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Abstract

This work presents a systematic study of the one-loop matching conditions required for a
consistent description of Generalized Parton Distributions across heavy-quark mass thresh-
olds, where the number of active flavours changes. By performing perturbative calculations
in the heavy-quark—gluon sector, we derive the explicit matching coefficients and show that
the resulting expressions correctly reproduce the known threshold matching relations for
ordinary parton distributions in the forward limit.

Sommario

Questo lavoro presenta uno studio sistematico delle condizioni di matching a un loop neces-
sarie per una descrizione consistente delle distribuzioni partoniche generalizzate attraverso
le soglie di massa dei quark pesanti, in corrispondenza delle quali cambia il numero di
flavour attivi. Attraverso calcoli perturbativi nel settore quark pesante—gluone, deriviamo
esplicitamente i coefficienti di matching e mostriamo che le espressioni ottenute ripro-
ducono correttamente, nel limite forward, le note relazioni di matching per le distribuzioni
partoniche ordinarie.
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Introduction

One of the central goals of hadronic physics is to understand how the properties of hadrons
emerge from their fundamental constituents: quarks and gluons, collectively referred to as
partons. Quantum Chromodynamics (QCD) provides the theoretical framework describing
these degrees of freedom and their interactions. Observable properties such as the hadron
mass, spin, and magnetic moment are not simply inherited from the individual constituents,
but arise from the way partons move, interact, and are distributed inside the hadron. Un-
derstanding this internal dynamics is therefore essential for connecting the experimentally
observed properties of hadrons with the fundamental degrees of freedom of QCD.

A complete description of hadron structure requires answering several complementary
questions. How is the longitudinal momentum of a fast-moving hadron shared among its
partons? How are quarks and gluons distributed in the plane transverse to the hadron mo-
mentum? How are their spatial and momentum distributions correlated, and how do their
spin and orbital motion contribute to the total angular momentum of the hadron? [1] Ad-
dressing these questions is particularly challenging because, at typical hadronic scales, QCD
interactions are strong and the internal structure of hadrons cannot be described perturba-
tively. High-energy scattering processes nevertheless provide a way to probe this structure.
The interaction with the external probe takes place over sufficiently short distance scales
to be treated using perturbative QCD, while the non-perturbative information associated
with the internal structure of the hadron is encoded in suitable partonic distributions [2].
These distributions therefore provide the link between the underlying QCD dynamics and
experimentally measurable observables.

Historically, complementary aspects of hadron structure have been investigated through
different classes of scattering processes. Inclusive deep-inelastic scattering led to the intro-
duction of Parton Distribution Functions (PDFs), which describe how the longitudinal mo-
mentum of a fast-moving hadron is distributed among its quark and gluon constituents [3].
A complementary picture is provided by elastic scattering, which gives access to electro-
magnetic form factors encoding information on the spatial distribution of charge and mag-
netisation [4, 5]. These two descriptions therefore provide complementary but intrinsically
partial views of hadron structure: PDFs describe the longitudinal momentum distribution of
partons without direct information on their spatial localisation, whereas form factors provide
spatial information without resolving how it is correlated with the longitudinal momentum
carried by individual partons.

Generalized Parton Distributions (GPDs) establish a common framework in which these
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complementary descriptions are unified [6—11]. They extend ordinary PDFs to non-forward
kinematics, where the initial and final hadron carry different momenta, and depend simulta-
neously on the longitudinal momentum fraction of the active parton and on the momentum
transferred to the hadron [12]. In the forward limit, GPDs reduce to ordinary PDFs, while
integrating them over the parton momentum fraction gives access to elastic form factors.
They therefore encode a correlation between momentum and spatial information that is ab-
sent from either description separately.

This correlation becomes particularly transparent in impact-parameter space. A Fourier
transform of GPDs with respect to the transverse momentum transfer provides information
on the transverse position of partons carrying a given longitudinal momentum fraction. In
this sense, GPDs form the theoretical basis for a three-dimensional description of hadron
structure in a mixed longitudinal-momentum and transverse impact-parameter space [13,
14]. Such a mapping is commonly referred to as hadron tomography and is one of the main
motivations for the extensive theoretical and experimental activity devoted to GPDs.

The information encoded in GPDs is not limited to spatial imaging. Their Mellin mo-
ments are related to matrix elements of local QCD operators and, in particular, to form
factors of the QCD energy—momentum tensor. Through these relations, GPDs provide ac-
cess to fundamental properties of the internal dynamics of hadrons, including the partonic
contributions to the total angular momentum of the hadron and information related to its
mechanical structure, such as pressure and shear forces [15-18].

Experimentally, GPDs can be accessed through hard exclusive processes. A central
example is Deeply Virtual Compton Scattering (DVCS), in which a highly virtual photon
interacts with a hadron and a real photon is produced while the hadron remains intact [19-
22]. In the deeply virtual regime, the large photon virtuality provides the hard scale required
for the perturbative treatment of the interaction with the probe. In this regime, QCD fac-
torisation allows the DVCS amplitude to be expressed in terms of perturbatively calculable
coefficient functions and non-perturbative GPDs [23, 24].

The extraction of GPDs from experimental data nevertheless requires more than a fac-
torisation theorem. GPDs are not scale-independent quantities: they are defined as matrix
elements of renormalised non-local light-cone operators and consequently depend on the
factorisation scale. Their scale dependence is governed by perturbative evolution equations,
whose kernels follow from the ultraviolet renormalisation of the underlying operators [12,
25]. In phenomenological applications, GPDs defined at an initial scale must therefore
be evolved to the factorisation scale relevant for the process under consideration. The same
evolution is also required to consistently compare measurements performed at different hard
scales. A reliable treatment of GPD evolution is therefore an essential ingredient for preci-
sion phenomenological studies, playing a role analogous to PDF evolution in ordinary PDF
phenomenology.

The treatment of scale evolution becomes more challenging when the factorisation scale
crosses the mass threshold of a heavy quark. While the light quarks can usually be treated
as effectively massless, heavier flavours introduce additional mass scales that cannot be ne-
glected. Below a heavy-quark threshold, the corresponding quark is not included among
the active flavours of the evolution, whereas above the threshold it becomes part of the par-
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tonic description [26]. Crossing a heavy-quark threshold therefore changes the number of
active flavours used in the evolution equations. The distributions defined below and above
the threshold correspond to different numbers of active flavours and must be consistently
related to one another. This relation is provided by the matching conditions, which consti-
tute the central subject of this thesis. Matching conditions ensure that GPD evolution can
be consistently continued across a heavy-quark mass threshold. Together with the fixed-
flavour evolution within each region, they provide the necessary tools to describe the scale
dependence of GPDs over ranges extending across one or more heavy-quark masses.

For ordinary PDFs, heavy-quark threshold matching is a standard component of variable-
flavour-number schemes. The perturbative relations between distributions with different
numbers of active flavours have been studied extensively and are an essential ingredient
of modern PDF evolution [27, 28]. A similar matching procedure applies to GPDs, but
the non-forward nature of these distributions introduces additional kinematic dependencies.
The corresponding matching coefficients must retain the information associated with the
longitudinal momentum transfer and must reduce to the established PDF results in the for-
ward limit.

The purpose of this thesis is to extend the heavy-quark matching framework from or-
dinary PDFs to GPDs and to investigate the corresponding matching conditions across
heavy-quark thresholds at one-loop accuracy. At this order, the heavy-quark effects rel-
evant for the matching arise from contributions involving the heavy quarks and gluons,
which are therefore the focus of this work. The calculation is formulated in terms of parton-
in-parton GPDs. Physical GPDs are hadronic matrix elements containing genuinely non-
perturbative information. However, the perturbative quantities governing their scale evolu-
tion and their matching across heavy-quark thresholds are universal and independent of the
specific hadronic state. They can therefore be determined by replacing the hadron with an
external quark or gluon state [25]. The corresponding parton-in-parton GPDs are pertur-
batively calculable. Their ultraviolet singularities determine the evolution kernels, while,
in the presence of a finite heavy-quark mass, the massive parton-in-parton calculation con-
tains finite contributions that determine the matching coefficients across the heavy-quark
threshold.

The thesis is organised as follows. Chapter 1 introduces the theoretical framework of
GPDs. Starting from hard exclusive processes and DVCS, we define quark and gluon GPDs
and discuss their partonic interpretation, support properties, symmetry relations, and con-
nection to ordinary PDFs and form factors. We then introduce their factorisation-scale de-
pendence and the corresponding evolution equations. The chapter concludes with the calcu-
lation of massless one-loop parton-in-parton GPDs, whose ultraviolet structure reproduces
the known leading-order evolution kernels and provides a first validation of the perturbative
framework used throughout this work.

Chapter 2 introduces the heavy-quark threshold problem and develops the formalism
of the matching conditions. We first describe GPD evolution with a fixed number of ac-
tive quark flavours and then explain how the descriptions below and above a heavy-quark
threshold are related. The matching kernel is combined with the corresponding evolution
operators to obtain a consistent description of evolution across the threshold. Finally, the
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problem is formulated at the partonic level, establishing the explicit connection between the
matching coefficients and massive parton-in-parton GPDs.

Chapter 3 presents the main perturbative calculation of this thesis. Massive parton-
in-parton GPDs are evaluated in the heavy-quark—gluon sector and used to determine the
finite terms entering the matching conditions. The resulting expressions are finally checked
against the known structure of GPD evolution and, in the forward limit, against the estab-
lished heavy-flavour matching results for ordinary parton distributions.

The appendices collect technical material supporting the derivations presented in the
main text. Appendix A introduces the light-cone conventions used throughout this work and
discusses their connection with high-energy and collinear partonic kinematics. Appendix B
provides technical details on the parton-in-parton GPD formalism, including the reduction
of the gluon operator in light-cone gauge and the explicit derivation of the tree-level quark-
in-quark and gluon-in-gluon GPDs. Appendix C contains the detailed calculation of the real
massive one-loop contributions entering the heavy-quark matching coefficients.

Finally, the conclusions summarise the main results of this work, discuss their consis-
tency with GPD evolution and the forward limit, and outline the remaining steps towards a
complete treatment of heavy-quark thresholds in GPD evolution.



Chapter 1

Generalized Parton Distributions

This chapter introduces the theoretical framework underpinning the description of General-
ized Parton Distributions (GPDs). We first present the hard exclusive processes that provide
access to GPDs, with particular emphasis on Deeply Virtual Compton Scattering. We then
introduce the operator definition of quark and gluon GPDs, before discussing their partonic
interpretation and main properties. Finally, we address the scale dependence and evolu-
tion of GPDs, establishing the notation and conventions employed throughout the following
chapters.

1.1 Hard exclusive processes

Lepton—hadron scattering provides one of the main experimental tools for investigating the
internal structure of hadrons. An incoming lepton ¢ with momentum k interacts with a
hadron of momentum p through the exchange of a virtual photon. Denoting the momentum
of the scattered lepton by &', the four-momentum of the virtual photon is

g=k— K. (1.1)

In the scattering kinematics considered here, the exchanged photon is spacelike (¢> < 0),
and its virtuality is conventionally defined as

Q*=—¢*>0. (1.2)

The photon virtuality > determines the characteristic spatial scale probed in the interac-
tion: in natural units, one may associate with the exchanged virtual photon a characteristic
wavelength, or resolution scale,

1

A~ —. (1.3)

Q
Thus, increasing Q2 allows progressively shorter-distance structures inside the hadron to
be resolved. This qualitative behaviour is illustrated in Fig. 1.1 for the specific case of
electron—proton scattering.
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Figure 1.1: Schematic representation of proton resolution at different wavelength scales A of the
exchanged virtual photon. (a) At low resolution (A > r,), the proton acts as a point-like particle.
(b) As A ~ 1, the photon probes the overall charge and magnetic distribution (form factors). (c)
At higher resolutions (A < r,), the probe resolves individual valence quarks. (d) At very high
resolutions (A < 7p), the photon resolves the complex partonic sea of quarks, antiquarks, and
gluons. Reproduced from Ref. [29].

When the photon wavelength is much larger than the characteristic size of the proton, its
internal structure cannot be resolved, and the proton behaves approximately as a point-like
object. As the wavelength decreases, the interaction first probes the global electromagnetic
structure of the proton and eventually resolves its quark and gluon constituents. The same
qualitative resolution argument applies more generally to electromagnetic lepton—hadron
scattering.

The information that can be extracted from lepton—hadron scattering depends not only
on the spatial resolution set by (2, but also on which particles are identified in the final state.
In the following, we focus on a nucleon target, denoted by N. In inclusive deep-inelastic
scattering, the scattered lepton is detected, whereas the hadronic final state, collectively
denoted by X, is not resolved:

(k) + N(p) — L(K) + X.

The cross section is therefore summed over all hadronic final states compatible with the
measured lepton kinematics. In the deep-inelastic regime, the large photon virtuality probes
the nucleon at sufficiently short distances to resolve its partonic constituents. The corre-
sponding observables give access to Parton Distribution Functions (PDFs), which describe
how the longitudinal momentum of a fast-moving nucleon is distributed among its quarks
and gluons. A different situation occurs in elastic scattering,

((k) + N(p) — L(K") + N(p),

where the nucleon remains intact and receives a finite momentum transfer. This process
therefore involves non-forward kinematics: the initial and final nucleon states carry differ-
ent four-momenta, p’ # p. Elastic-scattering measurements determine form factors, which
encode the response of the nucleon to the momentum transfer and provide information on

6
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global properties of the nucleon, such as its spatial distributions of charge and magnetisa-
tion. Unlike PDFs, however, form factors do not resolve how the longitudinal momentum
of the nucleon is shared among its partons.

Hard exclusive processes combine the partonic resolution characteristic of deep-inelastic
scattering with the non-forward kinematics of elastic scattering: a highly virtual photon
probes the partonic structure of the incoming nucleon, while the nucleon receives a finite
momentum transfer and remains intact in the final state. This class of processes gives ac-
cess to GPDs, which unify the information contained in PDFs and form factors within a
common framework [12, 15, 19, 20, 30]. The precise relations between these quantities
are discussed in Sec. 1.3. Beyond these connections, GPDs encode correlations between
the longitudinal momentum of partons and the transverse spatial structure of the nucleon,
thereby revealing 3D features of nucleon structure that cannot be accessed through PDFs or
form factors alone [13, 14, 31-33].

Among hard exclusive processes, Deeply Virtual Compton Scattering (DVCS) plays a
central role: it is often regarded as the golden channel for the extraction of GPDs, due to its
relatively clean theoretical description and the extensive experimental data set available for
phenomenological analyses.

1.1.1 DVCS process and kinematics

Experimentally, DVCS is accessed through exclusive photon leptoproduction,
(k) + N(p) — LK) +7(¢) + N(), (1.4)

in which a lepton scatters off a nucleon through the exchange of a virtual photon, producing
an outgoing real photon and a recoiling nucleon. The underlying photon—nucleon subpro-
cess is

7(@) + N(p) — v(d) + N, (1.5)

where the incoming virtual photon carries momentum ¢ = k — k' and virtuality Q? =
—q? > 0, as introduced above. A schematic representation of the DVCS contribution to
exclusive photon leptoproduction is shown in Fig. 1.2.

In addition to the photon virtuality, which sets the hard scale of the process, two further
Lorentz invariants are conventionally used: the Bjorken variable

2

mBEQp%]’ (1.6)
and the squared momentum transfer to the nucleon,
b= - ) .7
The deeply virtual regime corresponds to the Bjorken limit,
Q? — o, g fixed, t fixed, (1.8)

in which the photon virtuality becomes asymptotically large while xp and ¢ remain fixed.
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(k")

N(p) N(p')

Figure 1.2: DVCS contribution to exclusive photon leptoproduction.

Following the standard convention of Ref. [6], we define the average nucleon momen-
tum P and the momentum-transfer A as

p+7

P= ,
2

A=p —p. (1.9)
The initial and final nucleon momenta can therefore be written as

A
p=P-7, p=P+—, (1.10)
while momentum conservation gives

A=p —p=q—¢, t= A2 (1.11)

An additional quantity relevant to the non-forward kinematics is the skewness variable
&, which characterizes the longitudinal momentum asymmetry between the initial and final
nucleon states. To define it in a Lorentz-invariant way, we introduce the average photon
momentum

/
K=1t7 (1.12)
2
The skewness variable is then defined as
A K
= — . 1.13
§ 5P K (1.13)

Using ¢? = —Q?, ¢> = 0, together with A = ¢ — ¢/ from Eq. (1.11), this definition can be
expressed in terms of the DVCS invariants introduced above as

rB

&= 2 — xp + apt/Q? (1.19)
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In the Bjorken limit, where ¢/Q? is power suppressed, this reduces to

_ "B t
§_2—:1:B+O<Q2>' (1.15)

In this regime, the nucleon carries a large momentum along a preferred longitudinal di-
rection, so that light-cone components provide a natural parametrisation of longitudinal
momentum fractions. A brief discussion of light-cone coordinates and their high-energy
interpretation is given in App. A. We therefore introduce an auxiliary light-like vector n,
with n? = 0, specifying the light-cone direction along which longitudinal momenta are
projected. This allows us to introduce the light-cone skewness, defined as

(' —-p)-n _ A-n

ELCE_(er;o’)-n T 2P-n’

(1.16)

Atleading power, £1,¢ coincides with the invariant skewness introduced above. We therefore
denote both quantities by £ in the following. With this identification, combining Eq. (1.16)
with Eq. (1.10), the longitudinal projections of the initial and final nucleon momenta are

p-n=>04+&EP-n, pn=01-EP-n, (1.17)

so that the initial and final nucleons carry longitudinal momentum fractions 1+ ¢ and 1 — &,
respectively, with respect to the average momentum P.

The relation in Eq. (1.15) connects the experimentally accessible Bjorken variable g to
the skewness variable & entering the non-forward partonic kinematics. Together with ¢ and
Q?, the skewness & completes a convenient set of kinematic variables for the description of
the DVCS amplitude developed in the following subsection.

1.1.2 Compton form factors and QCD factorisation

The exclusive photon leptoproduction process introduced in Eq. (1.4) does not receive con-
tributions from DVCS alone. The same initial and final states can also be connected by the
Bethe—Heitler (BH) process. In DVCS, the real photon is emitted from the hadronic sub-
process, whereas in the BH process it is radiated from either the incoming or the outgoing
lepton, as shown in Fig. 1.3. Therefore, the total leptoproduction amplitude is

T = Tsu + Tovcs, (1.18)
and the squared amplitude entering the cross section can be written as
ITI* = [Teul® + | Toves|” +Z, (1.19)

where

denotes the BH-DVCS interference term.
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Figure 1.3: Bethe—Heitler contribution to exclusive photon leptoproduction.

The BH amplitude is calculable in QED in terms of the well-known nucleon elec-
tromagnetic form factors. By contrast, the DVCS amplitude is parametrised in terms of
Compton Form Factors (CFFs) [22]. These quantities cannot be measured directly, but can
be constrained through fits to exclusive photon leptoproduction cross sections. Since the
DVCS amplitude depends linearly on the CFFs, the pure DVCS contribution in Eq. (1.19) is
quadratic in the CFFs, whereas the interference term in Eq. (1.20) depends linearly on them.
For the kinematic region currently accessible at facilities such as Jefferson Lab (JLab), the
BH process typically dominates over the pure DVCS process. As a result, through the in-
terference term, the BH amplitude acts as a known reference, enhancing the experimental
sensitivity to the DVCS amplitude and thus to the CFFs.

In the Bjorken limit, contributions to the DVCS amplitude are organised in inverse
powers of the hard scale (Q and conventionally classified according to twist !. The twist-two
sector, corresponding to leading twist, provides the leading-power contribution, whereas
higher-twist terms are suppressed by additional powers of 1/@Q. Throughout this work, we
restrict the analysis to the leading-twist sector. This approximation has both a theoretical
and an experimental basis.

On the theoretical side, at leading power the DVCS amplitude admits a factorised de-
scription, in which short- and long-distance dynamics are separated [35]. Collins and Fre-
und proved that this factorisation holds to all orders in perturbative QCD, up to corrections
suppressed by inverse powers of the hard scale () [23]. Such power-suppressed corrections
include not only genuine higher-twist contributions, but also finite-) kinematic effects asso-
ciated with the nucleon mass and momentum transfer, such as terms proportional to M2 /Q?
and [t|/Q?. On the experimental side, scaling tests performed by the JLab Hall A Collab-
oration provided evidence for twist-two dominance at moderate values of Q2 [36]. This

"We use the working definition of twist of Ref. [34], in which twist classifies contributions according to
their power suppression in M /Q, where M denotes a typical hadronic mass scale. A twist-¢ contribution starts
at order (M/Q)*™2, up to logarithmic corrections. This should be distinguished from the geometric twist of a
local operator, defined as the difference between its mass dimension and Lorentz spin.

10



Generalized Parton Distributions

indicates that the leading-twist factorised description can already be applicable at experi-
mentally accessible hard scales.

The short-distance dynamics of DVCS is associated with the partonic subprocess, which
constitutes the hard part and is perturbatively calculable, whereas the long-distance dynam-
ics is associated with the non-perturbative structure of the nucleon, encoded in GPDs, and
constitutes the soft part. The hard—soft separation established by the factorisation theorem
is illustrated by the handbag diagram in Fig. 1.4 and is directly reflected in the structure of
the CFFs. At leading twist, these can be written as convolutions of perturbatively calculable
coefficient functions with the corresponding quark and gluon GPDs [22]. Schematically,

2 ' Q?
‘7:(§>taQ ) = Z /_1 d$CZ <.’L‘,f, Mgaas(:u)> E (ZE,f,t,M), (121)

1=q,9

where the sum extends over all active quark flavours and the gluon channel. The function
C; is the hard-scattering coefficient, perturbatively calculable as an expansion in the QCD
strong coupling «,, while F; denotes the corresponding quark or gluon GPD. The factori-
sation scale p separates the short-distance dynamics encoded in C; from the long-distance
hadronic structure encoded in Fj.

Therefore, experiments provide only indirect access to GPDs: they constrain the CFFs,
while recovering the full xz-dependence of the underlying partonic distributions requires
solving a non-trivial deconvolution problem. Their definition, properties, and dependence
on the factorisation scale are discussed in the following sections.

(k")

Figure 1.4: Handbag diagram representing the leading-twist factorisation of DVCS at leading order
in perturbative QCD. The labels = + £ and x — £ denote the longitudinal momentum fractions of the
active parton entering and leaving the hard subprocess.

11
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1.2 Operator definition of GPDs

GPDs provide a partonic description of hadrons in non-forward kinematics and are associ-
ated with non-local quark and gluon correlation functions. Although the discussion of the
previous section was specialised to DVCS on a nucleon target, the general operator defini-
tion of GPDs is not restricted to this particular process and can be formulated for a generic
hadron H. We adopt the notation and kinematic convention introduced in Sec. 1.1.1, in-
cluding the light-like vector n.

Before introducing the operator definition, it is useful to make explicit the partonic
kinematics underlying the factorised picture discussed in Sec. 1.1.2. In the Bjorken limit
relevant to DVCS and related hard exclusive processes, the leading contribution arises from
partonic configurations collinear to the large hadron momentum. Within the leading-twist
collinear description, the longitudinal momentum fraction of the active parton, i.e., the par-
ton participating in the hard-scattering subprocess, is retained, whereas its intrinsic trans-
verse momentum is integrated over. This collinear picture is naturally described using the
same light-cone projections introduced in Sec. 1.1.1; their connection with high-energy par-
ton kinematics is further discussed in App. A.

