }.

The preceding proposition, whose proof the reader can find in [ , Thm. 2.6], is the key
result that will bring us to show that the two differentials defined on the two complexes under
analysis, the Pollicott-Ruelle resonant states at zero and the Thom-Smale complex, commute
with respect to the isomorphism.

1.5.40 Definition. Lez (CY, (0), dV) be as per Remark 1.4.32 and let (C.4(V), de) be as

SN
pECrztk(V) -
C%s (V') as per Remark 1.5.37 and a basis %), = {U,, l}aeka v C CY v (0) as per Remark

1.4.48, we define @), : Cko(V) — CV,V( ) as

per Remark 1.5.36. By considering, for all k € {0, ...,n}, a basis By, = {up,j}

O (ua,i) = Uqi, Vg, € Bg. (1.108)
We shall prove that the family of maps just defined, which is an isomorphism of graded vector
spaces, is a chain map and thus constitutes an isomorphism of complexes.

1.5.41 Remark. To simplify the proofs, it is convenient to consider a special pair of bases for
_17 7N

all k € {0,...,n}, which we will denote as coherent. By considering By, = {u,, J}pECrltk(V) C
Cko(V) as defined in Remark 1.5.37 and %}, = {Ual};elc’rn,;(V) C va( ) as defined in

LN

Remark 1.4.48, we fix that the local sections {cq, 1} V) used to construct the basis %), are

chosen such that

aGCrltk(

Ca,i(@) = Uqi € Eq, Va € Critg(V) and Vi € {1,...,N}.
Hence, their evaluation at the critical point a € M coincides exactly with the basis vectors

{4, } of the fibre £, which define the basis By, of the Thom-Smale complex.

1.5.42 Theorem. Let (Cy,(0), dV) be as per Remark 1.4.32 and let (C3.4(V), drs) be as

per Remark 1.5.36. The complexes (CY, (0), dV) and (C$.4(V), drs) are isomorphic as per
Definition 1.5.25.

Proof. Since C% 4 has the same dimension of kaf,v (0) forall k € {0,...,n} as seen in Remark
1.5.37, we only need to prove that, taken a family of isomorphisms @, : C%4(V) — C‘k/y 0)
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as per Definition 1.5.40, the commutation relation between the cochain maps holds as per

Definition 1.5.25. We will therefore use the coherent bases Bj, = {u, ; }; zémkj(\‘f/) C Chy(V)

and %, = {Ual}jz:ElCrltk]Z[V) C Cﬁ7v(0) introduced in Remark 1.5.41, to define the map

Py Chg(V) — C"iv(O) as the extension by linearity of
Op(ta;) = Unss Vg € By and Vk € {0, ..., n}. (1.109)

The map &y, : Ch (V) — C&V (0) is an isomorphism by construction. Thus, we need to prove
the commutation of the cochain maps with respect to it. By applying Equation (1.106) and then
Equation (1.109) together with linearity, it holds that

N
Opy1 0 dg(uf) = P ( >, > ( > sign(v) [PV]“) uqvl)

q€Critg41 (V) I=1 \veM(a,q)

N
= > Z( > Sign(V)[Pw]lz) Dy (ugy)

q€Crity 11 (V) I=1 \veM(a,q)

N
= ) Z( > Sign('Y)[P'y]li) Ugy-

q€Critg41 (V) I=1 \veM(a,q)

In addition, by applying Equation (1.109) and then Proposition 1.5.39, it holds that

dkv © ‘I)k(ua,i) = dkv (Ua,i)

N
= > Z( > Sign(’Y)[Pv]li) Up.i.

bECrit;ﬁLl(V) =1 'yEM(a,b)

A key consequence of using coherent bases is that the matrix representation [P.,];; of the parallel
transport is identical in both the Thom-Smale and the resonant formulations. Since the two
expressions coincide, the statement is proven. ]

1.5.43 Corollary. Let (Cy(0),dV) be as per Remark 1.4.32 and let (C34(V),drs) be
as per Remark 1.5.36. By7 considering the torsion of complexes Ty,y : Det(Cy,¢(0)) —
Det(H*(CY,(0))) and Trgs : Det(Chg(V')) — Det(H*(Ch4(V))) as per Theorem 1.5.7, it
holds that

T(Chy) = T(Chs), (1.110)

where these are the numerical torsions of the complexes as per Theorem 1.5.18.

Proof. From Theorem 1.5.42 we know that (CY, ¢ (0), dV) and (C4.4(V), drs) are isomorphic
as per Definition 1.5.25. For all k € {0,...,n} we can choose an orthonormal basis %}, for
C{i’v (0) with respect to a scalar product (-, )y : C&V(O) X C"}V(O) — C and a basis B, for
C%.4(V') with respect to a scalar product (-, -)7s : Chig(V) x Chg(V) — C. Since the family
of isomorphisms ®;, : Ck¢(V) — C\?V@)? defined by identifying the elements of B with
the ones in %y, is an isometry by construction, the hypothesis of Theorem 1.5.26 are fulfilled.
Therefore, the numerical part of the torsions evaluated with respect to the volume elements,
built from the orthonormal basis as per Remark 1.5.17, coincide. |






Chapter 2

Analytic Torsion and Ruelle Zeta
Function

In this chapter, we introduce two main topics of this thesis: the analytic torsion, also known
as Ray-Singer torsion, and the Ruelle Zeta function. These two functions have very different
definitions and constructions. The first is built from the Laplacian operator acting on the
twisted differential forms introduced in the previous chapter and it constitutes a topological
invariant with respect to the Riemannian metric on the manifold. The second, conversely, has a
construction that derives directly from the dynamical properties of a Morse-Smale flow and it
will later be expressed in terms of a product of regularised determinants of the Lie derivative
operator, constructed via a Morse-Smale vector field and acting on the anisotropic Sobolev
spaces built in the preceding sections.

Despite these important preliminary differences, these two structures are in fact the heart of a
longstanding conjecture introduced by Fried in [ ]. It states that the Ray-Singer torsion and
the value at zero of the Ruelle function are the same. The statement we refer to as a conjecture
was, in fact, proven by Fried himself in [ ] — the same paper in which it was first stated —
for Morse-Smale flows without fixed points. Additionally, a recent proof for the general case of
Morse-Smale flows was provided in [ ]. The statement, however, remains a conjecture for
Anosov flows, although some progress has been made in [ ]. This chapter is divided
in three subsections. The first two are largely independent, while the final one connects the
previously defined objects.

To formally define the analytic torsion in the first part, it will be necessary to appropriately define
the determinant of the Laplacian operator. Since this is an operator on infinite-dimensional
spaces, we will need to exploit its analytic properties to define a regularised version of what
we could define for a finite-dimensional operator. Regarding the definition of the Ruelle Zeta
function, the given expression requires regularisation to be evaluated at zero. The main focus of
this part of the chapter will be to find a way to rewrite this object as a product of regularised
determinants of the Lie derivative operator, by leveraging the Guillemin trace formula.

In the final section we will state Fried’s conjecture in a more general context, requiring the
introduction of two distinct norms on the determinant line of the twisted cohomology.

2.1 Analytic torsion

Let us begin this subsection by recalling some useful notation from the previous chapter.

64
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2.1.1 Convention. For ease of exposition and to avoid constant restatement, we will assume
throughout the current section that (M, g) is the Riemannian manifold as per Remark 1.0.1 and
the triple (M, E,P) is the vector bundle defined in Proposition 1.1.4. Moreover, let us consider
(Q*(M, E),dV) to be the twisted de Rham complex as per Definition 1.1.12.

We proceed by quoting a result from analysis that aims to characterise the spectral properties
of the twisted Laplacian operator. It demonstrates that the Laplacian is not only a self-adjoint
operator, as seen in Corollary 1.2.2, and therefore has a real spectrum, but it also has a purely
discrete and positive spectrum. For the details of the proof, we refer to [ , Sec. 8], and for
details not covered there, to [ ].

2.1.2 Proposition. Let Ay, : QF(M,E) — QF(M, E) be as per Definition 1.1.21. The Laplacian
has a purely discrete and positive spectrum with finite multiplicities denoted by

spec(Ag) ={0< A<M <<}, A= oo, (2.1)

whose eigenspaces are finite-dimensional.
To define the determinant of Ay, we introduce the spectral zeta function.

2.1.3 Proposition. Let Ay, : QF (M, &) — QF(M, E) be as per Definition 1.1.21. The spectral
zeta function of Ay, defined as

1
(sBk)= > 15 22)

Ajespec(Ap)\{0} "7

where spec(Ay) is as per Proposition 2.1.2, converges for s € C such that Re(s) > n/2. Here
n is the dimension of M.

This is tantamount to taking the trace of s-th power of the operator restricted to the subspace
orthogonal to its kernel, i.e., (H¥(M, £))* defined in Equation (1.21). It is important to note
that the previous definition of spectral zeta function could not have been possible without
Proposition 2.1.2.

A key result, based on the analysis of the heat kernel associated with Ay, ensures that {(s, Ag)
can be extended to a much larger domain. Due to its high technicality and because it is
considered a standard result by many authors, we will omit the proof of the following result.
However, an interested reader can find all the details in [ ].

2.1.4 Proposition. Let Ay : QF(M,E) — QF(M,E) be as per Definition 1.1.21 and let
C(s, Ag) be the spectral zeta function as per Proposition 2.1.3. The function {(s, Ay) admits a
meromorphic continuation to the entire complex plane C. Moreover, the extended function is
analytic at s = 0.

The analytic properties of the zeta function allow us to define the regularised determinant,
which can be thought of as an infinite product of eigenvalues.

2.1.5 Definition. Let Ay, : QF (M, &) — QF(M, &) be as per Definition 1.1.21 and let us
consider the meromorphic continuation of ((s, Ay) as per Proposition 2.1.4. Hence, we define
the zeta regularised determinant of Ay, on the orthogonal complement of its kernel as

) ; (2.3)
s=0

det' (A) == exp (—Zi(s, Ag)



66 Analytic Torsion and Ruelle Zeta Function

where d/ds stands for the derivative with respect to the complex variable s.

2.1.6 Remark. We note that if the function (s, Ax) had not possessed an analytic extension at
zero, its derivative in the previous definition would not exist.

This quantity, det’(Ag), is the fundamental building block for the definition of the Ray-Singer
torsion in the general, non-acyclic case. The full torsion is then constructed by combining these
determinants for all & € {0,...,n}.

Here we revisit some concepts already discussed in the finite-dimensional case in Section 1.5,
and we adapt them to the current infinite-dimensional setting. First, let us define how an inner
product is induced on the cohomology complex.

2.1.7 Definition. Let (-,-); : Q¥(M, &) x Q¥(M, &) — C be the scalar product as per
Definition 1.1.17. We define (-,-) yx : H*(M, &) x H¥(M,E) — C, an inner product on the
cohomology group, as

([a], [B) e = (A(a), h(B))x, Vo], [8] € H*(M,E), (2.4)

where h(c), h(B) € H*(M, &) are the unique harmonic representatives through the natural
isomorphism H* (M, E) = H*(M, &) stated in Theorem 1.2.14.

Since (M, g) as per Remark 1.0.1 is a compact manifold, each twisted cohomology group
H*(M, &) is a finite-dimensional vector space. Therefore, we can define the determinant line
of the cohomology complex.

2.1.8 Definition. Let (Q*(M,&),dY) be the twisted de Rham differential complex as per
Definition 1.1.12 and let H* (M, £) be as per Definition 1.1.19. We define the determinant line
of the cohomology as

Det(H®*(M,E)) == <® A H*(M, E)) ® (@(Ab’“H’“(M, E))*) . (25)
k even k odd
where by, = dim(H* (M, £)), A** H*(M, E) is as per Definition 1.5.2 and (A* H*(M, E))*

stands for its topological dual.

2.1.9 Remark. If the twisted de Rham complex (2°*(M, &), dV ), introduced in Definition 1.1.12,
is non-acyclic — -that is, when H* (M, £) is non-zero for at least one degree k — -the analytic
torsion is no longer a simple scalar. Instead, it is defined as an element of the determinant line of
the cohomology, Det(H* (M, £)) introduced in Definition 2.1.8. To properly define the torsion,
we must first construct a canonical volume element within this one-dimensional space. This
procedure, which is analogous to that in Remark 1.5.17, identifies a basis for the determinant line.
The construction begins by considering the inner product (-, -)g : QF(M, &) x QF(M,&) — C
as given in Definition 1.1.17. As established in Definition 2.1.7, this induces an inner product
() 2 HF(M,E) x H*(M,E) — C via the Hodge isomorphism contained in Theorem
1.2.14. This scalar product allows us to select an orthonormal basis {h 1, . .., hgp, } for each
HF*(M, &). From this basis, we define a canonical basis vector i, € AP H*(M, £) by taking
the exterior product between cohomology classes:

N = hk71 VANERRIVAN hk,bk'

For the odd-degree parts of the determinant line, involving the dual spaces (A% H*(M, &))*,
the inner product likewise identifies a canonical dual basis vector 77, uniquely specified by the
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normalisation condition 7} (7)) = 1.
Finally, we assemble these individual basis vectors to define the canonical volume element 7z
for the total cohomology’s determinant line as their alternating tensor product:

NE =1 @ @2 @n; ® -+ € Det(H*(M, E)). (2.6)

This element 7 serves as the canonical reference volume against which the analytic torsion
will be measured.

We can combine the spectral information from the Laplacians with the geometric structure of
the cohomology to give the definition of the Ray-Singer torsion.

2.1.10 Definition. Ler A, : QF(M, ) — QF(M,E) be as per Definition 1.1.21 and let
Det(H® (M, E)) be the determinant line of the twisted cohomology as per Definition 2.1.8. The
analytic torsion is

(M, €) = (H (det’ (D))" H 2) . 2.7)

k=0

Here, det’ Ay, denotes the zeta-function regularised determinant as per Definition 2.1.5, while
ng € Det(H®*(M,E)) stands for a volume element with respect to an orthonormal base of the
cohomology as seen in Remark 2.1.9.

The following theorem, the proof of which we will omit, was independently and simultaneously
brought to light by Cheeger and Miiller and it states that Ray-Singer torsion constitutes a
topological invariant. An interested reader can find the proof of this precious result in the
original works [ ]and [ ].

2.1.11 Theorem (Cheeger-Miiller Theorem). Let A, : QF(M, &) — QF(M, &) be as per
Definition 1.1.21 and let Det(H®(M, E)) be as per Definition 2.1.8. The numerical part of the
analytic torsion (M, E), as per Definition 2.1.10, is independent from the Riemannian metric
g and from the Hermitian product h on & through which we build Ay, and the volume element
ng € Det(H®*(M,E)), as per Remark 2.1.9.

2.1.12 Remark. If the twisted de Rham differential complex (Q°*(M, &), d") is acyclic, i.e.,
H*(M,E) = 0forall k € {0,...,n}, then the determinant line Det(H* (M, E)) is canonically
isomorphic to C. In this case, the analytic torsion becomes a positive real number:

T(M, E) = [] (det’Ay,) D" 872, (2.8)
k=0

2.1.13 Remark. We want to highlight a fact, already noted when discussing the torsion of
finite-dimensional complexes, which arises when the vector bundle £ is complex, as it is
in our case. In Remark 2.1.9, we saw how an orthonormal basis with respect to (-, ) :
QF(M, E) x QF(M, ) — C can be used to construct a volume element 17z € Det(H®(M, £)).
Since the vector bundle has complex fibres, taking another orthonormal basis with respect to
the same scalar product will generate a different basis 7}, € Det(H*(M, £)) that differs from
ng by a complex phase:
Ny = .

This means that the numerical part of the Ray-Singer torsion is defined up to a complex number
of absolute value 1. This will always be understood in the following steps.
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With the following proposition we give an alternative writing of the analytic torsion based on
the restriction of the Laplacian to the subspace of coexact forms.

2.1.14 Proposition. Let de,T L QML (M, E) — QF (M, E) be as per Definition 1.1.22 and let
Det(H®*(M,E)) be as per Definition 2.1.8. By considering the analytic torsion 7(M,E) €
Det(H®* (M, E)) as per Definition 2.1.10, it holds that

(=DF*t/2

(M, E) = ﬁ (det’ (dZ’Tde» 0, (2.9)
k=1

where ng € Det(H®(M,E)) is a volume element as per Remark 2.1.9, while det/(dkv’Tdkv) is
the zeta-regularised determinant of Ag| Im(d¥hy @S Per Definition 2.1.5.
k

Proof. The proof relies on the Hodge decomposition of the space of differential forms and on
the spectral relation between the operators alkv dkv’T and de’Tde on the orthogonal complement
of the harmonic forms H* (M, £). Let us recall that Equation (1.21) states that

OF (M, &) = H*(M, €) ® Im(dy_,) ® Im(dy ). (2.10)

We also recall that det’ (Ay,) stands for zeta-regularised determinant of the Laplacian restricted to
the orthogonal complement of its kernel, i.e., (H*(M, €))* = Im(dY ;) @Im(dkv’T). Therefore,
the Laplacian operator Ay, can be written as

A=A A .
¥ k’lm(dkvil) ® k‘lm(dZ’T)
Thus, its regularised determinant factorises as
det’(8) = (det’ Ay ,))) * (4 (Al ) ) @.11)

Since Im(d)_) C Ker(dY), it holds that Ay|y,gv ) = dY_;dy"h, while, since Im(d) ")

Ker(dkv_’fl), it holds that Ak’lm( a7 = dZ’Tde. Thus, Equation (2.11) becomes
k
/ _ 10 V1 GV 104V 4Vt
det’(Ag) = (det/(dy 1Y) - (det'(d_,dy 1)) . (2.12)

The exterior derivative dY : QF(M,E) — QF1(M, ) provides a crucial link between the
orthogonal complements of the harmonic forms in adjacent degrees. Specifically, it establishes
an isomorphism between the space of co-exact k-forms and that of exact (k + 1)-forms:

dy - Tm(dy ") — Im(dy). (2.13)

This map is an isomorphism because the kernel of dY is H¥(M,€E) @ Im(dY ;) due to
Proposition 1.2.3. Since the three subspaces of the Hodge decomposition as per Equation (1.21)
are mutually orthogonal, the intersection of this kernel with the domain Im(de’T) is {0}, thus
proving injectivity. At the same time, surjectivity is true by the very definition of the codomain,
Im(dy'). This isomorphism intertwines (dkvdkv’T) acting on QF+1(M, £) with (de’Tdk.V) acting
on QF(M, ), ice., (dYdy ") o dY = dY o (d)TdY). Because dY is an isomorphism, the
operators are isospectral when restricted to these subspaces. This implies that their regularised
determinants coincide:

det’ (dY_ydy"h) = det’ (1Y) . (2.14)
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To conclude, we can replace these findings into the definition of the numerical part of the torsion.
Using the factorisation found in Equation (2.12) and denoting by py == (—1)*1k/2, we get

ﬁ (det’ (Ak))pk _ ﬁ Kdet/(dkvjldkvfl)) . <det’(dkvdkvﬁ)ﬂpk
k=0 k=0

We separate this in two products, observing that the first one starts at & = 1 since Im(dY;) = 0,
while the second one ends at (n — 1) since dY T = 0:

n n n—1
I] (det’ (Ap)™ = (H (det’(dkv_’idkv_l))pk) : (H (det’(dkvdkv’*))pk> :
k=0 k=1 h=0

Using the spectral identity in Equation (2.14), we replace the term in the second product with
det (deledka) re-indexing with j = £k + 1. Then, it holds that

ﬁ (det” (Ag))™ = <f[ (det’ (@ )" ) (ﬁ (det(a} ))pj-l) |

k=0 k=1

Combining the two products, we obtain

ﬁ (det ﬁ (det de Tld ))pk+17k—1 ’
k=0 b1
where
pk—i—pqu( 1)2+k+< D) (2k D _( 1)2+k_( 1) +2(/<? 1)
_ (=DM (ke
= k- 1) = —.

Therefore, the scalar factor of the torsion can be expressed as

n n 1 k+1 2
I (det’ (A H (det”(ay "t ay_ ))( e 2.15)
k=0 k=1
Hence, the sought statement holds true. |

2.1.15 Remark. This proposition reveals an interesting separation of roles. The scalar part
of the analytic torsion is determined entirely by the spectral properties of the complex on the
subspaces of exact and co-exact forms. The contribution of the non-trivial cohomology is
captured separately and geometrically by the canonical volume element 7z in the determinant
line. Moreover, it is worthwhile noting that, in the rewritten expression of the analytic torsion,
that from the odd-degree parts appears in the numerator, while the contribution from the
even-degree parts is in the denominator. This, as we will see, will be a fundamental property
for interpreting this function as a generalised Berezinian integral.

With this final remark, we conclude our discussion on analytic torsion and we address the
definition and properties of the Ruelle Zeta function.

2.1.16 Remark. Considering the expression of the analytic torsion contained in Definition
2.1.10, if the base manifold M is even-dimensional, it follows that the numerical part of 7(M, &)
is equal to 1.
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2.2 Ruelle Zeta function

This section will be dedicated to the study of the Ruelle Zeta function and its properties,
particularly its reformulation as a product of regularised determinants of the Lie derivative
operator. Much like the Riemann Zeta function is often said to "count” the (infinite) number
of prime numbers, the Ruelle Zeta function is often said to count the closed orbits of a flow;
however, this interpretation is generally difficult to support since the number of closed orbits
might not be finite. However, in the case of Morse-Smale flows, we obtain a significant
simplification since the number of closed orbits is indeed finite. For the definition of the Ruelle
function we will take the convention used in [ ], while for the rewriting of this function in
terms of product of determinants, we will rely on [ ]. The latter adopts a more general
approach by presenting the Zeta function as being linked to the concept of the Fuller measure,
thereby allowing for an interesting reformulation in terms of Pollicott-Ruelle resonances.