In forward kinematics, the active parton carries the same longitudinal momentum before
and after the hard subprocess. In the non-forward kinematics relevant for GPDs, instead,
momentum is transferred between the initial and final hadronic states, so that the parton
entering and leaving the hard subprocess carries different longitudinal momenta. Denoting
the corresponding parton momenta by ki, and ko, the variable x parametrizes their av-
erage longitudinal momentum fraction with respect to the average hadron momentum P,
according to

(kin + kout) 'n
2

The active parton also carries the momentum transferred between the initial and final hadronic
states. Therefore, its longitudinal momentum changes by

=z (P-n). (1.22)

(kout — kin) - n=A-n=-=2(P-n. (1.23)
Combining Egs. (1.22) and (1.23) gives
kin-n=(x+&P-n, kouw -n = (x—&)P - n. (1.24)

The corresponding longitudinal momentum fractions are shown in the DVCS handbag dia-
gram of Fig. 1.4.

The partonic information described above is encoded in hadronic matrix elements of
bilocal quark and gluon operators, which define the corresponding GPD correlators. These
bilocal operators are constructed from two field insertions separated along the light-like
direction n. Introducing the symmetric coordinates

= %n“, P (1.25)

12
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the bare unpolarised quark and gluon GPD correlators of a generic hadron H, normalised
according to the convention of Ref. [25], are defined as

Fyuo &)= [ 52 e = (yf7,(50) (-5 [ ).

e [ o o () £ (-42) )
a 2 a 2 ?

Fop(w,&,t) = 2P-n) ) 2n

where @Z)q is the quark field for the flavour ¢ in the fundamental colour representation,
wq = wq’y is its Dirac adjoint, and F," is the gluon field strength for the colour configu-
ration a in the adjoint representation. The integrals are understood to run between —oo and
+o00. In addition, an average over the physical spin or helicity states of the initial hadron
is understood. In the gluon correlator, the index j = 1, 2 labels the transverse components
and is implicitly summed over, together with the adjoint colour index a. Since n? = 0, the
separation between the two fields is light-like,

(21 — 2)? =y*n? =0. 1.27)

(1.26)

Furthermore, the Fourier phase in Eq. (1.26) makes explicit the connection with the par-
tonic kinematics introduced above: the average longitudinal momentum of the active parton
x(P - n) is Fourier conjugate to the separation parameter y.

For a spin—% hadron, the tensorial decomposition of the correlators in Eq. (1.26) defines

the bare unpolarised GPDs ﬁ, /i and E, /i [25]

Fynle.6.0) = 5| By, &0 70) Su(p)

[\)

(1.28)
iohn, A,
—E "

+ By (x, &, t)a(p) o )|

with ¢ = ¢, g, where u is the spinor associated with the external hadron H and M is its
mass.
The operator definitions in Eq. (1.26) are understood in the light-cone gauge,

n-A=0, (1.29)

with A* denoting the gluon gauge field. Although GPDs are not physical observables,
they are gauge-invariant quantities. Since the two fields entering the bilocal operators are
evaluated at different space-time points, their product is not gauge invariant by itself. Gauge
invariance is restored by connecting the two fields with a Wilson line along the light-like
direction n. In the light-cone gauge n - A = 0 adopted here, this Wilson line reduces to
the identity and is therefore omitted in Eq. (1.26). This choice considerably simplifies the
perturbative calculation of parton-in-parton GPDs discussed in the following sections. 2

%In perturbative calculations, the Wilson line can be viewed as generating the emission of an arbitrary num-
ber of collinear gluons with scalar polarisation, thereby increasing the number of diagrams to be considered at
a given perturbative order. Choosing the light-cone gauge eliminates these additional gauge-link contributions,
significantly simplifying the diagrammatic expansion; see Ref. [25].
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A schematic representation of the two parton-in-hadron GPDs is shown in Fig. 1.5. The
external hadron enters with momentum P — A/2 and leaves with momentum P + A/2,
while the upper insertion represents the bilocal operator defining the quark or gluon GPD.
Depending on the operator insertion, the correlator encodes either quark or gluon partonic
information: a bilocal quark operator probes quark degrees of freedom, whereas a bilocal
gluon operator probes gluon degrees of freedom.

yn yn yn yn

2 2 2 2

F\q/H(‘r:fat) = ﬁg/H({L',ﬁ,t) =

P—A)2 P+ A2 P—A)2 P+ A2

Figure 1.5: Graphical representation of the quark (left) and gluon (right) parton-in-hadron GPDs.
Adapted from Ref. [25].

1.2.1 Partonic interpretation of GPDs

The physical meaning of the longitudinal variables entering the operator definitions be-
comes particularly transparent in a frame where the hadron carries a large longitudinal mo-
mentum. Using light-cone coordinates, with the conventions introduced in App. A, we
choose the auxiliary light-like vector n as

n* =n" =(0,1,07), (1.30)

so that
P.n=P". (1.31)

Therefore, the longitudinal components of the incoming and outgoing hadron momenta are,
from Eq. (1.17),
pr=01+P",  pT=(0-¢P". (1.32)

Correspondingly, the active parton entering and leaving the GPD correlator carry plus mo-
menta
KL= (z+OPT, k= (@-9PT, (1.33)

out —

respectively, as follows from Eq. (1.24). Their difference,

kly — ki = A1 = -2¢PT) (1.34)

out

is precisely the longitudinal momentum transferred between the initial and final hadronic
states.

14
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The support of quark and gluon GPDs is restricted to [37]
-1<z< 1. (1.35)

For definiteness, we consider ¢ > 0 3. Depending on the relative values of 2 and &, the signs
of the momentum fractions in Eq. (1.33) lead to three distinct partonic configurations [6].
For

E<r<l, (1.36)

both x + £ and x — £ are positive. In the quark sector, the correlator therefore describes the
emission of a quark from the incoming hadron with plus momentum

(z +&)PT, (1.37)
followed by its reabsorption into the outgoing hadron with plus momentum
(x — )P, (1.38)

Analogously, in the gluon sector, this region corresponds to the emission and reabsorption
of a gluon carrying longitudinal momentum fractions  + & and x — &, respectively. This
domain is referred to as the quark/gluon DGLAP region.

In the central interval

&< <, (1.39)

one has
x+&>0, x—€&<0. (1.40)

The negative momentum fraction in the second parton line is reinterpreted as a positive
momentum fraction £ —x for an outgoing parton. In the quark sector, the correlator therefore
describes the emission, or equivalently the absorption, of a quark—antiquark pair carrying
plus momenta

(x+&PT and (£ —2)PT, (1.41)

whose total longitudinal momentum is
(x+ &P+ (£ —2)PT =2¢PT. (1.42)

In the gluon sector, since gluons coincide with their own antiparticles, the same region
represents the emission or absorption of a two-gluon state with total longitudinal momentum
26 P, This central domain is known as the ERBL region. It has no direct counterpart in
ordinary forward parton distributions.

Finally, for

—-l<z< =€ (1.43)

*Due to time-reversal and parity symmetries, GPDs possess definite parity under £ — —&, so that the kine-
matics for negative skewness ¢ < 0 (corresponding to p'* > p™) contain no independent physical information.
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both x 4 £ and x — £ are negative. For quarks, the correlator can then be interpreted in
terms of antiquark emission and reabsorption, with the corresponding positive momentum
fractions

—&—z and &—x. (1.44)

This interval constitutes the antiquark DGLAP region. For gluons, the negative region
—1 < x < —¢ describes the emission and reabsorption of a gluon state with reversed
momentum flow. It is physically equivalent to the positive domain ¢ < x < 1, with the
corresponding positive momentum fractions given by ¢ — x and —¢ — .

The three regions can be summarised as

-1l <xz<—=¢ : antiquark/gluon DGLAP region,
—¢ <x<¢ : ERBL region (quark-antiquark or gluon-gluon pair), (1.45)
E<r <l : quark/gluon DGLAP region.

For quark GPDs, the corresponding partonic configurations are illustrated schematically in
Fig. 1.6.

Unlike ordinary PDFs, GPDs at non-zero skewness should not, in general, be interpreted
as probability densities. The matrix elements defining them connect hadron states with
different momenta and therefore encode off-diagonal quantum-mechanical correlations. In
the DGLAP regions, they describe the interference between amplitudes in which a parton
is removed from and reinserted into the hadron, whereas in the ERBL region they involve a
two-parton configuration, corresponding to a quark—antiquark pair in the quark sector or to
a two-gluon state in the gluon sector.

The terminology DGLAP and ERBL anticipates the different structures of the scale-
evolution equations in the outer and central regions. These are discussed in Sec. 1.4. The
special forward limit & — 0, in which the connection with ordinary PDFs emerges, is
instead considered in Sec. 1.3.

x+§/‘ /f—x :1:+§/ \x—g

-1 —£ 0 § 1

L L L L T

Figure 1.6: Partonic interpretation of quark GPDs in the three z-regions [—1, —¢], [—¢&,¢&], and
[€,1]. The two outer regions describe quark or antiquark emission and reabsorption, whereas the
central region corresponds to the emission or absorption of a quark—antiquark pair. Reproduced
from Ref. [6].
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1.3 Properties

The operator definitions introduced in Sec. 1.2 imply a number of model-independent prop-
erties that strongly constrain the functional form of GPDs. In particular, GPDs reduce to
ordinary PDFs in the forward limit, obey symmetry relations under changes of the longitu-
dinal variables, and their Mellin moments are related to form factors of local operators.

In the following, we restrict the discussion to the unpolarised twist-two GPDs H; 5 and
E; /g introduced in Eq. (1.28). From this point onwards, F; /7, H; /7, and E;/ denote their
renormalised counterparts. Their dependence on the factorisation scale  is left implicit and
will be discussed explicitly in Sec. 1.4.

1.3.1 Forward limit

The forward limit is obtained by letting the momentum transfer between the initial and final
hadronic states vanish,
A — 0. (1.46)

According to the definitions in Egs. (1.9) and (1.13), this implies
p=p=P, t—0, £ —0. (1.47)

The non-forward matrix elements defining the GPDs then reduce to the forward matrix
elements entering the definition of ordinary PDFs.
For the unpolarised quark GPD correlator of flavour g, Fy /7 (, €, t), one obtains [6, 22]

Fq/H($7 0,0) = Hq/H(:C>O7O) =0(z) qu(z) — 0(—2) gy (—2), (1.48)

where qp (z) and Gy (), defined for 0 < = < 1, denote the usual quark and antiquark PDFs
of the hadron H. Equivalently,

Hy/p(2,0,0) = qr(x), Hyyp(—2,0,0) = —qy(z), 0<z<L (1.49)

The negative-x region of a quark GPD therefore contains the corresponding antiquark dis-
tribution, consistently with the partonic interpretation discussed in Sec. 1.2.1.

With the normalisation adopted in Eq. (1.26), the forward limit of the unpolarised gluon
GPD correlator Fyy(x,€,t) reads *

where gp(x), defined for 0 < z < 1, denotes the standard gluon PDF of the hadron H.
Equivalently,

Hg/H(;UvO’O) = gH('r)> Hg/H(_anaO) = _gH($)7 0<z <l (1.51)

“The normalisation of the gluon GPD used here contains an explicit factor 1/x, following Ref. [25]. In the
convention commonly used in Refs. [6, 22], this factor is not extracted and the corresponding forward relation
is written as H /g (2, 0,0) = xgu (x) forx > 0and Hy/ g (x,0,0) = —zgu(—z) forz < 0.
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Unlike the quark case, the negative-z region does not correspond to an independent antipar-
ton distribution, since the gluon is its own antiparticle. Instead, it is fixed by the symmetry
of the gluon GPD under x — —z, which is discussed in the following subsection.
An important observation concerns the GPD E; ;. From Eq. (1.28), its contribution to
the correlator is multiplied by
ot n, Ay, (1.52)

and therefore disappears when A — 0. Consequently, F,/y and E ;g have no analogue
among the ordinary unpolarised PDFs. This does not imply that E;, w(x,0,0) itself van-
ishes; rather, it decouples from the forward matrix element. The information encoded in
E; g is therefore intrinsically associated with non-forward processes and cannot be ob-
tained from inclusive deep-inelastic scattering alone.

1.3.2 Symmetry properties

Further constraints on GPDs follow from discrete symmetries. For a stable hadronic target,
hermiticity and time-reversal invariance imply that the unpolarised GPDs considered here,
H;/p and E; g, are real-valued and even functions of the skewness [6, 22]:

HZ/H(:E7£>t) :Hz/H(‘Ta _gvt) = i*/H(xvg’t)a

(1.53)
EZ/H(I’ 57 t) = EZ/H(xv _5’ t) = E:/H(xv 57 t),

for both quarks and gluons. Hence, the region £ < 0 does not contain independent physical

information, which justifies restricting the discussion to £ > 0, as done in Sec. 1.2.1.

The behaviour under x — —x depends on the parton species. Quark GPDs do not pos-
sess a definite parity under this transformation. As discussed in Sec. 1.2.1, the negative-z
region is associated with antiquark degrees of freedom. It is therefore customary to intro-
duce, for z > 0, the corresponding antiquark GPDs through

Hﬁ/H(x7§7t) = q/H(_xvgat)7 (1.54)
E@/H(l" 57 t) = _Eq/H(_l'a 57 t)
In the forward limit, the first of these definitions gives
Hy/p(2,0,0) =gy(z), 0<z<l, (1.55)

consistently with Eq. (1.49).
Although quark GPDs are neither even nor odd in x, one can construct combinations
corresponding to definite charge-conjugation parity in the crossed ¢ channel [6, 22]. > For

>The crossed t-channel is obtained by crossing the incoming hadron to the final state, so that (p’|O|p) is
reinterpreted as a matrix element between the vacuum and a hadron-antihadron state, (H (p’)H (—p)|O|0).
The total momentum flowing through this channel is A = p’ — p, with A? = ¢. Charge conjugation exchanges
the hadron and antihadron, allowing the exchanged states to be classified by their charge-conjugation parity
C =+1.

18



Generalized Parton Distributions

the unpolarised GPDs considered here, these are

Hq/H(x f t) Hq/H(x7€7t) q/H( T f, )7

(1.56)
B (@,6,6) = Byp(,6,1) = Eyy(—2,6,1),
corresponding to C' = +1, and
H ) (,6,8) = Hyyp(2,6,1) + Hyppy (—,6,1), .
B (2,6) = By (3,6,1) + By (—,6,1), '
corresponding to C' = —1. The superscripts (+) and (—) therefore denote even and odd

charge-conjugation parity, respectively. Using Eq. (1.54), the C-even combination can
equivalently be written, for z > 0, as

(:E 3 ) q/H(x 3 t)+H§/H(x7£7t)a

(+ (1.58)
Eq/H(:E 5 t) q/H(xvgvt)+E§/H(xa€7t)
For H, its forward limit therefore becomes
H{ ) (2,0,0) = qu(2) + Gy (x), 0<az<l. (1.59)

This combination is particularly relevant for the present discussion, since DVCS selects the
C-even quark GPD combination [22].

For gluons, the situation is simpler because the gluon is its own antiparticle. With the
normalisation adopted in Eq. (1.26), the unpolarised gluon GPDs are odd under x — —x [6,
22],

Hg/H(_xa 3 t) = _Hg/H(xa 3 t)7

Eg/H(_xvfat) = _Eg/H(xvé.vt)'

Thus, unlike the quark case, the negative-x region does not contain an independent partonic
distribution.

(1.60)

1.3.3 Sum rules and polynomiality

The connection between GPDs and ordinary PDFs is obtained by taking the forward limit,
while retaining the dependence on the longitudinal momentum fraction . A complemen-
tary reduction is obtained by integrating over x. In this case, the dependence on the partonic
momentum fraction is removed, whereas the dependence on the momentum transfer ¢ is re-
tained. The resulting quantities are form factors of local QCD operators.

For the quark sector, integration over x turns the bilocal light-cone operator in Eq. (1.26)
into the light-cone projection of the local flavour vector current

JE0) = 1, (0)7"14(0). (1.61)
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More explicitly,

1
1 /
[ doFyte6) = 35— na (91750 p) (1.62)

For a spin—% hadron H, the matrix element of this current is parametrised in terms of the

flavour Dirac and Pauli form factors as [6]

o AalVANY
2M

(1 70)] p) = () [Mﬁ(t) n FI(0)] u(p) (1.63)

Inserting Eq. (1.63) into Eq. (1.62) and comparing the resulting Dirac structures with the
GPD decomposition in Eq. (1.28) gives the sum rules

1
/ dx Hy p(x,€,t) = Fil(t), (1.64)
1

and .
/ dx (. €.1) = F(t). (1.65)
~1

Although the GPDs on the left-hand sides depend on &, their integrals do not. This follows
from Lorentz invariance: after integration over z, the matrix element is expressed in terms
of a local current and no longer depends on the particular light-cone direction used to define
the skewness [6].

The electromagnetic current is obtained by weighting the flavour currents with the cor-
responding quark electric charges,

Ty = egJl, (1.66)
q

so that the electromagnetic Dirac and Pauli form factors of the hadron are

() =) egFilo(t). (1.67)
q

For a nucleon target, these are the same electromagnetic form factors entering the BH am-
plitude discussed in Sec. 1.1.2.

The sum rules in Egs. (1.64) and (1.65) can be generalised by considering the Mellin
moments of a GPD F'(x, ¢, t), defined as

1
Mn(g,t)z/ldxx"F(x,g,t), n=0,1,2... (1.68)

In general, Mellin moments are related to matrix elements of local twist-two operators con-
taining successive covariant derivatives. For quarks, the operator associated with the n-th
Mellin moment has the form [6]

Og,ul...un _ Saq’y”iﬁ’“ ... iﬁl‘nq/;q’ (1.69)
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where S denotes symmetrisation over the Lorentz indices and subtraction of traces, D* is
the QCD covariant derivative, and %)“ = Dt — ﬁ“, the arrows indicating whether the
derivative acts on the quark field to its right or on the conjugate quark field to its left. Lorentz
covariance constrains the matrix elements of these local operators to a finite number of
generalised form factors. As a consequence, the Mellin moments of GPDs are polynomials
in the skewness £, a property known as polynomiality. For the unpolarised quark GPDs, one
has [7]

n

1
[ dea 60 = 3 (M AL 40+ (26" CL 1),

k=0
k even
(1.70)
1 n
/1 dx anq/H(:Ua fa t) = Z (2§)kBZ+1,k(t) - en(2§)n+1cg+1(t)7
kk(;gn
where "
€n = > (1.71)
is equal to 1 for odd n and 0 for even n. The coefficients A7 ., ., By, and C} | are

generalised form factors of the corresponding local twist-two operators. Only even powers
of ¢ occur, consistently with the symmetry under ¢ — —¢ discussed in Sec. 1.3.2.

The lowest moment, n = 0, commonly referred to as the first Mellin moment, repro-
duces the sum rules in Eqgs. (1.64) and (1.65). Indeed, setting n = 0 in Eq. (1.70) gives

1 1
/ dx Hyypr(x,€,t) = A% o(t), / dx By (,€,t) = B o(1), (1.72)
1 1

with

A(ll,o(t) = qu(t), Bg,o(t) = Fg(t)~ (1.73)
The next moment, n = 1, is the second Mellin moment and provides access to a different
set of hadronic form factors. Setting n = 1 in Eq. (1.70) gives

1
/ dex Hyp(z,6,t) = Ag’o(t) + 45203(75),
- (1.74)

1
/ o Byl 6.) = BYo(t) — 46C0)

The form factors Agp, Bg,o’ and Cf parametrize matrix elements of the quark contribution
to the QCD energy—momentum tensor and are commonly referred to as gravitational form
factors (see, e.g., Ref. [17] for a review and references therein). Adding the two relations in
Eq. (1.74), the terms proportional to C cancel,

1
/1 drx [Hq/H<x7£7t) + Eq/H(x7€7t)] - A%O(t) + Bg,O(t)a (175)
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so that the second Mellin moment of the combination H + FE is independent of &.
For a spin—% hadron, the quark contribution to the total angular momentum is related to
these gravitational form factors by [15, 20]

|
Ji=5 [A%VO(O) n B;{O(o)} : (1.76)

Combining this relation with Eq. (1.75) gives

1

1
Ji=5 /_1 dea [Hyn(w,€,0) + By (2, €,0)] (1.77)

where J,; denotes the total angular momentum carried by quarks and antiquarks of flavour
q in the hadron. Using the forward-limit relation derived in Sec. 1.3.1, the contribution
involving H, becomes

1
A8,4(0) = /0 dz z [gn (@) + T ()], (1.78)

which is the total longitudinal momentum fraction carried by quarks and antiquarks of
flavour ¢. Thus, while the contribution of H,y is fixed in the forward limit by ordinary
PDFs, the additional information required to determine .J; is contained in the GPD E /.

The gluon sector exhibits an analogous polynomiality structure. Rewriting the relations
of Ref. [6] in the normalisation used here gives

n

1
/0 dra"Hyp(z,8,6) = > (20)FA9 | (1) + (20" CY,4 (1),
k=0
k even

(1.79)

1 n
[ drat By )= S 98B0~ eal2)"CL ()
0 —
kke;gn
for odd n. Although the moments in Eq. (1.79) are written over 0 < x < 1, the restriction
to odd values of n is consistent with the symmetry of the gluon GPDs over their full support
—1 <z < 1. With the normalisation used here, H, y and E;; are odd under 2 — —z.
Therefore, for even n the integrands 2" H /iy and 2" E/ are odd and their integrals over
[—1, 1] vanish, whereas for odd n they are even, so that

1 1
/ drx"Hgy g (v,&,t) = 2/ dzx"Hgy g (v,§,t),
1 0 (1.80)

1 1
/1dxx"Eg/H(:1:,§,t) :2/0 drz"Ey g (v, &, 1),

The negative-z region therefore contains no independent information, and the non-vanishing
gluon moments can be expressed entirely in terms of the region 0 < =z < 1.
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An important difference from the quark sector appears already at the lowest moments.
For quarks, the n = 0 moment is associated with the local flavour vector current and gives
the electromagnetic Dirac and Pauli form factors. No corresponding n = 0 local twist-two
operator exists in the gluon sector. The gluon tower starts at n = 1, since its lowest-rank
gauge-invariant operator contains two field-strength tensors. Setting n = 1 in Eq. (1.79)
gives

1
/ A Hyyp(, €,1) = AL (1) + 4€2C3(2),
° (1.81)
/0 Qi By (i, €,1) = Bl (1) — 4€2CY(1).
As in the quark sector, the form factors A%O, Bio, and Cg parametrize matrix elements

of the gluon contribution to the QCD energy—momentum tensor and are therefore gluon
gravitational form factors. Adding the two relations, the terms proportional to C cancel,

1
/0 A [Hyypr (2, €,1) + Eyppr (0, 6,8)] = AL0(8) + B (1), (1.82)

For a spin—% hadron, the gluon contribution to the total angular momentum is related to
these gravitational form factors by [15, 20]

1
Jy =5 [486(0) + B, (0)] (1.83)
which, together with Eq. (1.82), gives
1 1
J, = 2/ dox [Hy/p(x,€,0) 4+ Eyyp(2,€,0)] . (1.84)
0

In the forward limit,
1
A3 (0) = / dz x gy (x), (1.85)
0

which is the longitudinal momentum fraction carried by gluons. Thus, as for quarks,
the contribution involving Hy is fixed in the forward limit by the ordinary gluon PDF,
whereas the GPD E i provides the additional information required to determine .J,.

Combining the quark and gluon contributions, the total spin of a spin—% hadron can be
written through Ji’s sum rule as [15, 20]

1
5= Jat
q

1 1
= 22/165“3 [Hyyr(2,6,0) + Eqyp(2,€,0)] (1.86)
—~ /-

1 1
43 [ o [Hyn(e.60) + By 0)].
0

For a nucleon target, Ji’s sum rule therefore makes GPDs a key tool for investigating the
partonic origin of the nucleon spin and constraining orbital angular momentum contribu-
tions.
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1.4 Scale evolution of GPDs

The bare GPD correlators introduced in Sec. 1.2 are matrix elements of bilocal light-cone
operators. These operators develop ultraviolet (UV) divergences and therefore require
renormalisation. As a consequence, the corresponding renormalised GPDs depend on an
arbitrary renormalisation scale . When GPDs enter the factorised description of hard scat-
tering processes, this scale is identified with the so-called factorisation scale.

Controlling this scale dependence plays an important role in GPD phenomenology. A
GPD parametrisation is typically defined at an initial scale yy, whereas experimental mea-
surements probe different values of the hard scale (). In the case of DVCS, as discussed in
Sec. 1.1.2, the GPDs enter the CFFs through a convolution with perturbatively calculable
coefficient functions. Both the GPDs and the coefficient functions depend on the factorisa-
tion scale p, which separates the long-distance hadronic dynamics from the short-distance
partonic subprocess. Since this separation is arbitrary, their y-dependence must compensate
in the physical CFFs, up to the perturbative accuracy considered.

For DVCS, the factorisation scale is conventionally chosen to be of the same order as
the hard scale of the process, set by the photon virtuality,

12~ Q2 (1.87)

thereby avoiding potentially large terms proportional to In(Q?/?) in the perturbative coef-
ficient functions. Consequently, before entering the convolution that determines the CFFs,
the GPDs specified at the input scale o must be evolved to the factorisation scale p ~ Q
associated with the process. The resulting CFFs parametrise the DVCS amplitude and are
constrained through fits to exclusive photon leptoproduction cross sections. GPD evolu-
tion thus allows a common parametrisation defined at 1 to be consistently related to the
different hard scales probed experimentally. This procedure is schematically illustrated in
Fig. 1.7.

The relation between GPDs defined at different factorisation scales is governed by
renormalisation-group equations, conventionally referred to as the GPD evolution equa-
tions. In the following, we derive these equations and introduce the corresponding evolution
kernels.

GPD input QCD evolution GPD entering
Fi/H(MO) the CFF Fi/H(M)
t } Iz
Ho e~ Q

Figure 1.7: Schematic representation of GPD scale evolution. A GPD parametrisation specified at
an initial scale pq is evolved to the process scale @), before entering the calculation of the CFFs.

1.4.1 Evolution equation and evolution kernels

The starting point for the derivation of the evolution equations is the scale independence of
the bare GPD correlators. In the following, the dependence on the momentum transfer ¢
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will be left implicit, since ¢ does not participate in the evolution.
In dimensional regularisation, with d = 4 — 2¢, the bare GPD correlators F;,p can be
renormalised in the MS scheme as [25]

z/H &z 57 Z / ’y‘ ( ivas(ﬂ)76> ﬁ‘j/H(yagvf)a 1=q,9, (1.88)

J=a9

where the sum runs over the gluon and all active quark flavours at the scale p. The renor-
malisation kernels Z;; remove the UV divergences of the bare correlators and allow for
mixing between different partonic species. Exploiting the fact that the bare correlators do
not depend on the arbitrary renormalisation scale,

d =~
mFi/H(%fae) =0, (1.89)

the logarithmic derivative with respect to ;2 of Eq. (1.88) gives

M: /- dy dej< ’x?as(lu)76> ﬁ ( fe) (1.90)
dlnu2 - |y‘ dln'u, j/H\Y, S, €)- .

At this stage, the right-hand side still contains the bare correlators. To express the evolution
entirely in terms of renormalised quantities, we introduce the inverse renormalisation kernel
Z~1, defined through [25]

3 / ! 28 e Zj; T ) =ona(1-2). (1.91)
ERCAVE y '@ y
i=a.g
The bare correlators can therefore be expressed in terms of the renormalised ones as
dz y &
y ga Z / (ayvas(:u')>€> Fk/H(z7£7M>' (1.92)

k=q,9” 1

Substituting Eq. (1.92) into Eq. (1.90), we obtain an evolution equation entirely expressed
in terms of renormalised GPD correlators,

dF;
/H - 5 ’u Z /_ Z/k ( E,O@(M)) Fk’/H(zﬁga/J'): (193)

dln p2 s

where P; ;. are the GPD evolution kernels, or anomalous dimensions, defined by

dZZ as(p), e)
T _ dy J 71‘7 y &
Pk <Z, > 113%2/ T Z5! < L e> (1.94)

= Jy|
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These kernels are perturbatively calculable and admit an expansion in powers of the strong
coupling a [25],

(T E L) S gl (T € _as
Pz/k <Z,$,O[5) _Zas P’L/k: va ; as = 47_‘_' (195)

n=0

The perturbative accuracy of the GPD evolution is determined by the order at which the
evolution kernels are retained. At leading order (LO), only the one-loop contribution, of
order ay, is retained. At next-to-leading order (NLO), the two-loop contribution, of order

2 is included as well, with higher perturbative orders following analogously.

DGLAP and ERBL structure. The distinction between the DGLAP and ERBL regions
introduced in Sec. 1.2.1 is directly reflected in the support of the GPD evolution kernels. In
the outer DGLAP regions, only part of the GPD support contributes to the evolution at a
fixed value of x. In particular, for x > &, the convolution in Eq. (1.93) is restricted to

«

r<z<l1, (1.96)
whereas for x < —¢£ it is restricted to
—1<z<z. (1.97)

Thus, in the DGLAP regions the evolution at a given x involves only longitudinal momen-
tum fractions satisfying |z| > |z|. In the central ERBL region, |z| < &, the evolution at a
fixed value of z can instead receive contributions from the entire support of the GPD,

1<z<1. (1.98)

The convolution in Eq. (1.93) therefore contains contributions both from the central region,
|z| < &, and from the two outer regions, |z| > £. The corresponding support of the evolution
kernel in the (x, z) plane is illustrated in Fig. 1.8. A more detailed discussion of the support
properties of the GPD evolution equations can be found in Ref. [6].

The ordinary DGLAP and ERBL evolution equations are recovered as limiting cases of
the general GPD evolution equation [6]. In the forward limit,

§—0, (1.99)

the non-forward kernels reduce to the usual DGLAP splitting functions governing the scale
dependence of PDFs,

Pl/k ('I’ gaas> — PLk (E,O[S) . (1100)
z'x €0 z
At the opposite endpoint,
€l =1, (1.101)

one of the external hadron states carries vanishing plus momentum, i.e.,

1—-6P" =0 or (1+&PT —0. (1.102)
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Figure 1.8: Support of the GPD evolution kernels in the (x, z) plane for positive skewness £. The
outer regions correspond to DGLAP evolution, while the central region || < ¢ corresponds to
ERBL evolution. The dashed line denotes z = .

In this limit, after an appropriate change of variables, the GPD evolution kernels reduce
to the ERBL kernels governing the scale evolution of distribution amplitudes, which are
non-perturbative quantities entering the description of exclusive processes. The GPD evo-
lution equations therefore provide a common framework interpolating between the familiar
DGLAP and ERBL limits.

As follows from Eq. (1.94), the evolution kernels are determined by the renormalisa-
tion kernels Z;;, and hence by the UV renormalisation of the light-cone operators entering
the definition of GPDs. Since this UV structure is universal, it does not depend on the
external states between which the operators are evaluated. Therefore, instead of consider-
ing hadronic states, for which the GPD correlators are intrinsically non-perturbative, one
can evaluate the same operators between quark or gluon states. The resulting quantities
are referred to as parton-in-parton GPDs and provide the perturbatively calculable objects
from which the renormalisation kernels Z;;, and hence the GPD evolution kernels, can be
extracted. We introduce these quantities in the following subsection.

1.4.2 Parton-in-parton GPDs

To extract the universal UV structure discussed above, we replace the external hadronic
states by on-shell partonic states. We consider massless external partons with incoming and
outgoing momenta

pn=0+0)p,  Poww=(1—-n)p,  p>=0. (1.103)

The partonic states therefore reproduce the same form of longitudinal non-forward kine-
matics introduced for the hadronic GPDs, with p playing the role of the average partonic
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momentum and 7 denoting the corresponding partonic skewness. The partonic skewness 7
should not be identified with the hadronic skewness ¢ introduced in Sec. 1.1.1. Unlike the
latter, the partonic variable 7 is not restricted to values smaller than unity; values n > 1
correspond to ERBL kinematics. In the following, 7 is used whenever the kinematics refers
to partonic external states or parton-level calculations. As in the hadronic case, we consider
positive partonic skewness, 7 > 0. ©

Unlike hadronic states, the external partons carry colour as well as spin or helicity quan-
tum numbers. Since we consider unpolarised parton-in-parton GPDs, an average over these
degrees of freedom has to be performed. The colour average depends on the representa-
tion of the external parton. For an external quark, which transforms in the fundamental
representation of SU(N,), it is given by

1
N Tre[...], (1.104)
whereas for an external gluon, which transforms in the adjoint representation, one has
1
NZ -1 Trel. . .]. (1.105)

Here Tr. denotes the trace over colour indices and N. = 3. The different normalisation
factors simply reflect the dimensions of the fundamental and adjoint colour representations,
N, and N? — 1, respectively. In addition, we average over the two physical spin or helicity
states of the external parton,

1

3 Z, (1.106)

S
where s denotes the spin index for an external quark and the helicity index for an external
gluon. When Dirac indices are present, we denote the corresponding trace by Trp. In
the following, for compactness, Tr will denote the traces over the relevant internal indices.
Combining the colour and spin or helicity averages, the overall normalisation factors are

therefore .

2N, Z:m -] and Q(NQI_D ESZTY[- -] (1.107)

for external quarks and gluons, respectively.

In the presence of more than one quark flavour, seven different bare parton-in-parton
GPDs can be constructed by combining the quark and gluon operators with the possible
external partonic states [25]. We first consider the gluon operator. Evaluating it between
external gluon states, the gluon-in-gluon GPD is defined by

P _ Tyt Y. ia(np)
Fg/g(l"n) - Q(NCQ —‘ul)LU(TL p) / o € p)y
(1.108)
X ZTr <(1 —n)p, s|FM (%) Y (—%) ‘(1 + n)p,s>g] :

%Under 7 — —n, the initial and final partonic states are interchanged, so that negative values of 7 contain
no independent information.
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The same gluon operator evaluated between external quark states instead defines the gluon-
in-quark GPD,

Nty / @ e~ i(np)y

g/q(x n = N, z(n-p) e(n-p) ) 2m )
s|FM (%) FYI <_%) ’(1 +7])p,s>q]. |

xZTr<

Conversely, the quark operator of flavour ¢ can be evaluated between external gluon states,
giving the quark-in-gluon GPD,

~ 1 dy
Foolom =521y | 2=

(a7 () S () [0 )|

Finally, the same quark operator can be evaluated between four different quark or antiquark
external states. For an external quark of the same flavour g, the quark-in-quark GPD is
defined by

7 dy _

—iz(np)y

(1.110)

_ ynn un (1.111)
X ZTY <(1 —n)p, s}wq (7) 5V (—3) ‘(1 +np,s) |-
. q
For an external antiquark of the same flavour, one defines
dy _
q/q z,n) 2N / iz(n-p)y
1.112
: o (1) B (- (1.112)
x DT (((L=mp.s|b () 5% (=7 ) |(L+mp.s i
S
If ¢ # q denotes a different quark flavour, the remaining two possibilities are
dy _
q/q z,n) 2N / iz(n-p)y
" un (1.113)
X ZTr < np; s ( ) 5% (—7> ‘(1 +77)p,8> ;
q
and
o 1 dy —iz(n-p)y
Foa@m =58 | o
_ ynn un (1.114)
x Y Tr <(1 - n)p,S)wq <7> 5 Va ( 5 ) ‘(1 +1)p, 5 >q
S
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A graphical representation of the bare parton-in-parton GPDs defined above is displayed in
Fig. 1.9. In these graphs, the crosses represent the bilocal operator insertion together with
the integration over the light-cone separation y, as illustrated in Fig. 1.10. The tensor — gi’g
projects onto the transverse gluon components and is equivalent to the 6%/ notation when
the transverse indices are written explicitly.

A useful simplification concerns the parton-in-parton GPDs involving the gluon opera-
tor. As discussed in Sec. 1.2, we work in the light-cone gauge n - A = 0. In this gauge, the
contraction of the field-strength tensor reduces to [25]

n,FM(2) = (n-0)Al(z). (1.115)

Using translational invariance together with the Fourier transform entering the GPD defini-
tion, the two derivatives generate the kinematic factor

(2% = n?)(n-p)* (1.116)

The explicit derivation of this result is given in Sec. B.1. The gluon-in-gluon and gluon-in-
quark GPDs can therefore be expressed directly in terms of the gluon fields as

Fy(z,m) = (n 'pi\([il_ ) /;ii e~iz(np)y
1.117)
(- () 4 () ),
where k = g, ¢ denotes the species of the external partonic state and
N, =2(N2 - 1), N, = 2N.. (1.118)

Unlike their parton-in-hadron counterparts, parton-in-parton GPDs are perturbatively
calculable, since the non-perturbative hadronic external states are replaced by asymptotic
partonic states. Their matrix elements can therefore be evaluated order by order in pertur-
bative QCD. Accordingly, the bare parton-in-parton GPDs admit the expansion

Fy(z,m, e ay F[f,l (z,m,€). (1.119)

The fields entering Eqgs. (1.108)—(1.114) are interacting fields. They can therefore radiate
and absorb partons through QCD interactions before coupling to the external asymptotic
states. Consequently, the parton species associated with the operator, 7, does not in gen-
eral need to coincide with that of the external state, k. Beyond tree level, this gives rise to
off-diagonal parton-in-parton GPDs, such as the gluon-in-quark and quark-in-gluon distri-
butions.

At tree level, however, no QCD interaction occurs between the external state and the
operator insertion. The operator can therefore couple only to an external parton of the
same species, so that only the diagonal quark-in-quark and gluon-in-gluon GPDs are non-
vanishing. The corresponding diagrams are shown in Fig. 1.11.
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yn yn yn yn
2

| 9 E
R <l e >
E f \

np (I—=mn)p (1+n)p (I—=mn)p

n)p (I—=mn)p (1+n)p (I—=mn)p

%
T‘q
byt - ? D e >
q

I [

(I+n)p (I—=mn)p (1+n)p (1—=mn)p
yn yn
2 2

(I+n)p (1—=mn)p

Figure 1.9: Schematic representation of the seven bare parton-in-parton GPDs. The upper lines
represent the fields entering the bilocal quark or gluon operator, while the lower lines identify the
external partonic states. The grey region represents the QCD interactions connecting the operator to
the asymptotic states. Adapted from Ref. [25].
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Figure 1.10: Graphical representation of the bilocal operator insertions entering the definition of
parton-in-parton GPDs. The crosses denote the two fields composing the bilocal operator, evaluated

at the light-cone positions —yn /2 and yn /2, together with the Fourier integration over the light-cone
separation y. Adapted from Ref. [25].
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Figure 1.11: Tree-level contributions to the quark-in-quark and gluon-in-gluon GPDs. Adapted
from Ref. [25].
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From Eqs. (1.108) and (1.111), the two tree-level parton-in-parton GPDs are

q/q z,n) =+v1-n?61—2x) Fg[(/)]g(x n) = (1-n")6(1-z). (1.120)

Their explicit evaluation is presented in App. B.2. For later convenience, we introduce the
kinematic factors

Dy(n)=V1-1%  Dy(n)=1-17 (1.121)
in terms of which the tree-level result can be written compactly as
Fz[/oi( n) = Di(n) i 6(1 —z),  i,k=4q,g. (1.122)

At order a5, QCD interactions generate radiative corrections to these diagonal distributions
and, at the same time, open the off-diagonal ﬁg /q and F q/¢ channels. The remaining quark
channels involving an antiquark or a different flavour contribute at higher orders.

The tree-level result in Eq. (1.122) provides the lowest-order contribution entering the
renormalisation of the parton-in-parton GPDs. As already discussed in Sec. 1.4.1, the renor-
malisation of the light-cone operators is independent of the external states. Therefore, the
same kernels Z;; introduced in Eq. (1.88) also renormalise the parton-in-parton GPDs,

x ~
z/k Ly, M Z / |y‘ < 77730[8(”)’6) Fj/k(yana E)' (1.123)

T
J=a.9 y

Expanding the renormalised distributions and the renormalisation kernels in powers of
CLS [25 ]7

o0
T m T m
z/k x,m, ) E aan[/k (x,m, 1), Zij (y’x’as’E) = E a?ZZ.[;”] <7,€> ,

n=0 y r
(1.124)
and using the expansion of the bare distributions in Eq. (1.119), Eq. (1.123) becomes

n [] AU
E alFy (2,m, 1) E / <e>]
i/k S zj
= lyl y'
[ E ay’ J/k (y, n,e)] . (1.125)

Multiplying the two perturbative series on the right-hand side gives powers a’, ™. There-
fore, at a fixed order a, the indices satisfy

r+m=n— m=n-—r, (1.126)

withr = 0,...,n, since m > (0. Equating the coefficients of the same power of a5 on both
sides then yields

rl (T T Nn—r
Fiwm )=y Z/ W 25 ( a e) Fi s e). (1.127)

X
Jj=q¢,9 r=0 y
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This result therefore provides the renormalisation relation for the parton-in-parton GPDs or-
der by order in perturbation theory. At a given order a, the renormalised contribution F| [n i/ ll
is built from renormalisation kernels and bare parton-in-parton GPDs whose perturbative
orders add up to n.

To make the UV structure of the renormalisation kernels explicit, their perturbative
expansion can be further resolved according to their pole structure in dimensional regulari-
sation. In the MS scheme, one has [25]

zn 2 : } : [n,P] T n
Zi' - s, €] = 04 1-- .
! <y ¢ > 5j5< )+ o Zii <y w) (1.128)

Combining Eq. (1.128) with the tree-level result in Eq. (1.122), the first two orders of
Eq. (1.127) explicitly read

F(,m, 1) = F) (2,1, €) = Dily) 6. 6(1 — ), (1.129)
Fh ) = Ew.n )+ Z5) (2.2, €) Dyt (1.130)

The first non-trivial renormalisation relation is therefore the one-loop result in Eq. (1.130).
At this order, the bare parton-in-parton GPDs contain UV divergences, which must be can-
celled by the corresponding renormalisation counterterms in order for the renormalised dis-
tributions to remain finite. Therefore, the UV pole of the one-loop bare parton-in-parton
GPDs determines the pole part of the renormalisation kernel Zi,i

As shown in Sec. 1.4.1, the GPD evolution kernels are in turn determined by the renor-
malisation kernels. Together with the result above, this establishes a direct connection be-
tween the UV structure of the one-loop parton-in-parton GPDs and the one-loop evolution
kernels P Z[(/)L, which govern GPD evolution at LO accuracy. In the next subsection, we make
this connection explicit.

1.4.3 One-loop evolution kernels

We start from the perturbative expansion of the evolution kernels. In the partonic kinematics
introduced in Sec. 1.4.2, Eq. (1.95) at LO reads

Pisk (g ga) =a, P\ (g g) +O>a?). (1.131)

At the same perturbative order, Eq. (1.128) gives

Z; <$,”,as,e> = 30 (1 - ‘””) + 2z (x ") +0(ad). (1132
Yy x Y € Yy

Since the renormalisation kernel depends on the scale u through the running coupling as(u),
its logarithmic derivative, with respect to ©2, can be written as
dZij . das aZij
dlnp?  dlnp? dag

(1.133)
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In d = 4 — 2¢ dimensions, the running coupling satisfies [25]

dag
dln p2

— —eay + Blas), (1.134)

with 3(as) = O(a?). On the other hand, differentiating Eq. (1.132) with respect to a; gives

0Ziy _ 1 nu (o
dag e Y y T

)+omg (1.135)

Therefore,

d z oy [1 i (T n
727, Ty Ty sy = | ¢tds s -4 Ty
o2 2 <y o 6) [ cas + O(a )] L i 'z + O(as)

= —a, ZM" (“T ") + O(a?). (1.136)

To determine the LO evolution kernel, Eq. (1.136) must now be combined with the inverse
renormalisation kernel entering Eq. (1.94). Since dZ/dIn p? starts at order a, only the
zeroth-order contribution to Z~1! is required at this accuracy: higher-order terms in Z~!
would contribute to the evolution kernel starting at order 2. From Eq. (1.128), the renor-
malisation kernel reduces to the identity at zeroth order. The defining relation in Eq. (1.91)
then implies that the inverse renormalisation kernel has the same zeroth-order form,

-1(¥ 1 — 5. _ Y
ij <Z’ yvasa€> ]k(s (1 Z> +O(Oés)- (1.137)

Substituting Egs. (1.136) and (1.137) into Eq. (1.94), we obtain

Pz/k <§7ﬂ7 A —as Z / Z[ll] <$ n>(5jk(5<1—>—|—0( )
zx [yl
J=a9
= —a, 2z (f, ﬁ) +0(a?), (1.138)
z'x
where the Kronecker delta fixes j = k, while the Dirac delta fixes y = z. Comparing this
result with Eq. (1.131), we find

PZ'[(/)L <§7 g) Z[l ! (z a:) ' (1.139)

Each LO GPD evolution kernel is therefore determined by the coefficient Zi[,i’l] of the UV
pole of the corresponding one-loop renormalisation kernel.

The connection with the one-loop parton-in-parton GPDs can now be made explicit. Let
us denote by A, i,(, ) the coefficient of the UV pole of the one-loop bare parton-in-parton

GPD,

~ 1 N
P;[/l;c(x’nﬁe) = = Ai(w,m) +F[}}Cﬁ (z,1) + O(e). (1.140)
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The one-loop counterterm entering Eq. (1.130) is given by the simple-pole contribution of
the renormalisation kernel in Eq. (1.132),

m(, oL, m
28 (2. 0e) =2 200 (2.). (1.141)
Combining this expression with Eq. (1.140), the one-loop renormalisation relation becomes

1 1 1,1 7 .
Fip@ ) = = [Ayp(en) + 25" (2, 1) Dim)] + finite. (1.142)
Since the renormalised parton-in-parton GPD must be finite in the limit € — 0, the coeffi-
cient of the pole must vanish:

Aii(,m) + Z}};” (m g) Dy.(n) = 0. (1.143)

It follows that
z;;" (x g) = —Aijp(x,m) Dy (). (1.144)

Combining this relation with Eq. (1.139), we finally obtain

n _
Pz'[%c (“’ ;) = Ay(z,m) Dyt (n). (1.145)

Thus, the determination of the LO evolution kernels reduces to the extraction of the UV
pole of the corresponding one-loop bare parton-in-parton GPDs. The one-loop contribution
ﬁz[/li; is obtained by evaluating the O(as) QCD diagrams that connect the bilocal operator
defining parton ¢ to the external partonic state k. The explicit one-loop calculation of the
quark-in-quark channel, including the extraction of its UV pole, is presented in detail in
Ref. [25], using the MS renormalisation scheme and the light-cone gauge n - A = 0. The
same procedure can be applied to the remaining non-vanishing partonic channels.

It is convenient to organise the one-loop contributions into the conventionally denoted
real and virtual parts. This terminology does not refer to whether the internal lines of the
diagrams represent physical on-shell particles: both classes are perturbative contributions to
the same partonic matrix element and contain internal propagators. Rather, the distinction
refers to their kinematic structure in the evolution kernel. The so-called real contributions
change the longitudinal momentum fraction flowing through the operator and therefore gen-
erate the non-trivial z-dependent part of the kernel. By contrast, virtual corrections leave
this longitudinal momentum fraction unchanged and give contributions localised at x = 1,
i.e. proportional to §(1 — z).