2.2.1 Convention. For the purposes of this section, to avoid repetitive restatements, we remind
the reader that we will assume the triple (M,E,P) to be the vector bundle constructed in
Proposition 1.1.4, along with the unitary representation p : w1 (M) — GL(E) used in its
construction, as per Definition 1.1.3. Additionally, we will use the notation V' to denote a
C®®-linearisable Morse-Smale vector field as per Definition 1.3.22, with (¢');cr being its
associated flow.

There is not a better start than giving to the reader the formal definition of Ruelle Zeta function.

2.2.2 Definition. Ler V' € X(M) be a C*-linearisable Morse-Smale vector field as per
Definition 1.3.22 and let A(A) be the twist parameter as per Equation (1.69). The Ruelle Zeta
Sfunction is

qyind(A)
Rop(x) =[] der(1—A@A)p(a)e ) (2.16)

A closed orbits

where Ty > 0 is the minimal period of the closed orbit A while ind(\) = rk(T}'), where T} is
the unstable bundle as per Remark 1.3.12.

The following result, whose proof can be found in [ , Sec. 4], shows us that the Ruelle
function, previously defined for Re(z) sufficiently large, admits a meromorphic extension to the
whole complex plane and it is analytic at z = 0.

2.2.3 Proposition. Let V € X(M) be a C*-linearisable Morse-Smale vector field as per
Definition 1.3.22 and let Ry, , be the Ruelle Zeta function as per Definition 2.2.2. There
exists a real number oo > 0 such that Ry, , is a non-zero analytic function in the half-plane
{z € C | Re(z) > o0}. Moreover, this function admits a meromorphic continuation to the
entire complex plane C such that it is analytic at z = 0.

2.2.4 Remark. For the purposes of Fried’s conjecture, we would like to evaluate the Ruelle
function at zero. Hence, when we discuss Ry ,, we will always consider its meromorphic
extension. Moreover, it is important to notice that our hypothesis on the twist parameter A(A),
defined in Equation (1.69), not being an eigenvalue for the holonomy operator p(A) is of key
importance to prevent the determinants in Equation (2.16) from vanishing at z = 0.



2.2. RUELLE ZETA FUNCTION 71
2.2.1 Linearized Poincaré map

The present section is devoted to the definition of the linearised Poincaré map associated to
closed orbits of a generic flow. Moreover, the crucial properties related to the hyperbolicity of
such orbits are highlighted. In this context, periodic orbits represent fundamental structural
elements in the theory of dynamical systems. A classic and powerful tool for analysing dynamics
near a periodic orbit is the Poincaré map, or first-return map. This construction reduces the study
of a continuous flow in n dimensions to the analysis of a discrete map on an (n — 1)-dimensional
manifold, significantly simplifying the problem. The additional step of linearising this map at
points near the periodic orbit gives crucial information about the local stability and geometric
properties of the orbit itself. The hyperbolicity of closed orbits has direct and significant
implications for the spectral properties of the linearised Poincaré map, i.e., the absence of
eigenvalues of absolute value 1.

2.2.5 Definition. Let us consider A C M to be a closed orbit for V, with a minimal period
Ty > 0. Alocal transverse section ¥ at p € A is an (n— 1)-dimensional embedded submanifold
of M containing p such that V' is transverse to 3. at p, i.e.,

T,M = T,X ®RV,, Vpe A. (2.17)

2.2.6 Remark. In the setting presented in Definition 2.2.5, the existence of a local transverse
section is guaranteed by a standard local construction. Such a section Y. can be realised as the
level set of a smooth function f : U — R defined on a neighbourhood U of p, chosen so that its
differential does not vanish on the flow direction: d,, f(V},) # 0. The tangent space 7, is then
precisely the kernel of d,, f, to which V}, does not belong by construction. The existence of such
a local function and the corresponding transverse section is a direct consequence of the Tubular
Flow Theorem, see [ , Thm 1.1].

2.2.7 Definition. Let A C M be a closed orbit for V, with a minimal period Ty > 0, and let %
be a transverse section at p € A according to Definition 2.2.5. For an open neighbourhood
U C X of p the Poincaré map P : U — X is defined as

P(q)=¢"(q), VgeU, (2.18)

where 7(q) = inf {t : ¢+(q) € U,t > 0} is the first return time to 3 for a point q € U.

2.2.8 Remark. Looking at the definition of Poincaré map and especially at the definition of the
map 7 : U — R™, if we consider p € A, an element of a closed orbit of minimal period T}, it
holds that 7(p) = T. Therefore, p is a fixed point for P : U — X, i.e., P(p) = p.

2.2.9 Remark. An important result, contained in [ , Prop. 1.2], is that the Poincaré map
P : U — X as per Definition 2.2.7 is a local diffeomorphism from a neighbourhood of p in X to
another one. The dynamic along the orbit A is trivial, the interesting one lying in the directions
transverse to A, which X effectively captures. By studying how points on 3 return to X, one
ignores the motion along A and focuses on how nearby trajectories deviate from or converge
towards A in the transverse directions.

Since studying the properties of maps between differentiable manifolds is generally difficult
due to the lack of linearity, we introduce the linearised Poincaré map, which acts between the
tangent subspaces.

2.2.10 Definition. Let A C M be a closed orbit for V, with a minimal period Ty > 0,
and let 33 be a transverse section at p € A according to Definition 2.2.5. By considering
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P : U — X to be as per Definition 2.2.7, the linearised Poincaré map at p € A N Y, denoted by
Ppp - TpX — TpY, is defined as

d

PA,p(v) = %

_OP(c(s)), Yo e T,%, (2.19)

where ¢ : (—e,e) — U is any smooth curve such that ¢(0) = p and ¢(0) = v.

The following interesting result formalises the relation between the linearised Poincaré map and
the differential of the flow evaluated at the minimal period.

2.2.11 Proposition. Let A C M be a closed orbit for V, with a minimal period Ty > 0, and
let 3 be a transverse section at p € A, according to Definition 2.2.5, such that T),}. = T; eT If,
where T'{ and T'§ are the unstable and stable bundles as per Equation (1.31). By considering
Ppp : TpX — Ty as per Definition 2.2.10, it holds that

Pap(v) = dpd™ (v), Vo€ T,¥, (2.20)
where dp(;STA : T, M — T}, M is the differential of the flow evaluated at the time T}.

Proof. Letv € T, X be an arbitrary tangent vector, and let ¢ : (—¢,e) — U C X be any smooth
curve in X such that ¢(0) = p and ¢(0) = v. The linearised Poincaré map Py ,, : 1,2 — T,,%
acts on v as per Definition 2.2.10:

Plc(s) = o

s=0

¢ (c(s)).

s=0

d
Pap(v) = s

By applying the Leibnitz rule, we obtain that

= (def D (e(5)))

X (V(ng(C(s))(c(s))) . ds’]’(C(S)))

s=0

Evaluating at s = 0 and recalling the properties of c, it holds that
= dp¢™ (v) + (dpT (v)) V-

In the second line, the first term is the differential of ¢!(q) with respect to g, evaluated at
(t,q) = (7(c(s)),c(s)) and applied to ¢(s). The second term involves the derivative of ¢'(q)
with respect to ¢, leading to V' (¢'(q)) multiplied by the derivative of 7(c(s)) with respect to
s. In the third line the term (d/ds)|s—=o7(c(s)) is the directional derivative of 7 at p along v,
denoted by d,7(v). On the one hand, by definition, P, ,,(v) € T,X. On the other hand, we
made the choice of taking 7}, = T} & T} which is a dp@T-invariant splitting, hence, it holds
that d,¢™» (v) € T, for any v € T,%. Eventually, we notice that (d,7)(v)V, € RV}, which
entails (d,7)(v) = 0. Thus, the sought statement holds. [ |

2.2.12 Remark. As a consequence of the previous proposition, the following relations hold:
PA7P|T;; = dP¢TA }T;; and PA7P|T; = pd’TA |Tps- (2.21)

Moreover, we decide to make here an observation that will aid us later, which links the properties
of the linearised Poincaré map with those of Morse-Smale flows. As a matter of fact, an
equivalent definition of these flows could be given using the linearised Poincaré map. On the
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differentiable manifold (M, g) as per Definition 1.0.1, a generic vector field V' € X(M) that
admits a closed orbit A is said to be degenerate on A, if the associated linearised Poincaré map
P p : TpX — T,% as per Definition 2.2.10 admits 1 as an eigenvalue. As a direct consequence
of this definition, by comparison with Definition 1.3.16, it follows that Morse-Smale flows are
intrinsically non-degenerate on any closed orbit.

We continue with this analysis of the Poincaré map, by stating and proving a theorem which
relates the notion of orientability of the unstable bundle with the sign of the determinant of the
linearised Poincaré map.

2.2.13 Theorem. Let V € X(M) be a C*-linearisable Morse-Smale vector field as per
Definition 1.3.22 and let A C M be a closed orbit for V. Let 3 be a transverse section at p € A,
as per Definition 2.2.5, such that T),% = T} & 1)}, where T\ and T} are as per Equation
(1.31). The unstable bundle T'\ is orientable, in the sense that an orientation can be consistently
assigned to each fibre, if and only if the determinant of the restriction of the linearised Poincaré
map to the unstable subspace is positive:

T\ is orientable <= det(PA,p|Tu) > 0. (2.22)
p

Proof. Let us choose an orientation O, for the fibre 7)) = T(;;LO ()" Since the bundle T’ is trivial

over the set {¢'(p) | s € (0, 1)}, this orientation can be continuously extended to an orientation

O st () for the fibre T(;TA ®) for all s € (0,1). By denoting with ind(A) = rk(77}), let us

consider {ey, ..., €ind( A)} to be a representative of O,,. Accordingly, the parallelly transported
basis {d,¢°Tr(e1), . .. ,dquSTA(eind(A))} defines an orientation O 1y, for all s € (0,1).
For T} to be orientable, the orientation O $TA (p) obtained by continuous transport along the
path from s = 0 to s = 1 must match the initial orientation O,. The linear isomorphism
dp¢TA : T — T preserves the chosen orientation of 7)) if and only if det(dpqSTA) > 0.
If det(d,¢™») < 0, then the operator reverses orientation. This means that an orientation
transported along A would not be consistent with the initial orientation upon returning to p. In
this case, a globally consistent choice of orientation for the fibres of 7'\ is impossible, making
the bundle non-orientable. Moreover, we know by Equation (2.21) that deTa |TX = PA\TX,
hence, the sought statement is proven. |

2.2.14 Remark. Considering a closed orbit A for the vector field V' in the previous setting and
recalling the definition of the twist-operator A(A), given in Equation (1.69), we note that the
following relation between the orientability of the unstable sub-bundle and the sign of the twist
parameter can be tightened:

sign (det(Py plry)) = A(A),  Vp e A.

We conclude this digression on the properties of the linearised Poincaré map with two more
technical results that relate the properties of the map to those of Morse-Smale flows. These will
be of great importance in the following proofs.

2.2.15 Proposition. Let A C M be a closed orbit for V and let 3. be a transverse section at
p € A, as per Definition 2.2.5, such that T),)% = T & T}, where T\ and T are as per Equation
(1.31). By considering the linearised Poincaré map P ,, : T3 — T, % as per Definition 2.2.10,
the following inequalities hold true:

det (]I - (PA,p|T;f)_j> >0, and det (]I — (Payp

forallp € A and forall j > 1.

Tg)j) >0, (2.23)
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Proof. For the sake of simplicity, we only prove the second expression, since the first one
holds following the same steps. From the defining properties of Morse-Smale flows and from
Equation (2.21), we have that Py |7 : T} — T has eigenvalues A such that [A| < 1. Thus,

it holds that (PA\TX)j has eigenvalues A\’ such that |A\|? < 1, for all j > 1. Let us divide our
analysis into two cases: real and complex eigenvalues.

« If the eigenvalues A € R the operator (]I — (PA]Ti)]) has eigenvalues (1 — \/) which

are positive due to the previous restrictions. The product of all such real factors is
therefore positive.

« If the eigenvalues of A € C\R from standard results in linear algebra, their complex
conjugates are also eigenvalues with the same algebraic multiplicity. Therefore, the

eigenvalues of (]I - (PA|TX)j> take the form of (1 — ) and (1 — 7z), where p = M.
Their product is:

(I=—pA—m)=1=(p+n)+un
=1—2Re(u) + |ul”

Let ;1 = re', hence Re(p) = r cos(v9), where 7 = |pl:
=1—2rcos(¥) +r°.

Since r = |u| < 1, this expression is always strictly positive.

By knowing that det(I — (Py ’TX )7) can be written as the product of all its eigenvalues, a positive
contribution will arise both from the single real eigenvalues and from the pair products between
complex eigenvalues and their conjugates. This completes the proof. |

The following proposition aims at studying the sign of the determinant of the operator (I — Pf\)

2.2.16 Proposition. Let A C M be a closed orbit for V and let 3. be a transverse section at
p € A, as per Definition 2.2.5, such that T,> = T;‘ @ T;, where T\ and T} are as per Equation
(1.31). By considering the linearised Poincaré map Py ,, : T3 — T),% as per Definition 2.2.10,
it holds that

det (1= (Pyy)7)| = ()™M AV der (T - (Pa,)Y), Viz1, — (224)
where A(A) is as per Equation (1.69) and ind(A) = rk(T}).

Proof. Let us begin by recalling a useful linear algebra identity which is a consequence of the
Binet theorem provided that A is an invertible matrix:

det(I — A) = det(—A)det(I — A™1).
Therefore, by taking A := (PA|TX)j the previous equality rewrites as
det (I~ (Palzy)7) = det (—(Pa|zy)7) det (I (Palzy) /)
= (—1)ind(A)det ((PA|TX)‘7) det (]I — (PA|TX)_j> )

where we applied the multilinearity of the determinant. Let us note that PA|TX is invertible
since, by construction, its eigenvalues are all of absolute value greater than 1. We now take
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into account the orientation of TX/ * by recalling the definition of A(A) given in Equation
(1.69). We know that det(PA\TX) is positive or negative, respectively, if T is orientable or

non-orientable along A due to Theorem 2.2.13, while det (]I — (PA\T;\L)_j ) is always positive
thanks to Equation (2.23). Thus, from the previous expression, we know that

sign (det (T— (Palry)?)) = (~1)™O AA).
Consequently, det (]I — (Palry ) ) is essentially linked to ind(A) and the orientation as

[det (1= (Palry)?)| = (~1)™ M A(A) det (T (Pyry)) - (2.25)
To conclude, we need to use the property that allows us to split the determinant of an operator

acting on the direct sum of two vector subspaces as the product of the determinants of the
operator restricted to the subspaces separately:

‘det (]I — Pi)‘ = ‘det (H — (PA|TX)j) ‘ ‘det (]I — (,PA‘TX)j) ‘ .

By applying Equation (2.23), we can eliminate the absolute value on the second factor, while
we use Equation (2.25) on the first, that is

]det (n ~ p{) ] = (—1)MO A(A) det (]1 - <7>A\TX)J') det (11 — (Palzs)’ )
= (=1)MO A(A) det (]1 - P,{) .

Hence, the sought statement is proven. |

2.2.2 Ruelle Zeta function as product of regularised determinants

Now that we have all the necessary tools, we can proceed by expressing the Ruelle Zeta function
as the product of regularised determinants of the Lie derivative operator. We will essentially

rely on the results presented in [ ], but the reader can find all the technical details of the
statements and the proofs in [ ,Sec. 2.2], [ ]and [ 1. We would also like to note
that the following steps follow the approach outlined in [ ] for the case of the contact

Anosov flows.

2.2.17 Convention. For the remainder of this subsection, to avoid repetitive restatements
and for the sake of clarity, we will assume the following conventions: the triple (M,E,P)
is the vector bundle constructed in Proposition 1.1.4, along with the unitary representation
p:m (M) — GL(FE) used in its construction as per Definition 1.1.3. Additionally, we will
use the notation V to denote a C™®-linearisable Morse-Smale vector field, with (¢');cr being
its associated flow. Furthermore, we will take it as established that HE (M, ) is the k-th
anisotropic Sobolev space defined in Definition 1.4.8 and Egﬂ)v cHE (M, E) — HE (M, E) is
the Lie derivative built on it as per Definition 1.4.17. 7

To begin with, we want to express Equation (2.16) as a product over k € {0,...,n}, the degree
of the anisotropic Sobolev spaces HE, (M, £). The following proposition leads us to the scope.
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2.2.18 Proposition. Let Ry , be as per Definition 2.2.2 and let A(A) be the twist parameter
for each closed orbit as per Equation (1.69). Then, it holds that

mqﬁp H Ry (2

. . (2.26)
Ry () = exp{ Z Z gy, tr(p(A)? ) tr(ARPY) } '

A closed j= 1‘7 ’detH_P])‘

where Py p, : TpX — T, is the linearised Poincaré map as per Definition 2.2.10, while T > 0
is the minimal period of the closed orbit A.

Proof. We start by recalling a basic fact of linear algebra. Given a linear endomorphism
A € End(W), acting on a finite dimensional vector space W of dimension m,

m

det(I— A) = > (—1)F tr(AFA). (2.27)

k=0

Keeping this identity in mind, we consider the logarithm of Equation (2.16):

log (Rg,0(2)) = log l [T det(t—A(A)p (A)e—TAz)(_Uind(m] _
A closed

By applying the properties of the logarithm
— Z (_ )md( )log [det(]l — A(A)p(A)e_TAZ)} '
A closed

The determinant of a finite dimensional operator can be seen as the product of its eigenvalues,
hence as the sum of the logarithm of the eigenvalues

= Z (—1)indA) Z log ().

A closed w eigenvalue

In turn this can be interpreted as the trace of the logarithm of the original operator

= 2 )™ flog (T- AW )]

A closed

Since p(A) is a unitary operator, and |e~7A#| < 1, we now use the Taylor power series of the
logarithm

= 3 M [Z eI (A(A)p(A))’

A closed Jj=1 ‘7

By applying Equation (2.27) to the linearised Poincaré map ij\ for all 7 € N\{0}

log (Rop(z)) = 3 (~1)mA trlz e (A(A)p(A))

A closed j=1 j
(-1 tr(/\kP/j\)]
iy det(I—7P3)
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By applying Proposition 2.2.16

log (Rg,p(2) = D (1MW tr| Y - (AN)p(A)) %

A closed

?Mg

—_

1

3
|

1
j
(=

X ALY (~ 1)
k

DI WP@]
O |det(I—P})

By using the trace linearity

log (Rgp(2)) = > Z eI AT =1 11 [p(A)]

A closed j= 17
n—1 i
(=D* tr(A*Py)

>

= |det(1—P)]

We can eliminate the twist parameter and the numerical factor linked to ind(A). Therefore, we
can write

n—1
log (Rg,0(2)) = [](=1)" log(9(2)),
k=0
where
tr(p(A)?) tr(AFP)
Re(x) mexp] 33 Lo AP L (2.28)
A closed j= 1~7 ‘dtH—PA)‘
By removing the logarithm, we can express the original Ruelle Zeta function as stated. |

We now introduce the twisted Fuller measure. The term "measure," as will be noted, stems from
the fact that this object defines an additive measure on the non-wandering set of a Morse-Smale
flow, with one type of contribution for the closed orbits and another for its fixed points. Not
only does this distributional object lead us to the Ruelle Zeta function from another perspective,
but it also allows us to write it in terms of the regularised trace of the Lie derivative. This is the
path followed in [ ].

2.2.19 Definition. Let V € X(M) be a C*®-linearisable Morse-Smale vector field as per
Definition 1.3.22. We define the Fuller measure 1y as

N det(I — dy¢')
pw(t) =—-—— > L
¢ p fixed points ’det(ﬂ - dp¢t>‘

1 > det(1 — P}
LD DR detll = P) 9)
A closed orbits j=1 |d€l(]1 - ,PA)‘

(2.29)
tr(p(A))o(t — jTh),

where Py p, : T — T),X is the linearised Poincaré map as per Definition 2.2.10, while T > 0
is the minimal period of the closed orbit A.

2.2.20 Remark. First, we notice that the twisted Fuller measure lies in D'(R?_). Moreover, we
note that both sums appearing in Definition 2.2.19 are over a finite number of critical elements.
This is due to the defining properties of a Morse-Smale flows given in Definition 1.3.16. The
non-wandering set NW (1), as per Definition 1.3.2, contains a finite number of both fixed
points and closed orbits. What we would also like to point out is that it should now be clear why
such a distributional object is said to be an additive measure: each element of the non-wandering
set NW (V') accounts for a single contribution that is independent from the others.
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We want to show, as an intermediate necessary step, how the twisted Fuller measure is linked
to the Ruelle Zeta function. To do so, we need to introduce another zeta function, defined by
applying the Fuller measure to a specific function. This definition is given following [ 1.

2.2.21 Definition. Let j1y,y € D'(RY) be the Fuller measure as per Definition 2.2.19. We
define C‘b/y :CxC—=Cas

1 o0
(rv(s, 2) = ) / e Ptuy v ()t (2.30)

0
where I'(s) is the Euler Gamma function and where the integration is a formal representation
of the application of the distribution on the function f(t;s, z) == e "t - 571,

In the following proposition we will give the definition of the Fuller Zeta function and an explicit
expression. The rigorous derivation of the following result, which establishes a crucial link
between the distributional twisted Fuller measure and a kind of generalisation of the Ruelle
Zeta function, is detailed in [ , Sec. 6.5].