Representative real and virtual one-loop topologies are shown in Figs. 1.12 and 1.13,
respectively. The diagonal ¢/ and g/g channels receive both types of corrections, whereas
the off-diagonal ¢/g and g/q parton-in-parton GPDs first appear at O (), consistently with
the fact that their tree-level contributions vanish. Consequently, no virtual contributions
proportional to (1 — x) arise in the off-diagonal channels at this order.
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Figure 1.12: Real one-loop diagrams contributing to the non-vanishing parton-in-parton GPDs.
Two distinct topologies contribute to the g/g channel: one containing two three-gluon vertices, and
another with a four-gluon contact interaction.
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Figure 1.13: Representative one-loop virtual diagrams contributing to the diagonal parton-in-parton
GPDs. Only the self-energy insertion on the left external leg is explicitly shown; the symmetric
contribution on the right external leg is implicitly understood. Arrows on gluon lines indicate the
choice of momentum flow.
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Summing the one-loop contributions in each partonic channel, extracting the corre-
sponding UV pole coefficients A;/, and using Eq. (1.145), one obtains the LO evolution
kernels. In the conventions adopted here, they can be written in the compact form [25]

PO (2) =0 [ () 0 (-2
L odz n?
+5ik5(1—x)2ci{fg_2/1 ”“(‘1_;62)]7 (1.146)
0

-z
where p;;(y, k) are auxiliary functions of two dimensionless arguments. In Eq. (1.146),
they are evaluated at y =  and k = +n/z. Their explicit expressions for the four possible
partonic channels are

(1+ k)1 —y+2ky)

Paq(y, k) = Cp , (1.147)
o “(L+ R =)
Pagy, ) = T SN =20+ 1) (1.148)
T (L4 my) (1= R27) ‘
(1+k)(2—y+ Ky)
=C 1.149
Pgq(y, k) = CF T rg) (1.149)
1— K2 2Ky 2(1+y?)
k) =—Cp————5— |1 — — . 1.150
Paal ) = =Ca iz | 1=y T -0 ) (1150
The constants entering the diagonal contributions are
3 11C4 — 4nsTR
K =2 K =_——-4 =~ 1.151
4= 3 g 6C : ( )
with
N2 -1 1
Cq=Cr = ON, Cqg=Ca =N, Tr =5, N =3, (1.152)

so that Cr = 4/3 and C4 = 3. The quantity ns denotes the number of active quark
flavours.

For the diagonal ¢/q and g/g channels, the real contributions contain an endpoint sin-
gularity as z — 1, which combines with the singular part of the corresponding virtual
contribution proportional to §(1 — ). The resulting expression has to be understood in the
distributional sense by means of the so-called plus prescription. ’ This prescription ensures
that the diagonal kernels are well defined when convoluted with a GPD.

"The plus distribution is defined through its action on a regular test function g(x) as

/oldm (1im)+g(w)—/oldx9(ffl)_i(1).
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The derivation above establishes the partonic framework used in the following chapters.
In the massless case, the UV pole of the one-loop parton-in-parton GPD determines the
corresponding LO evolution kernel. For the heavy-quark threshold matching considered
here, the analogous partonic calculation is performed keeping the heavy-quark mass finite,
and the relevant matching information is instead encoded in the finite terms that remain after
renormalisation.
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Chapter 2

GPD evolution across heavy-quark
thresholds

This chapter develops the theoretical framework for the evolution of GPDs across heavy-
quark thresholds. We first discuss the fixed-flavour evolution below and above a heavy-
quark threshold and introduce the matching condition connecting the GPDs defined with
ny and ny + 1 active quark flavours. The corresponding matching kernel is then combined
with the evolution operators to describe the complete evolution across the threshold. The
construction follows the standard heavy-quark threshold matching procedure developed for
ordinary PDFs [27, 28], adapted here to the non-forward kinematics of GPDs. Finally, we
formulate the matching problem at the partonic level, establishing the relation between the
matching coefficients and massive parton-in-parton GPDs and providing the basis for the
explicit one-loop calculation presented in the following chapter.

2.1 Flavour-number schemes and heavy-quark thresholds

As discussed in Sec. 1.4, GPDs depend on the factorisation scale p, and their scale depen-
dence is determined by the corresponding evolution equations. For convenience, we recall
the evolution equation introduced in Sec. 1.4.1 (Eq. (1.90)), which reads

dFl ) S
/C;Il(nafufu) B Z / 7'/k < g’as(u)> Fk/H(Zvéau)u (21)

7qf

and is formulated for a fixed number n of active quark flavours: both ¢ and k label the
active partonic species, namely the gluon and the quark flavours g1, . .., g,,. For a given
1, the equation determines the scale dependence of the corresponding renormalised GPD
F;/p, which receives contributions from the GPDs associated with all partonic species k,
each weighted by the corresponding evolution kernel P; .

It is convenient to collect the GPDs associated with the active partonic species into a
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vector,
Fql/H($7£7/~L)
Fqg/H('rvau)
FO (2,6, 1) = : : (22)
Fqnf/H(%faM)
Fou(w, & p)
where the superscript (ns) indicates the number n ¢ of quark flavours treated as active de-

grees of freedom in GPD evolution. Correspondingly, the evolution kernels can be arranged
into a matrix,

Pa/a Pajee qu/qnf Par/g
Possar Porja Pas/an f Pas/g
png) — : : : : , 2.3)
Pqnf/m 7anf/qz 73qnf/qnf 7anf/g
Py/ar Pojer 7Dg/qnf Pyt

where each matrix element P; ;. describes the contribution of the GPD component F}, /4 to
the evolution of Fj/ . Thus, the row index i identifies the GPD whose scale dependence
is being determined, whereas the column index & identifies the partonic component from
which the corresponding contribution originates.

Collecting the evolution equations for all the active partonic species, the notation intro-
duced above allows one to write the complete set of equations in the compact form

d

T F 0 =Py © PO (), 24

where the dependence on the kinematic variables is left implicit, and the symbol & includes
both the convolution in the longitudinal momentum fraction and the sum over the active
partonic species associated with the matrix multiplication. In particular, for a fixed row
index 7 of the evolution kernel matrix P("s), the equation above reproduces the evolution
equation for the corresponding GPD F;,; given in Eq. (2.1).

As long as the number of active flavours remains fixed, the solution of Eq. (2.4) can be
formally written in terms of an evolution operator I'("#) as

F) (1) = TCD (1, pg) @ FO (), (2.5)

where T'("%) (1, o) evolves the GPDs from the initial scale y to the scale . Its dependence
on the evolution kernels follows directly by substituting Eq. (2.5) into Eq. (2.4), which gives

) (o) = PO () @ T (1, o), (2.6)

dln p2

where we have exploited the fact that F(”f)(,uo) is independent of the evolution scale u
and that the relation must hold for an arbitrary initial GPD vector. The evolution operator
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for a fixed number ny of active flavours is fully determined by solving Eq. (2.6) with the
boundary condition

T (o, o) = 0 6(1 — ). 2.7)

The fixed-ns evolution introduced above is formulated with n s active quark flavours,
which enter GPD evolution as massless partonic degrees of freedom. At the factorisation
scales relevant for GPD evolution, one works in the perturbative regime, where p is suffi-
ciently large for the scale dependence of the distributions to be described by perturbatively
calculable evolution kernels. In this regime, the light-quark masses satisfy m,, 4 s < p and
can therefore be neglected. The u, d, and s flavours can therefore be treated as massless
active partonic degrees of freedom throughout the evolution. The situation is different for
heavier quarks, such as charm and bottom. Their masses cannot, in general, be neglected
over the whole range of scales relevant for the evolution: they introduce additional physical
scales that must be consistently taken into account.

As discussed in Sec. 1.4, GPDs are evolved from an initial scale pg to a factorisation
scale p, typically chosen of the order of the hard scale ) of the process. If this range
spans one or more heavy-quark mass scales, a description with a fixed number n ¢ of active
flavours is no longer correct over the full evolution interval. One therefore adopts a zero-
mass variable-flavour-number scheme, in which different numbers of active flavours are
used in different scale regions and the number of active flavours changes when a heavy-
quark threshold is crossed. Starting from the light flavours u, d, and s, the first thresholds
encountered as the factorisation scale is increased are those associated with the charm and
bottom quarks.

To describe the change in the number of active flavours across a generic heavy-quark
threshold, let us consider a heavy quark h with mass my. At scales of order or below m,,
the heavy-quark mass cannot be neglected, and it is therefore not appropriate to treat i as
an additional massless parton entering GPD evolution. The heavy flavour is consequently
not included among the active partonic species, and the GPDs evolve in a theory with n
active quark flavours. This does not imply that heavy-quark effects are neglected altogether:
they can still enter through perturbatively calculable mass-dependent short-distance contri-
butions, while the GPD evolution itself is governed by the n ;-flavour theory. At scales well
above my,, by contrast, maintaining the same n g-flavour description, in which the heavy
quark does not participate as an active parton in GPD evolution, leads to logarithmic con-
tributions in the perturbative coefficient functions of the hard process, of the form

QQ
=.
my

In

(2.8)

For DVCS, such terms appear in the perturbative hard-scattering coefficient functions
entering the CFFs introduced in Sec. 1.1.2. When Q? > m% these logarithms become
large, potentially spoiling the convergence of the perturbative expansion. It is then conve-
nient to include the heavy quark among the active partonic degrees of freedom and treat it as
effectively massless in the evolution. This is achieved by introducing the heavy-quark GPD
at a matching scale py, ~ my,, with my, setting the characteristic heavy-quark threshold scale
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and 1, denoting the scale at which the n¢- and (ny + 1)-flavour descriptions are matched.
The full set of (ny + 1)-flavour GPDs is subsequently evolved up to the factorisation scale
p~Q,

FOtD () =T (, ) @ FOID (). 2.9)
The change in the number of active flavours and the corresponding evolution below and
above the matching scale are illustrated schematically in Fig. 2.1.

By introducing the heavy quark as an active partonic degree of freedom in GPD evolu-
tion, the logarithms associated with the hierarchy ) > my, are reorganised and resummed
through the scale evolution in the (n; + 1)-flavour theory. This can be seen directly from
the evolution operator I'("s+1) (4, per ). Schematically, neglecting the running of a5 and the
resulting scale dependence of the evolution kernel matrix, the solution of Eq. (2.6) is

2
PO (1, ) ~ expgy [P(”f“) In Z}%] , (2.10)

where the exponential is understood as an operator exponential with products defined through
the convolution ®. Since the evolution kernel matrix starts at O(cvs),

ps+l) — o plolhng+1) 4 0(a?), (2.11)

the perturbative expansion of the operator exponential generates logarithmically enhanced
contributions of the form

2
oo B 2.12)
Hp,

which exhibits the leading-logarithmic structure in this approximation, together with sub-
leading logarithms generated by higher-order contributions to the evolution kernel ma-
trix. For pup ~ mp and p ~ @, these terms correspond schematically to powers of
asIn(Q?/m3). The potentially large logarithms are therefore resummed by evolving the
GPDs in the (ns + 1)-flavour theory above the matching scale.

Despite this change of description, no physical discontinuity occurs at the matching
scale i3, the ny- and (ny + 1)-flavour descriptions provide two perturbative representa-
tions of the same underlying physics, organised in terms of different sets of active partonic

ny active quark flavours (ny + 1) active quark flavours

L0 (jan,s o) DO+ ()

1o [th ~ My L~ Q
heavy-quark threshold

Figure 2.1: Schematic representation of GPD evolution across a heavy-quark threshold. Starting
from the initial scale p9, the GPDs evolve with ny active quark flavours up to the matching scale
th ~ mp. Above this threshold, the heavy quark is included among the active flavours and the
evolution proceeds within the (n s + 1)-flavour theory up to the factorisation scale 11 ~ Q.
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degrees of freedom. The GPDs themselves are continuous across the matching scale at LO
and NLO, while discontinuities arise starting at NNLO in the zero-mass variable-flavour-
number scheme considered here. While the evolution below and above p;, is governed by
the corresponding fixed-flavour evolution equations, evolving across the matching scale re-
quires a relation between the GPDs defined with iy and n s +1 active flavours. In particular,
the distributions F'("r) (14n,), obtained by evolving from scales below pi,, must be related to
the distributions F("s+1) (1), which provide the initial condition for the evolution above
it. This relation is supplied by the heavy-quark matching conditions introduced in the fol-
lowing section.

2.2 GPD matching across a heavy-quark threshold

Across the matching scale, the n¢- and (ny + 1)-flavour descriptions differ in the treatment
of the heavy-quark flavour h. As discussed in the previous section, below the threshold
the heavy quark is not included among the ny massless active partonic degrees of freedom
entering GPD evolution, whereas above the threshold it becomes an active component of
the (ny + 1)-flavour description.

For the purpose of formulating the matching between the ns- and (ny + 1)-flavour
GPDs, however, it is useful to distinguish the statement that the heavy quark is not an active
flavour below the threshold from the stronger assumption that its GPD vanishes identically.
The absence of h from the set of active flavours does not, by itself, require the matrix
element of the corresponding heavy-quark light-cone operator to vanish. The heavy-quark
GPD can therefore still be defined below the threshold, even though / is not treated as an
active massless degree of freedom in the fixed-ns evolution. Accordingly, one may allow
for a non-perturbative heavy-quark component F,S?g) in the GPD vector defined with n
active flavours. Such a contribution will be referred to as an intrinsic heavy-quark GPD.
Its inclusion does not modify the fixed-n ; evolution introduced in the previous section: the
heavy flavour is not added to the sums over active partonic species, which continue to run
OVer qi,. .-, qn;,g-

It is therefore convenient, specifically for the formulation of the matching, to introduce
an extended GPD vector by supplementing the active-flavour vector of Eq. (2.2) with this
possible heavy-quark component. At the matching scale yp, one has schematically

(ng)
q/H

(ny)
o
nf
Fg/ H

where the tilde distinguishes the extended vector entering the matching condition from the

45



GPD evolution across heavy-quark thresholds

active-flavour vector F("f) introduced for the n ¢-fixed-flavour evolution. The condition

EyH (un) = 0 (2.14)

can be imposed as a particular case after deriving the general matching relations. In the
n¢ + 1-flavour description, the corresponding GPD vector is

(ng+1)
FQ1/H

n n‘ 1
FOst) () = Fcfnjff; , (2.15)

(ns+1)
B

nf+1
Fg/H

where h is now an active partonic degree of freedom and subsequently participates in the
(n¢ + 1)-flavour evolution. Thus, at the matching scale the heavy-quark GPD is present in
both flavour-number descriptions, but with a different dynamical origin: in the n ¢-flavour
description it represents a non-perturbative intrinsic component, whereas in the (ny + 1)-
flavour description it is generated perturbatively through the matching and subsequently
evolves as an active partonic degree of freedom.

The GPDs defined in the two flavour-number descriptions are related by a matching

kernel,
2

FOTED () = Alrrrtens) <“’;> © F (), (2.16)
my,

where, as in the evolution equations, the symbol ® denotes both the convolution in the
longitudinal momentum fraction and the sum over the partonic species associated with the
matrix multiplication. For compactness, the kinematic arguments of the individual matching
coefficients are left implicit and will be introduced explicitly in Sec. 2.3. Using the same
partonic-channel notation as for the evolution kernels, the matching kernel can be written
in a matrix form as

Agfa Aql/qnf Aasn Aq/g
e : . : : :
A( sriems) = Aan/QI e Aan/an Aan/h Aan/g : (217)
Anja = Anjgn,  Ann Angg
Agjar - Ag/gn f Ag/n Agjg

Each entry A; /;,, referred to as a matching coefficient, specifies how the GPD associated
with the partonic species & in the n s-flavour description contributes to the GPD associated
with the species 7 in the (n s 4 1)-flavour description. Both indices therefore take values

ik=q1,.-..,qn; g (2.18)
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For a fixed partonic species 7, this amounts to selecting the ¢-th row of the matching kernel
matrix, and Eq. (2.16) takes the explicit form

2
+1 +1 I
Fog )= > AT <m’;) @SR m),  @19)
k:qlv"'vq”’belvg h
where F}E%I) is the intrinsic heavy-quark contribution introduced above.

The matching coefficients admit a perturbative expansion in powers of a,
A ttens) — ALy g () AN 4 a2 (up) AP 4 - (2.20)

At tree level, no radiative heavy-quark effects contribute to the matching. Consequently,
while an intrinsic heavy-quark component may be carried across the threshold, no heavy-
quark contribution is generated perturbatively from the light-quark or gluon GPDs at the
matching scale. The tree-level matching therefore simply identifies the boundary values of
the corresponding GPD components in the two flavour-number descriptions,

ne+1 n .
F;(/[—J;Jr )(/J/h) :F‘Z(/]—J;)(,uh)ﬂ lely---,an,hyga (2.21)

and the corresponding tree-level matching kernel reduces to the identity,
0 )
AE/]k(:E) :5Zk5(1—x)a ’ka:qla"'vqnfvh’agv (222)

where 0, is the identity in partonic space, while §(1—x) represents the identity with respect
to the convolution over the longitudinal momentum fraction.

If no intrinsic heavy-quark component is assumed, no non-perturbative heavy-quark
GPD is present in the ng-flavour description. The heavy flavour is then assumed to be
entirely generated perturbatively through QCD radiation. Since the heavy quark is not an
active partonic degree of freedom in the n g-flavour description, such perturbative generation
does not occur in the fixed-n s evolution, and therefore

F,E’/“‘;;) (1n) = 0. (2.23)

At tree level, the matching kernel is the identity, so that this condition is directly inherited
by the (ns + 1)-flavour description,

F}E%H)(ph) — 0. (2.24)

Hence, in the absence of an intrinsic heavy-quark component, the heavy-quark GPD van-
ishes on both sides of the matching relation at tree level and can become non-vanishing only
through perturbative QCD corrections. The more general formulation introduced above is
nevertheless useful because it retains the complete structure of the matching kernel and,
in particular, allows the coefficients associated with the heavy-quark component of the 7 ¢-
flavour vector to be defined independently of any phenomenological assumption concerning
the heavy-quark GPD below the threshold.
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Beyond tree level, radiative corrections involving the heavy flavour make the match-
ing across the heavy-quark threshold non-trivial. The matching kernel therefore acquires
perturbative corrections and, up to one-loop accuracy, Eq. (2.16) becomes

F(nf+1)(ﬂh) _ A[O] + as(,uh) A[l] ® ﬁ(”f)(uh) + (f)(ag) (2.25)

At this order, the heavy-flavour contributions can be classified according to the partonic
species involved in the matching. The splitting g — hh generates a heavy-quark contrlbu—
tion from the gluon GPD and gives rise to the off-diagonal matching coefﬁ01ent Ah /g In
turn, gluon radiation from the heavy quark gives rise to the coefficient A ,» While radiative
corrections associated with the heavy-quark component itself contribute to the diagonal co-
efficient A h/] ,,- Heavy-quark loop corrections to the gluon channel instead contribute to the
diagonal coefficient .A[g} Since the QCD interaction is diagonal in quark flavour, a direct
transition between a light quark and the heavy flavour is forbidden at this order, yielding

n n
A = Agrn =

The one-loop matching involving the heavy-quark sector can therefore be restricted to the
(h, g) block,

i=1,...,ny. (2.26)

1] (1]
(h,g) — [1] ag), .

where 1 = §(1 —x) denotes the identity with respect to the convolution in the longitudinal
momentum fraction. The matching coefficients appearing in this block can be determined
perturbatively from the corresponding partonic channels, namely h/h, h/g, g/h, and g/g.
Their explicit relation to the one-loop parton-in-parton GPDs is discussed in Sec. 2.3.

At the hadronic level, the matching relations for the heavy-quark and gluon GPDs are
obtained by selecting, respectively, the first and second rows of the (h, g) matching block
in Eq. (2.27). For the heavy-quark component one finds

net+1 n
F;&/If{ N(un) = F;E/}})(Mh)

(2.28)
1 1
+as(mn) [ Ay, © BYR () + Ay @ Fayi) (u)| + 0(a2),
while the second row gives the corresponding gluon matching relation,
ne+1 n
Fg(/}} )(,Uh) = Fg(/};)(uh) (2.29)
+as(un) [AT}, @ Bt Gun) + AD) @ B )| + 0(a2).

Equations (2.28) and (2.29) thus make explicit how the heavy-quark and gluon GPDs mix
across the threshold via their diagonal (h/h, g/g) and off-diagonal (h/g, g/h) channels.

If the intrinsic heavy-quark contribution is neglected according to Eq. (2.23), the match-
ing condition for the heavy-quark GPD reduces to

FOE (un) = as(un) AR, @ F 3 (un) + 0(0?). (2.30)
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Thus, in the absence of an intrinsic heavy component, the heavy-quark GPD in the (n s+ 1)-
flavour description, where the heavy flavour is active, can be perturbatively generated at one
loop from the gluon GPD through the g — hh channel. The coefficients AE} p, and .A[gl/]h
remain well-defined universal matching coefficients, but their contribution to the hadronic
matching vanishes when they multiply F° }571{1) =0.

So far, we have focused on the (h, g) sector, since, at one loop, it contains non-trivial
heavy-quark matching contributions. The complete matching kernel also includes the light-
quark sector. At this order, however, the light-quark GPDs are simply matched onto them-
selves, while the matching coefficients connecting them to the heavy-quark and gluon com-
ponents vanish. This reflects the fact that one-loop corrections involving light quarks do
not yet contain heavy-quark contributions and are therefore insensitive to the change in the
number of active flavours across the threshold. The complete one-loop matching kernel
therefore takes the form

1, 1g 0 0
A=| 0 lg+aAl,  awAl | +02), 2.31)
0 )
0 asAg/h 1®+asAg/g

where 1,,, denotes the identity in the light-flavour space, with 1 understood in each diag-
onal entry.

This simple structure of the light-quark sector is specific to one-loop accuracy. At higher
perturbative orders, heavy-quark effects can also connect the light-quark sector to the heavy-
quark and gluon components. For instance, at two-loop order, a light quark can radiate a
gluon which subsequently splits into a heavy-quark pair, giving rise to Af/]qi, while heavy-
quark corrections in the gluonic sector can generate A™ .

The matching conditions introduced above ensure that the change in the number of ac-
tive flavours does not affect physical predictions up to the perturbative accuracy considered.
The GPDs defined with n s and ny + 1 active flavours are distinct perturbative quantities and
therefore need not coincide at the matching scale. Rather, their change across the threshold
is accompanied by a corresponding change in the perturbative coefficient functions entering
the factorised description of the hard process. In the case of DVCS, this compensation takes
place between the GPDs and the hard-scattering coefficient functions entering the CFFs, so
that the resulting physical predictions remain unchanged up to higher-order corrections.

The complete evolution across the heavy-quark threshold can then be constructed by
combining the fixed-flavour evolution below and above the matching scale with the match-
ing condition itself. Consider an initial scale p¢ below the matching scale and a final scale
1 above it,

po < ph < f. (2.32)
For notational convenience, the fixed-n ; evolution operator can be extended to the enlarged
vector F("7) introduced above. We denote this operator by ['("7)_ It acts as the usual n 7=
flavour evolution operator on the active light-quark and gluon components, while acting
trivially on the non-active heavy-quark component. Therefore,

FOO () =T (g, o) @ FO (pap). (2.33)
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This extension does not promote the heavy flavour to an active partonic degree of freedom
below the threshold; it merely allows the evolution and matching steps to be written in
the same enlarged partonic space. At the matching scale, the evolved n g-flavour vector is
related to the (ny + 1)-flavour one through

2 ~
FOut () = Alms+iens) <7’;’;> © FO (). (2.34)
h

Above the threshold, all components of F("s+1) including the heavy-quark one, participate
in the (ns + 1)-flavour evolution. The complete evolution from /i to 1 can therefore be
written as

2
FOsrtD () = 1) () ) @ A Hen) <Mf£>

@ T (g, o) @ FM) ().