2.2.22 Proposition. Let C‘b/y : C x C — C be as per Definition 2.2.21. Then, we define the
Fuller Zeta function Zyy : C — Cas

0
Zyy(z) =exp <— %C‘b/’v(s,z) 0) . (2.31)

We can be express it as

ME T (71)dim(Wu(A))+1
Zyy(z) =2 XM T der (1—e7™2A(A)p(A)) . (232)

A is a closed orbit

Here W*(A) is as per Equation (1.30), T is the minimal period of the closed orbit A, A(A)
is the twist parameter as per Equation (1.69) while x (M, £) is the Euler characteristic of the
twisted complex, defined as

n

X(M,E) =" (=1)"by(M, ), (2.33)
k=0

where, by,(M, E) is the Betti’s number as per Definition 1.1.19.

2.2.23 Remark. The definition of the torsion function Zy v (2) is the pinnacle of a formal
regularisation procedure, which is essential for handling the complexities introduced by the
critical points of a Morse-Smale flow. The process to give meaning to the definition requires
several technical steps which we only cite, providing, instead, abundant references for the
interested reader.

First, the function C'{/y(s, z), constructed as a Mellin-Laplace transform of the twisted Fuller
measure, is initially well-defined only for values of s in a suitable right half-plane where the
defining integral converges. The justification for taking the derivative at s = 0 is given in
[ , pp- 29-30] relying on the results detailed in [ , Thm. 12.4-5]. This guarantees
that C‘b/jv(s, z) admits a meromorphic continuation to the entire s-plane with only a single,
simple pole at s = 1. Since the only pole is at s = 1, the function is necessarily analytic in a
neighbourhood of s = 0. Furthermore, it is important to understand the convergence properties
of the resulting function Zy v (z) with respect to the variable z. As stated in [ , p- 91,
the explicit formula for Zy v (%) is initially valid for Re(z) large enough. This is because
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the term e~ 7% inside the determinant has an absolute value much smaller than 1, ensuring
the exponential convergence of the infinite product. The behaviour at z = 0 is more subtle:
excluding the factor z~X(M-€) | the remaining term is known to have a well-defined, non-zero
limit as z — 0. This is a central result of Fried’s original work [ , Sect. 3].

2.2.24 Remark. The explicit formula obtained in Equation (2.32) is highly revealing: it displays
a perfect factorization between contributions from different dynamical elements. The global
topological information, originating from the set of fixed points, is entirely contained in the
algebraic prefactor z~X(ME) T contrast, the dynamical information from each distinct closed
orbit A is encoded in a corresponding, independent determinant factor. This structure leads to a
significant simplification in the special case where the vector field V' is nonsingular, meaning
it has no fixed points. As a matter of fact, we stated in Remark 1.4.49 that, if the vector field
does not present critical points, the complex of resonant states at zero, i.e., (Cy, ¢(0), dv),
vanishes. Moreover, Theorem 1.4.34 proved that the twisted de Rham cohomology and that of
this subcomplex are canonically isomorphic, thus leading to the triviality of H* (M, £), as per
Definition 1.1.19, for all £ € {0, ..., n}. Therefore, if V' is nonsingular, the Euler characteristic
vanishes. The Fuller Zeta function simplifies to a product purely over the closed orbits.

The following corollary gives us the explicit link between the Ruelle Zeta function and the
Fuller Zeta function.

2.2.25 Corollary. Let Zy,y be the Fuller Zeta function as per Proposition 2.2.22 and let Ry ,
be the Ruelle Zeta function as per Definition 2.2.2. Then, it holds that

Zyy(z) = 2 XMER, L (2), (2.34)
where x (M, E) is as per Equation (2.33).

Proof. Letus begin by recalling that from Remark 1.3.13, we know that T, W*(A) = RV, @ T}
for all p € A, for all closed orbit A. Hence, it holds that

dim(W*(A)) = dim(T}) + 1 = ind(A) + 1.

Replacing this relation in Equation (2.16), we arrive at

ZV7V(Z) = 2;7X(M75) H det(]I _ efTAZA(A)p(A))(,l)ind(A)’
A closed orbit
which leads us to the stated relation with the Ruelle zeta function. m

The following proposition tells us that the Fuller measure has an interesting spectral interpretation

linked to the eigenvalues of —/Lgf )V s HE (M, &) — HE (M, E). An interested reader can find
the proof of this theorem in [ , Thm. 2.6].

2.2.26 Theorem. Let C‘I‘ZV (20) be as per Definition 1.4.22, let L§f+1) O (20) — C\k/,V (20)
be the contraction map and let j1yy € D'(R%) be as per Definition 2.2.19. Hence, tuy,y can
be rewritten as

n

tuvo(t) = 3 (-1)" ST dim (Gl (z0) N Ker(F ) ) e, (2.35)
k=0 ZoERk(V,V)ﬁiR

where the equality is understood in the sense of distributions on R*,. Here, R{“/’V is the set of
Pollicott-Ruelle resonances of degree k as per Proposition 1.4.18.
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2.2.27 Remark. Theorem 2.2.26 provides a profound bridge between the geometric world of
classical dynamics and the abstract world of spectral theory. Its spectral interpretation lies in
how it recasts a dynamically defined object in terms of spectral data. On the left-hand side, the
twisted Fuller measure py,v(t) is a distribution constructed from the concrete geometry of the
flow. On the right-hand side, the expression is a purely spectral one, since the Pollicott-Ruelle
resonances, 2o, are the spectrum of —Ly . The theorem reveals that the Fuller measure can be

(k)
entirely reconstructed from the spectrum of the operator e ““v.v : HE (M, £) — HE (M, €)
defined in Definition 1.4.20 where —ng )V : HE (M, €) — HE (M, £) has been restricted to

the subspaces Ker(Lgf )). Moreover, we can separate the contribution between the resonance at

zero and the other resonances:

n

tpyw(t) = Z(—l)"*lprl [dim (C‘]“/’V(O) N Ker(Lgf))) et 04
k=0

+ Z dim (C‘k/,V(zo) N Ker(Lgf))) etzol .
20€RE(V,V)Ni(R\{0})

For what we have seen in Proposition 1.4.51, it holds that

v (t) = 3 (-1 [dim (Clv(0))+

k=0

+ 3 dim (. (z0) N Ker(1{?)) etz(’] .
20€Rk(V,V)Ni(R\{0})

Therefore, we have separated the contribution on Im(ﬂ(()k)) and on Im(I — W(()k)), where

W(()k) L HE (M, E) — C‘]“/’V(O) is as per Definition 1.4.22.

A formalisation of what has been said in the previous remark is contained in the following
proposition, whose proof is omitted. A direct consequence of the Guillemin trace formula, as
the reader may find out by consulting [ , Thm. 8, (I, 22)], is that there exists an important
link between the Fuller measure previously defined and the flat regularised trace of the Lie
derivative.

2.2.28 Proposition. Let ng)v cHE (M, E) — HE (M, E) be as per Definition 1.4.17, let

Lgﬁ_l) : C’@’JFVI(ZO) — C’"ﬁjv(z()) be the contraction map and let pyy € D'(RY) be as per
Definition 2.2.19. Hence, we can rewrite v,y as
n—1 —tﬂ(k) *)
tuyy(t) = > (1) F e (e Y ety )), (2.36)
k=0

—_ <k) . ., . . . .
where e~ £VY is as per Definition 1.4.20 while tr is the flat-regularised trace.

We do not intend to give a formal definition of the flat-regularised trace of an operator here, as it
is a technical concept that would lead us too far from our main topic. Suffice it to say that this is
a way to give meaning to the trace of an operator acting on an infinite-dimensional space. From
this, it is possible to give a regularised definition of the operator determinant, as we will see.
For the interested reader, excellent references on the subject can be found in [ LI 1,
and [ ].
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By recalling the decomposition presented in Equation (1.62), the previous proposition allows
us to find an explicit formula for the Guillemin trace formula of the Lie derivative restricted to
Im(LV+ ) ‘K rwék+1)>'

2.2.29 Proposition. Ler L(k+1) HEFL(M,E) — HE (M, E) be the contraction map and let

(k) cHE (M, &) — CVV(O) be as per Definition 1.4.22. Let us denote by

Ak k+1 k+1
ﬁgf,)v :Im < g/ )|Ker77(()k+1)) — Im ([,g/ )|Kerﬂ'(()k+l)>

~(k k
5, = ),

)

(2.37)
im (o5

(k+1)).

Ke ermy
By considering jiy,y € D'(R) as per Definition 2.2.19, the following relation holds:

P (e—tigfg)_(_l)nﬂ 3 Z r(AFPY)

— A tr(p(AY)o(t — §Ty), (2.38)
A closed orbits j=1 ’det P])|

where Py ,, : TpX — T is the linearised Poincaré map as per Definition 2.2.10, while T > 0
is the minimal period of the closed orbit A.

Proof. First, let us recall the splitting obtained through the chain homotopy equation and
explicitly expressed in Equation (1.62):

/an(M,g CVV @ Im (dk: 1’Ker (k 1)) @ Im ( Kerﬂ(()’“ﬂ)) .

By comparison with Proposition 1.4.51, it holds that Li/)c = L‘f | ok () = 0 and by nilpotency
\AY

we have that
0.

(k)
by ’Im (L§f+1>

Ker ﬁék+1) )

Moreover
(k)

0.
v ’Im(dkv—l |Kem(()k+1))

As a matter of fact, if there existed, u € Im(d)_, | ker (+) \{0} such that L%f) (u) = 0, it would
0

also imply that d)Y (u) = 0, due to the nilpotency of the differential. This will lead to the fact

that u € Ker(ﬁ%ﬂf )V) C C"i’v(O), which is absurd due to the fact that the three subspaces have
trivial intersection. Therefore, we proved that

Ker(:{") = CF4(0) P Im (del|Kemék1)) .

From this result and from the linearity of the trace, we know that the expression of tyy v (%),
given in Proposition 2.2.28, can be decomposed as

o E+1 | b w(kV|C’“ ) b [ —tLk)
v () = S (1" [ (T ) (B

k=0
where ng )v is as per Equation (2.37). Moreover, by noting that £gf )V, restricted to C{“/’V(O), is
identically zero by definition, the previous expression rewrites as

n—1

tuyw(t) = > (=1)" !

k=0

dim(C‘li,V(O)) +tr’ (e_taf»)vﬂ .
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Since py,v(t) is an addictive measure on the non-wandering set NW(V/), as it appears in
Definition 1.3.2, and by comparison of the previous expression with the one obtained in Remark
2.2.27, we have that

Syt b (B X, det(I—P}) ‘ :
S (e () = % T g ] TPV =)
k=0 A orbits ’det A) ’

Here we use Equation (2.27) to make a sum over k appear

ISl S S Gt

k=0 A orbits j=1 |dt P/J\)’

tr(p(A))3(t — ).

Therefore, by comparison, it holds that

. N
- (e—tci}f)v> Y Z AN 73)

A orbits j=1 ‘dtH_P )|

which is the sought statement. ]

tr(p(A))o(t — §Th),

As it was already clear from the definition of the Fuller measure, what we have done is to
separate the contributions of the regularised trace of the Lie derivative into a part related solely
to the fixed points (namely, the spaces ka/,v (0)) and a part related solely to the closed orbits of
the flow. Of the latter, we were then interested in considering the individual contribution for the
k-th anisotropic Sobolev space H* (M, &).

2.2.30 Remark. Since the expression for the regularised flat-trace of the restricted Lie derivative
is a discrete, infinite sum of Dirac deltas centred at integer multiples of the minimal period of
the closed orbit, we can test it against f(¢, z) == —t~te~'*. This will lead us to establishing a
relation between 2Ry (z), defined in Equation (2.26), and the k-th flat-regularised trace:

ka] ) e JTpz

> 2) tr’ e_tZ&)V dt = ”‘H tr(p(A)’
| s ( )t Agbmzlnmt o )

By comparison with Equation (2.26), it holds that

/ooo ft,2) o (etz%> dt = (=1)" log(Ry(2))-

We discuss succinctly how the regularised determinant of the Lie derivative can be defined.
Unlike the case of the Laplacian, its definition is based on the so-called flat-regularisation, which
first requires giving meaning to the trace of the "exponentiated" operator and then defining the
regularised logarithm of the determinant through differentiation.

2.2.31 Definition. Let 7, (k) D HE (M E) — CVV( ) be as per Definition 1.4.22 and let

,C(k) : (L&H)IKHW(();CH)) — Im(L§f+ )‘ emék+1)) be as per Equation (2.37). Then, we
deﬁne
1 L ok
Fy (2,8) = —/ A (e t V,V) dt, 2.39
ﬁgf)v( ) ) Jo (2.39)

where T'(s) is the Euler Gamma function while the flat-trace is as per Proposition 2.2.29.

Let us define the flat-regularised determinant of the restricted Lie derivative as follows.
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2.2.32 Definition. Let Wék) cHE (M, E) — C\]“,,V(O) be as per Definition 1.4.22, let ng)v :

k+1 k+1
Im(L§/ )’Kerwék+l))_>lm(L§/ )|Kem

as per Definition 2.2.31. Hence, we define

(w+1)) be as per Equation (2.37) and let }"Z(k) (z,8) be
0 Vv,V

log (detb(fgf)v + z)) = —0s|s=0F &

(k)
v,V

(2,5). (2.40)

2.2.33 Remark. We note that the integral part of the function F k) (z,s), as defined in
v,V

Definition 2.2.31, is differentiable at s = 0 and it is well defined for z such that Re(z) is
sufficiently large. The only potentially problematic point for that would be in a neighbourhood of

s = 0. However, according to the expression for the flat trace tr” (eitﬁg/kfv) given in Proposition
2.2.29, the variable ¢ is always evaluated at non-zero integer multiples of the minimal period of
the closed orbit, 74 > 0. Let us combine this observation with the one made in Remark 2.2.23
for C‘b,y(s, z), which holds true since the two functions have essentially the same structure.
This ensures that the derivative evaluated at s = 0 is well-defined. In addition, the factor 1/T'(s)
is also holomorphic near s = 0, since for small s, it holds that 1/T'(s) = s + O(s?). In light of
the above considerations, Definition 2.2.32 is well-posed. Therefore, by applying the Leibnitz
rule, it holds that

log (detb(fgf)v + z)) = —885 (F(ls /0 e <et£~§/kv)v> dt> B
|9 e, 1,b ( —tZﬁ%)

= [85 (F(s)) L /0 et (e Vo) dt

. 1 2 bzl ( tzﬁ,k)v> >

[I’(s) s </0 e Pttt e Vo) dt

Knowing that 1/T'(s)|s=0 = 0, we obtain that

~ 00 (k)
log (detb(£§f)v + z)) = _/ e trplpd (etﬁv,v> dt.
' 0

g

s=

As anticipated, for the purpose of stating Fried’s conjecture, we would like to evaluate the
Ruelle Zeta function at z = 0. We have seen that this is possible due to the existence of a
meromorphic extension over the entire complex plane. The following proposition allows us to
calculate the preceding regularised determinant at z = 0 and thus to equate it with the Ruelle
Zeta function evaluated at the same point.

2.2.34 Proposition. Let W(()k) CHE (M, E) — C"j’v(O) be as per Definition 1.4.22 and let

(k k+1 k1
‘Cgf,)v : Im(Lg/ )|Kerﬂ_(()k+1)) — Im(L§/ )]Kem

(e+1)) be as per Equation (2.37). Hence, the
0

function log (detb(zgf)v + 2)), reported in Definition 2.2.32, is analytic in z = 0.

Proof. Let us consider the operator exp {—t (z + Eg%) } cHE (M, E) — HE (M, &) as per
Definition 1.4.20. Proposition 1.4.21 shows that this is a bounded operator for all ¢ > 0 and

that it has a tight link with its resolvent for z such that Re(z) is sufficiently large. This link is
preserved by the restriction:

/O+oo e_t(z+£~§/'f)v) g — (ng)v N Z)—l |
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Since in Remark 2.2.33 we managed to write

F o £
log (detb(ﬁgf)v + z)) - _/ e ( Ll ) dt,
’ 0

this is tantamount to relating the definition of the regularised determinant given in Definition
2.2.32 with the resolvent of the spectrum. Thank to Proposition 1.4.24 we know that the
resolvent of the spectrum allows for a meromorphic extension on the complex half-plane
Re(z) > — By whose expression will be recalled here:

mi(20) (_1)l( k) T z20) 17T£)
(AC%/I'T)V“FZ)_l: Z ( )( AV 0) 0

=1 (2 = 20)f

Here F, 1(2) is a holomorphic operator-valued function in a neighbourhood of zy and 1y (2o)

is the order of the pole. Let us consider a neighbourhood of zy = 0. If we restrict ourselves
(ty/ (k+l )]Kem(k+1)) C Im(I — W(()k)) and since the projector w(()k) appears at the
0

numerator, the terms related to the poles vanish. This leads to the fact that the resolvent is
holomorphic around zero:

+ FZ07k<z)'

to EE/)V, since Im

(LU, +2)71 = Fyulz).
Therefore, log(detb(fgC )V + z)) is holomorphic at z = 0, thus proving the statement. [ |

Here we present the last and longed for result leading to a relation between the Ruelle Zeta
function and the product of regularised determinant of the Lie derivative.

2.2.35 Theorem. Let F((]k) s HE (M, E) — C‘k}vv(()) be as per Definition 1.4.22, let E&f)v :
Im(u gﬁ )| (k1)) — Im(L$+ )] (+1)) be as per Equation (2.37) and let the function
Kermg Kermg

log (detb(zgv)v + 2)) be as per Definition 2.2.32. Then, it holds that

n—1

Ry,0(0) = [T [det’ (L) (2.41)
k=0

where Ry , is the Ruelle Zeta function as per Definition 2.2.2 while det’ (ZV, k) IS the regularised

determinant evaluated at z = 0.

Proof. Let us recall the result obtained in Remark 2.2.33:

log (detb(zgf)v + z)) =— /Ooo e (e_ta/k,)v> dt.
By comparison with Remark 2.2.30, it holds that
log (det’ (L1 + 2)) = (~1)" log(%x(2)),
where Ry (z) is as per Equation (2.26). Therefore, we can conclude that
Ri(2) = det’ (L +2) V"

By recalling what we have proven in Proposition 2.2.18, we can express the Ruelle Zeta function
as the product of regularised determinants as

n—1
md)’ H mk H {detb(zgf’)v + Z)(_l)ni| (*1)k
e F=0 (2.42)
H |det” (L7 +2)) 0"
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Since we have proven in Proposition 2.2.34 that detb(zgf )v + z)) is analytic at zero and, by

Proposition 2.2.3, we know that the Ruelle Zeta function admits a meromorphic extension to
the complex plane, which is holomorphic in zero, we can conclude that

n—1
5k _1\n+k
95,0(0) = [T [det’ (L)) "]
k=0
Hence, the sought statement is proven. |

With this final result, we have obtained an expression that is formally equal to the one we
wrote in the previous chapter for the Ray-Singer torsion, namely an alternating product of the
regularised determinants of the operator under consideration: the Lie derivative.
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2.3 Fried conjecture

For this section, we will essentially rely on [ ]. The Fried conjecture, in the case of
Morse-Smale flows, turns out to be a proven theorem. This holds not only for flows without fixed
points, as was initially stated by Fried in [ ], but also for the most general possible case. In
this generalisation, however, the statement does not reduce to a simple equality of scalar-valued
functions, but rather to an equality between two metrics constructed on the determinant line of
the twisted cohomology complex.

2.3.1 Convention. For the purposes of this section, to avoid repetitive restatements, we remind
the reader that we will assume the triple (M, E,P) to be the vector bundle constructed in
Proposition 1.1.4 with a hermitian structure on the fibres, along with the unitary representation
p: (M) — GL(F) used in its construction, as per Definition 1.1.3. Additionally, we will
use the notation V' to denote a C*-linearisable Morse-Smale vector field as per Definition
1.3.22, with (¢!);cr being its associated flow.

Let us begin with the construction of a canonical metric on the determinant line of the
cohomology of the flat vector bundle £ over the circle, S'. By doing so, we establish a
foundational result that serves as the essential local model for understanding the contribution of
hyperbolic closed orbits in the more general context of a Morse-Smale flow.

2.3.2 Definition. Ler S' = R/Z be the circle, endowed with the standard orientation, let
(S, €, P) be a vector bundle of rank N as per Proposition 1.1.4 together with its associated
representation p : 71 (S') — GL(E) as per Definition 1.1.3. Let us choose a generator
oo € 71 (SY) compatible with the chosen orientation on S'. We define

A = p(ag) € GL(E). (2.43)

2.3.3 Remark. Being in the setting of the previous definition, the representation p : 71 (S') —
GL(FE) is completely specified by a single invertible matrix A as previously defined. Moreover,
Shen and Yu in [ , pp. 5-6] show the construction of a cochain complex (C*(S!, £), d)
through a minimal simplicial triangulation of S! consisting of one 0-simplex and one 1-simplex,
which takes the simple form of

0 Cosh, &) L olst, &) 0.

The spaces of 0-cochains and 1-cochains are both canonically isomorphic to E. The differential
d° captures the holonomy of the bundle. For a O-cochain v € CY = E, its image under the
differential is given by the action of the holonomy matrix A minus the identity on its natural
representative in £

d°(v) = Av —v = (A —D)w.

Therefore, the cohomology groups are canonically identified by:

HO(S', &) = Ker(A — 1),
HY(S', &) = E/Im(A —1).

From these spaces, one can define the determinant line of the cohomology of S' with coefficients
in&:

Det(H*(C*(,£))) = (Det(H'(C*(8',£))) ® (Deth (C*(S", 5)))_1 . (244)

as seen in Remark 1.5.6.
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In the following definition, we construct a norm on the determinant line of the cohomology.
Since this is a one-dimensional vector space, defining a norm over it is tantamount to defining
the norm over a specific vector and than applying the property of norm with respect to the
multiplication by a complex scalar.

2.3.4 Definition. Let (C*(S',&),d) be as per Remark 2.3.3, let (-,-)o1 : CY(S,€) x
COL(SY, E) — C be a scalar product and let pac € Det(C*(S', E)) be a volume element
as per Equation (1.91). By considering the canonical isomorphism T : Det(C*(S!,&)) —
Det(H*(C*(S*, €))) as per Theorem 1.5.7, we equip Det(H®(C*(S!, £))) with a norm uniquely
defined by the condition

IT(a,c)petrrs (oo (st 6)) = 1- (2.45)

This abstract definition leads to a powerful and explicit formula in the case where the cohomology
vanishes. This so-called acyclic case is of paramount importance, as it corresponds to a non-
restrictive hypothesis in the generic situation of closed orbits of a Morse-Smale flow.

2.3.5 Proposition. Let (C*(S',£),d) be as per Remark 2.3.3, let Det(H®*(C*(S!,£))) be
the determinant line of its cohomology as per Remark 2.3.3 and let || - ||pepre(co(st e))
Det(H®*(C*(St, £))) — R be as per Definition 2.3.4. If 1 is not an eigenvalue of A, defined in
Definition 2.3.2, then, H*(C*(S*, £)) = 0. Moreover, it holds that

4,1 || perrs (co st ) = |det(L — A)| (2.46)

where pa g € Det(H®*(C*(SY,£))) is a volume element as per Equation (1.92).

For details of the proof, we suggest that the reader look at [ , Sec. 1.2]

2.3.6 Remark. The previous proposition is of fundamental importance. It provides an explicit
formula for a metric purely in terms of an algebraic quantity, det(I — A). When this model
is applied to a closed orbit A of a Morse-Smale flow, the matrix A will be replaced by the
holonomy of the corresponding flat bundle along A, leading directly to the terms that appear in
the definition of the Ruelle dynamical Zeta function as per Definition 2.2.2. The choice of an
orientation for S! is crucial. Reversing the orientation replaces the holonomy matrix A with
A=, The resulting norm would be |det(I — A~1)|~L.

2.3.7 Remark. One of the concepts we will heavily rely on for the construction of the Milnor
metric on the determinant line of the twisted cohomology is that of relative cohomology. The
following discussion is taken from [ ]. Let us consider two differentiable manifolds S and
M as per Remark 1.0.1 and let f € C°°(.S, M). Moreover, by considering the twisted de Rham
complexes (2*(M, E),dM) and (2°*(S, &), d®) as per Definition 1.1.12, we define

Q(f.€) =P ar(rf.€), Q(f.€) ="M E @ I(S,E).
k>0

Such a construction is usually denoted by cone complex of f*. On it, we can define a chain
map dy : QF(f, &) — QFFL(f,€) as

d(w,9) = (d¥w, ffw—dy_19), Ywe Q¥(M,&)and VI € QF1(S,E).
By definition of QF(f, £) the following short exact sequence holds true:

0= QF1(S,€) % QF (f, &) L5 kM, &) — 0,
a®) = (0,9), YI9e QS E); Bw ) =w V(w1 eQMEaQ1(s,E).
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We define the spaces H*(f, &) to be the unique vector spaces such that the following is a long
exact sequence between the twisted cohomology groups defined in Definition 1.1.19:

0= - — HFYS, &) 25 mR(F, ) 2 HR (M, &) L HYS,6) — - = 0,

where o, 8* and f* are the pull-back of the functions acting on the cohomologies classes.
We are now entitled to define the relative cohomologies. Let us consider .S to be an immersed
submanifold of M, the k-th relative cohomology is the vector space H* (¢, £), defined as before,
with respect to the immersion map ¢ : S < M and denoted by H*(M, S, £).

To construct the Milnor metric associated with a Morse-Smale flow, we must first analyse the
algebraic structure of the cohomology of the underlying manifold. We will use a Smale filtration
to decompose the determinant line of the total cohomology into a product of simpler, local
components, which are determined by the individual critical elements of the flow.

2.3.8 Definition. Let V be a C*°-linearisable Morse-Smale vector field as per Definition
1.3.22 and let NW (V') = {A; }JKZI be its non-wandering set as per Definition 1.3.2. Hence,
we introduce the Smale filtration as an increasing sequence of compact submanifolds with
boundary:

D=M'c M'c---c MK =M,

such that for all j € {1,. .., K}, the submanifold with boundary M’ \ M7~ contains only the
critical element A; € NW (V') and

{Aj} =o' (M7 \ M77H).

teR

2.3.9 Remark. It is important to note that the previous definition fundamentally relies on
Morse-Smale flows. This is because such flows have a non-wandering set composed of a finite
number of critical elements, whether they are fixed points, closed orbits, or a mixture of the two.

Using this filtration, the idea to proceed is to construct a series of relative cohomologies for a
pair of submanifolds with adjacent indices and to link their determinant bundle to that of the
twisted cohomology.

2.3.10 Proposition. Let H* (M, E) be the twisted cohomology as per Definition 1.1.19 and
let Det(H® (M, E)) be its determinant line as per Definition 1.5.2. By considering a Smale
filtration { M’ }jK:O as per Definition 2.3.8, there exists a canonical isomorphism:

K
ov : R Det(H* (M7, M1, £)) =+ Det(H* (M, £)), (2.47)
j=1

where H*(M3, MI=Y £) is the relative cohomology as per Remark 2.3.7, while its determinant
line Det(H® (M7, M7~1 £)) is as per Definition 1.5.2.

This isomorphism is central to our construction. It allows to define a metric on Det(H* (M, £)),
defining a metric on each factor Det( H*(M7, M7~1 £)) and then take their tensor product.

2.3.11 Remark. Being in the setting of the previous proposition, the structure of the relative
cohomology group H*(M7, M7=, £) depends entirely on the nature of the critical element Aj
contained in M7 \ M7~1. The discussion has to be differentiated in two cases and the proofs
of the following statements can be found by an interested reader in [ ]. Let us suppose
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that the critical element A; is a hyperbolic fixed point. Let ind(A;) = dim(W*"(A;)), where
W*"(A;) is its unstable manifold as per Equation (1.26). Hence, it holds that

gAj lfq = 11’1d<A])

] (2.48)
0 otherwise,

HY(M, M~ &) = {
where &y, is the fibre of the bundle £ over the point A;. This implies that the determinant line
of this factor is )

o/ i i—1 ~ (—1)dA;)
det(H*(M?, M?77,&)) = (det(&y;)) .

On the other hand, let us suppose that the critical element A; is a hyperbolic closed orbit. Let
ind(A;) = rk(E}{j ), where E}, is its unstable bundle as per Remark 1.3.12. Hence, it holds
that

HO(Aj,0(B},) ® En,) if ¢ = ind(A;)

HY(M?, M77H €)= { HY (Aj,0(BY ) @ E|n;)  if g = ind(Aj) +1 (2.49)
0 otherwise.

Here, &|, is the restriction of the flat bundle £ to the orbit A;, while o(E}(j) is the orientation
line bundle of E}(j, i.e., areal line bundle over A; whose fibres for all p € A; are det(E}).
This vector bundle is then tensorised with &| A;- We conclude by noting that all closed obits
of the flow A; = S!, hence, we can apply the same construction of Definition 2.3.4 here.
From our analysis of the circle model done in Proposition 2.3.5, we know that the cohomology
H*(C*(S!, £)) vanishes if and only if 1 is not an eigenvalue of its holonomy matrix A. For
the bundle o(E}(j) ® &l the holonomy matrix is Ay, = A(A;)p(A;), where A(A;) is as
per Equation (1.69). Therefore, the relative cohomology group H?(M7, M7~1, £) associated
with A; are all zero if and only if 1 is not an eigenvalue of A(A;)p(A;). This is precisely the
generic condition assumed in defining the Ruelle Zeta function and this, as we will see, in not a
coincidence.

We are now prepared to define the Milnor metric by assembling what we have constructed in
the previous pages.

2.3.12 Definition (The Milnor Metric). Let H®*(M, &) be the twisted cohomology as per
Definition 1.1.19, let Det(H®* (M, E)) be its determinant line as per Definition 1.5.2 and let

oy : ®5—(:1 Det(H®* (M7, M=t £)) = Det(H®*(M,E)) be the canonical isomorphism as
per Proposition 2.3.10. Hence, we define the Milnor metric, denoted by

| - lar,v : Det(H®*(M,E)) — R, (2.50)

as the one induced through oy by || - HDK,H.(A].’O(EX J®E|,) 48 Per Definition 2.3.4 and by the
Hermitian product on the fibres of £. ’

2.3.13 Remark. Being in the setting of the previous definition, it is instructive to elaborate on
the explicit procedure for computing the norm of an arbitrary element A € Det(H®(M, E)), as
this reveals the metric’s fundamental properties. Let us first consider its preimage under this
isomorphism:

ot (\) € éDet(H‘(Mj,Mj_l,S)).
j=1

Hence, it can be uniquely expressed as a tensor product of elements from each local line:

0‘;1()\):1)1®v2®”-®v[<,
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where each v; belongs to the line Det(H*® (M7, M7=t £)) associated with the j-th critical
element A ;. The next step is to compute the norm of each local component v;. The definition
of this norm depends on the nature of the critical element A ;:

e If A; is a fixed point, the line is Det(H*(M7, M7 =1 £)) = (DetEx)(_l)md(Aj) as per
Equation (2.48). The norm ||v;|| is therefore computed using the metric on this line
induced by the Hermitian product h : € x & — C.

« If A; is a closed orbit, our standing hypothesis on the eigenvalues of p(A ;) ensures that the
line is Det(H* (M7, M=%, £)) = C™ as per Remark 2.3.11. The component v; is thus
a complex number. Its norm is not, however, its standard modulus. Instead, it is computed
with respect to the metric defined for the acyclic circle model presented in Definition

2.3.4. This metric is normalised such that ||1|| = |Det(I — A(Aj)p(Aj))](*l)mdmj).

Hence, the Milnor norm of the original element A € Det(H* (M, £)) is defined as the norm of
its corresponding element in 0‘71 (N € ®]K:1 Det(H* (M7, M7~1,€)), which is the product of
the norms of its components:

K
Mgy = ||ov ]| = TT llvsll
j=1

This construction makes the factorisation property of the Milnor metric self-evident. When
we compute the norm of a generic element A € Det(H*(M, £)), it will be the product of two
different contributions: one linked to the fixed points and the other tightened to the closed
orbits.

2.3.14 Remark. In the previous remark we saw that, under our hypothesis, each factor
Det(H®*(M’, M7~ £)) corresponding to a closed orbit A; is canonically isomorphic to C or
its dual. Consequently, the total space decomposes as

) - (—1)ind(8;)
Det(H* (M7, M’ ,5))%( & (Det(é’Aj)) )@( & (CAZ.),

A fixed points A; closed orbits
2.51)

where the subscript A; serves only to index the tensor product. If we apply the norms only to
the orbit components, we obtain the fixed-point determinant line:

_ ind(Aj)
AV, ) ::( R (Det(é’Aj))( Y ) (2.52)

A fixed points

which is a one-dimensional complex vector space constructed purely from the fibres of the
bundle £ over the fixed points. Moreover, we can regroup the contributions given by the fixed
points with the same index:

. (~1)nk
M8 =) <® Det(r‘fp)) ; (2.53)

k=0 pEAk
Ay = {p fixed points | Ind(p) =n —k}, Vke{0,1,...,n}.

An attentive reading shows that this is exactly the determinant line of the Thom-Smale complex
defined in Definition 1.5.34. As a matter of fact, we needed to adjust the index £ such that it
runs over the dimension of the stable manifold which has dimension complementary to the
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unstable one as shown in Equation (1.26). The factorisation has another direct consequence on
the norm of the elements 1 € C. If we take for each closed orbit A;, the canonical element
15, € C and we apply the norms defined in Definition 2.3.4 to these components yields a total
contribution from the orbits given by

ind(A,)
[T Ial= TI e =a@)pa )" = 19,,0)1 7 @54
A closed orbits A closed orbits
For all the details of this last result, an interested reader should check [ , Prop. 2.16].

Having constructed the Milnor metric from the dynamical and algebraic data of the Morse-Smale
flow, we now turn to its analytic counterpart. This is the Ray-Singer metric, which generalises
the classical notion of analytic torsion.

2.3.15 Definition (The Ray-Singer Metric). Ler H® (M, E) be the twisted cohomology as per
Definition 1.1.19 and let Det(H®* (M, E)) be its determinant line as per Definition 1.5.2. By

considering the numerical part of the analytic torsion as per Definition 2.1.10, we define the
Ray-Singer metric || - |rs : Det(H®*(M,E)) — R as

| llrs = Il " lper tre(as,6) - T (M, E). (2.55)

Here, T(M, &) = [[7_o(det’ Ag) "V 52 sohere Ay« QF (M, E) — QF(M, E) is as per
Definition 1.1.21, while || - || per rr+ (11,6) s the norm on the determinant line induced by the
scalar product as per Definition 2.1.7.

Now that we have defined two distinct metrics on Det(H*® (M, £)), the determinant line of the
cohomology of a flat vector bundle £ over a manifold M with a Morse-Smale flow V, we
state the main result of Shen and Yu under key simplifying hypothesis. For all the details a
interested reader can refer to [ , Thm. 3.12]. This result can be viewed as a comprehensive
generalisation of the Fried conjecture to Morse-Smale flows that possess both fixed points and
closed orbits.

2.3.16 Theorem (Fried Conjecture). Let V be a C™-linearisable Morse-Smale vector field
as per Definition 1.3.22, let H*(M,E) be as per Definition 1.1.19 and let Det(H®*(M,E))
be its determinant line as per Definition 1.5.2. By considering the Milnor metric || - || p,v -
Det(H®*(M,E)) — R as per Definition 2.1.8 and || - ||rs : Det(H®*(M,E)) — R to be the
Ray-Singer metric as per Definition 2.3.15, it holds that

[Allary = IMlrs, VA € Der(H*(M, £)). (2.56)

2.3.17 Remark. This theorem establishes a profound correspondence between two funda-
mentally different mathematical worlds. The equality can be poetically interpreted as follows.
We are provided with two distinct instruments to measure the "size" of a vector space. The
first instrument is the Ray-Singer metric, which is a ruler forged from the fires of analysis
and geometry. The second instrument is the Milnor metric, which comes from the world of
dynamics. The Fried Conjecture makes the extraordinary claim that these two profoundly
different rulers, when used to measure the same topological object, give the exact same result.






Chapter 3

A Gauge-fixing invariance approach to
the Fried Conjecture

In this chapter, we will see how the Fried conjecture can be expressed in terms of gauge-fixing
invariance of a suitable functional in a field theory. The field theory we will consider is
a topological theory known as Abelian BF' theory. This theory will be treated using the
Batalin-Vilkovisky formalism, historically introduced in [ ]and [ ]. The choice of a
gauge-fixing, a procedure necessary for quantisation of the theory, corresponds to choosing a
Lagrangian subspace of the field space on which to give meaning to what is commonly known
as functional path integral. Physically, we expect that by taking two Lagrangian subspaces,
corresponding to considering two gauge-fixing choices, the result of physical observable
quantities would not change. By appropriately choosing two Lagrangian subspaces, the two
gauges lead exactly to the rewriting of the Fried conjecture as written in Theorem 2.3.16.

In the first part of this chapter, we will retrace the construction of BF' theory, its fundamental
properties, and how it is treated within the framework of the BV formalism. A exhaustive review

of this formalism can be found in [ ]and [ ].
Subsequently, we will review the work done in [ ] and [ ], which inspired this
physical approach, undertaken, for example, in [ ] and in [ 1. Schwartz was

the first to interpret the partition function of B F' theory, without explicitly mentioning it, as
a Berezinian integral, and this led him to obtain the numerical part of the analytic torsion
we have introduced in Definition 2.1.10. The same can be done in a more modern language
within the BV formalism by finding a suitable Lagrangian subspace given by the Hodge
decomposition theorem, whose statement is reported in Equation (1.21). Hence, the result is
that the path integral of BF' theory computes the analytic torsion, when the Lagrangian is chosen.

Everything that has been done can be translated for another gauge choice suggested by the
decomposition in Equation (1.62). This will lead us to obtain the value at zero of the Ruelle
Zeta function as the partition function of BF' theory in this gauge. It is important to underline
that the existence of a Morse-Smale flow or an Anosov flow allows for this type of gauge-fixing,
which would otherwise not be available. We wish to refer once again to [ ] from which
we draw inspiration, since what we are trying to do here is what they did in the case of contact
Anosov flows and not, as in our case, for generic Morse-Smale flows.

93
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3.1 BF theory

For this section we will essentially rely on [ 1, [ ] and [ ]. Let us begin by
defining the Abelian BF' theory in its classical formulation. This will give us the motivation to
proceed by reformulating it through the BV formalism.

3.1.1 Convention. From now on, we will implicitly assume that the triple (M, E,P) is the vector
bundle of rank N as per Proposition 1.1.4, (Q*(M, &), dV) represents the complex of twisted
differential forms, as per Definition 1.1.12, while we will use Aj, : Q{(M,E) x QY (M, E) —
QI(M, E) as defined in Proposition 1.1.14.

3.1.2 Definition (Classical BF Theory). Let (2*(M,&),dV) be as per Definition 1.1.12. We
define the space of classical fields for the Abelian BF theory as

Fpp = QYM,&) @ Q" 3(M,€E), (3.1)

where n = dim(M). Moreover, the BF action functional Spr : Fpp — C is defined as

SprlA,B] = | BA,dYA, (3.2)
M

where A € QY(M, &) and B € Q" 2(M, E).

3.1.3 Remark. By looking at the setting described in the previous definition, a field configuration
is thus a pair (A, B) € Fpp. The action functional is built through the wedge product, which
allows to pair the two £-valued forms to obtain a real-valued top-form that can therefore be
integrated over M. Moreover, the equations of motion are derived by taking the variation of the
action functional with respect to the fields A and B. This yields the classical field equations:

(SSBF o \V4 -
(SB —O — dlA—O,
0SBr _ vV op_

This means that the set of solutions for the Euler-Lagrange equations corresponds to the subspace
of closed fields:

Fep = Ker(dY : QY (M, E) — Q*(M, E)) @ Ker(dy _o : Q" 2(M, &) — Q"1 (M,E)).
With the following remark we want to underline a peculiar feature of this topological theory.

3.1.4 Remark. A crucial feature of BF' action presented in Equation (3.2) is its invariance
under a large group of transformations, known as gauge symmetries. Specifically, the action
does not change under the following shifts:

A— A+dye, fore e Q°(M,E),
B — B+dY _5¢, foré € Q"3(M,E).

This invariance represents a fundamental redundancy in the description of the system. In the
context of quantisation, for instance via path integral, these symmetries must be appropriately
handled (a procedure known as "gauge fixing"). However, BF' theory possesses a more subtle
feature known as reducible symmetry. This means that the gauge transformations themselves
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are not independent but there is a redundancy in the space of gauge parameters. This symmetry
of a symmetry can be visualised as

A— A+dje,
B = B+dY 56, £ E+dy yw, forwe QUYM,E).

In the second line, the first arrow denotes the symmetry transformation on the field B,
parametrised by &. The second arrow indicates the symmetry of that symmetry, parametrised
by w € Q"~4(M, £). This structure does not stop here but it continues into a finite sequence
or "tower" of reducibilities. This "symmetry of a symmetry" poses a significant challenge
for standard quantisation procedures like the Faddeev-Popov method, which are designed for
irreducible gauge theories. The BV formalism is a more powerful framework precisely designed
to handle such reducible symmetries in a systematic and coherent way. It achieves this by
extending the space of fields to a graded space where fields, ghosts (associated with symmetries),
and ghosts-for-ghosts (associated with reducibilities) are all treated on an equal level.

First, let us introduce what a graded vector space is.

3.1.5 Definition. Let {Vk} kez be a family of vector spaces, a vector space defined as

Ve =P v, (3.3)

kEZ

is a Z-graded vector space. An element v € V¥ is said to be homogeneous of degree k and it is
denoted as |v| = k.

Given the definition of a graded vector space, we now define the degree shift.

3.1.6 Definition. Let V* be a graded vector space as per Definition 3.1.5. Its degree-
shifted version, denoted by V'*[j], is a graded vector space whose components are defined by
(VIiDF == V**I for all k € Z. Moreover, an element v € V* such that |v| = k, has a shifted
degree |v|y ;) =k — j.

With these tools, we can define the field content of BF theory in the BV framework. The space
of fields for BF' theory is constructed from the space of twisted differential forms which is a
naturally graded vector space. To this, we add a degree shift.