2.3 Partonic framework for the matching calculation

Having established the general structure of the matching relation, we now turn to the ex-
traction of the matching coefficients from partonic matrix elements. The matching kernel
introduced in Eq. (2.16) originates from the matching of the corresponding bilocal light-
cone operators and is therefore independent of the external states used to evaluate their
matrix elements. The hadronic states entering the GPD definition can consequently be re-
placed by partonic states. The resulting parton-in-parton GPDs are perturbatively calculable
and allow the individual entries of the matching kernel to be isolated, following the same
strategy employed for the determination of the GPD evolution kernels in Sec. 1.4.
Evaluating the matching relation in Eq. (2.19) between partonic external states yields

2
net+1 net+len 1% n
Fi(/kar )(,Uh) — E : Al(/]ﬁ —ng) <mi§> ®F]-(/£)(Mh)7 (2.36)
F=q1seeestin g g h

where ¢ identifies the partonic species associated with the bilocal GPD operator, while k
specifies the external partonic state. Both indices can take the values

i7k:q17"'7an7h7g' (237)

The matching coefficients, as well as the renormalised parton-in-parton GPDs, admit per-
turbative expansions,

Aijj = Z ag A%, Fi, = Z ay FZ[Zl (2.38)
n=0 n=0

Substituting these expansions into Eq. (2.36) allows the partonic form of the matching con-
dition to be imposed order by order in perturbation theory.
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At tree level, omitting all arguments for brevity, one finds

(0],(ns+1) _ [0] [0,(nf)
Eip =2 ApeRT (2.39)
j:fh,m,flnf »hyg

(/)]k (z,n) = Di(n)0;10(1—z) from Eq. (1.122),

with Dy(n) = y/1 —n? and Dy(n) = 1 — n? as defined in Eq. (1.121), the sum over inter-
mediate species collapses to j = k:

Using the tree-level parton-in-parton GPD Fj[

0],(ns+1 0 0
Fi ) = Al @ [Dpm)s(1 - 2)] = De(n)AL),. (2.40)
Comparing this result with the direct tree-level evaluation yields
AE(;}]Q(J;> :51k5(1 _x)v Zak :qlv"'7an7h7g' (241)

Thus, the partonic projection reproduces exactly the tree-level matching kernel derived in
Eq. (2.22). This provides the lowest-order consistency check of the partonic framework.

We now apply the same construction at one-loop accuracy. As discussed in the previous
section, the non-trivial heavy-quark matching contributions at this order are contained in
the four partonic channels

(ivk) = (h’ h)’ (hvg)v (g’ h)’ (g,g), (2.42)

which correspond to the four entries of the (h, g) matching block in Eq. (2.27). The purpose
of the partonic calculation is therefore to determine the one-loop matching coefficients

] 1] 1] ]
Aus Ay Ay Ay (2.43)

To see how these coefficients are isolated, we first expand the partonic matching relation in
Eq. (2.36) up to first order in «s. Using

Ay = A +a, A+ 0(?), (2.44)
and
Fijp = Flj) +as Fljy + 0(a?), (2.45)
the terms of order arg give
S S Aerts X Aerf s
J=q15sdny s hg J=q1sesn g hg

The tree-level analysis above showed that

A[(}]j = i 1g. (2.47)
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The first term in Eq. (2.46) therefore reduces to

S A @ F = FIL, (248)

and the one-loop partonic matching relation can be written as

[1,(ns+1) _ plil(ng) _ 1] o plOLs)
Fyp —FM = Yo A eF (2.49)

The difference on the left-hand side has a direct interpretation at the level of the one-loop
partonic calculation. The contributions which are common to the two flavour-number de-
scriptions cancel in the subtraction, leaving the contribution associated with the different
treatment of the heavy flavour across the threshold. At the level of the contributions enter-
ing the partonic matrix element, this can be represented schematically as

[1],(ng4+1)  [1],common [1],m
oy = oy +F (2.50)

where the first term of the sum collects the contributions which are unchanged across the
threshold, while the second term denotes the contribution associated with the heavy quark
of mass my,. Correspondingly,

[1],(nf) _ [1],common
Fo 7 =Fip : 2.51)

Thus, the difference entering the one-loop matching condition in Eq. (2.49) isolates pre-
cisely the contribution to the parton-in-parton GPD associated with the finite heavy-quark
mass my,, which we refer to as the massive parton-in-parton contribution.

As an explicit example, consider the g/g channel. Contributions to the gluon-in-gluon
GPD that are independent of the heavy flavour are common to the two descriptions and
cancel in the subtraction. At the diagrammatic level, the remaining contribution plibma
coincides with the heavy-quark contribution to the gluon-in-gluon GPD, evaluated with the
heavy-quark mass my, kept finite. The same subtraction relation applies to the h/h, h/g,
and g/h channels. The explicit diagrammatic evaluation of the massive parton-in-parton
contributions in all four channels is presented in Sec. 3.1. This observation motivates the
following definition of the massive one-loop parton-in-parton GPD relevant for the thresh-
old matching:

m 1],(ne+1 1],(n .
Fom = By — mi k) = (), (h9), (9,h), (9.9), (252)

With this definition, Eq. (2.49) takes the compact form

(Himn _ (1] [0],(nf)
Fp ™= Y Ao F (2.53)
J=q14n P9
Using the tree-level result
0],(n
FI5 = Dy(n) djx 1, (2.54)
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only the term with j = k survives in the sum, and Eq. (2.53) takes the form

F[leh — Dk(n) .,4[1]

ik e (2.55)

The one-loop matching coefficient associated with each of the four relevant partonic chan-
nels can therefore be extracted directly from the corresponding massive parton-in-parton
GPD as

Al = E™ DN, (k) = (B h), (hg), (9,0), (9,9).  (256)

The quantity Fi[/ll]g’mh entering Eq. (2.56) is the renormalised massive parton-in-parton

GPD. To determine it, we now consider its bare counterpart, which in dimensional regular-
isation can be expanded around € = 0 as !

Fllmn (g e 22} 2 L g (z,m) + FG00mn (g 2Ny Ofe). (257

i/k 1 ,m% i/k 1 ik 1 m% . .
where the first entry in the superscript denotes the perturbative order in s, while the second
specifies the power of ¢ in the expansion.

The UV pole is insensitive to the heavy-quark mass, since it originates from the region of
loop momenta much larger than my,. Its coefficient therefore coincides with that appearing
in the corresponding massless parton-in-parton GPD in Eq. (1.140),

~,-1

El7 0w, m) = Aip(a,m), (2.58)
so that the relation between the pole coefficient and the LO evolution kernel derived in
Sec. 1.4.3 remains unchanged.

The bare massive GPD is renormalised in the MS scheme by the same renormalisation
kernel introduced in Sec. 1.4.2. At one loop,

A (2.59)

(2

1],m Al],m 1 n 1
Fi[/’]€ = Fz[/l]e "+ Zi[k] (357 ;ﬁ) Dy (n), ZZ[,J =

1
€
Substituting Eq. (2.57) into Eq. (2.59), the counterterm cancels the UV pole,

=1 1,1 n

i) + 257 (. 1) Dil) = 0. (2.60)

Hence, in the four-dimensional limit, i.e. ¢ — 0, the renormalised massive parton-in-parton
GPD is given by the finite part of the bare result,

2 2 2
1m 1\ _ plolm 22\ _ plolm p
Fltlm <x,77, mi> T <x,n, mi> = pl o <x”m,%) . Qe

"The explicit ;-dependence of the bare GPD is a consequence of the regularisation procedure. In dimen-
sional regularisation, p is introduced to keep the renormalised strong coupling dimensionless in d = 4 — 2¢
dimensions; after renormalisation, the same scale is identified with the renormalisation scale.

53



GPD evolution across heavy-quark thresholds

Combining Eq. (2.61) with the partonic matching relation in Eq. (2.55), we finally obtain

2 2
[1] M — F[lvo]vmh /’L D—l 2 2
with
(i,k) = (h. ), (h, 9),(g,h), (g,9). (2.63)

Thus, apart from the tree-level normalisation factor Dy (n) associated with the external par-
tonic state k, the finite part of each bare massive one-loop parton-in-parton GPD determines
the corresponding one-loop matching coefficient. Explicitly,

1 _ polmy -1 1] &1,0,mn -1
‘Ah/h _Fh/h "D, ‘Ag/h_Fg/h "Dy,
1] _ plL,0mn - 1] S[1,0,mh e
’Ah/g B Fh/g " Dy E Ag/g B Fg/g " Dy E (2.64)

where the dependence on z, 1, and %/ m% is understood, and Dy, = D,. Equivalently,
introducing parton-in-parton GPDs normalised by their tree-level factors,

F. =Dy (n) Fiyg, (2.65)
the relation in Eq. (2.62) takes the particularly simple form
 _ 1,0],
A = Ff 0m, (2.66)

In this normalisation, the finite part of the massive one-loop parton-in-parton GPD coincides
directly with the corresponding one-loop matching coefficient.

The discussion above provides the general prescription for extracting the one-loop heavy-
quark matching coefficients from massive partonic matrix elements. In the following chap-
ter, this framework is applied to the four one-loop parton-in-parton GPDs associated with
the four channels in Eq. (2.42). Their explicit diagrammatic calculation and UV renor-
malisation yield the finite contributions Fi[ll’co}’mh, from which the matching coefficients in
Eq. (2.43) are obtained directly through Eq. (2.62).
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Chapter 3

One-loop matching conditions for
GPDs

This chapter presents the explicit one-loop calculation of the massive partonic contributions
relevant for heavy-quark matching across flavour thresholds. We first evaluate the massive
parton-in-parton GPDs in the heavy-quark—gluon sector, extending the massless calculation
of Ch. 1 to a finite heavy-quark mass my. The complete off-diagonal contributions and
the real part of the diagonal heavy-quark channel are derived directly from the non-forward
calculation, while the virtual diagonal contributions are treated separately. We then use the
renormalised finite terms to extract the corresponding matching coefficients and perform a
series of consistency checks, including their UV structure and forward limit.

3.1 Massive parton-in-parton GPDs at one loop

As established in Sec. 2.3, the one-loop matching coefficients across a heavy-quark thresh-
old can be determined from perturbatively calculable massive parton-in-parton GPDs. This
calculation is the massive counterpart to the one-loop parton-in-parton calculation presented
in Sec. 1.4.2. The underlying diagrammatic structure is therefore unchanged: the rele-
vant real and virtual contributions are described by the same one-loop topologies shown
in Figs. 1.12 and 1.13. The crucial difference with respect to the massless case is that the
fermion lines corresponding to the heavy quark now carry a finite mass my,, which affects
both the on-shell kinematics of external heavy-quark states and the corresponding internal
propagators. This leads to the four massive one-loop parton-in-parton GPDs,

F[l]vmh F[l]vmh F[l}vmh F[l}vmh

h/h h/g > g/h glg G.1

which determine the four entries of the one-loop heavy-quark—gluon matching kernel in
Eq. (2.31).

In the h/h channel, both the external quark states and the internal quark propagators
carry the heavy-quark mass mj. The same massive external-quark kinematics is used in
the g/h channel, where the gluon operator is evaluated between heavy-quark states. In the
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One-loop matching conditions for GPDs

h/g channel, instead, the external states are massless gluons, while the quark propagators
connecting them to the heavy-quark operator carry the mass my,. Finally, in the g/g channel
the external gluons remain massless.

The real—virtual decomposition follows the same pattern as in the massless calculation
for the h/h, h/g, and g/h channels. The h/h channel receives both real and virtual one-

loop contributions,

F[l},mh . F[l],mh,real + F[I],mh,virt

hih = Fh/h h/h ; (3.2)

whereas the off-diagonal i/g and g/h GPDs vanish at tree level, thereby receiving only real
contributions at this order:
[1]7mh _ [vahvreal [1]7mh _ [1],7’)1}“1‘63,1
Enjg " =Fnjg " Ty =g 3-3)
The g/g channel requires separate consideration. Although the complete one-loop gluon-
in-gluon GPD contains both real and virtual contributions, the purely gluonic terms are
common to both the n¢- and (ns + 1)-flavour descriptions and therefore cancel in the sub-
traction defining F[l]’mh, as discussed in Sec. 2.3. The heavy-quark contribution is therefore
generated entirely by the virtual heavy-quark loop shown in Fig. 1.13,

F[l}»mh

i _ F[l],mh,virt' (34)

9/9

We now specify the external-state kinematics used in the calculation. Two cases have
to be distinguished, depending on whether the external state is a massless gluon or a mas-
sive heavy quark. For a massless external gluon, we retain the longitudinal non-forward
kinematics introduced in Sec. 1.4.2 (Eq. (1.103)). Using the light-cone conventions intro-
duced in App. A, we choose the external partonic states to be collinear to the + direction,
with vanishing transverse momentum. Combined with the massless on-shell condition, the
average partonic momentum simplifies to

p'u = (p+a Oa OT) ) (35)

which implies

pizn = p(Q)ut =0. (36)
This choice of kinematics applies directly to the /g and g/g channels. When the external
state is instead a heavy quark of mass my,, the plus components are chosen with the same

skewness dependence as in the massless case, while the minus components are fixed by the
corresponding on-shell conditions:

2

H— (1 +_Mh
Pin <( +77)p ’2(1+77)p+’ T)a

T (3.7)
o 1— + h
Pout <( 77)17 ) 2(1 — 77)]7+ ; OT) )

which ensures
pi2n = pgut = mlzl (38)
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One-loop matching conditions for GPDs

This kinematics applies to the h/h and g/h channels.

All remaining conventions are kept identical to those in Sec. 1.4.2. In particular, we
work in dimensional regularisation and in the light-cone gauge n - A = 0, using the same
colour and spin or helicity averages for the external partonic states. The explicit calculation
of the massive real one-loop contributions is reported in App. C. The virtual terms entering
the diagonal channels are discussed separately in their respective subsections. We now
present the resulting massive parton-in-parton GPDs and discuss the key features relevant
for the extraction of the matching coefficients.

3.1.1 Off-diagonal channels

We first consider the off-diagonal i /g and g/h channels. The bare one-loop results share
the same support structure and can be written in the following compact form

~

2

h (3.9)

+0(z —n) Hin(w, —77)] ,

with (i, k) = (h, g), (g, h). The channel dependence is contained in the function #,; ;. For
brevity, the dependence of #;/ on € and u?/ m% has been left implicit in Eq. (3.9). Its UV
pole and finite contributions can then be separated as

/'LQ _ 1 pole fin luz O 3 10
Hz/k x?ﬁve)miﬁ - EH’L/]C (93777) +Hz/k x,mn, miigl + (6) ( . )

For positive partonic skewness 7, the Heaviside step functions in Eq. (3.9) make the
support in z explicit. When 0 < n < 1, the standard ERBL and DGLAP regions are
recovered. In the ERBL region, — < x < 7, only the term proportional to H,; . (x,7)
contributes, whereas in the positive DGLAP region, n < z < 1, both terms are present and
combine as H,; i, (x,1) + H;/i(z, —n). The distributions vanish identically in the negative
DGLAP region, z < —n as well as for x > 1.

For n > 1, the positive DGLAP region is absent, and the entire non-vanishing support,
—n < x < 1, falls within the ERBL region. This region is not considered in the explicit
results reported below, since the non-vanishing light-cone components of the outgoing ex-
ternal momentum pl . in Egs. (1.103) and (3.7) become negative, requiring a separate kine-
matic treatment.

Heavy-quark-in-gluon GPD

The h/g channel is obtained by evaluating the heavy-quark operator between massless ex-
ternal gluon states. The external momenta therefore obey the kinematics in Eq. (1.103),
while the fermion propagators in the real diagram carry the heavy-quark mass my. The
UV-pole coefficient of the function H, /, is

(x+n)(1+n—2x)
n(l+mn)

HPC (2,) = Tr

" , @3.11)

57



One-loop matching conditions for GPDs

while the finite contribution reads

2 2
o (x+n)(14+n—2x) <mh>
3(fin — | =-T In( —2* 3.12

h/g <.’E,77, m%) R n<1 n 77) 2} M2 ’ ( )

where Tr = 1/2, as specified in Eq. (1.152). Using the general decomposition introduced
in Eq. (2.57), the bare heavy-quark-in-gluon GPD can be written as

2 2
Al K 1 201 A0, p
Fh/g h (a},7776, m%> F/ (z 777)+Fh/g 4 (x,n, m}%> + O(e). (3.13)
The pole and finite coefficients are obtained from Eq. (3.9) by replacing H;,/, with Hg?;e

and Hin hig® respectively. The pole coefficient is

Fl-

W V) = 000 —2) |0z + n) Y9 (,m) + 0(x — ) Y (2, —m)| . (3.14)

h/g h/g

As anticipated in Eq. (2.58), this coefficient coincides with the UV-pole coefficient of the
corresponding massless quark-in-gluon GPD,

1
By m) = Agjgla,m). (3.15)
Since Dy(n) =1 — n?, as defined in Eq. (1.121), the relation in Eq. (1.145) gives

[0] n 1 F][bl/g }(33777)
7Dq/g (m, ;) = Agg(x,n) Dy (n) = ——5—

3.16
e (3.16)

which reproduces the LO quark-in-gluon kernel 7315 /} obtained in Eqs. (1.146) and (1.148).
The corresponding finite coefficient of the bare /g parton-in-parton GPD is

2
A[lvo}’m 'LL _
Fh/g " <3§‘,77, m}%) _0(1_‘7:)

MQ

h/g mz
,LLQ
h

After subtraction of the UV pole in the MS scheme, this finite coefficient directly gives the
renormalised massive parton-in-parton GPD,

2 9 )
[1],m 17\ _ pom 0 [1,0),m 1
Fh/g " <x,?7,m%> = Fh/g h (m,n, m%) = Fh/g h (1'717, m%) . (3.18)
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One-loop matching conditions for GPDs

Gluon-in-heavy-quark GPD

The g/h channel is obtained by evaluating the gluon operator between external heavy-quark
states, whose momenta obey the massive on-shell kinematics in Eq. (3.7). The UV-pole
coefficient of the function H, is

pole _ — 2(1:—’_77)(2_‘%—'_77)
Hop (@,n) =CrV1—1 P (3.19)

while the finite contribution reads

2) :CF\/1—772

7
Hﬁn T,

22— (@tn)@-wtn), ((z+n)’m;
1+7 1+n (1 +mn)2u?

A—=z)@* =), ((@+n)*n*-1)
T ln<(1+n)2(w2—n2)>]’

(3.20)
where Cr = 4/3 for N, = 3, as specified in Eq. (1.152). Inserting the decomposition in
Eq. (3.10) into Eq. (3.9), the pole coefficient of the bare parton-in-parton GPD is

1,1 1 1
EL () = 001 = a) [0z + n) HEOS (2,m) + 0z — ) HEOE (2, -n) |, 3.21)
and coincides with the pole coefficient of the corresponding massless gluon-in-quark GPD,
1,1
Elwm) = Agjgla,m). (3.22)
For the heavy-quark external state, the quark normalisation factor is Dy (1) = Dy(n) =
/1 —n?2, with D, defined in Eq. (1.121), so that Eq. (1.145) gives

[0] n -1 ﬁgg}};l} (SU, 77)
Pg/q (.%', E) = Ag/q@ﬂ?) Dh (77) =

which reproduces the LO gluon-in-quark evolution kernel Pg[](}}q obtained in Eqs. (1.146)

and (1.149).
The corresponding finite coefficient of the bare g/h parton-in-parton GPD is

(3.23)

2
[1,0,mp H _
Fg/h ! (%777 mz) —9(1—%)

i 1
O(x +n)H,), (w,n, )
g/h m%
(3.24)

f p?
+0(x—n)H)) (a:,—n, > :
g/h mi

After subtraction of the UV pole in the MS scheme, this finite coefficient directly gives the
renormalised massive parton-in-parton GPD,

2 2 2
il K\ _ plLolme H\ = plLolm AN 3.25
o/h ([E, n, m% g/h xr,n, m% g/h €, n, m% ( )
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One-loop matching conditions for GPDs

3.1.2 Diagonal channels

We now turn to the diagonal h/h and g/g channels.

Heavy-quark-in-heavy-quark GPD

As discussed above, the bare i /h GPD receives both real and virtual one-loop contributions,

Alllmy _ B[1],mp,real Al],m ,vlrt
Elme = Flmeret 4 Flme (3.26)

For 0 < n < 1, the real contribution has the same ERBL-DGLAP support structure as the
off-diagonal channels and reads

2
Ff[Ll/]hmh,real <x7 1, €, T/:L2> = 9(1 — x) [9(1‘ + ?7) Hh/h(x, 17)

h 3.27)

+ 0z = n) Han(w, —n)].

As for the off-diagonal channels, the partonic skewness is not restricted to the interval
0 < n < 1in general: 7 > 1 corresponds to ERBL kinematics, but this region is not explic-
itly considered in the contour calculation presented here.

The function H,j, is decomposed into its UV-pole and finite contributions as

2 2
Mg (2.me ) = Doe) + 1l (2 2 ) w000, a2
h h
where ( )(1 ) )
ole +77 — T+ n
HPO (1 ) = Cp /T — 12 , (3.29)
wn (221) = CPV L= )

while the finite contribution is

12\ _ Cry1l—1?
Hh/h x?”vm*% =

x+n x40 1+;c1 <(1—x)2mi>
— — n

n l+n 14nl-x (14 mn)2u?

2 21 1 — 2)2m2
+:v1 n 1+nln<((1+x)>2mh)

— X

7 e (3.30)
Lo (= a?)m]
n

l—a (1 —=n?)p?
_2:L'+27721n<( )(1+17)>

l-a (I—2z)(1—mn)

Substituting the decomposition in Eq. (3.28) into Eq. (3.27), the pole coefficient of the real

contribution is
Ff[Ll/h 1], real(x, 77) = 0(1 — .’I)) |:0(I' + 77) Hg?z&(m 7’])
1 (3.31)
+0(x —n) Hy )y (x, n)].
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One-loop matching conditions for GPDs

As in the off-diagonal channels, the heavy-quark mass does not affect the UV pole, and
the pole coefficient coincides with that of the corresponding massless quark-in-quark real
contribution,

ﬁi[f/h_ el ) = A (@, ). (3.32)

Hence, applying the relation in Eq. (1.145) yields
ﬁ[l,—l],real(x’ 77)

,P[O],real (l’, g) _ Areal(x’n) Dgl(n) — h/h , (3.33)

a/q a/q /1 — 72
which matches the real part of the LO quark-in-quark evolution kernel in Eqgs. (1.146) and
(1.147). Since the h/h channel is diagonal, the full kernel also contains a contribution

localised at x = 1, generated by the corresponding virtual term.
The corresponding finite coefficient of the real contribution is

2
F[l,O],mh,real (x’777 M2> _ 9(1 . I‘)
m

2
0 fin I
h/h 2 (x+77)Hh/h <$,7’], m2>

h

2
O(r — fin _n F
+ (1" 77) Hh/h (%, 7, m%) ]

(3.34)

After subtraction of the UV pole in the MS scheme, Eq. (3.34) provides the finite part of
the real contribution. Unlike the off-diagonal channels, however, this term alone does not
represent the full renormalised //h parton-in-parton GPD, since the corresponding virtual
contribution must also be included. The virtual contribution to the bare h/h GPD arises
from the one-loop self-energy corrections to the external heavy-quark legs. Since these
corrections do not change the longitudinal momentum fraction flowing through the operator,
they are localised at x = 1,

Pl virt (x 0, € “2> = 6(1 — z) PlHmn (n ¢ ’“‘2) (3.35)
h/h 2 h/h mz ) .

The finite real contribution is singular as x — 1 and therefore cannot be physically
interpreted independently of the virtual correction. As in the massless ¢/q calculation dis-
cussed in Sec. 1.4.3, the endpoint-singular terms of the real contribution combine with the
contribution proportional to (1 — x) from the virtual diagrams. Their sum can be recast
in terms of plus distributions, so that the apparent endpoint divergence is replaced by a
well-defined distributional structure.