3.1.7 Definition. Let (Q°(M,E),dY) be as per Definition 1.1.12. We define the graded space
of BF fields as

Fpr = Q%M E)[1] & Q*(M,E)[n — 2], 34)
where the degree shift is as per Definition 3.1.6.
3.1.8 Remark. Being in the setting of the previous definition, the initial grading for the space
of twisted differential forms is such that to a k-form w € QF(M, ) is assigned a degree of

|w| :== k. A field configuration in this extended space is a pair (A, B), where A and B are now
inhomogeneous forms, i.e., they are formal sums of forms of all degrees:

A:A(O)+...+A(”)’
IB:B(U)_F..._FB(”)'



96 A Gauge-fixing invariance approach to the Fried Conjecture

Their components, however, have very specific degrees determined by the shifting, which are
called BV degrees. The component A%) € QF(M, £)[1], has BV degree

JA®) | gy =k — 1. (3.5)
Similarly, the component B*) € QF(M, £)[n — 2], has BV degree
1B®)| gy =k —n+2. (3.6)

The original classical fields are recovered within this space by considering the component AW
of A, which has BV degree |[A()|z,, = —1 + 1 = 0, and the component B("~2) of B, which
has BV degree |[B("~2)|gy, = —(n — 2) + (n — 2) = 0. All other components are interpreted
as ghosts, antifields, and their respective ghosts-for-ghosts and antifields-for-antifields.

The space of fields Fp is then endowed with the structure of a graded symplectic vector space,
which is encoded in a bilinear pairing QpF.

3.1.9 Definition. Let Fpr be as per Definition 3.1.77. We define Qpr : Fpr X Fpr — Cas
the extension by bilinearity and by graded anti-symmetry of

Qpr((0,B), (A, 0)) = / B AL A, VA € Q% (M, E)[1] and VB € Q*(M, E)[n — 2.

M
(3.7)
Here, "top" means that we consider only the top forms among the scalar-valued forms coming
from all the possible wedge products.

3.1.10 Remark. Let us clarify how does the previous definition work. Hence, let us consider
A=AD 4. .. 4 AP c (M, E)[1] and B = BO + ... + B™ € Q*(M, &) [n — 2].

Thus, by applying Definition 3.1.9, it holds that

Qpr((0,B), (A,0) = / (B A, AP
M
_ / (BO Ay A 4 BD 7y APD o B py A0
M

Moreover, one can verify that this bilinear form is a symplectic form and by doing so, we will
recall what is the formal definition of this object. Three are the fundamental properties that
have to be fulfilled:

* Bilinearity: This property is manifest from its definition as an integral of field products.
For any field configurations vy, ve, v3 € Fpp and any scalar ¢, d € R:

QBF(C' U1 + d . 112,123) =C- QBF(U1,1)3) + d . QBF(UQ,Ug)
QBF(’Ul,C * V2 + d- 1)3) =C- QBF(’Ul,’UQ) + d- QBF(Ul,Ug)

* Graded Skew-Symmetry: For any two homogeneous field configurations vy, vs € Fppr,
the pairing satisfies

Qpp(v1,v2) = —(=D)2Q 55 (vs, v7), (3.8)

where |v1| and |vs| are the BV degrees as per Remark 3.1.8. This property is also satisfied
by definition.
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* Non-degeneracy: Let us consider a generic field v € Fpp.
If Qpp(v,u)=0 Yué€ Fpp, then v=0. (3.9)

For BF theory, this holds because if we consider v = (A,B) and let u = (A’,B)
be generic, the condition Qpp(v,u) = 0 implies [;,[B Ay A']'*P = 0 for all A’ and
[y [B" Ap A]°P = 0 for all B'. The arbitrariness of the test fields forces both A = 0 and
B = 0.

3.1.11 Remark. With this remark we want to show that g has a BV degree |2pr|py = —1,
which is a requirement for it to be a valid symplectic structure in the BV formalism. This is shown
by considering two homogeneous elements of Fr. Let us consider B € QF(M, E)[n — 2] of
BV degree |B|py = k —n +2and A € Q" %(M, E)[1] of BV degree |A|py =n — k — 1.
Since their wedge product B Ap, A € Q™ (M, ) integrated is a scalar value, which has null BV
degree, while combining their individual BV degrees the result is 1, it means that {25 bares
intrinsically a (—1) degree.

The second fundamental object is the BV action functional, Spr, which is defined parallelly to
Equation (3.2).

3.1.12 Definition. Let Fpr be as per Definition 3.1.7. Hence, we define Spr : Fpr — C as

Spr(A,B) = /

] top
M

[B A dVAl” ) Y(A,B) € Fur. (3.10)
Here, "top" means that we consider only the top forms among the scalar ones coming from all
the possible combinations.

3.1.13 Remark. As with the symplectic form, let us clarify how does the B F' action actually
works. Hence, let us consider

A=A 4. 4 AM e (M, E)[1], B=BO +...+BM cQ*(M,E)n-2.
Therefore, by applying Definition 3.1.12, it holds that

Spr(A,B) = /M [BAnd7A]"

_ / (B Ay d¥ A 4 B 7 d¥ A2 o BOD 6 dV A
M

Moreover, one can verify that the action has a BV degree |Spr|py = 0, which is a requirement
for it to be a valid functional action in the BV formalism. This is shown by considering two
homogeneous elements of Fgr: B € QF(M, £)[n — 2] of BV degree |B|gy = k —n + 2 and
A € Qv F=1(M, E)[1] of BV degree |A| gy = n—k — 1 — 1. Since combining their individual
BV degrees the result is 0, it means that Sp bares intrinsically a 0 degree.

3.1.14 Remark. The specific choice of degree shifts in the definition of FpF is crucial and not
arbitrary. As explained in [ , Remark 26], these shifts are engineered precisely so that the
fundamental objects of the theory have the correct degrees required by the BV algebra structure.
Specifically, this choice ensures that the BV action Spr has degree 0 and the symplectic form
Qpr has degree —1. These degrees are essential for the consistency of the entire formalism.

To provide a complete structure for our Batalin-Vilkovisky formalism for this theory, we must
finally define a vector field on this space, denoted by () pr and known as the BV operator. For
the Abelian BF' theory, the BV operator has a remarkably simple and elegant form. It is given
by the action of the exterior covariant derivative d¥ on the inhomogeneous superfields.
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3.1.15 Definition. Let Fpr be as per Definition 3.1.7. Then, we define the BV operator Q pr
as
Qpr(A,B) = (dVA,dVB), V(A,B) € Fap. (3.11)

3.1.16 Remark. Being in the setting of the previous definition, we want to study the characteristic
of this operator and check if all the requirements of the BV formalism are met. We want to
verify whether () g is the Hamiltonian vector field associated with the action functional Spp
with respect to Q g, the symplectic 2-form. Let us show it by rewriting Q) gy as a vector field
over the graded manifold Fpp:

Qpr : Fpr — T[1]Fpr
5 5 (3.12)
_ gV A " Vm Y
Qpr =d A5A+d B&IBS'
Therefore, we want to prove
LQzr2BF = —0SBF, (3.13)

where 1, denotes the interior product and ¢ is the exterior derivative on Fgr, not to be
confused with the twisted de Rham differential. On the right-hand side we have

5Spp = / (0B Aw d¥A + B Ay 3(d%4)]
M

_ / (6B A, dV A — dVB A, 9A] “r
M

where in the second line we applied Stokes Theorem and we used that the manifold M under
analysis is without boundary. Meanwhile, if we compute the left-hand side, by applying
Definition 3.1.9, we have that

Lope Up = /M [~6B A d¥ A+ dVB A, 58]

Therefore, we have proven the statement sought. As a second step, this operator shall encode
the gauge symmetries of the theory. The condition that the action Spr is "gauge invariant"
is expressed in the BV formalism by the requirement that it is annihilated by @) pr, which
we now demonstrate. This is tantamount to proving the Classical Master Equation, i.e.,
that {Spr,Spr} = 0, where the parentheses represent the Poisson brackets induced by the
symplectic two-form Qpp, see [ ] for an overview on the subject. Hence, it holds that

{SBF;SBF} = LQBF[’QBFQBF = LQBF(égBF)
v . Jtop
=Qpr(Spr) = QBF </M {]B% Ap d A} )

- [, lour (3anaa)]”

(9)
= [(dVB) A d¥ A+ (—1)EIB A, dY o (a¥8)]

The second term in the integrand vanishes immediately because (d")? = 0. Since dV is a
graded derivation with respect to the wedge product, it holds that

dV (B AR dVA) = (dVB) Ay (dVA) + (—1)BIB A dY o (dVA).

Again, the second term vanishes. This shows that the remaining part of our integrand is an exact
form:

top
{Spr.Spr} = /M V(B A, d¥A)| T =0,
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which is vanishing due to Stokes Theorem, since we are integrating over a manifold M without
boundary. This completes the proof of the properties of the BV operator.

3.1.17 Definition. Let Fpr be as per Definition 3.1.7, let Qg be as per Definition 3.1.9, let
Spr be as per Definition 3.1.12 and let Q) g be as per Definition 3.1.15. The assignment

(M,E,P) ~ (Fpr,2Br,Spr,QBF) (3.14)

is BF theory in the Batalin-Vilkovisky formalism.
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3.2 Analytic torsion from field theory

Schwarz has shown in [ ] and [ ] how the numerical part of the analytic torsion,
namely the product of regularised determinants of the Laplace operator, can be interpreted as
the partition function of a certain theory whose action functional is degenerate and quadratic.
In this section, we will report the key steps of these articles and, subsequently, we will see how
these can be rewritten within the framework of BF' theory, also by using the BV formalism.
The notation and framework are initially kept general, following the original papers and are
specialised only then.

3.2.1 Convention. For the remainder of this section, the triple (M, E,P) is the vector bundle
constructed in Proposition 1.1.4, while (Q*(M, &), dY ) is the twisted de Rham complex as per
Definition 1.1.12. Moreover, we denote by I'y a complex vector space, possibly graded.

Let us begin by defining what a resolvent for a quadratic functional is.

3.2.2 Definition. Let us consider (-,-) : I'g x I'g — C to be a scalar product. By considering a
linear and self-adjoint operator S : T'g — D'q, let us define a quadratic functional . : Ty — C
as

S (f)=(Sf, f), VfeTo. (3.15)

The functional . is said to be degenerate if there exists a sequence of vector spaces and linear
operators {T; : T'; — T;_1}N.| such that it satisfies

S (f+Tih) = .Z(f), YfeToandVh e Ty,
Ty 1T, =0, Vi=2,...,N.

This family of linear maps is called the resolvent of the functional ..

3.2.3 Remark. Under the same hypotheses of the previous definition, let us observe that the
first requested property for the resolvent is equivalent to require that the condition S77 = 0
holds true.

Starting from the previous definition we can define the following operators.

3.2.4 Definition. Let (-,-) : I'g x I'g — C be a scalar product. By considering a quadratic
functional ¥ : Ty — C and its resolvent {T; : T'; — Fi,l}fvzl as per Definition 3.2.2, we
define

Oo = S* + W T,

O; =T;T; + T4 T, Vi>1,

where T : I';_1 — I'; are the adjoint operators with respect to the scalar product.

In the following, we will walk through the reasoning that brought Schwartz to define the partition
function of a field theory having .% as an action functional. For further details, see [ ].

3.2.5 Remark. The partition function Z of a field theory is formally defined via the path
integral over all field configurations f € I'y:

Z:= [ D[fle=SUD), (3.16)
To
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where S(f) = (Sf, f) is the action functional defined in Definition 3.2.2. The formal path
integral expression bears a strong resemblance to its finite-dimensional counterpart, the Gaussian
integral. We underline for later convenience the parallelism to recall the expression of the
Berezinian integral over a graded finite-dimensional vector space V.

* Let B: V — V be an invertible linear map, degree-preserving. The integral becomes:
/V  exp (~(y, Br)) Dly|Dla] = (sdet(B)) " (3.17)
X

The superdeterminant is defined as the product of the ordinary determinants of B :
Vk — V. the components of B acting on the k-space:

sdet(B) = [ (det(Bk))(_l)k . (3.18)

k

This form is particularly relevant, since the argument of the exponential closely resembles
the structure of the BF' action Spr = [ B A dA.

* The rules of Berezinian integration are sensitive to parity shifts in the space of variables.
Let V'[1] denote the vector space V' with its grading shifted by one. The Gaussian integral
over this shifted space yields an inverted power for the superdeterminant:

/ exp (—(y, Az)) D[y]D[a] = (sdet(4))*". (3.19)
V[1xV[1]

This sign flip in the exponent is fundamental for the correct interpretation of the partition
function in B F’ theory, where fields are assigned non-trivial grading shifts within the BV
formalism.

However, in our infinite-dimensional case, the simple expression (sdet(.S))~1/2 is ill-defined.
The operator S' that appears in the action is degenerate, possessing a non-trivial kernel that
reflects the gauge symmetries of the theory. A direct calculation would lead to a divergence due
to the integration over the infinite volume of the gauge orbits. To give a rigorous meaning to
the partition function, one employs a procedure analogous to the Faddeev-Popov method. This
involves introducing the resolvent {Ti}ff:l that systematically resolves the kernel of S. This
procedure effectively factors out the symmetry volume, leading to a well-defined expression.

We can define the partition function as follows.

3.2.6 Definition. Let (-,-) : I'g x I'o — C be a scalar product. By considering a quadratic
functional & : Ty — C and its resolvent {T; : T'; — Fi,l}i]\il as per Definition 3.2.2, we
define

ZsenlS AT = det(8%)71 T (der(T7T3)) 7" (3.20)

.

=1

where det’ is the zeta-regularised determinant as per Definition 2.1.5.

Having introduced the general context presented in [ ], we can now specialise what has
been done to the case where the quadratic functional becomes the action functional of BF'
theory.
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3.2.7 Definition. Let (Q°(M,E,dV)) be as per Definition 1.1.12. Thus, we define the vector
space I'y as
Lo = QYM,E) @ Q"2 M,E), (3.21)

where n = dim(M ). Moreover, we define (-, -)r, : I'o x I'o = C as

(C,CN, = /M(A A, PA'+ B Ay %, 'B), VC = (A,B),C" = (A, B') €Ty. (3.22)

3.2.8 Remark. We have used a slightly unusual convention for the definition of the inner
product between forms of the same degree. Although this is equivalent to the case where the
Hodge dual is used instead of its inverse, it greatly simplifies the calculations. With this in mind,
we can now use the newly defined I' as the space on which our previous general considerations
were made.

To begin with, we specialise the construction by Schwartz by defining an explicit form of an
operator S : I'g — [g.

3.2.9 Definition. Let 'y be as per Definition 3.2.7 together with its inner product -, )1
T'oxT'g— C. WedefineS :T'g — I'g as

L 0 *th_Q
S = <*h o 0 (3.23)

where xy, : QF(M, £) — Q" *(M, &) is the Hodge star operator as per Definition 1.1.15.

o -

We note that the space of fields we have chosen is exactly that selected for classical BF' theory
in Definition 3.1.2.

3.2.10 Proposition. Let I'g be as per Definition 3.2.7, let S : I'g — 'y be as per Definition
3.2.7and let Spr : I'o — C be BF action as per Definition 3.1.2. Then, it holds that

Sur(C] = /M B Ay dYA = %(C, SC)r,, VC = (A, B) € Q'(M, ) & Q" 2(M, €),

(3.24)
where (-, )1, : T'0 x I'o = C is as per Definition 3.2.7.

Proof. The proof follows from a direct calculation starting from the definition of the scalar
product on I'g:

1 1 0 #pdy 5\ (A 1 xpdy_oB
{50 =3 <<A’ B) (*hdY o J\8)). T2 \E ava))
To o
By applying Equation (3.22), we that
1 1 _ 1 _
5(C. 500, = 5 /M A mn o CondoB) + /M B A+ (#d¥ A)
1 1
— f/ A/\th_QB—l—*/ B A, dY A.
2 Jm 2 /M
By applying Stokes Theorem, we have that
1 1 1
5(C.SC)ry = 5 /M dY AN, B+ 3 /M B Apdy A

:/ B Ay, dlvA
M
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Hence, the sought statement is proven. |
To compute the partition function for this degenerate functional, we must construct a resolvent

for the operator .S. This takes the form of a chain complex {7}, : I'y, — I';,_1 }}_; that resolves
the kernel of S.

3.2.11 Definition. Let (Q*(M, E,dY)) be as per Definition 1.1.12. We define {T;}?=2 as

Iy = Q%M &)@ Q" 3(M,E),
Ty = Q" 4(M,E), (3.25)
pi=QFE (ML E) for3<k<n-—2,

where n is the dimension of M. Moreover, we define the operators {T}, : Ty, — T'p_1}1— [ 1 as

dy 0
Tli (O d )Zrl—)l—‘o,

3.26
TQI: (dvo )ZFQ—)Fl, ( )
4

Tk—d —(k42) Ty =T for3<k<n-2

3.2.12 Remark. Following what has been done in [ ], we now compute the composition of
the previously introduced operators with their adjoints. These are taken with respect to the inner
product on the vector spaces {I'; f:_f, parallelly to Definition 3.2.7. The computation involves
the formal multiplication of matrices whose entries are the twisted de Rham differentials. A key
step is the application of Proposition 1.1.22, which relates the twisted differential to its adjoint
through the Hodge dual. The ensuing operators are:

V,
g _ (Y 0
0 dyhdy )’

. dytdy o
N = ( 0 4y L) (3.27)
Ty =dy,dY

* V.t
TiTh = dy AN g2y, for3 <k <n—2.

We can now replace these operators into the general Schwarz formula to obtain the partition
function of BF" theory. This is possible because we have a well-defined notion of the regularised
determinant for the operators 77T given by the zeta-regularisation of the Laplacian operator.

3.2.13 Proposition. Let S : Ty — T'g and {T}, : Ty, — Fk—l}z;% be as per Definitions 3.2.9
and 3.2.11. By considering the partition function of BF theory Zg.,[S,{T;}] as per Equation
(3.20), it holds that

n

ZenS,{Ti}] = H (det’ (d,f’*dkv))(_l)k/ ? (3.28)

Here det' stands for the zeta-regularised determinant of the Laplacian as per Definition 2.1.5,
while )" : Q¥ (M, €) — QF(M, €) is as per Definition 1.1.20.
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Proof. By directly applying Equation (3.20), it holds that

1
Zsan[S AT} = (det/(52)) " H (det' (T3 T)) ?

3

1)k+1

Plugging in the explicit forms of the operators {7}, }?_F and S and using the property that the
determinant of a block-diagonal operator is the product of the determinants of its blocks, we
end up with

ZonS, AT = det’(dY1dY )~ idet’ (dY-T,dY o) ~adet’(dy TdY )2 det’(dYF,dY )2 x
1:[ (det dv1k+2)dg_(k+2)))%(fl)k+1'
One can check that, thank to [ , Lemma 29],
det’(dy"TdY) = det’(d)",dY ) and det’(d) dY 5) = det’(dy Tdy).

Therefore, we can collect all the terms, obtaining that

n

ZsenS, AT} = H (det’ (dZ’Tdkv))(_l)kﬂ ’

Therefore, the sought statement is proven. ]

3.2.14 Remark. A striking observation arises from the last expression in Equation (3.28). The
alternating product of determinants is identical to the numerical part of the Ray-Singer torsion
expressed in Proposition 2.1.14. This establishes a first profound result between the partition
function of the Abelian B F’ theory and the analytic torsion. Moreover, it is crucial to understand
the meaning of the integration that this procedure formalises. The Schwarz procedure effectively
restricts the integration to a subspace where the action becomes non-degenerate. At each step
k of the resolvent, the integration is not performed over the whole space I'x, but rather over
the quotient space I'y, /Ker(7}). In the context of BF' theory resolvent, where the operators T},
are built from the exterior derivative d", this formal quotient has a very concrete geometric
meaning thanks to the Hodge decomposition theorem we stated in Equation (1.21):

(M, €) =1m () @D Im (&) P HH (M, €). (3.29)

Here, the spaces of exact and harmonic forms, Im (dkv_1> @ H*(M, ), represent the pure
gauge degrees of freedom. The action vanishes along these directions, which is the source of
the divergence. The integration is therefore effectively restricted to the space of co-exact forms,
m dkv’T). It is on this subspace that the relevant operators {dZ’Tde}Z;é become invertible,
giving a well-defined meaning to the regularised determinants that appear in the final formula
for the partition function. Thus, the Schwarz formalism makes concrete the physical intuition of
"integrating only over physical, non-redundant degrees of freedom."
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3.3 BV pushforward

This section is a short introduction to the BV pushforward, which is a key construction in the
framework of BV formalism. An interested reader can find all the details of this construction
in [ , Sec. 2.2]. Let us begin with some physical motivations for introducing such
technique. In quantum field theory a central task is to compute physical observables by
integrating over an infinite-dimensional space of fields. A powerful technique, inspired by the
Wilsonian renormalisation group, involves conceptually splitting the fields into high-energy (or
"ultraviolet") modes and low-energy (or "infrared") modes. The process of integrating out the
fast modes produces an effective theory for the slow ones. The BV pushforward is the rigorous
mathematical formalisation of this procedure within the context of gauge theories. It gives a
model for a path integral over the ultraviolet fields that depends parametrically on the infrared
fields, which act as a background. The result is an effective action for these low-energy fields,
encapsulating the quantum effects of the integrated-out degrees of freedom.

Our analysis revisits the foundational concepts of the finite-dimensional BV formalism, a topic
partly addressed in our previous analysis. We underline the critical point that, while the results
derived here are strictly valid in the finite-dimensional context, they nonetheless provide the
methodological roadmap for extending the formalism to the infinite-dimensional regime, such
as in BF theory. The following definition gathers the four constituent data of the BV formalism,
which were previously established in the specific focus of the infinite-dimensional B F’ theory.