After combining the real and virtual contributions and performing the MS subtraction,
the renormalised diagonal result can be written schematically as

2

F}[Ll/]];mh — [ngl/v}?]vmhmealﬁing N + F}[Ll/v}?]ymh,real,reg + (5(1 — .T) Vlfj?h (77, 7{22) ,  (3.36)
h

where the first term denotes the plus-prescribed form of the endpoint-singular part of the

real contribution, while F}[Ll/’,?]’mh’real’reg collects the remaining terms that are integrable at
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One-loop matching conditions for GPDs

x = 1. The coefficient Vg‘?h denotes the residual finite coefficient of the §(1 — z) term in
the complete renormalised result, once the endpoint-singular part of the real contribution
has been rewritten in terms of plus distributions.

The explicit virtual contribution is not evaluated here. Nevertheless, as in the forward
PDF case, one expects it to be constrained by the lowest Mellin-moment sum rule discussed
in Sec. 1.3.3. Since integration over x reduces the bilocal operator to the conserved lo-
cal flavour vector current, the one-loop massive contribution relevant for the matching is

expected to satisfy
/ " FLm (x,n, “Z) — 0. (3.37)
-1 my,

Substituting Eq. (3.36) into Eq. (3.37), and using the defining property of the plus distribu-
tion, one obtains

fi ,u2 ! [1,0],mp,, real,reg MQ
v <77, > = —/ dx Fp 0= (:c,n, ) ) (3.38)
hi/h mi 1 h/h mi

Heavy-quark contribution to the gluon-in-gluon GPD

The g/g channel does not require a separate non-forward calculation at this order. As
discussed above, after subtracting the contributions common to the n¢- and (n ¢+ 1)-flavour
descriptions, the heavy-quark contribution is generated entirely by the virtual heavy-quark
loop.

The simple structure of this contribution follows directly from the heavy-quark contri-
bution to the gluon self-energy. Denoting by II)”(p) the gluon self-energy generated by
a closed heavy-quark loop, gauge invariance implies the transversality of the heavy-quark
vacuum polarisation, which, together with Lorentz invariance, yields the standard decom-
position:

I, (p) = (p"p” — ¢"p%) (0, mj,), (339)

where T1j,(p?, m%b) is the corresponding scalar vacuum-polarisation function. Its depen-
dence on the external gluon momentum enters only through the invariant virtuality p?. Us-
ing the massless non-forward kinematics of Eq. (1.103), the incoming and outgoing gluons
carry different longitudinal momenta, but satisfy p?n = p2, = 0. The scalar loop factor
is therefore identical for both external legs and introduces no additional dependence on the
skewness 7. Moreover, being a purely virtual correction, it does not change the longitudinal
momentum fraction flowing through the operator and is therefore localised at the tree-level
support x = 1. The structure of the renormalised massive contribution is consequently
proportional to the tree-level gluon-in-gluon GPD,

1] p n (B
s R
Fll (x,n,m%)zng)a(l—x)Bg/g (mh) (3.40)

where Bg[]l]g denotes the renormalised scalar coefficient generated by the heavy-quark loop.
All the non-forward dependence of Eq. (3.40) is contained in the tree-level factor Dg4(n). In
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One-loop matching conditions for GPDs

the forward limit 7 — 0, where D, (0) = 1, the result reduces directly to the corresponding
one-loop gluon-in-gluon parton-in-parton PDF.

Since the heavy-quark loop does not generate any additional dependence on the non-
forward kinematics, the scalar coefficient Bg1 , can be taken from the known forward calcu-
lation, without performing a new calculation. The corresponding heavy-quark contribution
to the forward gluon-in-gluon partonic matrix element is computed at one loop in Ref. [27].
In the perturbative convention a; = «,/(47) adopted throughout this work, the resulting

scalar coefficient reads
2 2
0 4 my,
Z ) = ZTrln| —2 ). 3.41
Wg(m%) 3 f n<u2) G40

Substituting Eq. (3.41) into Eq. (3.40) yields the massive gluon-in-gluon parton-in-parton
GPD relevant for the threshold matching:

2 2
[1],m 7] 4 m

This simple structure should be contrasted with the virtual contribution in the h/h channel.
In the light-cone gauge n - A = 0, the gluon propagator contains terms proportional to the
light-like gauge vector n*, so that the heavy-quark self-energy can depend on the longitudi-
nal projection p - n in addition to p?. Since the incoming and outgoing heavy quarks carry
different longitudinal momenta, proportional to 1 + 7 and 1 — 7, respectively, as shown in
Eq. (3.7), the corresponding external-leg corrections retain a non-trivial dependence on the
skewness 7, as reflected by the n-dependent virtual coefficient in Eq. (3.35).

3.2 One-loop matching coefficients

We now use the renormalised massive parton-in-parton GPDs obtained in Sec. 3.1 to extract
the corresponding one-loop matching coefficients. The general relation between the finite
massive partonic matrix element and the matching coefficient was derived in Sec. 2.3. In
particular, according to Eq. (2.62), .Agl]k = Fi[ll’co} T D,;l, where the tree-level normalisa-
tion factors are defined in Eq. (1.121). The results obtained below determine the entries
of the heavy-quark—gluon block of the one-loop matching kernel introduced in Eq. (2.31).
We first consider the off-diagonal coefficients, which are completely determined by the real
one-loop contributions, and then discuss the diagonal channels.

63



One-loop matching conditions for GPDs

3.2.1 Off-diagonal coefficients

We begin with the coefficient Ag}g. Using the renormalised massive heavy-quark-in-gluon
GPD obtained in Eq. (3.18) and dividing by the gluon normalisation factor D,(7), we find

2
1] 0 1
h/g (x,n, m%) e 61 - )

2
fin H
0(x + 1) Hhyg (% m, Tn}%)

2
7

+0(x —n) Hp, <x -, mi> ] . (343)
The function 7—[21/1 is given explicitly in Eq. (3.12). Comparing it with the pole coefficient
in Eq. (3.11), one sees that the complete finite contribution is proportional to In(u”/m3),
with the same z- and 7-dependent coefficient that multiplies the UV pole. The latter was
shown in Eq. (3.16) to reproduce the LO quark-in-gluon evolution kernel. Equation (3.43)
can therefore be written in the compact form

2 2
(1] P\ _ plo n L
Al <:U,77, m%) =P (:c :U) ln<mi>' (3.44)
The coefficient Aglg is therefore completely determined by the same kernel that governs
the gluon contribution to the LO evolution of a quark GPD.
We next consider the gluon-from-heavy-quark coefficient AE/] ,- Dividing Eq. (3.25) by
the external-state normalisation Dy, (n) yields

fi M2
9($ + 77)% nh, (xﬂ]v >
7 m}%

2
] N T
Ag/h <:Ua”7a m%) 1 _772 ( 1‘)

2
+0(x —n) Hf;i?h (x, -, ,u2) ] . (3.45)
My

The explicit expression for Hg?h is given in Eq. (3.20). In contrast to the /g channel, the
finite result is not purely proportional to the heavy-mass logarithm. Its dependence on the
matching scale can nevertheless be isolated by decomposing In[(z+n)?m3 /((1+n)?1?)] in
Eq. (3.20) into — In(u? /m3) and a scale-independent kinematic logarithm, and analogously
for the contribution obtained under 7 — —1. The coefficient of In(x%/m?) is then precisely
the combination of pole terms identified with the LO gluon-in-quark evolution kernel in
Eq. (3.23). The full result can thus be organised as

2 2
(1] i (U n M 1]
Agjn (M m,z) =Py (#:7) ln<mg> + Ryl (3.46)
Here RE/] , (7, ) denotes the finite, matching-scale-independent remainder. Equivalently, it

is obtained by evaluating Eq. (3.45) at 4 = my,. Unlike the h/g channel, the massive gluon-
in-heavy-quark calculation therefore contains genuinely finite non-forward terms beyond
the logarithm dictated by the LO evolution kernel.
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These two off-diagonal results illustrate a general feature of threshold matching calcu-
lations: the coefficient of the logarithm involving the heavy-quark mass is fixed by the same
short-distance contribution that generates the UV pole of the corresponding bare parton-in-
parton GPD.

3.2.2 Diagonal coefficients

The diagonal channels require additional care because their real and virtual contributions
have to be combined before obtaining a well-defined distribution in x.

For the h/h channel, the renormalised massive GPD has the distributional structure
discussed in Eq. (3.36). Applying the general matching relation of Eq. (2.62) gives

’ 1 1,0 1.si Iu,2
A[l] <_jU7’)7’ M) e — |:F[ ) ],mh,rea ,s1Ing (l’,?’], >:|
h/h m2 JI—m2 [ )],
1 [1,0],mp, real,reg /~L2
! ﬁFh/h Bz (3.47)
Pfin (7] uj)
h/h )
51— z) AT M)
1 —n?

The finite massive real contribution entering the matching coefficient is given in Eq. (3.34).
According to Eq. (2.62), it is divided by the tree-level external-quark normalisation factor
Dy, (n). Its endpoint-singular part is then combined with the virtual contribution and written
in plus-distribution form.

In particular, collecting the terms proportional to the heavy-mass logarithm in Eq. (3.30),
one finds that the coefficient of In(u? /m?) coincides exactly with the pole coefficient ’Hg?f
given in Eq. (3.29). After restoring the complete support structure and dividing by the
external-state normalisation factor, this coefficient reproduces the real part of the LO quark-
in-quark evolution kernel identified in Eq. (3.33). The real h/h contribution thus exhibits
the same relation between the heavy-mass logarithm and the UV pole found in the off-
diagonal channels. Since the virtual contribution has not been evaluated explicitly here, the
complete one-loop coefficient AE] ;, cannot be given, although its real part and associated
logarithmic dependence are fully fixed.

The g/g coefficient follows directly from the massive gluon-in-gluon parton-in-parton
GPD obtained in Eq. (3.42). Dividing by the tree-level gluon normalisation factor Dg4(n),
as prescribed by Eq. (2.62), gives

2 2
1] Py _ 4 M,

The cancellation of the factor D, (n) makes explicit that the heavy-quark contribution to the
one-loop g/g matching coefficient does not acquire any additional dependence on the skew-
ness 7). It therefore coincides with the corresponding forward PDF matching coefficient.

65



One-loop matching conditions for GPDs

3.2.3 Matching-scale dependence

The one-loop matching contributions discussed above are defined at a generic factorisa-
tion scale y, whose dependence enters through logarithms of the ratio u?/ m}% For later
convenience, we define )
Li(p) = 1n<“2> . (3.49)
mp,
As shown in Egs. (3.44) and (3.46), the coefficient of L;(u) in the off-diagonal chan-
nels is given by the corresponding LO GPD evolution kernel, in addition to possible finite
terms. The same relation is found for the real part of the i/h channel, whose logarithmic
coefficient reproduces the real part of the LO quark-in-quark kernel, as discussed below
Eq. (3.47). In particular, the h/g coefficient is purely logarithmic, whereas the g/h coeffi-
cient and the real h/h contribution also contain finite, scale-independent terms.

The matching scale py, is introduced by evaluating these coefficients at u = pp, to
connect the ny- and (ny + 1)-flavour GPDs across the heavy-quark threshold. The loga-
rithms then become Ly (up) = In(pu? /m?), making explicit the theoretical motivation for
the choice u;, ~ my, introduced in Ch. 2: keeping the matching scale close to the heavy-
quark mass prevents these logarithms from becoming large and keeps the fixed-order match-
ing coefficients under perturbative control. For the canonical choice pj, = myp, Ly, () = 0.
The h /g matching coefficient therefore vanishes identically, whereas finite non-logarithmic
contributions survive in the g/h channel and in the real part of the hA/h channel. Thus,
choosing the matching scale equal to the heavy-quark mass removes the heavy-mass loga-
rithms without necessarily eliminating all one-loop matching corrections.

3.3 Consistency checks and forward limit

The results derived above provide two complementary consistency checks. The first con-
cerns the relation, already observed channel by channel in Sec. 3.2, between the UV poles of
the bare massive parton-in-parton GPDs and the heavy-mass logarithms appearing in their
finite parts. The second is provided by the forward limit, in which the non-forward matching
coefficients must reduce to the corresponding heavy-flavour PDF matching coefficients.

3.3.1 UV poles and heavy-mass logarithms

As already observed in Sec. 3.2, the coefficient multiplying Ly (1), defined in Eq. (3.49),
coincides with the corresponding UV-pole coefficient. This equivalence follows directly
from the structure of the dimensionally regulated one-loop integrals. Schematically, the
e-expansion of a UV-divergent contribution with pole coefficient A; /,(z,7) yields

2\ € Az , Az s
(u > p@sm)  Aig(z,n) + Az, m) Ln(p) + O(e). (3.50)

€ €

2
my,

Additional functions of the partonic kinematics may generate finite kinematic logarithms,
but they do not modify the coefficient of L, (1). Once the MS subtraction removes the
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UV pole, this same coefficient therefore remains in front of the heavy-mass logarithm. The
explicit results obtained above satisfy this relation, providing an internal consistency check
of the massive one-loop calculation.

3.3.2 Forward limit

A second consistency check is provided by the forward limit, where the non-forward match-
ing coefficients must reduce to the corresponding heavy-flavour PDF matching coefficients.
The latter are known from the variable-flavour-number matching calculation without intrin-
sic heavy flavour [27]. When a non-vanishing heavy-quark distribution is retained below
threshold, the additional heavy-quark-initiated matching coefficients are given in Ref. [38].
In the collinear kinematics used throughout the calculation, the forward limit corresponds to
1 — 0. For fixed 0 < x < 1, the theta functions appearing in the parton-in-parton GPDs of
Egs. (3.9) and (3.27) reduce to unity in the forward limit, while the tree-level normalisation
factors defined in Eq. (1.121) satisfy Djy,(n) — 1 and Dy(n) — 1.

The h/g channel provides the simplest forward-limit check. Combining Egs. (3.14)

and (3.16), and using the expression for Hg?;e in Eq. (3.11), one finds

=1
i) 1— 12 (3.51)

=2Tg [ZCQ +(1- ZL’)2] .

1

ole ole
( ) Hi/g (z,m) +HZ/9 (x,—n)
n—0 W9\ g

Although the two terms Hz(/’lge(a:, +n) are individually singular as 7 — 0, their sum has a
finite limit; the forward result must therefore be taken after combining the two contributions.
Using Eq. (3.44), this gives

(1] NQ 2 2 Mz
Ay (9370, mi> =2Tg [2° + (1 — z)°] ln(m%> , (3.52)

in agreement with the corresponding one-loop PDF matching coefficient of Ref. [27].

The g/h channel provides a more stringent test, since its matching coefficient contains
a finite, matching-scale-independent remainder in addition to the heavy-mass logarithm.
Applying the same forward-limit procedure to Eq. (3.45) gives

2 2 2
(1] 1 B 1+(1—=x) 1
Al (a:,O, m%) —20p—— (L) —ome -1 35y

my,

This reproduces the heavy-quark-initiated PDF matching coefficient of Ref. [38]. This
agreement thus provides a robust check on both the heavy-mass logarithm and the finite,
matching-scale-independent remainder of the non-forward calculation.

For the diagonal //h channel, the same procedure can be applied to the real contribution
away from the endpoint x = 1. Using Eq. (3.34), one obtains

2 14 2 (1 —z)*mj
A[l]Jeal <1‘,0, 'U’> = _92C [ln<h> + 1} . (3.54)
h/h m2 F1 g 112
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This agrees with the real part of the corresponding one-loop heavy-quark-initiated PDF
matching coefficient given in Ref. [38]. A complete forward-limit check of the diagonal
h/h matching coefficient, however, also requires the virtual contribution localised at z = 1.
Since this contribution has not been determined in the present calculation, only the real part
of the h/h forward limit can be explicitly verified.

The g/g channel does not provide an independent forward-limit check. As discussed in
Sec. 3.1.2, the heavy-quark contribution is purely virtual and its non-forward dependence is
entirely contained in the tree-level factor Dg(n), which cancels when extracting the match-
ing coefficient. The resulting coefficient is independent of 1 and reduces trivially to the
forward result. Since Bgl/]g is taken directly from the known massive PDF calculation of
Ref. [27], this agreement reflects a structural consistency rather than an independent check.

The status of these consistency checks is summarised in Tab. 3.1. Taken together, they
provide a non-trivial validation of the extension of the heavy-flavour matching calculation
to non-zero skewness.

Channel UV-mass-log check Forward-limit check
h/g complete complete
g/h complete complete
h/h real contribution real contribution
g/g inherited from the forward result structural

Table 3.1: Summary of the consistency checks performed on the one-loop heavy-quark matching
coefficients.
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Conclusion

The aim of this thesis was to investigate the one-loop matching conditions required for the
evolution of GPDs across heavy-quark mass thresholds. The analysis was formulated in
terms of parton-in-parton GPDs. The massless one-loop calculation was first carried out
to recover the known leading-order evolution kernels and to validate the conventions and
renormalisation procedure adopted throughout this work. This approach was then extended
to include a finite heavy-quark mass in order to determine the contributions entering the
threshold matching.

The calculation was carried out in the heavy-quark—gluon sector. The off-diagonal
matching coefficients were completely determined at one loop. Their logarithmic depen-
dence on the heavy-quark mass is controlled by the corresponding leading-order evolution
kernels, while the massive calculation generates additional finite terms not fixed by the evo-
lution alone. In the diagonal heavy-quark channel, the real contribution and its distributional
structure were fully derived, whereas the finite virtual contribution remains to be evaluated.
The heavy-quark contribution to the diagonal gluon channel is instead purely virtual at this
order and reduces to the corresponding ordinary PDF result after the non-forward depen-
dence is factorised. The present calculation therefore completes the off-diagonal sector and
identifies the remaining contribution needed to complete the one-loop heavy-quark—gluon
matching.

The resulting expressions satisfy the expected consistency checks. Their logarithmic
structure agrees with that dictated by GPD evolution, and in the forward limit the calculated
contributions reproduce the established heavy-flavour matching results for ordinary PDFs.
These checks support the consistency of extending the flavour-matching framework from
forward to non-forward kinematics.

Taken together, these results show that the extension of heavy-flavour matching from
PDFs to GPDs preserves the underlying evolution structure while introducing genuinely
non-forward information via finite matching terms. They therefore provide important ana-
Iytical ingredients for a consistent treatment of heavy-quark mass thresholds in GPD evo-
lution. A natural continuation of this work is the explicit evaluation of the remaining fi-
nite virtual contribution in the diagonal heavy-quark channel. Once completed, these full
one-loop matching conditions can be integrated with fixed-flavour GPD evolution into a
numerical implementation across heavy-quark thresholds. This will allow the impact of
heavy-flavour effects to be assessed quantitatively in phenomenological studies of hard ex-
clusive processes.
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Appendix A

Light-cone coordinates and
high-energy kinematics

Light-cone coordinates provide a particularly convenient description of high-energy pro-
cesses in which a large momentum singles out a preferred spatial direction. In the context
of deep-inelastic and hard exclusive scattering, this direction is typically chosen along the
z-axis, where the target hadron is taken to carry a large momentum. In this appendix, we in-
troduce the light-cone conventions used throughout this work and discuss their connection
with the infinite-momentum frame and the leading-twist collinear description of partonic
dynamics.

A.1 Light-cone coordinates

For a generic four-vector
0,1 ,2 3
ot = (v, v, vt 7)), (A.1)

we define the light-cone components as [6]

0 3 0 3
+_ v +vw __ v = .1 9
vt = , v = , vr = (v,v7). A2
7 7 = ( ) (A.2)
It is convenient to introduce the two light-like vectors
nt = 11,0,0,1), nf=-(1,0,0,—1) (A3)
+ 2 b} ) ) b —_ \/§ b} ) ) )
which satisfy
ni =n? =0, ng -n_ = 1. (A4)
A four-vector can then be decomposed as
o =oTpk +oTnt 4ok, (A.5)
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with
vt =v-n_, v =0v-ngy, vl = (0,v7,0). (A.6)

With the metric convention g = diag(1l,—1,—1,—1), the scalar product of two four-
vectors v and w takes the form

vow=vTw +v w" —vr - wr, (A7)
which yields for the invariant mass squared
v =200 — v (A.8)

A.2 Fast-moving hadrons and infinite-momentum frame

The advantages of light-cone coordinates become particularly transparent when consider-
ing a hadron moving with a large positive momentum along the z-direction. The physi-
cal picture is most intuitive in such a frame and, in particular, in the infinite-momentum
frame (IMF), where the longitudinal hadron momentum becomes arbitrarily large, i.e.,
p? — 0 [6,29].

Consider a particle of mass M and transverse momentum p. Its on-shell condition,

p* = M?, (A.9)

can be written in light-cone coordinates as

2ptp” —pyp = M?, (A.10)
and hence ) )
_  M*+p7

= — A.l1

P ot (A.1D)

For a particle moving rapidly along the +z-direction, i.e.,

p’>M, |pp| <p? (A.12)
one has ) )
O M?2
fgﬁﬁ,gou7%&<ﬁ. (A.13)

In light-cone coordinates, the four-momentum is therefore dominated by its plus compo-
nent,
pt ~ptnll, (A.14)

up to corrections suppressed by the large longitudinal momentum. Thus, for a highly en-
ergetic hadron moving in the +z-direction, the ordinary longitudinal momentum p? is, at
leading power in the large momentum expansion, equivalently encoded in the light-cone
plus component. In this sense, p* is the natural variable to describe the large longitudinal
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momentum of the hadron. Since p™ = p - n_, the dominant longitudinal component is ob-
tained by projecting the four-momentum onto the conjugate light-like direction n_, defined
in Eq. (A.3) and given, in light-cone components, by

n" =(0,1,07). (A.15)

The IMF can be regarded as the limiting realisation of this kinematical hierarchy. In the
limit p — 400, with M and p; kept fixed, one has

p+—>oo, p- — 0, @

— 0. (A.16)
pt
Hence, the dominance of the plus component becomes asymptotically exact, and the direc-
tion of the hadron momentum approaches the light-like direction n,
s — nh (A.17)
e T .
The role of the IMF is mainly interpretative: it makes the physical meaning of the light-cone
variables particularly transparent, but the definition of GPDs is not restricted to this specific
reference frame. Once expressed in terms of light-cone components and Lorentz-invariant
quantities, the formalism can be applied in any convenient reference frame [6].

A further useful property of light-cone variables is their simple transformation be-
haviour under longitudinal Lorentz boosts. Under a boost of rapidity w along the z-axis,
the components transform as

pt—ept,  p—e¥p, ppr—pr (A.18)

Therefore, ratios of plus components are invariant under longitudinal boosts. In particular,
the longitudinal momentum fraction

kfi—

$:F

(A.19)

is boost-invariant, since both k™ and P™ scale with the same exponential factor e*. This
makes x a natural kinematic variable for describing the fraction of the large longitudinal
momentum carried by a parton.