3.3.1 Convention. In this section, we will refer to (Fpy,Qpv, Spv,Qpv) as the BV data.
Here, Fpy is a finite-dimensional graded vector space (as per Definition 3.1.5), and Qpy :
Fpy x Fpv — Cis a symplectic 2-form whose defining properties were recalled in Remark
3.1.10. Furthermore, let Spy : Fpy — C be the BV action functional, and let Qpy : Fpy —
T(1]Fpy be the BV vector field (as seen in Remark 3.1.16).

Let us establish the foundational elements. Our main objects of investigation will not be
functions on the field space F gy, but rather densities, and specifically half-densities. Let us be
more general and recall what a density on a finite-dimensional vector space is.

3.3.2 Definition. Ler V' be a finite-dimensional vector space and let F'(V') be the set of bases of
V. Adensity of weight o € Ron V isamap pu: F(V) — RY such that for all g € GL(R%™(V))
it holds that

(g - v) = |det(g)|“p(v), Vv = (v1,...,vaimv) € F(V). (3.30)
The space of such densities is denoted by Dens®(V').

3.3.3 Remark. Being in the setting of the previous definition, due to their recurrence and
importance, we denote by standard density an element in Dens(V') corresponding to o = 1,
while a half-density is an element lying in Dens'/?(V/).

Let us generalise the notion of density to graded vector spaces.

3.3.4 Definition. Let V*® = @, V® be a graded vector space as per Definition 3.1.5. Then,
the space of densities of weight o € R is defined as

Dens®(V*®) = ®(Densa(Vk))(_1)k, (3.31)
kEZ
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where Dens®(V*) is as per Definition 3.3.2, while (Dens®(V*)) ™1 stands for its topological
dual.

One of the central results of the formalism is that the space of half-densities on a BV vector
space carries a canonical differential operator. A proof of the following result can be found in

[ I8

3.3.5 Theorem. Let (Fpy,Slpy) be a (—1) symplectic graded vector space. There exists a
canonical, second-order differential operator A : Dens'/?(Fgy) — Dens'/?(Fgy), known as
the BV Laplacian, which has degree +1 and which squares to zero, i.e., A2 = 0. Moreover, in
any Darboux global coordinate system (2%, &) such that Qpy = ¥, d&; A da', the operator A
has the form

A = Z BTG (3.32)

3.3.6 Remark. The Darboux coordinate system (-, &;) on the graded vector space Fpy reflects
the underlying grading of the space itself. Since Fpy is the direct sum of its even and odd
degree subspaces, the set of coordinate functions is naturally partitioned into even and odd
coordinates. The odd symplectic form {2y establishes a canonical pairing between these two
sets. Specifically, if a coordinate 2 has an even degree, its conjugate partner £; must have odd
degree, and vice versa. This structure is a direct consequence of the fact that the total degree of
the symplectic form is —1, which implies deg(x?) + deg(¢;) = —1.

Our goal is now to define the integration of a half-density over a specific subspace of Fpy
known as Lagrangian subspaces. Hence, let us give the definition of this particular subspace.

3.3.7 Definition. Ler (Fpy, Qpyv) be a (—1) symplectic graded vector space. A vector subspace
L C Fpy is Lagrangian if

1
Qpvle =0, and dim(L) = §dim(]-'3v). (3.33)

Note that the preceding definition will not be well-posed in infinite dimensions. It will therefore
be incumbent upon us to provide an alternative.

Before the BV integral can be constructed, we have to report the following technical result,
whose statement can be found in [ , pp- 11]. This proposition serves as the technical
link that makes the BV integral possible.

3.3.8 Proposition. Let (Fpy,Qpv) bea (—1) symplectic graded vector space and let L C Fpy
be a Lagrangian subspace as per Definition 3.3.7. Given & € Dens*/? (Fpv) as per Definition
3.3.2, if we restrict it to L, it holds that &|; € Dens(L).

What the preceding proposition tells us is that a half-density, which generally cannot be
integrated over the entire space, becomes integrable when restricted to a Lagrangian subspace.
This is what essentially defines a BV integral.

'A proof of the theorem by Schwarz that assures the existence of such a coordinate system can be found by
referring to [ , Thm. 8.1].
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3.3.9 Definition. Let (Fpy,Qpy) be a (—1) symplectic graded vector space and let L C Fpy
be a Lagrangian subspace as per Definition 3.3.7. The BV integral of & over L is defined as

/ : Dens'/?(Fpy) ole, Dens(L) f—£> C, E— / €|z, (3.34)
L L

where £ € Dens'/?(Fpy) is as per Definition 3.3.2.

This construction possesses notable properties, summarised in the following theorem, which
is a cornerstone of the theory and whose proof a reader can find in [ ]. It is important to
re-emphasise that this theorem is valid only for finite-dimensional vector spaces.

3.3.10 Theorem (Batalin-Vilkovisky-Schwarz). Let (Fpy,2pv) be as per Definition 3.3.1
and let A : Dens'/*(Fpy) — Dens'/*(Fpy) be as per Definition 3.3.5.

(I) For any & € Dens'/? (Fpv) and any Lagrangian subspace L C Fpy as per Definition
3.3.7, it holds that

/ A€ =0, (3.35)
L

assuming convergence of the integral.

(II) Let & € Dens'/? (Fpv) be such that A = 0. If Ly and L1 are two Lagrangian subspaces
connected by a smooth family of Lagrangian subspaces, then their BV integrals coincide:

/ §=1[ & (3.36)
Eo El

3.3.11 Remark. This theorem implies that the BV integral of a A-closed half-density depends
only on the Lagrangian homotopy class of the subspace £. This independence from the
specific choice of "gauge-fixing", represented by L is exactly the concept on which we wish to
reformulate the equality between the analytic torsion and the value at zero of the Ruelle Zeta
function.

The following result addresses what happens when the field space is decomposed into two
subspaces, on which we restricts our symplectic 2-form.

3.3.12 Proposition. Let (Fpy,Qpy) be a (—1) symplectic graded vector space and let
Then, it holds that

Dens'?(Fgy) = Dens'/?(Fly,,) @ Dens'/?(Fij,), (3.37)

where Dens'/ 2(Fpy) is as per Definition 3.3.2. Moreover, the BV Laplacian splits accordingly:

A=A +A", (3.38)

where A’ acts on the first factor and A" on the second.

A statement of the previous result can be found in [ ]. We are now in a condition to
introduce the BV pushforward, which acts on half-densities.
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3.3.13 Definition (BV Pushforward). Let (Fpy = Fpy & Fiy, Qv = Qg + Q5y) be
a decomposition of Fpy as per Proposition 3.3.12. By considering a Lagrangian subspace
L" C Fiy, the BV pushforward is the map

- : Densl/Q(}"Bv) — Densl/z(}"]’gv)
(3.39)
[ e=¢ [ & ve=¢ g e Dens?(Fpy) @ Dens'(Fpy),

where we used the factorisation in Proposition 3.3.12, while [, & is as per Definition 3.3.9.

As previously mentioned, this construction formalises the intuitive notion of integrating over
only a portion of the field space. The following theorem then demonstrates the main properties
of this operation. See [ , Thm. 2.9] for proper details.

3.3.14 Theorem. Let (Fpy = Fpy & Fiy, Qv = Qg + Q) be a decomposition of
Fpv as per Proposition 3.3.12 and let L C Fp,, be a Lagrangian subspace. By considering
the BV Laplacian A = A" + A", it holds that

A’ </ 5) N /g A&, VE € Dens'/*(Fpy),

where the right-hand side integral is as per Definition 3.3.13. Moreover, if we consider
¢ € Dens'/ 2(Fpy) such that A¢ = 0, and two homotopy related Lagrangian subspaces
0. LY C Fly, it holds that
/ & — £E=AT, (3.40)
cy cy

for some U € Dens'/?(Fi,,).

3.3.15 Remark. The canonical BV Laplacian A acts on half-densities. To work with functions,
one introduces a Berezinian measure p € Dens(Fpy ), which is a specific type of density on
Fpy. We say that ;2 is compatible with respect to Qpy if its corresponding half-density 1i!/2
is A-closed, i.e., A(,ul/ 2) = 0. Given such a measure, one defines a measure-dependent BV
Laplacian A, : C*°(Fpy) — C*(Fpy) as

Au(f) - p? = A(f - p?), Ve C®(Fpy). (3.41)

This allows one to translate statements about half-densities into the language of functions, which
is often more convenient for defining actions.

Eventually, we specialise our discussion to the case of primary interest in quantum theories,
where half-densities take an exponential form to represent the partition function.

3.3.16 Remark. Let us consider a half-density & = ¢*¥8v/"1,1/2 ¢ Dens(Fpy)/?, where
Spv : Fpy — Cis the action functional, p is a compatible Berezinian measure as per Remark
3.3.15, and £ is a formal parameter. The condition that this half-density is such that A = 0, is
equivalent to the action Spy satisfying the Quantum Master Equation:

1
5{53\/, SBV},u + ihAMS =0 (3.42)

where {-, -}, is the odd Poisson bracket induced by the symplectic form Q2 gy . In the classical
limit, & — 07, this reduces to the Classical Master Equation, {Spy, Spy }, = 0, which we
have already stated in Remark 3.1.16.
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3.3.17 Definition. Let (Fpy = Fpy, @ Fiy. Qv = Uy + Qfy) be a decomposition of
FBv as per Proposition 3.3.12 and let L C F},, be a Lagrangian subspace. If the functional
action Spy is such that € = ¢"58v/" is A-closed. The effective BV action Slg,, € C™(Fhy/)
is defined via the BV pushforward as

eiSjS,V/h(M/)lﬂ ::/ eiSBV/h,ul/Q, (3.43)

where the Berezinian factorisation as = ji' ® i € Dens(Figy,)'/? @ Dens(Fiy,)'/2.

A direct consequence of Theorem 3.3.14 is that if Sy satisfies the QME, then the effective
action Sy, also satisfies the QME on the smaller space FJ,.

3.3.18 Remark. The procedure outlined above is a precise mathematical implementation of
Wilson’s renormalisation group idea. The total action Sy on the space Fpy = Fpy, & Fiy
describes the full physical theory, including all degrees of freedom. The BV pushforward
integral, [,.,, represents the path integral over the fast fields living in FJ,,. The choice of
the Lagrangian subspace £” corresponds to the choice of a gauge-fixing condition for these
fast fields. The ensuing object, the effective action S’;,, describes the physics of the slow
fields in Fp,, . It is no longer a purely classical action: it implicitly contains all the quantum
loop corrections that arise from integrating out the fast modes. Item (II) in Theorem 3.3.14
provides the crucial consistency check: changing the gauge-fixing condition, i.e., changing the
Lagrangian £” does not change the physics.
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3.4 Metric Gauge and Analytic Torsion

In this subsection we aim to rephrase the procedure previously outlined within the more
comprehensive and powerful framework of the Batalin-Vilkovisky formalism. The previous
construction, which relied on the Hodge decomposition theorem to restrict the path integral to
the space of co-exact forms, finds a natural generalisation in this new context. The goal remains
the same: to provide a rigorous definition for the partition function of BF" theory over a specific
gauge-fixing Lagrangian subspace. The partition function is therefore defined as the Berezinian
integral of the action functional restricted to the Lagrangian subspace. This procedure can be
understood as a generalisation of the BV pushforward, where the integration measure on the
full space Fpr is projected onto the chosen Lagrangian subspace.

3.4.1 Convention. For ease of exposition and to avoid constant restatement, we will as-
sume throughout this section that (M, g) is a Riemannian manifold of dimension n as per
Remark 1.0.1, the triple (M, E,P) is the vector bundle defined in Proposition 1.1.4, while
(Q*(M,E),dV) is the twisted de Rham complex as per Definition 1.1.12. Moreover, let us
consider (Fpr,Qpr,Spr, QBF) to be the BV data of BF theory as per Definition 3.1.17.

Before choosing an appropriate Lagrangian subspace, it is important to note that for this
framework to be rigorous in an infinite-dimensional setting, the standard finite-dimensional
notion of a Lagrangian subspace, which has been recalled in the previous subsection, must be
appropriately adapted.

3.4.2 Definition. Let V'* be an infinite-dimensional graded vector space as per Definition 3.1.5
and let w : V* x V* — C be a symplectic 2-form. Let us consider two isotropic subspaces
W, WL cCV,ie., such that

w(a,p) =0, Va,peW (3.44)

and

wa,B)=0, Vo g Wt (3.45)
Moreover, if V® =W @ W, then W and W+ are said to be Lagrangian subspaces.

With the aim of performing the BV pushforward, we now seek a decomposition of a BF' field
space into the direct sum of two of its subspaces.

3.4.3 Definition. Let H*(M,E) be the harmonic complex as per Definition 1.2.9. Then, we
define

Fpp=H (M, E) 1P H (M, E)n—2]
Fp = (tm (d1) @ tm (aF1)) (11 @D (m (dX_,) @ tm (dT1) ) [n— 2],

where de,T c QFY(M, E) — QF(M, E) is as per Definition 1.1.20 and the degree shift is as
per Definition 3.1.6.

(3.46)

The following is a direct consequence of the Hodge decomposition theorem.

3.4.4 Corollary. Let Fpp be the space of fields as per Definition 3.1.7 and let Figpp, Fis 1 C
FBF be the subspaces as per Definition 3.4.3. Then, it holds that

For = Fpr D Fir- (3.47)
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Proof. We recall the Hodge decomposition reported in Equation (1.21):

QM €) = m () @D m (1) P HH (M, €),
where H¥(M, £) are the harmonic forms as per Definition 1.2.9. Thus, it holds that

Q*(M, &)[1] = 1m (d3;) [1] € 1m (dT1) [1] @ H* (M, &)[1],
and
Q* (M, E)n— 2] = 1m (d3;) [n — 2] @ 1m (dT1) [n — 2] @ H* (M, &)[n - 2).
By combining the previous equalities, we have that
Fr =08 (M,E)1] & Q* (M, &)[n - 2] = Fir @ Fhir

Therefore, the sought statement holds true. |

3.4.5 Remark. A crucial feature of this decomposition is that the subspace FJ, being
generated by harmonic forms, is finite-dimensional. This is a direct consequence of Theorem
1.2.14, which establishes an isomorphism between the space of harmonic forms and the twisted
de Rham cohomology, a space known to be finite-dimensional, as noted in Remark 1.2.15. The
partition function, when restricted to this subspace, would in principle be well-defined. The
source of the divergence in the path integral therefore lies entirely within the infinite-dimensional
complement, corresponding to F7 . Our strategy, which aims to reproduce the logic of a BV
pushforward, is to "integrate out" this divergent part. To do so, we will define a Lagrangian
subspace within F7, which will be denoted by metric gauge. This procedure will rigorously
isolate and handle the true quantum fluctuations of the theory, leaving a finite-dimensional
integral over the cohomological sector.

3.4.6 Definition. Let de’T : QLM E) — QF (M, E) be as per Definition 1.1.20. Then, we
define

Ly = 1m (1) (1] @ tm () [0 — 2] (3.48)

The subscript g in the preceding definition serves as a reminder that the decomposition we are
using, which derives from the Hodge theorem, is a direct consequence of being able to fix a
Riemannian metric on M. The next proposition establishes the proof that £, is a Lagrangian
subspace of 7 .

3.4.7 Proposition. Let F}, be as per Definition 3.4.3 and let Ly be as per Definition 3.4.6.
Then, it holds that Ly C F1y, is a Lagrangian subspace with respect to Qpr| F o

Proof. In order to satisfy the requirements expressed in Definition 3.4.2, we first need to define
another subspace LgL such that Fib . = L, & Ej. Hence, we define it as

£y =1m () 1)@ 1m (dT) [n - 2.

By looking at the expression of F7 in Definition 3.4.3, it is straightforward to notice that

Bp=Lg® EgL. Therefore, we need to show that both the subspaces are isotropic with respect

to QpF.
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Isotropy of L,: By using multilinearity and graded-antisymmetry of {2gr we can verify
this property on forms of homogeneous degree. Let us consider A € Im (dkv’T) [1] and

B € Im (dek) [n — 2]. Hence, there exist (o, 3) € Q¥ (M, E)[1] @ Q*F+1(M, E)[n — 2]
such that A = dk,v’T(a) and B = d:fk(ﬁ). Thus, we evaluate

Qpr((0, /Ias/\hA /dVT B8) An dy T ().

We now use Proposition 1.1.22, to express the second codifferential operator in terms of the
twisted de Rham differential, obtaining that

r((0,B), (4,0)) = (~1)™* [ dT1(8) A (snd¥ 4y} (e
By recalling Definition 1.1.17 of the scalar product between twisted forms, we have that
(0, B), (A,0)) = (=1)"™+ (dV(8), dY_y_1(+50)) -

By applying the defining property of dV- as the adjoint operator to the twisted de Rham
differential, we have that

(0, B), (A,0)) = (—1)"™+1 (8,dY_ 0 dY_j_1(+na)) =0,

where we applied the nilpotence of dV .
Isotropy of Ej: By using multilinearity and graded-antisymmetry of 2pr we can verify

this property on forms of homogeneous degree. Let us consider A € Im (dkv_1> [1] and B €
Im (dg_k_l) [n — 2]. Hence, there exist « € Q¥~1(M,£)[1] and B € Q" *1(M, E)[n — 2]
such that A = dY ,(a)and B =dY_, ,(5). Thus, we evaluate

Qr((0.B), (4,0) = [ Banh= [ a7y 1(8) nndl ()

We use the Leibnitz rule for the de Rham differential, obtaining that

i ((0,B), (4,0) = [ dus (8 A d¥1(@)) + (1" [ 874 (dF 0 dY y0).

By using that the de Rham differential is nilpotent we have that

Qr((0.8),(4,0)) = [ dums(8 n dYy(0)) = 0,

where we applied Stokes Theorem to say that the integral of an exact form vanishes.
Therefore, the sought statement is proven. ]

3.4.8 Remark. Being in the setting of the previous result, we now observe that the action Sgp
is determined exclusively by the non- harmonic contribution and therefore depends only on
the fields belonging to the subspace F}; . To show that, we consider A € Q°(M, £)[1] and
B € Q*(M, £)[n—2|. From the decomposition presented in Corollary 3.4.4, we know that there
exist Ay € H*(M,&)[1] and Acp € (Im(dY_,) @ Im(ds""))[1] such that A = Ay + Acp.
Moreover, there exist By € H*(M,E)[n — 2] and Bop € (Im(dY ;) & Im(dy"))[n — 2]
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such that B = By + Bcg. Let us replace this decomposition in the expression of Spr as per
Definition 3.1.12 and let us use bilinearity:

} top

Spr(A,B) = /

[B Ay d¥ A
M

:/ [BH Ap dvAH—i—BH Ah dVACE}tOP
M

t
+ /M [BCE And¥ Ag + Bog My dVACE] P

From Proposition 1.2.3, we know that any harmonic form is also d" -closed. Thus, it holds that
dV Ay = 0. This brings us to

top
Spr(hB) = [ [Ber mnd Ace + Bu nnd¥ Acr] ™.
By applying the Leibnitz rule to the second term we have that

top
SBF(A,B) = / [(—I)IBH| (d(BH A ACE) — deH An AC’E) + Bog Ay dVACE} .

M
The first term vanishes due to Stokes Theorem, while the second one vanishes again for
Proposition 1.2.3. Hence we have

top
Ser(A,B) =/ [BCE Ah dvACE} .
M

Therefore, the sought statement is proven. This result will be of key importance for our
evaluation of the effective action S’y on the subspace Fp .

Before defining the BV pushforward, it is necessary to introduce a formal definition for the
determinant of the twisted de Rham differential. The idea is analogous to the case of defining
the determinant of a non-square matrix A: one takes its adjoint At with respect to a given
inner product and defines det(A) = det(A") := |det(AAT)['/2, at which point the latter is
well-defined.

3.4.9 Definition. Let dkv,T cQFFY (M, E) — QF(M, &) be as per Definition 1.1.20. Then, we
define
det'(dY ) = det'(dy 1) = det(dVTdY )2, (3.49)

where det’ (dZ’Tdkv) is the zeta-regularised determinant of Ay| im(a¥:t) 48 per Definition 2.1.5.
k

The following proposition, which is a rewriting of the BF' action in a form that facilitates its
interpretation as a Gaussian integral, provides the final result that will allow us to define the
partition function of the gauge-fixed BF' theory in the metric gauge.

3.4.10 Proposition. Let L, C Ff . be the Lagrangian subspace corresponding to the metric
gauge as per Definition 3.4.6. Hence, it holds that

n—1

Sprle, = Y (7M., d) tay A®), (3.50)
k=0

where AF) is the k-th component of A € Q*(M, £)[1] and the form %) parametrizes the k-th
co-exact component of B € Q°*(M, E)[n — 2].
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Proof. We begin this proof by expliciting the definition of BF' action. Let us consider
AeQ*(M,E)1]and B € Q°(M, E)[n — 2], that can be expressed into their components of
definite degree: A = >, A®) and B = 3, B*). Hence, it holds that

SBF:/ [B Awd¥a] Z/ Bk p, a¥ A®) (3.51)

n—k—1)

Being on the Lagrangian subspace £, implies that B can be written as B ~F~1) =

d:jk_ln("*k). Moreover, due to Proposition 1.1.22, we can write Bn—k=1) — *hdva(k), with

k) e QF (M, E). Substituting this parametrisation into the action functional yields

SBF|E — Z/ *hdv (k /\h dkvA(k)

By rewriting it as a scalar product on the twisted forms as per Definition 1.1.17, we have that

n—1
Serlc, =) (dkvr(k),dkvA(k)> .

k=0
By using the defining property of the codifferential, it holds that

— nf (r®, Y tay A®).
k=0

Therefore, the sought statement is proven. ]

By combining the action restricted to the metric-gauge Lagrangian with the formal rules of
Berezinian integration, we can now give a rigorous definition for the partition function of BF'
theory.

3.4.11 Definition. Let L, C Ffp be the Lagrangian subspace as per Definition 3.4.6. Then,
we define the partition function Z'(Sgr, L) as

Z'(Spr.Ly) = 1 / eiSBF(A,B)D[A]D[]B]

g

= - |de (%1 )\_1 : / exp <znzl (T(’C),dXTdZA(’“))) (3.52)
Ly k=0

=y ‘det CAR) ’ ‘det (dv-1dv)],

where det' (dV1) is as per Definition 3.4.9, det' (dV>1dY) is the zeta-regularised determinant
and ji' € Det(Fp ) is a volume element of the determinant line as per Equation (1.91).

The following remark aims at justifying the rigour of the preceding definition and to elucidate
the rationale behind its specific form.

3.4.12 Remark. The formal integral in the first line is understood as a product of two factors: a
Jacobian determinant arising from the change of variables used to parametrise the Lagrangian
submanifold £, — specifically, Bn—k=1) — *hdkvr(k) — and the definition of the resulting
Berezinian integral over the action restricted to this subspace, as derived in Proposition 3.4.10.
The subsequent lines provide the evaluation of this infinite-dimensional Berezinian integral,



3.4. METRIC GAUGE AND ANALYTIC TORSION 115

in direct analogy with the finite-dimensional case recalled in Remark 3.2.5. Although the
exponents of the determinants might appear counter-intuitive, they are, in fact, consistent.
The definition incorporates the crucial effects of the grading shifts assigned to fields in the
BV formalism, which cause two key modifications: the Jacobian determinant for a change of
variables appears with the opposite power to what is expected, and the Gaussian integral over
a shifted space yields the determinant directly, rather than its inverse. Furthermore, we need
to support the choice of the final measure /. Recalling the finite-dimensional construction,
we note that the effective partition function, as a result of the BV pushforward obtained in
Definition 3.3.17, should be an element of the space of half-densities, Dens!/ 2( ]’3 F) However,
because the residual space of fields Fj; - is finite-dimensional, as noted in Remark 3.4.5, there
exists a canonical isomorphism between the space of half-densities and the determinant line,
Det(Fpp), see [ , Eq. 30]. This allows us to consider y’ as an element of this space.
Finally, it is worth recalling the result of Remark 3.4.8 to justify why the effective action on
this finite-dimensional space, S35, vanishes. This explains the absence of any remaining
exponential term in the final expression for the partition function.

The following is a direct consequence of the previous definition

3.4.13 Corollary. Let L, C F}; . be as per Definition 3.4.6 and let Z'(Spp, L4) be as per
Definition 3.4.11. Then, it holds that

Z'(Spr, Lg) = [ (det’ Ay) D2y (3.53)
k=0

where det’ A\, are the zeta-regularised determinants of the Laplacian as per Definition 2.1.5,
while 1/ € Det(Fp ) is a volume element of the determinant line as per Equation (1.91).

Proof. From Definition 3.4.11 we have that
Z'(Spr, Ly) ]det (@vh ] (det dVTdV)]

From Definition 3.4.9 we know that det’ (dkv’T) = det’(dV-TdY)'/2. Thus, the effective partition
function can be written as

Z'(Spr, Ly) = i - |det'(dVd¥ ‘ 2 - |det'(d1dY)| = ’-‘det’(dv’Tdv)‘Hm.

By replacing it with the explicit definition of the regularised determinant, we have that

n
=y H (det'(dy TdY )=V /2 = H (det'(dy T dy )02,

k=0 k=1
Hence, by comparison with Proposition 2.1.14, we can make the regularised determinants of
the Laplacians appear:

n
Z/(SBF7 £g) — H (det/Ak‘)(fl)kJrlk/Q A M/,
k=0

thus, proving the statement. |

In light of the above considerations, we can say that the partition function of the gauge-fixed
BF theory in the metric gauge yields an element that, up to an isomorphism induced by the
canonical isomorphism H* (M, £) = H*(M, £) between the cohomology and the harmonic
forms, is an element of the determinant line of the twisted cohomology Det(H*(M, £)) and
whose Ray-Singer norm can be taken as defined in Definition 2.3.15.
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3.5 Axial Gauge and Ruelle Zeta function

In the following section, we will adapt our discussion from the metric gauge to an alternative
gauge-fixing. This new gauge-fixing will not depend on the Riemannian metric g on the
manifold M, but will instead be provided by the existence of a Morse-Smale vector field V. For
a technical reason, we will also slightly modify the BV field space to consider the one induced
by anisotropic differential forms. This is because, as the reader may recall, it is on this space
that the decomposition via the chain homotopy equation for H¥, (M, £) was introduced.

3.5.1 Convention. For ease of exposition and to avoid constant restatement, we will assume
throughout the current section that (M,g) is a Riemannian manifold of dimension n as
per Remark 1.0.1 and the triple (M, E,P) is the vector bundle defined in Proposition 1.1.4.
Moreover, let us consider V- € X(M) to be a C*-linearisable Morse-Smale vector field as per
Definition 1.3.22, let ’Hﬁl(M, E) be the anisotropic Sobolev spaces as per Definition 1.4.8 and
let dY : HE (M, &) — HEFL(M, ) be the de Rham differential as per Remark 1.4.15. Finally,

Lgf) cHE (M, €) — HE1 (M, E) denotes the interior contraction along V.

The following remark briefly revisits the data of the BV formalism that we will use in this
expanded context. Although the notation may be slightly different, we emphasize that their
definitions and properties are analogous.

3.5.2 Remark. By recalling that #?, (M, £) are as per Definition 1.4.8, we define the graded
space of BF fields as

Fpr=H(M,E)1] ®HS, (M, E)n — 2], (3.54)

where the degree shift is as per Definition 3.1.6. We will denote by §B P F gr — C the
action functional and by Q BF : F BF X F pr — C the symplectic 2-form, whose properties are
recalled in Remark 3.1.10. Moreover, even though we will not explicitly use it, we recall that by
@ BF we denote the BV vector field.

Even in this scenario, we want to perform the BV pushforward operation. We now seek a
decomposition of the BF" field space into the direct sum of two of its subspaces.

3.5.3 Definition. Lez (CY,(0), dV) be as per Corollary 1.4.31 and let F(()k) cHE (M, E) —
C\k/,v (0) be as per Definition 1.4.22. Then, we define

Fp = Cyg (011D Cv(0)n — 2],
F v (o+1)
BF = (Im(do—l KeméFl))

® Im (LV
@ (Im (d,v_l

where the degree shift is as per Definition 3.1.6.

é-+1>)> BIS>, (3.55)
(().+1))) [n - 2}7

Kerm

) @ Im (a%,'ﬂ)

Kerﬂ'(()._1> Kerm

The following is a direct consequence of the decomposition obtained through the chain homotopy
equation.

3.5.4 Corollary. Let Far be the space of fields as per Remark 3.5.2 and let F B ~g r C FBF
be the subspaces as per Definition 3.5.3. Then, it holds that

Fpr = Fpp @ Fhr (3.56)
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Proof. The proof begins by recalling the direct sum decomposition reported in Equation (1.62):
k (k+1)
HE(M, ) = Cf5(0) €D tm(dY, e o) € (o}
(k)

where 7" is the k-th spectral projector as per Definition 1.4.22. Thus, it holds that

Hy (M, E) = Cy.5(0) P Im( o 1‘ nle- 1)) o, Im( pry

Analogue expressions hold true when we apply the degree shifts [1] and [n — 2]. By combining
the previous equalities, we have that

Kerrrék+l)) ’

KCIW(().+1)> '

Fpr =M, (M, E)[1] ® He (M, E)[n — 2] = Fpp @ng

Therefore, the sought statement holds true. |

3.5.5 Remark. A crucial feature of this decomposition is that the subspace F 5, being
generated by the Pollicott-Ruelle resonant states relative to zero, is finite-dimensional. This is a
direct consequence of Proposition 1.4.47, under the hypothesis that the twist parameter A(A),
defined in Equation (1.69), is not an eigenvalue of the representation p(A) for any closed orbits
A of the flow. The partition function, when restricted to this subspace, would be in principle well
defined as a Gaussian integral. The source of the ill deﬁniteness in the path-integral therefore
lies entirely within the infinite-dimensional complement, 7, . Our strategy, which aims to
reproduce the logic of a BV pushforward, is to "integrate out" this divergent part. To do so, we
will define a Lagrangian subspace within Ng > which will be denoted by axial gauge. This
procedure will rigorously isolate and handle the true quantum fluctuations of the theory, leaving
a finite-dimensional integral over CY, ¢ (0).

3.5.6 Definition. Ler TF(()k) c HE (M, E) — C’"}v( ) be as per Definition 1.4.22 and let
(k) cHE (M, E) — HE-1(M, &) be the interior multiplication. Then, we define

) 1D (17

The subscript V' in the preceding definition serves as a reminder that the decomposition we are
using, which derives from the chain homotopy equation, is a direct consequence of considering
a C'*°-linearisable Morse-Smale vector field V' on M. The next proposition provides the proof
that £y is a Lagrangian subspace of ~]’§ r

Ly :Im( (o+1)

oo ) I — 2. (3.57)

Ker )

3.5.7 Proposition. Let f”v be as per Definition 3.5.3 and let Ly be as per Definition 3.5.6.
Then, it holds that Ly, C Fpy, is a Lagrangian subspace with respect to Q BvV|= F according

to Definition 3.4.2.

Proof. In order to satisfy the definition of Lagrangian subspace, we first need to define another
subspace E‘L/ such that Fib, = Ly & E‘L/. Hence, we define it as

' Kemg-m) 1] @Im(dzl\]méﬂ)) n —2].

By looking at the expression of F % in Definition 3.5.3, it is straightforward to notice that
Br =Ly @ Li:. Therefore, we need to show that both the subspaces are isotropic with
respect to Qpp.

L= Im(dY,
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Isotropy of Ly : By using multilinearity and graded-antisymmetry of Qpp we can verify this

property on forms of homogeneous degree. Let us consider A € Im(LE;g +1) |Kem(k+1> )[1] and
0
Be Im(Lgth) |Kem(<)nfk+1>)[n—2]. Hence, there exist (o, 3) € Ker(w(()kﬂ))@Ker(wénfkﬂ))

such that A = L$+1)(Oé) and B = L&}%kﬂ)(ﬁ). Thus, we evaluate

Qur((08), (4,0) = [ Brva= [ (@) n V().

We now use the Leibnitz property of the interior product and its nilpotence, to obtain that

Qpr((0,B), (A,0)) = /M (8 Ay D (a)).

By noting that 8 A, L%f ) (a) is a (n + 1)-form and therefore identically zero, we have that

QBF((OaB)J (Av 0)) = 0.

Isotropy of £\L,: Again we use multilinearity and graded-antisymmetry of Qpp to verify this
property on forms of homogeneous degree. Let us consider A € Im(d,Y,l ]Kemuﬁm) [1] and
0
. E—1 k-1
B e Im(d,Y,k,ﬂKeménfkfl))[n—2]. Hence, there exist (a, §) € Ker(ﬂ(() ))@Ker(w(()n ))

such that A = dY (o) and B =dY , ,(B). Thus, we evaluate

Qor((0.B), (4,0) = [ Banh= [ dl 4 1(8) nndl ()

We now use the Leibnitz rule for the de Rham differential, obtaining that

Qpr((0,5), (4,0)) = [ d¥ 1(8 mdY (@) + (1" [ B (@) 0dY 10

By using the nilpotence property of the de Rham differential we have that

Qor((0.B) (4,0)) = [ d¥ (8 mndY y(a) = 0,

where we used the fact that M is without boundary. Therefore, the sought statement is proven.
|

3.5.8 Remark. Being in the setting of the previous result, we now observe that the action Ser
is determined by two separate contributions: one exclusively related to F s - and one related
to ﬁg - We will prove the desired result for homogeneous forms, as the argument can be
extended to the graded case due to bilinearity. Thus, let us consider A € H*~ (M, £)[1] and
B € HF(M, E)[n — 2]. From the chain homotopy equation reported in Equation (1.62), we

have that A = Ao+ Arp, with Ay € Cfrg (0)[1] and with A7 € Im(I— W((]kfl))[l]. Moreover,

there exist By € Cfr(0)[n — 2] and Byp € Im(I — W(()nfk))[n — 2] such that B = By + Byg.
Then, let us write the general expression for the BF' action:

gBF(A,B): /MIB Ah dkv—lA:/M (Bo+B[E) Ah dkv_l (A0+A[E)
= /M (Bo Ah dkv_lA]E + Big A, dkv_lAg)

+ /M (B() Ah deflAQ + Brg A, dkvflA[E) .
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Before proceeding with the explicit calculation it is useful to recall the Leibnitz rule for the Lie
derivative E&f)v : HE (M, &) — HE, (M, £) defined in Definition 1.4.17:

LELD M) = L) AEF XM LY (), Vx € HE(M,E),€ € HL, (M, E). (3.58)

Our intention is now to show that the mixed terms are identically vanishing. It is essential
to make an observation in order to make the following calculations worthy of being called a
complete proof. Let us recall that the space C‘ljv(O), defined in 1.4.22 are defined to be the
generalised eigenspace relative to the null eigeﬁvalue, i.e., they are the spaces in which the
solutions of

(ﬁ‘v’f)v>m’“(0) w=0 (3.59)

live, where my(0), as we have seen in Corollary 1.4.25, is the degree of zy = 0 as the
pole for the resolvent of the Lie derivative. It is quite straightforward to notice that Cf; o (0)
includes the classical eigenvectors but it also contains something more. Let us first supposé: that
Ay € C’@’_Vl(O)[l] and By € C{}’_Vk(O)[n — 2] are both eigenvectors for Ly v .

* Let us focus on [;,(Bg Ay, dkvflAIE). Since A;p € Im(I — W(()kfl)), on which the Lie

derivative is invertible, there exists ¥ € Im(I — W((]k_l)) such that A;p = £$§1)(19).

Moreover, by recalling that the de Rham differential commutes with the Lie derivative,
we have that

/ Bo A dyy 1AIE—/ By Ap dy_ 1o£(k 1) ):/MBO Ah ﬁgf)vodkvﬂ(ﬁ)-

By applying Equation (3.58), we have that

:/Mc(v’f)v(BoAhd ) /Lw Bo A dY_9 = 0,

since the first term is zero due to Stokes Theorem, while the second one is zero for the
reason that By is, by definition, a generalised eigenvector relative to 0 with respect to the
Lie derivative.

(n—k))

* Letus focus on the term fM(BIE/\de_lAO)~ Since Brp € Im(I—m , on which the

Lie derivative is bijective, there exists € Im(I — ﬁ(()nfk)) such that Brg = £§;L gk) (n).
Recalling the commutativity of the de Rham differential with respect to the Lie derivative,
as stated in Proposition 1.4.27, the following chain of equalities holds true:

/ B[E/\dk 1A0—/ ﬁ(n k /\hdk 1140
By applying Equation (3.58), it holds that
n \v4 k \Y
= /M 5%/7)v (77 Ah dkﬂAO) - /M n/A\n E%/,)v ody_1Ag

By applying the Stokes theorem on the first term and by commuting the Lie derivative
and the de Rham differential, we have that

— /Mn /\h dkv—l o L%ﬁ%l)AO = 0’

where we used the fact that Ag is a generalised eigenvector of the Lie derivative relative
to the 0 eigenvalue.
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Moreover, in both the cases just analysed one could repeat the previous calculation for m,,_(0)
times in the first case, while for the second case the trick has to be repeated my_1(0) times.
This allows us to write the B F'-action as

Spr(A,B) = /M (Bo A Yy Ao+ Bri An dY 1 Ars) - (3.60)

This clear split between the two contributions will be of fundamental importance when we
evaluate the effective action following the application of the BV pushforward.

The following proposition provides us with a rewriting of the B F' action in a form that facilitates
its interpretation as a Berezinian integral.

‘s FE) (k+1) (k+1) ;
3.5.9 Proposition. Let Ly, = Im(iy ]Kem(()k+1)) — Im(uy, |Ker7r(gk+1)) be as per Equation

(2.37) and let Ly C ng be as per Definition 3.5.6. Hence, it holds that

n—1
Serlc, = Z/ (B(nfk) A ﬁgf)vn(k)) 7 (3.61)
k=0"M
where B"=F) is the (n — k)-th component of B € H, (M, E)[1] and n*) parametrises the

(k)-th vy -exact component of A € Hp, (M, E)[n — 2].

Proof. We begin this proof by expliciting the definition of BF' action. Let us consider
AeHy (M, E)1]and B € H?, (M, E)[n — 2], which can be expressed into their components
of definite degree: A = 3", A% and B = ", B*¥). Hence, it holds that

n—1
Spp = / [B A, d%}“’pz 3 / BO=k=1 p, gV AR, (3.62)
M E—0 M

Being on the Lagrangian subspace £y, implies that A®**) can be written as A*) = L$f +1) (nk+1)

i

for n:+1) ¢ Im(I — W((]k+1)). Substituting this parametrisation into the action functional yields

n—1
SBF|£V = Z /M (B(n—k—l) A deLngrl)(n(k—i-l))) ’

k=1 Bely

From the chain homotopy equation, reported in Equation (1.62), we know that
n(k+1) _ (‘C&él))fl o(I— ﬂ_((]k+1)) o de(A(k))

Hence, we know by Proposition 1.4.27 that dkv+1(77(k+1)) = 0. Therefore, we can add it to the
expression, obtaining that

n—1
S _ / B—k=1) p, gV, (k+1)  (k+2) ;v (k+1)
prley = 30 f p (A P e ) |

BeLly

n—1
S /M (B(nfkfl) A (ch;l))(n(lwrl))) ‘
k=1

By renaming the indices and knowing that Zg;l )V = 0, we have that

n—1
_ (n—k) F(R) N\ (k)
=3 [, (B Ee )],

Therefore, the sought statement is proven. ]
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3.5.10 Definition. Let £§,)V Im({F1 )l (k+1)) = Im (P )| _(+1)) be as per Equation
o

(2.37) and let Ly C F B be as per Deﬁnmon 3.5.6. Then, we deﬁne the partition function
Z'(Spr,Lv) as

2'®or,Ly) =+ [ S tDD{AD[p
\%4

o exp< )
Ly

— ¢S5r )/ - |det' (vv)|” H ’det ( D"

9

(3.63)

where detb(zgf )V) is the regularised determinant as per Definition 2.2.32, V' € Dens'/?(Fly )
is a half density as per Definition 3.3.2, while ngF = §3F|]@,
BF

3.5.11 Remark. Proceeding by analogy with the previous section, our next task would be to
define the determinant of the interior product operator. However, unlike the previous case, a
straightforward definition is hindered by the difficulty in constructing a suitable adjoint operator.
Although we will provide a definition later, it is less conceptually satisfying and relies on a
more direct, ”brute-force” method. Until then, we will treat its contribution symbolically as a
constant scalar factor, a choice that will be justified in due course.

The following remark aims to justify the rigour of the preceding definition and to elucidate the
rationale behind its specific form.

3.5.12 Remark. The formal integral in the first line is understood as a product of two factors: a
Jacobian determinant arising from the change of variables used to parametrise the Lagrangian
subspace Ly — specifically, A% = L$+1)(77(k+1)) — and the definition of the resulting
Berezinian integral over the action restricted to this subspace, as derived in Proposition 3.5.9.
The subsequent lines provide the evaluation of this infinite-dimensional Berezinian integral,
in direct analogy with the finite-dimensional case recalled in Remark 3.2.5. The rationale
for the sign of the exponents follows the same reasoning as for the metric gauge discussed in
Remark 3.4.12. Furthermore, the choice of v/ € Dens'/?(FJ ), as opposed to Det(Fh ) as
in the metric gauge case, is motivated by the need for its subsequent integration via the BV
pushforward. This integration is performed over ]T"jg > Which is a finite-dimensional space
because its underlying differential complex, (CY, (0), dV), is finite-dimensional by Proposition
1.4.47.

The following corollary directly brings us to the Ruelle Zeta function.
3.5.13 Corollary. Let Z ’(ggp, Ly) be as per Definition 3.5.10. Then, it holds that
Z2'Spr, L) = 88 ' - |det’ (1)L R, (0) D", (3.64)

where det’ (1y) is a factor yet to be defined, 9‘{¢ p( 0) is the value at zero of the Ruelle Zeta function
as per Definition 2.2.2, while ' € Dens'/ 2( 5 ) is a volume element of the determinant line
as per Equation (1.91).