A.3 Collinear partonic kinematics

The hierarchy among the light-cone momentum components discussed for a fast-moving
hadron also characterizes the partonic momenta in the collinear sector associated with the
hadron. Let the parent hadron carry a large plus momentum P*. A generic parton momen-
tum can be decomposed as

k' = kol + ka4 K. (A.20)
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Its plus component is conventionally expressed in terms of a longitudinal momentum frac-
tion x,
kT =zPt. (A.21)

For a parton collinear to a fast-moving hadron, the intrinsic transverse momentum and vir-
tuality are associated with non-hard scales. These can be characterised by a typical hadronic
scale Ayaq [6, 23], so that schematically

k7|~ Anaa,  [K?| ~ Afaa, (A22)
while the plus momentum of the parton is large compared with the hadronic scale,
kT = 2P > Apaa. (A.23)

Using the light-cone relation
k? = 2kTk™ — k2, (A.24)

one finds schematically
A%ad _ A121ad

kb~ ~ “had _ . A.25
kt x Pt ( )
The different light-cone components therefore obey the kinematic hierarchy
k7| Anad E- o A
_—~ 1 —~ 2 < 1 A.26
iy S P (A.26)

The momentum of a collinear parton is therefore dominated by its plus component and is
approximately aligned with the direction of the parent hadron,

Kkt ~ k+ni = xP'%i. (A.27)

Within the collinear description of a hard process characterised by a large momentum
transfer Q? > AZ, ,, the dependence of the hard-scattering subprocess on the small minus
and transverse components of the parton momentum gives corrections suppressed by powers
of the ratio Ap,q/Q. In the Bjorken limit, these sub-leading corrections become negligible,
so that, at leading power in Ap,q/Q, the hard subprocess depends only on the collinear
projection given in Eq. (A.27). The components £~ and k7 are not assumed to vanish
inside the hadron; rather, they are not resolved as independent variables by the hard probe
and are integrated over in the definition of collinear parton distributions.

In coordinate space, the same collinear framework is formulated in terms of bilocal
operators separated along a light-like direction. A Fourier transform with respect to this
separation provides the representation of the distribution in terms of the conjugate longi-
tudinal momentum variable. For GPDs, this is the average plus momentum of the active
parton, . .
% =P, (A.28)

where x denotes the corresponding longitudinal momentum fraction.

+ —
k), =
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The coordinate variable conjugate to this plus momentum is the minus light-cone sep-
aration. Accordingly, with the conventions used in Chap. 1, the separation vector entering
the GPD operator is written as

M =ynt, nt =n", (A.29)

so that
2t =0, zp =0, 22 =0. (A.30)

The Fourier duality between the longitudinal momentum and the field separation can be
made explicit by writing, at leading power,

Kk, ~ xP*nk, M =ynt. (A.31)
Since n4 - n_ = 1, one obtains
kay - 2= xPTy = 2(P-n)y, n=n_, (A.32)

where P -n = P*. Hence, the average plus momentum xP" and the minus light-cone
separation y form the Fourier-conjugate pair entering the GPD definition. Schematically,
the quark GPD correlator takes the form

i)~ [y =5 (B rwe (<5 I, n=no a3)

with the precise Dirac structure and normalisation given in Eq. (1.26).

The appearance of the light-like vector n = n_ in the GPD definition is therefore
directly related to the leading-twist collinear description. The longitudinal momentum vari-
able retained in the collinear description is the average plus momentum x P*; correspond-
ingly, in coordinate space the bilocal operator defining the correlator is separated along the
conjugate minus light-cone direction n'
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Appendix B

Parton-in-parton GPDs: technical
details

This appendix derives the fundamental field-operator identities and tree-level expressions
for unpolarised parton-in-parton GPDs. First, we establish an identity recasting the gluon-
in-parton correlator directly in terms of transverse gauge fields in light-cone gauge. Sec-
ond, by evaluating the matrix elements over free asymptotic particle states, we compute the
tree-level quark-in-quark and gluon-in-gluon GPDs, showing how their leading-twist mo-
mentum dependence collapses onto the tree-level delta distribution §(1 — 2) multiplied by
explicit kinematic factors in the skewness.

B.1 Gluon operator in the light-cone gauge

In this section, we derive the relation used in Eq. (1.117) to express the parton-in-parton
GPDs involving the gluon operator directly in terms of gluon fields. For k = g, g, the
corresponding bare parton-in-parton GPD can be written in the compact form

~ n,n dy . ..
Ia — (il 29 o—ix(nply
g/k(xvn) ka(np) 271'6

B.1)
S o () 150 () ), |
where the incoming and outgoing momenta are parameterised as
pin=1+np,  pou = (1—n)p, (B.2)
and the colour normalisation factors are
N, =2(N2-1),  N,=2N.. (B.3)

In the light-cone gauge n - A = 0, the contraction of the field-strength tensor with the
light-like vector n* simplifies to a directional derivative of the transverse gauge potential:

n,FM(2) = (n-0)Al(z). (B.4)
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Therefore, Eq. (B.1) becomes

~ 1 dy
F _— — —
g/k:(x777) kCU(np) 27Te

X ZTr pin,s>k].
S

To determine the effect of the two directional derivatives, we insert a complete set of inter-
mediate momentum eigenstates,

—iz(np)y

(B.5)

(pouts s|(n - 0) 4% (57) (- 0)4% (-2)

1=) |X)(X], (B.6)
X

where the sum is understood to include the appropriate phase-space integrations. For com-
pactness, we temporarily suppress the external spin label and the trace over internal indices.
The matrix element in Eq. (B.5) can then be written as

(pout| (- 0)24% (57) (- ) 4% (<5 ) |pn)

Crun ) n (B.7)
= 2 (|24 (°F) [X) (|- 240 (=7 ) )
X
Using space-time translational invariance,
Al (2) = eiP7 A1 (0)e~ P2, (B.8)
the two matrix elements without derivatives become
<pout Al (%) ‘ X> - @%’n(pout—px)@out Ag(o)’X>, (B.9)
, n iy e ;
(] (= 2) [pin) = e ¥ om0 X | 430 [ ). (B.10)
The product of the two translational phase factors simplifies to
e%yn‘(pout —px)e%n-(pin —px)
i ' (B.11)
— ¢ 3 (Pout+pin—2px) _ ezyn~(p—px)’
where we used the average momentum relation
Pout + Pin = 2p. (B.12)

Acting with the derivative operators (n - 9) brings down explicit momentum factors:
<p0ut (TL : a)Afl (%) ‘X> =n- (pout _pX)<p0ut Afl (y?) ’X>7 (B13)

(32042 (-12) ) = i 5] (-2

pin). (B4
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Therefore, Eq. (B.7) becomes
(914 (2) 914 (-12) o)
=Y " [n (pout —px)] [ (pin — Px)] (B.15)

o (2 [0 (1) o)

We now consider the Fourier integral appearing in Eq. (B.5). Using Eq. (B.11), the depen-
dence on the light-cone separation y is

X <pout

e~ i@(np)y iyn-(p—px) — piyl(1—z)(n-p)—n-px] (B.16)
Consequently,
/;iyr (=) (mp)=npx] — 5 (1= 2)(n-p) —n - px) . (B.17)
The Dirac delta function fixes the longitudinal component of the intermediate state X to
n-px =(1—z)(n-p). (B.18)
Using Eq. (B.2), the two momentum factors in Eq. (B.15) simplify to:
1+ (Pout — px) = (x —n)(n-p), (B.19)
n-(pin —px) = (x+n)(n-p). (B.20)

Their product is therefore independent of px:

n-: (pout _pX)n : (pin _pX)
= (@ —n)(z+n)(n-p)?=(a*—n*)(n-p)*

Substituting Egs. (B.17) and (B.21) into the Fourier transform of Eq. (B.15) yields
dy _. (. S ryn . n
e o1t () 02182 (1)

—Z (Pout — x)] [+ (Pin — px)] (B.22)

o).
On the support of the delta function, Eq. (B.21) applies, so that
Ay _ia(np)y i (Y i(_Y"
/271'6 <p°“t‘(” )4 (2)("'8)Aa( 2) p‘“>
= (@ =) (n-p)*Y_6((L—2)(n-p) —n px) (B.23)

Q) x|t}

(B.21)

% 8((1 = @)(n-p) = px) (pout| ALl

%) (x|
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Writing the delta distribution again in its Fourier representation gives

/;i??i e—iz(n-p)y<pout (n - 8)Ag (%) (n- O)Ag <_%)

pin>

2
= (xQ _ 172)(n ~p)2 / ;L?yr e~ x(n-p)y Z ey (p—px) (B.24)
X
¢ (poue| 44(0) [ X ) (X | 420) | )

Reabsorbing the translation phases via Egs. (B.9) and (B.10),

)
()0 ()

ey (p—px) <p0ut ‘Afl (0) ‘X> <X‘A§(O)
= <p0ut

Hence, Eq. (B.24) becomes

[ el () -0 () o)

-t [l () (<1 ()

(B.25)

pin>-

pin>-

(B.26)
Finally, from the completeness relation in Eq. (B.6), we obtain
dYy _izv(n- S ryn , n
/ % € ia(n p)y<pout (n ’ 8)"4& (%) (n ’ a)A{z (_%> pin>
(B.27)

d —ix(n-
=@ =) [ 5L e o

()Rl

Restoring the external spin sum and the traces over the relevant internal indices, and substi-
tuting Eq. (B.27) into Eq. (B.5), we arrive at the identity quoted in Eq. (1.117):

s . 2 _ 2 ‘
Fg/k(xan) = (n pi\(/ix n’) /;Z?yrem(n-p)y
(B.28)
T o2 (5) 4 () )|

B.2 Tree-level massless parton-in-parton GPDs

In this section, we explicitly derive the tree-level parton-in-parton GPDs introduced in
Sec. 1.4.2. At this order, no QCD interaction connects the bilocal field operators to external
partonic states. Therefore, only the diagonal quark-in-quark and gluon-in-gluon distribu-
tions are non-vanishing.
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B.2.1 Quark-in-quark GPD

We start from the definition of the quark-in-quark GPD:

q/q z,1) ~ 9N, / e Py

(- amfi(5) Jr () o+ mns) |

At tree level, only the asymptotic free-field components of the interacting fields contribute
to the matrix element. The interacting quark fields can therefore be replaced by their free
counterparts when acting on the external quark states. The action of the free fields on the
corresponding asymptotic states is given by

(B.29)

WO (2) |k, 8)g = e *Zuy 4 (k) |0), (B.30)
o(k, s| 980 (2) = (0] tig,s (k) ™2, (B.31)

where u, ¢(k) is the quark spinor of flavour ¢, momentum k, and spin s, while @, s(k)
denotes the corresponding Dirac-conjugate spinor.

Applying these relations to the incoming and outgoing states appearing in the quark-in-
quark GPD, one obtains

(5 (@t mps) =R wg (e mp)0), B3

(L =mp,s|i) (%) = Ol (L =mp) 075 (B.33)

The matrix element evaluates to

o=y 00 (L) B (<20 (14 . 5

q

= (P e (1= m)p) %“q,s((l +1)p)

— ¢i(np)y tq,s((1—n)p) ZLU%S(O +n)p). (B.34)
Substituting this result into Eq. (B.29), one gets

2(1 z)(n-p)y

<1/119577 2N

X Z Tr
S
The spin sum can be performed using the completeness relation for quark spinors,

D g (L4 m)p)tgs (1= m)p) = V1 —n?p. (B.36)

U, (1= n)p)%uq,s((l +n)p) |- (B.35)
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Making the colour and Dirac traces explicit, one finds

Z:ﬁ aq,s((l—n)p)%uq, (L+m)p) | = V1 —n2Tr [Zp] (B.37)

The colour trace gives

Tr.(I.) = N, (B.38)
while the Dirac trace can be evaluated using
Trp(y#4") = 49", (B.39)
which gives
Trp <¢p> =2n-p. (B.40)
2

In Eq. (B.35), the colour trace cancels the factor 1/N,, while the remaining factor 1/2
combines with the Dirac trace. Hence,

3 d i(1—x)(n-
Fq/q(x,n) = M(n . p) / % 61(1 )( P)y. (B4l)
The Fourier integral evaluates to
dy i(1—z)(n-
/271_ e!1—a)(mpy — §((1=z)(n-p)). (B.42)

Using the standard scaling property of the Dirac delta distribution,
0(az) = —4(z2), (B.43)
together with the conventional choice n - p > 0, one obtains
1
5(1=2)(n-p) =—08(1-2z). (B.44)
n-p
The prefactor (n - p) cancels out completely, giving the leading-twist tree-level result:

Fg}q =V1-126(1—x) (B.45)

B.2.2 Gluon-in-gluon GPD

Using the gauge field formulation derived in Eq. (B.28), the gluon-in-gluon GPD is ex-
pressed as

~ _ (n 'p)(xz - 772) / dy —iz(n-p)y
Fyowm = e =10 | 2x©

x 3 Tr <(1—

s|Ad (%) Ad (—%) ‘(1 +n)p, s>g] . (B.46)
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At tree level, only the asymptotic free-field components of the interacting gluon fields con-
tribute to the matrix element. The action of the free gluon field on the corresponding asymp-
totic states is given by

AJO(z) |k, s)g = e €] (k) |0), (B.47)
o(ks 5| AL (2) = (0] el (k) €7, (B.48)
where eﬂ,s(k‘) denotes the j-th transverse component of the gluon polarisation vector with

momentum k, colour index a, and helicity s.
Applying these relations to the incoming and outgoing gluon states, one obtains

A0 (=5 [t mps) =P G (1 mp)0), B49)
o{ (1 =mp.s 47O (1) = (0lefr (L =mpp) =% (B.50)
Hence,
_ 30) (Y1) 440 (Y™
o(0 = mps| AL () 41O (<) [+ s
— ez‘(l—n)zr%ei(l—w)ﬂ% e‘gjs((l — n)p)eéys((l + n)p)
=P el ((1—n)p)el (1 +n)p). (B.51)

Substituting this result into Eq. (B.46), one obtains

o n-p $2_772 dy i(l—x)(n-
By - B [ e
x Yy Tr [eéfs((l —m)p)eds ((1+ n)p)] (B.52)

The sum over the external gluon helicities can be performed using the orthogonality relation
for physical gluon polarisation vectors,

> e (L=mp)el (1 +n)p) = —g7 = 5%,
ST el (L —mp)el (L +mp) =65 Y e (L —mp)ed (L +n)p)  (BS53)
= 609 =2,

where, in the last equality, the repeated transverse indices ¢, 7 are summed over the two
transverse directions, i, j = 1, 2. The colour trace in the adjoint representation gives

Tre(Ingj) = N2 — 1. (B.54)
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Parton-in-parton GPDs: technical details

The polarisation and colour factors therefore cancel the normalisation factor 2( N2 — 1) in
Eq. (B.52), leaving

= (n-p)(@* —n?) / Y i(1—)(n-
F, = —Z gtl=a)(nply, B.55
9/9(2:1) - o ¢ (B.55)
As in the quark case, the Fourier integral evaluates to
/dy /1=y — 5(1 —z)(n-p)) = 1 5(1 —x). (B.56)
27 n-p
Therefore,
N 22 —n?
Forg(z,m) = (1 —z). (B.57)

Since the Dirac delta distribution fixes = 1, the prefactor can be evaluated at z = 1:

2 2

z ;77 S(1—2) = (1—n2)6(1— ). (B.58)

Thus, the final tree-level gluon-in-gluon GPD takes the concise form:

701

we(@m) = (1 =0 (1~ z). (B.59)
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Appendix C

One-loop massive parton-in-parton
GPDs: calculation details

This appendix collects the details of the massive one-loop parton-in-parton calculations
entering the results of Sec. 3.1. We consider the real contributions to the /g, g/h, and h/h
channels, following the same operator definitions and light-cone-gauge conventions used
for the massless calculation in Ref. [25].

C.1 Heavy-quark-in-gluon GPD

We begin with the real one-loop contribution to the heavy-quark-in-gluon GPD. The exter-
nal gluons remain massless, while all quark propagators in the loop carry the heavy-quark
mass my,. The external momenta are therefore

ph=0+n)p",  phy=00—-np"  p*=(p*,007), (C.1)
with
pi2n = pgut =0. (C2)

These are the same massless non-forward kinematics introduced in Eq. (1.103). The bare
heavy-quark-in-gluon GPD is defined by

ﬁh/g(x,n) = 2(N21—1) / %yr e~ iz(np)y
] (C.3)
<X e () o () )|

where n# = (0,1,07), so that n - p = p™. At tree level, this matrix element vanishes. The
first non-vanishing contribution is therefore generated by the real diagram at O(a), shown
in Fig. 1.12.
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One-loop massive parton-in-parton GPDs: calculation details

Applying the Feynman rules in light-cone gauge and working in dimensional regulari-
sation, the one-loop contribution reads

~

[1],m _ 1 dy —ix(n- vk
a’SFh/g h(xﬂ?) = 2(]\702_1)/%@ ( p)y;% (POut,S)EZ(pin’S)

Ak ey (A )y — K )
[ e “[("QS“W)<<1+n>p—k>2—m%+ie
i(k —ma)

gy 0y )
o) g e |

(A —mp— Kt m)
2 (1—n)p— k)2 —m3 +ie

(C4)
where d = 4 — 2¢ and a5 = as/(47) = g2/(1672).
The factor 1/2 in Eq. (C.3) denotes the usual average over the two physical gluon he-
licities. In dimensional regularisation, when evaluating one-loop diagrams, this average is
continued to the d — 2 transverse polarisation states,

2 d—2

1 « 1 x

3 Zé‘é‘(pm,S)aZ (Pout, 8) — 1—2 Zaﬁ(pm,s)sb” (Pout, 8)- (&)
s=1 s=1

The corresponding polarisation sum is

d—2
Z 85 (pirn 5)55* (pouta 5) = —0ab giyv (C.6)
s=1
so that s
RS dab 9" dab 9"
W o. Uk _ _zabgy . Fabd]|
d_2§;%@Mﬁkb@muﬂ—- i 7= Ta—g (C.7)
The Fourier integral over the light-cone separation y gives
Y i—aypty —ikty _ 2\t — ket
5 € e =6((1—=z)pt — k). (C.8)
T

Decomposing the d-dimensional loop measure into light-cone coordinates,
A%k = dkt dk~ d* >k, (C.9)
the k™ integration can be performed directly using the delta function, which fixes
Et =01 —2)p". (C.10)

At this stage, the colour and Dirac structures can be separated. Using the Kronecker delta
arising from the polarisation sum and contracting colour indices via

Sap Tre[t*t") = Tr(NZ — 1), (C.11)
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One-loop massive parton-in-parton GPDs: calculation details

the average over the external gluon colour states reduces to an overall factor Tp.
Collecting the results above, the one-loop contribution in Eq. (C.4) takes the form

. : 2e 2—2e¢ N,
F[l]vmh(x’ ): ZTRILL /d kT — h/g (CIZ)

h/g 1—e¢ (2m)2—2¢ DyDy D_ k+:(1—z)p+’

where the factor 1/(1 — ¢€) originates from the average over the external gluon transverse
polarisations, while the numerator and the three propagator denominators are defined as

Nyjy = §:Tr (A +mn)p—§+mp)

< (1 =n)p — F + mn)y (k= ma)],
Do = K —m? +ic. (C.13)
Dy = ((1+n)p —k)* —mj, + i,
D_=((1—np—k)® —mj +ie.

Evaluation of the numerator Using k™ = (1 — z)p™ and evaluating the Dirac trace
explicitly, one obtains

Nijg = 4p*|2(d = 2)p* k™ (2 —17°)

(C.19)
+(dx+d—6a:—2)k%+(d—2)(a:+1)m,ﬂ.

Evaluation of the denominator The dependence of the three propagator denominators
in Eq. (C.12) on k™ can be factorised as

DoDyD_=8(p")3(1—a)(a®—n*) (k- —ky) (K~ —ky) (b~ —k3),  (C.15)

where the poles are located at

k2 +m2
k= LT h =
1 2(1 —a:)p+ Z( x)e,
_ k% +m3
ko = ————" % 14 C.16
2 2(:E—|—77)p+ +@(93+77)6, ( )
k% +m?
ky = ——L " h 4 —p)e.
T

After fixing kT, the remaining longitudinal integration in Eq. (C.12) is the integral over
k~. Since the denominators are linear in £~ and the numerator in Eq. (C.14) is at most
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One-loop massive parton-in-parton GPDs: calculation details

linear in £, this step can be carried out by contour integration in the complex k£~ plane. It
is convenient to define the master integrals

—+00 _
Injg(k7) = / A —, (C.17)
o (b7 =k )k~ —ky ) (k™ —k3)

and N
& k—dk~
Tnsq(KF) = / = - —.
o oo (b — k) (k™ =k ) (k™ — k)
The position of the poles in Eq. (C.16) determines both the support of the GPD and the

different contributions to these integrals in the ERBL and DGLAP regions. For 0 < n < 1,
one finds

(C.18)

|k kK

< —n lower lower lower
—n < x <n| lower upper lower (C.19)
n<z<1l | lower upper upper

x>1 upper upper upper

where “upper” and “lower” specify the complex half-plane relative to the real axis contain-
ing each pole. Since all poles lie on the same side of the real axis forx < —mpand z > 1,
the contour integrals vanish in these regions. In the ERBL region, —n < x < 7, the pole
k5 is separated from k" and k3, whereas in the positive DGLAP region, n < z < 1, the
pole ki is separated from the pair k; , k5. The pole configuration in the two regions with
non-vanishing support is illustrated in Fig. C.1. Closing the contour in the upper half-plane,
the ERBL region picks up the residue at k, , while the positive DGLAP region receives
contributions from the poles at k5 and k5 .
Evaluating I}/, and J}, /4 by the residue theorem gives

Ami(p)* (1 — ) (2 — )

Ih/g(k%) = 2 279 o(1 — )
n(k7 +mj) (€.20)
r+n r—n
<o 0T - 0w -n 1)
2minT (1 — 2 _ 2
gty = 2 =g )
AT T M (C.21)

1 1
X |0(x+n)———0(x—n)——/|.
Ot )y e
The longitudinal integration is thus completed by substituting Egs. (C.20) and (C.21) into
Eq. (C.12). The remaining integration is purely transverse and can be reduced to two master
integrals over the d — 2 = 2 — 2¢ transverse dimensions,

d2—25kT 1
I = 2% C.22
Th/g = I /(%)2_25 pr— ( )
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2 Im(k7)
x> x<n
ky
X ,
X Re(k™) x X Re(k™)
k] ki kg

Figure C.1: Position of the poles in the complex k£~ plane. The red contour indicates the integration
path.

and -
d“ “kp 1

J = % / . C.23
T.h/g = H (2m)2% (k2. + m2)2 ( )

In dimensional regularisation, their relevant expansions around € = 0 read [39]

Se |1 m? S

I =< |Z—In(—2 ) J =—_40 C.24
T,h/g An |:€ n ( #2 ):| + (6)7 T,h/g 47Tm% + (6)7 ( )

where, following the convention of Ref. [25],

(4m)

N 1+ e(Indr —yg) + O(e?). (C.25)

Se =
In the MS scheme, UV poles occur in the combination S, /e. Consequently, the finite con-
tribution generated by the O(¢) expansion of S, multiplying the UV pole is absorbed in the
MS subtraction. Hereafter, the conventional factor S, is kept implicit.
At this point, the support obtained from the k£~ contour integration can be made explicit
in the full bare GPD. For 0 < 1 < 1, the one-loop result can be written as

~

2
,m K
F}[Ll/]g " <ZC,7’], €, 77’L2> = 9(1 - :C)

12
0 JLI
2 (x+77)Hh/g <$777767 m2>

h

(C.26)
2
+0(x —n) Hpy <:L‘, —n, €, m2> ] .

h

Before expanding in ¢, the function multiplying 6(x + 7) can be written in terms of the
transverse master integrals as

2
Y\  Tr(z+n)
Haso (” mh> T +n-e
(C.27)

d—2
X {47r [2(1 +n) = 2z| I p/g + 87 m%JTﬁ/g}'
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The contribution proportional to #(x — n) is obtained from the same expression by the
replacement n — —n).
Substituting Eq. (C.24) into Eq. (C.27), one obtains

o (2 ) = S { ERAE

(C.28)
2
X [1 —1In (ZZ‘)] + 295} + O(e)
Using d — 2 = 2(1 — ¢), this becomes
2
p*\ _ Tr(z+mn) 3 B
s <x’n’6’ m%) R e){[(l )1+ m) - 2a]
, (C.29)
X {1 —In <m£)] + Qm}.
€ I
Using
= 1+t 0(e), (C.30)

and expanding up to finite order in €, one obtains
2 2
f Tr(z+n)(1+n—2z) [1 mj
Hp (m,n, €, ) = ——In{—=2)|+0(). (C.31)
o mj n(l+m) € p?
The pole and finite contributions are thus isolated as

(x+n)(1+n-—2x)

HP (2. m) =T , C.32

ng (1) =Tr o) (C.32)
n 2 ( )( ) .
+7)(1+n—22 m

#fin (m i > R A In (h> . (C.33)
W\ g () p?