Proof. From Definition 3.5.10 we have that

~ n—1
Z'(Spr, Ly) = e v/ - |det (o) 7" T )detb(c%)H)’“ .
k=0
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From Theorem 2.2.35 we know that

n—1
Ry,0(0) = [T [det’ (L)
k=0

Thus, combining these two expressions, we have that

Z/(gBF, Ly)= ¢Sery/ |det’(bv)|_1 . 9%7[)(0)(—1)”_

This proves the statement. n

3.5.14 Remark. The preceding result is of fundamental importance for our plan of addressing
Fried’s conjecture from a field theoretic perspective. As established in Remark 2.1.16, the
numerical part of the analytic torsion equals one when the manifold M is even-dimensional.
Consequently, our analysis naturally focuses on the case where dim(/) is odd. In this context,
integrating over the Lagrangian subspace Ly is equivalent to evaluating the Milnor metric
solely on the contributions from the closed orbits of the vector field. This interpretation is
consistent with Equation (2.54), where the Ruelle Zeta function also appears in the denominator,
reinforcing the connection between our path integral result and the expected structure of the
analytic torsion. To be clear, we will recall explicitly that the contribution to the Milnor metric,
defined in Definition 2.3.12, linked to a unitary element is

ind(Aj)+1

1La, Il = [det(I — A(A7)p(A))| ) :

for all closed orbit A;. Therefore, by multiplying all the contributions, we get to the inverse of
the Ruelle Zeta function if the dimension of M is odd.

3.5.15 Remark. We note a key distinction from the metric gauge case. There, the residual field
space Fp;» was essentially determined by the twisted cohomology, on whose determinant line
the Ray-Singer metric was defined, as per Definition 2.3.15. In the present case, however, the
space we reduce to is generated by CY, ¢ (0). Although this space has a larger dimension than the
twisted cohomology, it holds the crucial advantage of being finite-dimensional. Furthermore, we
recall from Theorem 1.4.34 that the cohomology of the zero-resonance complex, H* (Cyv(0)),
is indeed isomorphic to the twisted de Rham cohomology. Our objective, therefore, is to perform
a further BV pushforward. This will be achieved by finding a decomposition of C\]?v (0) into
three subspaces, one of which is isomorphic to the cohomology of the complex.

To begin with, we recall that under the assumption that the vector field V is compatible with the
metric, the codifferential operator commutes with the Lie derivative.

3.5.16 Proposition. Ler [Igf’)v CHE(M,E) — HE (M, E) be the Lie derivative and let

de,T D HEFN (M, E) — HE (M, E) be as per Definition 1.1.20. If the vector field V is
compatible® with respect to the metric g, it holds that

LU od Tu= a0 LU u,  vu e HEFL(M, €). (3.65)

The preceding result leads to an immediate consequence, namely that a generalised eigenvector
of the Lie derivative remains so once the codifferential operator is applied to it, just as it was for
the de Rham differential.

>This is tantamount to saying that Ly vg = 0.



3.5. AXIAL GAUGE AND RUELLE ZETA FUNCTION 123

3.5.17 Corollary. Let dy ' : HEF(M, E) — HE (M, E) be as per Definition 1.1.20 and let V
be compatible with respect to the metric g. Then, it holds that

V,T
k

C‘k,?;g(o)( V,V( )) C V7V( )7 ( )

where C"%V(O) is as per Definition 1.4.22.

Proof. The proof begins by considering u € C"'frvl(O) such that

C&él)u =0.

If we consider dk.v’Tu, by applying Proposition 3.5.16, it holds that
E&f)v o de’Tu = de,T o ngJvrl)u =0,
(k+1) (k+1)
vV

since, for hypothesis, u is an eigenvalue of Ly ¢, ’. If u is a generalised eigenvalue of Ly, ¢ ',
the proof proceeds mutatis mutandis. ]

3.5.18 Convention. Henceforth, V will denote a C*°-linearisable Morse-Smale vector field, as
defined in Definition 1.3.22. We will further assume that V is compatible with the metric g.

3.5.19 Remark. The preceding results ensure that when the inner product (-, -) : HE (M, &) x
HE (M, E) — C from Definition 1.4.10 is restricted to the space C’{?V (0), the formal adjoint of

the twisted de Rham operator dkV remains the codifferential de,T_ As established in Proposition
1.4.47, (CY,v(0), dV) is a finite-dimensional cochain complex. Consequently, the standard
machinery of Hodge theory applies (see Remark 1.5.15), yielding the following direct sum
decomposition for each space:

k _ v V.t A
Here, Ak denotes the Hodge Laplacian restricted to the finite-dimensional space C‘]} v (0):

Aj = Ay = (A TdY + d_ i) (3.68)

C";V(o) C"“/,V(O)

Eventually, the kernel of this restricted Laplacian, Ker(& k), is isomorphic to the k-th cohomol-
ogy group of the complex, H k(C"/’V(O)) as seen in Proposition 1.5.10.

We are in a position to define a decomposition of the field space F BE
3.5.20 Definition. Let C‘k/,v (0) be as per Definition 1.4.22. By denoting with

v o ._ gV V.t ._ 4V,

Ayi= Al opae ad A7 =), (3.69)
we define

Fiup = Ker(AJ)[1] @D(Ad)[n — 2]

- 3.70
Fisp = (m(d3y) @ (@Y 1)) 1 @D (Im(dY_) @ Im(dy 1)) [n — 2], o

where A is the restricted Laplacian as per Equation (3.68).
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3.5.21 Remark. As an immediate consequence of Definition 3.5.3, the space F '3 admits the
following direct sum decomposition:

For = For P Fip- (3.71)

We now wish to apply the BV pushforward procedure in this finite-dimensional setting. This

requires identifying a Lagrangian subspace of F 72 over which to integrate. Analogously to the
metric gauge case, the most natural choice is to deﬁne this subspace using the coexact elements,
with the exact elements as its complement. Accordingly, we define:

£ = (m(dy1) (1] (m(dy 1)) [ — 2
£®t = (L)) (1 €D (tm(dl0)) n— 2.

By construction, these subspaces provide a direct sum decomposition of F ](32 1)?’ as it follows
immediately from their definitions:

(3.72)

D@ O

The following proposition establishes that the space £? is a Lagrangian subspace of F 1(32}
with respect to the symplectic form Qpp| F@) - Since the proof is analogous to that of
BF

Proposition 3.4.7, the detailed steps are omitted.

3.5.22 Proposition. Let the space fg} as defined in Equation (3.70), be equipped with the

restricted symplectic form Q B F’ F@)- Then, the subspace £3), given by Equation (3.72), is
Lagrangian in the sense of Deﬁmtlon 3.3.7.

In the following theorem, we evaluate the result of applying the BV pushforward to the previously
defined partition function Z'(Sgp, Ly/).

3.5.23 Theorem. Let Z’ (SBF, Ly be as per Definition 3.5.10 and let L&) .7-"( ) be as per
Equation (3.72). By defining Z 1)(S’B L) as

ZW (S, £)) = /L o 2 Cpr.Lv), (3.73)

where, gjg Fi= Sgr| F and [ stands for the BV integral, it holds that
ZW(Syp, £B)) = |det (1) 7" - Ry o (0)D" - T (der’ Ag) TV TR2. 00 3.74)
k=0

Here Ry ,(0) is the value at zero of the Ruelle Zeta function, Ay is per Equation (3.68) and
p e Densl/Q(ﬁl(;}).

Proof. Let us begin by recalling that due to the decomposition presented in Equation (3.71):
= =(1 =(2
Fo = P D7

it holds that v/ € Dens'/?(F}, ) factorises, as stated in Proposition 3.3.12, as

V=W e u® e Densl/Q(]?g}) ® Densl/2(fg}).
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This enables us to integrate (e ( Ser .y ") over £(?). Before proceeding with direct calculations
we would like to point out that following what has been done in Proposition 3.4.8, it holds that

Ser [80,Bo] | = D (m6" &y TaY AP (3.75)
k=0

where .A[(]k) is the k-th component of Ag € C},(0)(M, £)[1], the form T(()k) parametrizes the
k-th co-exact component of By € CY, (0)(M, £)[n — 2] and (-, -) stands for the restricted inner
product on C‘]“/’ v (0). Therefore, we are entitled to evaluate the following BV pushforward as
per Definition 3.3.13, recalling that is a finite-dimensional Berezinian integral and thus we can
use Equation (3.19):

i} Q7 1/2
/( : eSsr ) = M(l) ./( : eZSBF|L(2) M( ) — 'u ’det daVtav ‘ / ‘det 7Tgv)‘
L2 L2

+1/2
— u - [aer @ 1a%)[ .
Here we had taken into account the degree shift over the space of fields and the change of
integration variable represented by the Jacobian |det’ (dV-Td"Y)|~/2, which is now not a simple
definition but rather an application of the finite dimensional theory of Berezinian integral whose
results were recalled in Remark 3.2.5. Therefore, it holds that

. ~ n—1 n
®; V. TV (=1)F v, _1)k+1
/6(2)6 o V/:“(l)'lg)(det/(dk fay ) D" = 1;[ (det’ (dy 1 dy_1))D" 2,

where in the last equality we have renamed the index in the product. Hence, by applying the
rewriting with the product of determinants of the Laplacian on the orthogonal of its kernel, as
seen in the more general setting of Proposition 2.1.14, we can conclude that

Brr ) — T (det/ Ay DFh/2 . (1))
Ju €% = I ') n

Thus, collecting all the scalar prefactors, it holds that
Z(l) (§/3F7 [1(2)) = ’det/(l,v)|_l . f}{(ﬁ’p(o)(*l)n . /( : elngF l/l
L2

= |det’(ty)| " Ry, (0) 1" H(detlgk)(fl)’““kﬂ D)
k=0

Hence, the sought statement is proven. |

3.5.24 Remark. We first note that the half-density ;{1 € Dens'/ 2(]ﬂ-:](gllzﬂ) can be canonically

identified with an element of the determinant line, Det(F (1)) Moreover, this space is
canonically isomorphic to Det(F} ), defined in Definition 3.4.3. This holds because the

underlying space F g} is constructed from the kernel of a Laplacian operator, which, by
the Hodge-type decomposition in Remark 1.5.15, is isomorphic to the cohomology group
H* (CV.w(0)). Inturn, Theorem 1.2.14 establishes that this group is isomorphic to the twisted de
Rham cohomology H¥ (M, £), whose determinant line is canonically isomorphic to Det(Fp ).
Therefore, the second integration, performed over a suitable Lagrangian subspace £(?), reduces
the theory to an effective action that depends solely on the cohomological degrees of freedom.
This outcome precisely mirrors the result obtained in the metric gauge-fixing case discussed in
the previous section.
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3.5.25 Remark. We would like to conclude with what we consider to be the most significant
observation, i.e., quantitatively, the numerical result of the second integration over the finite-
dimensional space C‘IZV(O) yields the numerical component of the torsion of the differential

complex (CY, ¢ (0), dV), as established in Theorem 1.5.18. This finding is particularly notewor-
thy because Corollary 1.5.43 has already shown that this numerical factor is identical to the
Thom-Smale torsion. This connection is further illuminated by Remark 2.3.14, which discussed
the Milnor metric on the determinant line of the cohomology. The contribution from the fixed
points of the flow comes from a metric on the determinant line of the Thom-Smale complex,
Det(C7.¢(V)). Consequently, by recalling that

. (-t
M(V.E) =V, 8) =) (@ Det(gp)) ,

k=0 peAk

as per Equation (2.53), we can apply Trg : Det(C7.4(V)) — Det(H*(C7.4(V))), the torsion
operator, to a volume element 1 € A4 (V, £). This produces the numerical part of the Thom-
Smale torsion, which is precisely the value obtained from the integration of the partition function
over L), thus providing a deep consistency check of our framework:

20 S, £2) = |det'(0y)] -, (0) D" - ] (det/By) DT 0,
k=0

Furthermore, we wish to add that the specific decomposition of F s given in Equation (3.72)
is not essential to the final result. As we emphasised in Remark 1.5.20, the torsion of a
finite-dimensional complex is a topological invariant. Consequently, we could have used an
alternative decomposition with respect to a different scalar product, such as the generalised
Hodge decomposition shown in Equation (1.89), and still obtained the same outcome.
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3.6 On the definition of the determinant of interior product

The discussion in the previous section highlights a missing element in our framework: a suitable
definition for the determinant of the operator L%f ) HE (M, E) — HE-L(M, ), analogous
to the definition provided for the determinant of alkV in Definition 3.4.9. The result from
Theorem 2.3.16 suggests that this determinant should be constructed to yield a numerical value
of one, thereby making no net contribution to the final expression. This expectation is further
supported by the framework in [ ] for the contact Anosov flows case. There, the adjoint of
ty with respect to a inner product is defined via a 1-form « satisfying the condition ¢y (o) = 1.
A crucial feature of that setting is that the decomposition of k-forms with respect to the vector
field V is orthogonal. This condition, however, is not met in the Morse-Smale context, which
presents the primary obstacle to a straightforward generalization. Nevertheless, we conclude
this section, and therefore this thesis, by outlining two potential pathways to formulate such a
definition.

3.6.1 Convention. We will assume throughout the current section that (M, g) is a Riemannian
manifold of dimension n as per Remark 1.0.1 and the triple (M, E,P) is the vector bundle
defined in Proposition 1.1.4. Moreover, let us consider V€ X(M) to be a C*-linearisable
Morse-Smale vector field as per Definition 1.3.22, let an(M, &) be the anisotropic Sobolev
spaces as per Definition 1.4.8 and let d : HE (M,E) — HEFY(M,E) be the de Rham
differential as per Remark 1.4.15. Finally, Lgc) D HE (M, E) — HEL(M, E) denotes the
interior multiplication along V.

3.6.1 First Attempt

The main idea is to define an operator that, unlike ¢y, raises the degree of a k-form. This
operator is also designed so that when it is composed with the interior multiplication operator,
it yields the identity restricted on a suitable subspace.

3.6.2 Remark. We begin by recalling the chain homotopy equation for any v € HE (M, £):
k
¥ =m0 () +diy 0 QW () + Q¥ 0 d (),

-1
where the homotopy operator is given by Q%) := LE/]? ) o (Eg%) o(I— w(()k)). This equation
can be reformulated by introducing the operator
k) \— k

AW = aY o (LUL) o (T ). (3.76)
This operator is well-defined, since the Lie derivative [,gf )V is invertible on the complement of
C‘]‘ﬁ,v (0). By retracing the steps in the proof of Theorem 1.4.28 and applying the commutation
relations from Proposition 1.4.27, one can show that the equation takes the alternative form:

v=m" @)+ o a® (@) + AtV 0 P (y), wpenb(ME). 37D

In the following proposition, we demonstrate that the composition of the contraction map and
this operator A(¥) yields the restricted identity map.

3.6.3 Proposition. Ler A*) : HE (M, E) — HEFL (M, E) be as per Equation (3.76). Then, it

holds that
Lngrl) o Ak

N .)) (3.78)

]I‘
k k
Im <L§/+1) Kerﬂék)) Im (LE/+1)
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k
G

Proof. Let a be an arbitrary element in Im . Thank to Equation (3.77), it satisfies

Ker ﬂ(()k))
the relation

a= Lgﬁl)(w), where  w = A (a).
Since our goal is to verify that Lgf D 5 k) (o) = « and this is immediately true for what has
been said, this completes the proof. |

3.6.4 Remark. The preceding result allows us to provide a consistent definition for the
determinant of the interior product operator, restricted to the Lagrangian subspace Ly from
Definition 3.5.6. Specifically, by identifying the action of the interior product with that of the
identity operator on this subspace, we define its determinant to be identically equal to one:

’1/2

1/2
‘ — 1. (3.79)

det (Lvlﬁv) = det(A) = ‘det (bv ot = ‘det M,

e,
Although this definition is somewhat too straightforward and unrelated to the concept of
the adjoint operator of vy, it possesses the advantage of being analytically tractable and is
based on the decomposition provided by the chain homotopy equation. This is similar to how
the definition of the determinant of dV was based on the Hodge decomposition through the
codifferential dV-f.

3.6.2 Second attempt

The second attempt is based on finding an adjoint operator to ¢y, with respect to a scalar product
and then reproducing the same rationale as before. Hence, let us consider the following operator.

3.6.5 Definition. Let us consider V' as recalled and the metric g on the manifold M. Then, we
define V’ € QY (M) as
V(X):=g(V,X), VX eX(M). (3.80)

In the following proposition, we demonstrate that the above-defined V” induces an operator that
is shown to be the adjoint operator to the contraction ¢y,. Since it is not our purpose to provide
an exhaustive discussion but only to propose a sketch of a solution to the more general problem,
we will refer to [ ] for the proof.

3.6.6 Proposition. Let (-,-) : HE (M, E) x HE (M, E) — C be as per Definition 1.4.10 and
let V° € QY (M) be as per Definition 3.6.5. Then, it holds that

(Lgﬁl)u,v) = (u,V’ Av), Yue HEFY(M,E) and Vo € HE, (M, €). (3.81)
Hence, V' : HE (M, E) — HEFL(M, ) is the formal adjoint of 1y

3.6.7 Remark. Building upon the previous proposition, we propose to define a new operator,
denoted by V" : HE, (M, E) — HEF (M, &), which is formally given by

~ VP
b k

= M, E). .82
V7’ (u) g(V,V)/\u’ Vu e Hy (M, E) (3.82)

The motivation for normalising by g(V, V') € C°°(M) is that, if this operator were well-defined,

it would act as a left-inverse for the interior product L%f ), Specifically, we would have

Lng) oVP(u) =u, VYueH: (M,E),
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since 11/ (V") = V*(V) = g(V, V). This, in turn, would allow us to define the determinant of
Ly as

~ ~ 1/2
det (1) = det(V?) = ]det (W o V")‘ ? _ ldet (V2 = 1. (3.83)

The primary issue with this approach is analytical. The vector field V, by construction, vanishes
at a finite set of isolated critical points on M. Consequently, the normalising function g(V, V)
also vanishes at these same points. This renders the definition of VP ill-posed, as the operator
would possess isolated singularities. A potential strategy to resolve this issue is to regularise
the operator to make it well-defined. Specifically, one could define V" via the limit

V? = lim 7Vb A -
T 0\ g(V, V) e '

This regularisation scheme would transform the singular factor into a smooth 1-form. Such
a procedure would ensure that V? is a well-defined map from H% (M, ) to HEFY(M, ), a
property which is otherwise not guaranteed if the operator has singularities. This strategy,
despite its technical difficulties, has the advantage of being well-justified being the generalisation
of what one normally does when trying to define the determinant of such infinite-dimensional
operator.






Conclusions

In this thesis, we addressed the gauge invariance of B F’ theory through a detailed analysis of
its partition function. Following the strategy pioneered in [ 1, the partition function of
BF theory was evaluated using two fundamentally different gauge-fixing procedures. The first
approach, predicated on the introduction of a Riemannian metric on the underlying manifold,
led to the identification of the partition function with the Ray-Singer analytic torsion, a well-
known topological invariant. The second, dynamically-oriented procedure was based on the
introduction of a Morse-Smale vector field. This alternative gauge-fixing led to an expression
for the partition function in terms of a distinct mathematical object: the value at zero of the
Ruelle Zeta function, a mathematical structure rooted in the theory of dynamical systems. The
core of this work was to demonstrate how the principle of gauge invariance — the requirement
that physical observables are independent of the chosen computational framework — necessitates
a deep connection between these two disparate mathematical entities. This connection was
identified as a physical realisation of the celebrated Fried conjecture, which postulates the
equality between the analytic torsion and the value at zero of the Ruelle Zeta function. In this
context, the conjecture was not merely presented as a mathematical identity but was understood
as a direct and inevitable consequence of the internal consistency of BF’ theory.

The principal contribution of this thesis was the extension of this field-theoretic framework,
originally established for Anosov flows, to the more complex case of Morse-Smale flows. This
was shown to be a non-trivial generalisation. Specifically, the generic presence of fixed points in
Morse-Smale systems was demonstrated to have profound implications. It was established that
both the analytic torsion and the Ruelle Zeta function must be understood not as simple scalars,
but as norms on a specific vector space, which required a reformulation of the Fried conjecture.
To achieve this, several key technical steps were undertaken. Firstly, we established a rigorous
bridge between the definition of the Ruelle Zeta function and the language of quantum field
theory by expressing it as a regularised determinant of the Lie derivative operator. Secondly,
a novel gauge-fixing procedure — the axial gauge for Morse-Smale flows — was implemented
within the Batalin-Vilkovisky formalism. A central conceptual challenge was to reconcile
the scalar nature of the partition function with the vector space structure of the generalised
Fried conjecture. This was resolved by interpreting the path integral as a partial integration,
analogous to the Wilsonian renormalisation group. We demonstrated that integrating out
the infinite-dimensional part of the field space yields a common vector in the relevant space,
multiplied by a gauge-dependent scalar prefactor. It was then explicitly shown that this prefactor
evaluates to the Ray-Singer analytic torsion in the metric gauge, and to the product of the
Ruelle Zeta function and the torsion of the Thom-Smale complex in the axial gauge. This result
confirmed that the two computations yield the correct norms as prescribed by the generalised
Fried conjecture, thereby establishing the consistency of the field-theoretic approach in the
more complex and physically relevant setting of Morse-Smale flows.

Finally, we wish to conclude by acknowledging that certain technical hypotheses employed in
this work, while significantly simplifying the analysis in several passages, are not fully justified
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and, indeed, may be unnecessary when considering the statement of the generalised Fried
conjecture in [ ]. The most important of these simplifications, which must be discarded in
future developments, is the one stated in Proposition 1.4.6. This proposition asserts that the
dimension of the spaces C"ﬁ—v (0) is determined solely by the fixed points of the Morse-Smale
vector field under consideration. More generally, these spaces also receive a contribution arising
from the periodic orbits of the same vector field. Furthermore, as discussed more explicitly in
Section 3.6, it is difficult to provide a well-supported definition for the interior multiplication
operator ¢y, which is expected to represent the Jacobian factor for the change of variables within
the Berezinian integral. Although two potential approaches were outlined, none has been found
to be entirely satisfactory.
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