Substituting these results back into Eq. (C.26), the bare one-loop GPD can be decomposed
into pole and finite contributions as

Silme L ap-1) | a0,0m
Fypg "= 2 Fyyy T B+ 0(), (C.34)
where
Flyy ) = 00— @) [0 + m) Hpoe (e.m) + 0w — ) M (. —m)| . (C39)
h/g )7 ) 7ty g L5 7 ) 7t g \ T, =N) |5 .
and

2
F\[LOLmh <$;77a Iu) = 9(1 - x)
h/g m%

2
O(x+n) Hl;lir/lg (x, n, :ﬁ)
" (C.36)

2
fin 1%
+ 0(1‘ - 77) Hh/g <£U, =1, T)’L%L> ] .
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C.2 Gluon-in-heavy-quark GPD

We now consider the real one-loop contribution to the gluon-in-heavy-quark GPD. In this
channel, the external states are massive heavy quarks, while the two gluon propagators
attached to the bilocal operator remain massless. The external momenta are chosen as in
Eq. (3.7),

u n m}%
Co= (14 , ———,0 ,

(C.37)
no 1 + m% 0
pout_ ( n)p 72(1_n)p+7 T 9
so that
Pia = Pous = M- (C.38)
The bare gluon-in-heavy-quark GPD is defined by
N (n-p)($2—n2)/dy —ia(n
I3 — 29 o—ix(nply
o/n(@m) 2N,z o7 ©
(C.39)

X ZTr <p0ut,s‘AZl (%) Al (—%) Din, 8>h]7

where the transverse index j is summed over. This matrix element vanishes at tree level. The
first non-vanishing contribution is therefore the real diagram at O(«;), shown in Fig. 1.12.

Applying the Feynman rules in light-cone gauge and working in dimensional regulari-
sation, the one-loop contribution reads

S[1),me - (n-p)(ch—nz) /dy —im(n-p)y/ d’k i(pous—k)-yn/2 ,i(pin—k)-yn/2
@s Foi () = 2N .z or ¢ (2m)d c c

L. i(f+mp) . )
(—igsp ’Y”ta)kg(_mg_i_)ieZDuj (Pin — k) iDju (pout — k)
h

xZTr
S

X (—igslffyyta)us (pin)as (pout)] s

(C.40)
with d = 4 — 2e. The two exponential factors combine according to
et (Pout—k)yn/2 ji(pin—k)-yn/2 _ i(pT—kT)y (C.41)
The Fourier integration then enforces momentum conservation:
@ i(l—x)pty —ikTy _ _ + _ .t
5 e =6((1—z)pt — k1), (C.42)
0
fixing
Et =0 —2)p". (C.43)
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At this stage, the colour and Dirac structures can be factorised. The colour trace reads
Treltata] = NCF, (C.44)

reducing the average over the external colour states to the overall factor Cr.
The spinor structure is slightly more involved because the external states are massive
and non-forward. For the kinematics in Eq. (C.37), the corresponding spin sum is

2
mp, mj, - 5 -
1+ YT+ V1 =7ty
Vi o 2pt/l-w? (C.45)
mp e 4
T . - ,
i 0T

whose four terms will be denoted by Py, Py, P_, and P,, respectively.
Finally, the two gluon propagators in Eq. (C.40) are written in light-cone gauge as

Z Ug (pin)ﬂs (pout) =

1 lang + Lgng
Defining
eL = Pin — k’, eR = Pout — k’, (C47)

the constraint in Eq. (C.43) immediately gives
lp-n=(x+np", ALr-n=(z-n)p", (C.48)

which fix the light-cone denominators entering the Dirac numerator.

Evaluation of the numerator For each of the four spin structures X = 1, +, —, o enter-
ing the massive spin sum in Eq. (C.45), the corresponding numerator can be written as

=) Tr J) k+m (VJ—J>7> . (C49)
Nojn Z ( oy ) Ermm Gompt) T
Evaluating the Dirac traces explicitly, one finds
A(d—2)m3
Nt —_—— " (C.50)
N
d—2)(1 — z)m?
Nt = 2= - ojm (C51)

g/h — - /1 _ 2 ’
N, =4(d -2 V1 —n2k™ + V 7 k2, (C.52)
o =0. (C.53)

Thus, only three components of the massive non-forward spin sum contribute.
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Evaluation of the denominator The three propagator denominators in Eq. (C.40) are
Do = k% —m2 + ie,
Dy =12 +ie, (C.54)
D_ = (3% +ie.
With kT = (1 — x)p™, their dependence on k™ factorises as
DoDyD_=8(p")* (1 —a)(@®—n*) (k" —ky) (k" —ky) (K~ —k3),  (CS55)

where

k2 +m?

kT = T h _ (1 —

1 2(1 _ SU)])+ Z( x)e,

_ 1 13"‘77 2 2 .

= —k C.56
2 = St [1+77mh 7| +i(z +n)e, (C.56)
— 1 ) 2} .
ka = m; — k7| +i(z —n)e.

20z —npt [1—77 h k| File =)

With the numerator and denominator structures now explicit, the contribution associated
with each spin structure can be written as

R (22 — ?) 422k N)ih
F[l],X , — 9 CF pi 25/ dk™ g
g/h (,m) - H (2m)2—2 DyD, D_ (1t
(C.57)
Summing over all contributions yields the full one-loop result:
pllma _ 1], X
Eym= Yy F, (C.58)

X=1,+,—,0

with the o contribution vanishing identically according to Eq. (C.53).

The pole structure in Eq. (C.55) allows the k£~ integration to be performed by contour
integration in the complex £~ plane. To perform the k™~ integration, we introduce the master
integrals

+oo dk—
2 =
I e e )
d
B T (k2) = / o b dk (C.60)
ST e b = k) (= — k) (b~ — 3) ‘

For 0 < n < 1, these are evaluated using the complex pole structures identified in Sec. C.1.
Since all poles lie on the same side of the real axis for x < —n and x > 1, the integrals
vanish in these regions. In the regions with non-vanishing support, the pole distribution in
the upper and lower half-planes is the same as that illustrated in Fig. C.1, although their real
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parts are channel dependent. Closing the contour in the upper half-plane, the ERBL contri-
bution is generated by the residue at k5 , while the positive DGLAP contribution receives
the residues at k5 and k5 .

For compactness, we define

By = (1 —n*)ki — (2% — n*)mj,
Cy = (1£0)°k7 + (z £ n)*my, (C.61)
Ax = (L £ ki — (z £ n)mj,.

Evaluating the integrals in Egs. (C.59) and (C.60) by the residue theorem gives

A ) ()1 ),

In(k%) = N (1—=x)
x 1+n) (x —n)(1—n) (€62)
X [9(:6 + 77)(—1_77C)fr?7 —6(x — 77)77077] )
and
mipt (1 —2)(1 = n?) (22 — n?
Synliy) = ZHEZCZIE 2 gy g
" A (C.63)
X [9(:6 + 77)071 —0(r — 77)0:} .

Substituting these results into Eq. (C.57) completes the longitudinal integration. The result-
ing transverse integrand contains terms proportional to

1 k2. Ap
ByCy’ ByCy’ ByCy’

(C.64)

These structures are not linearly independent. In fact, the terms with explicit factors of k?p
or A in the numerator reduce to the two basic structures 1/Cy and 1/(BpC4) via

k7 1 1 n (2 —n*)mi 1
BoCy 1—120Cy 1—n2  ByCy’
oL+ ne L+ Ui oL+ (C.65)
Ay 1 1 (z£n)(z— m? 1
BoCy 1517 Cy 1Fn ByCy’
It is therefore sufficient to introduce the transverse master integrals
d2—2€k 1
=+ — 2 r L
ITyg/h =H / (2m)2-2 Cy (C.66)
and -
d““kr 1
JE = 26/. C.67
T/ =M | om)22 ByOy (C.67)
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The first master integral gives [39]

+ 1 1 B (x + n)zm%
Lrgm = dr(1£n)2 L In (UiW + O(e), (C.68)

where the conventional factor S, is kept implicit, as specified in the previous section.
The second master integral is UV finite. Since both By and C'y are linear in k:zT, the
integrand can be decomposed into partial fractions as
1 1F7n 1 1+mn 1

= - — - C.69
BoCy 2mi(ztn)(x—n?)Bo 2mi(z£n)(z—n?) Cs (C.69)

The partial-fraction decomposition also requires the transverse integral associated with By,

defined as -
d“ *kr 1
0 2 T
Its relevant expansion around ¢ = 0 is [39]
1 1 (22 — n*)ym?
190 S e [N A . C.71
Talh = In(1 =) [ ' ( o= )] O (€7D
Combining Egs. (C.68), (C.69), and (C.71), Eq. (C.67) gives
1 (z+n)*(n° - 1)
JE = 1 O(e). C.72
Tt = St (1L )@ £ @ =) <<1 o)) TOW C©TD

At this point, the support obtained from the £~ contour integration can be made explicit
in the full bare GPD. For 0 < i < 1, the one-loop result can be written as

/’LQ
Q(ZD + 7]) Hg/h <.’L’, m, € le)

Al],m MQ
Fg/;L " <IL’,T],€, 7712> = 0(1 - IL’) 2

h

(C.73)

2
+9(x_77)7'[ h <.’I], —1n,€, >
g/ m%

Before expanding in ¢, the function multiplying 6(x + 7) can be written in terms of the
transverse master integrals as

Hon ( “2> _2r(@+n)(L+n)Cry/1—n?

x? 777 67 2
mj xn

{ (4= (@=2)@ -0,

+ [4 —2z(d — 2)} (% — n*)ym2 J;E’g/h .

(C.74)
The contribution proportional to 6(x — 7) is obtained from the same expression by the
replacement n — —n.
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Substituting Egs. (C.68) and (C.72) into Eq. (C.74), and using d — 2 = 2(1 — €), one
obtains

H ) b )
g/h<xn€m% n z(1+n)
2,2
€ (14 m)2u?

+ [1—$(1—€):| i 1n<(33+77)2(772_1)>}'

M2> :CFM{ z+n [2_(1—6)(95—77)}

z(z—n?)  \(1+n)*@* -7
(C.75)
Expanding through O(€"), one obtains
H 2 _ Lygole(y ) 4 gyt Y o) (C.76)
g/h €, 1, €, m% = B g/h €,n g/h &€,1, m}gl €), .
where ( )2 )
ole +n — T+
PO (2 1) = Cpr /T — 12 & , C.77
o (021 = CEV L= ) “n
and
pin (g 12) = CoVIZWP |22 —? (@ m)@owtn), ((@tn)m]
g/h \ ™ "m3 xn 1+n 1+n (14 7n)2p?

L@ ( (o + 0P ~ 1) )

r —n? (1+n)2(z% —n?)

(C.78)
Substituting these results back into Eq. (C.73), the bare one-loop GPD can be decomposed
into pole and finite contributions as

Slme L A1 S[1,0m
Font = ;Fg/h +F 0"+ O(e), (C.79)

where

EL U@, m) = 00— 2) [0+ m) HEO (@om) + 0(e = ) HEF (@, =), (g0
and

2
[1,0],m H
Fé/h} " <$7na Tng) = 9(1 - [L‘)

fi NQ
0 n
z (z+mn) Hg/h (%77, m2>

h

(C.81)

f p?
+0(x—n)H)Y (:c,—n, ) .
g/h m,%
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C.3 Real heavy-quark-in-heavy-quark GPD

We finally consider the real one-loop contribution to the diagonal heavy-quark-in-heavy-
quark GPD. In this channel, both the external states and the internal quark propagators carry
the heavy-quark mass mj. The external momenta are the same as in the g/h calculation,
given in Eq. (C.37). The bare heavy-quark-in-heavy-quark GPD is defined by

I 1 dy —iz(n-
Eyn(z.n) = 53 /%6 (v

X ZTr <pouta 8‘1511 (%) wwh (_@) Pin, 8>h]'

2 2
Unlike the two off-diagonal channels considered above, this GPD is non-vanishing at tree
level. At one loop, it receives both real and virtual corrections. While the virtual correc-
tions have already been addressed in Chapter 3, this section is dedicated only to the real
contribution generated by the diagram in Fig. 1.12.
Applying the Feynman rules in light-cone gauge and working in dimensional regulari-
sation, the real one-loop contribution reads

(C.82)

~ 1 dy _; Ak (i —
SF[I],mh,real _ / zx(n~p)y/ i(pout —k)-yn/2 i(pin—Fk)-yn/2
as By @) = 5 [ o e (2m)d € ¢

xZTr
S

i(p, —F+mn) o
2

Duk _.seuta .
Dy (k) (—igspy )(pin_k)Q_minge

—i(p,  — F+mn)
(Pout — k)% — m,% + e

(igslf’yyta)us (pin)as (pout) >

with d = 4 — 2¢. The two exponential factors combine into .
eiPout—k)yn/2 ji(pin—k)-yn/2 _ Ji(pT—kT)y (C.84)
The Fourier integration over the light-cone separation y therefore gives
/;iyr 12Ty o—ikTy §((1—=z)pt — k), (C.85)
so that the k™ integration fixes
Et =1 —2)p". (C.86)

After extracting the perturbative coefficient and evaluating the colour trace, the real one-
loop contribution in Eq. (C.83) can be cast in the form

d2—2ekT B Nh/h

A[1],mp,,real . 2e
r x,n) =1iC / dk
h/h ( 77) F'u (27‘(’)2_26 DQ D+ -D— k+:(1fm)p+

) (C.87)
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where the numerator and the three propagator denominators are defined as

N = dyo (k) Te |7 (p, — K+ mp) k(P — K +mn)y"Sol,

DO = kz + ’L'E, (CSS)
D, = (pin - k)Q - m% + i€,
D_ = (pous — k:)2 - mi + 1e.

Here, Sy denotes the non-forward heavy-quark spin sum in Eq. (C.45), while

kuny + kyny,

duw(k) = —guw C.89
v (K) = =g + == (C.89)
is the numerator of the light-cone-gauge gluon propagator,
dyu (k)
D, (k) = 252 C.90

Evaluation of the numerator As in the g/h calculation, the massive spin sum can be
decomposed as

So =Py +Pp+P_+ P, (C.91)

Accordingly, the numerator in Eq. (C.88) can be written as

Nuw= Y. N Ny, = Nﬁg) + Nij}f”), (C.92)
X=1+,—,0

where N ;j’}gg Jand N ﬁén) denote the contributions generated by the —g,,,, and n*'-dependent
terms of the light-cone-gauge gluon propagator, respectively. Using k™ = (1 — z)p™ and
evaluating the Dirac traces in d = 4 —2¢ dimensions, the contributions proportional to —g,,,,

are

1(9) _ _8dmjpte
N ==~ =
-1
o) _ Ald = 2)mj p* (a® — 1)

W Vi-@

N = ad = 2)pt V1= (kK +m3)

NO',(g) _ _S(d - 4)m%;, p+772'
h/h /1 — 7]2
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The contributions generated by the n*-dependent part of the propagator are instead

LM _ 16m%p+x
h/h )
/ 1— 772
+.(n) _
Num o =0,

_m) 16pTy/1—n? _
Nh/i(z): T 2R @ ) k]

No',(n) _ 16mz p+772

W =TT A

Evaluation of the denominator After fixing k™ = (1 — z)p™, the dependence on k™ of
the three propagator denominators in Eq. (C.88) factorises as
DoDyD_=8(p")*(1—a)@®—n*) (k" —ky) (k" —ky) (K~ —k3),  (C93)

where the pole positions are given by

T SR
= —i(l—=
L7 21 —a)pt ©
1 _
k:% + Ton mm%
T e n)ZJr +i(z +1n)e, (C.94)
1
k:2T + T im%
s 2(z —n)p* il —m)e

The integration £~ in Eq. (C.87) is evaluated via contour integration in the complex
k™ plane. Since the numerator is at most linear in k~, the longitudinal integration can be
expressed in terms of two basic contour integrals:

I (k2)=/+oo dk” (C.95)
T e e = kD) =k )k — k) ‘
and . .
2 pr—
Jnyn(kr) = /_Oo - F 0 — R ) (C.96)

The pole positions in Eq. (C.94) determine which residues contribute in the different kine-
matic regions and hence the support of the real contribution. For 0 < 1 < 1, one finds

| kL kK

T < —n lower lower lower
—n < x<n| lower upper lower (C97)
n<z<1l | lower upper upper

z>1 upper upper upper
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where “upper” and “lower” refer to the half-plane in which the pole lies with respect to the
real axis. As in the previous channels, the integral vanishes for x < —n and z > 1, where
all poles lie in the same half-plane. Within the non-vanishing support, the pole configuration
follows the pattern illustrated in Fig. C.1, with real parts determined by Eq. (C.94). Closing
the contour in the upper half-plane therefore selects k; in the ERBL region and k5, k5™ in
the positive DGLAP region.

It is convenient to introduce the transverse quantities

By = (1 — 1)kt + (1 — 2®)mj,
Ci = (1+n)2k3 4+ (1 —x)’m3, (C.98)
Ay = (1+n)k3 + (1 —z)mi.

In terms of these quantities, the contour integrations give

4mi (pH)2(1 — 2)(1 — n?) (2% — n?)

Injn (k) = — o o o)
% 6@z +1) W e —) W] (C.99)
and
Tn/n(K7) = Py (1 m)r(];; %) (z* — n?) (1 — z)
x 9($+n)féi_0(x_n)f01_ | (C.100)

Substituting Egs. (C.99) and (C.100) into Eq. (C.87), the terms in the numerator independent
of k= multiply I, whereas those linear in k™~ multiply .J;, /;,. The remaining transverse
dependence can be expressed in terms of the structures

1 k2. Ay
ByCy’ ByCy’ ByCy'

(C.101)

The structures containing explicit factors of k?p or A1 in the numerator can be reduced
using

2 1 1 1—22)m? 1
kT _ 1 (d=a2)m), , (C.102)
ByCy 1—n?Cy 1—-n% ByCt
and y
L 171 1
= (= =). C.103
BoCy 2 (ci + Bo> (C.103)

The transverse integration is thus reduced to the master integrals

d2—2ekT 1 dQ—QekT 1
Tl R S - 26/ C.104
T.h/h = H /(277)2—25 L Jrnm =1 (2m) 22 ByCy’ ( )
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and

> *kp 1
0 — 2 T
IT,h/h = U / (27_‘_)2_25 BO, (C]OS)

The two single-denominator master integrals can be evaluated directly in dimensional reg-
ularisation, yielding [39]

1 1 (1 —x)%m2

= vy | (aage )] r00 0
1 1 1 — 22)m2

Bun =t [ ()| 00 @

where, as in the previous sections, the conventional factor S, is kept implicit.
The master integral Jjjf h/h is UV finite. Performing a partial-fraction decomposition in

k2., one finds

- 1Fn 1 n 1+n 1 108
BoC:  2mi(1—a)(wtn) By  2mi(l—a)@£n) Cr’ (C.108)
Consequently,
1 1+

Toh/h 2mi (1 —z)(x £n) Th/h 2m2 (1 — z)(z £ n) TP

Substituting Egs. (C.106) and (C.107) into Eq. (C.109), the UV poles cancel and one finds

L 1 (a0 |,
K Ty s s ((1 —2)(1 :Fn)> +0l9. (€110

At this point, the support obtained from the £~ contour integration can be made explicit.
For 0 < 7 < 1, the real contribution takes the form

ﬁ}[ll]}’zm'“real <x 1, € 'u2> =0(1—x)
) ) ) 2
/ m?

MQ
0(]7 + 77) Hh/h (17, ¢, 2)
s

2
+0(x — ) Han (a: e, 512)] (C.111)
h

The function multiplying 6(z + 1) can be expressed in terms of the three master integrals
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IT h/h? T h/h? and JT h/h: Substituting their explicit expressions yields
2 < ,u2> Crvl—n*|oz+nl4+z—el—x) [1 ((1—x)2m%>]
Z,ne — | = ——Inl ———2
ST g U 1+7 -z € (1+ )22
2?2 —n?

el ()]

1—=z

2z + 202 + e(2? — x — 2n?)

1—2z
(I+a)(1+ 77))

xln | ——~F———= + O(e).

(TEasy) [+
(C.112)

Expanding through O(€"), one obtains

H i fﬂpole i ’“‘2 0 C.113
h/h Zz,,E€, m% h/h (I’ 77) + h/h €T,MN, —5 h + ( ) ( . )

The UV-pole coefficient is

pole _ _ (.%' + 77)(1 — T+ 277)
ooy (@,m) = Cpy/1—1? o0 — D) (C.114)

and the corresponding finite part reads

2 2
7 Cry/1—n
Hh/h (:L‘,n, 2) =

n

x+n x40 1—|—.2L'1 <(1—:1;)2m}21>
— — n
1+n 1+4nl-2z (14 n)%pu?

er2—772 1—nln<(1—x)2mi>

h

l—x 1407 (14 n)%u?

2 —n? (1 —:1:2)m2
*‘1—xln<< >h>

2z + 2n? (1+2)(1+mn)
- 1—x1“Q 2)(1 - >)

(C.115)
The contribution proportional to §(x — 7) is obtained from the same expression by making
the replacement 7 — —n.
Substituting Eqs. (C.114) and (C.115) back into Eq. (C.111), the real bare one-loop
GPD decomposes into pole and finite contributions:

All]m sreal _ A[1,—1],real 5[1,0],my, ,real
B Fh/h + Eph et 1 o), (C.116)
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where 1
A[1,—1],rea ole
B ) = 01— 2) [0+ n) M5 ()
1 (C.117)
+ O — ) Hpy (=)
and
FLOLmareal [ #—2 =0(1—z)|0(x+ )Hﬁn T LQ
h/h ) Tl m% n h/h ) T m%
(C.118)

fi p
+0(x—n)H)Y (337—17, ) .
h/h ms

103






Bibliography

(1]

(2]

(3]

[4]

(5]

[6]

[7]

[8]

[9]

(10]

[11]

[12]

M. Anselmino, M. Guidal, and P. Rossi, eds. The 3-D Structure of the Nucleon. Top-
ical Collection in Eur. Phys. J. A. Springer, 2016.

C. Lorcé et al. “Parton distribution functions and their generalizations”. In: Encyclo-
pedia of Particle Physics. Ed. by C. S. Fischer. Vol. 2. Elsevier, 2026, pp. 167-218.
arXiv: 2507 .12664 [hep-ph].

D. E. Soper. “Parton distribution functions”. In: Nucl. Phys. B Proc. Suppl. 53 (1997).
Ed. by C. Bernard et al., pp. 69-80. arXiv: hep-1at/9609018.

R. G. Sachs. “High-Energy Behavior of Nucleon Electromagnetic Form Factors”. In:
Phys. Rev. 126 (1962), pp. 2256-2260.

C. F. Perdrisat, V. Punjabi, and M. Vanderhaeghen. “Nucleon Electromagnetic Form
Factors”. In: Prog. Part. Nucl. Phys. 59 (2007), pp. 694-764. arXiv: hep - ph /
0612014.

M. Diehl. “Generalized parton distributions”. In: Phys. Rept. 388 (2003), pp. 41-277.
arXiv: hep-ph/0307382.

X.-D. Ji. “Off forward parton distributions”. In: J. Phys. G 24 (1998), pp. 1181-1205.
arXiv: hep-ph/9807358.

X. Ji. “Generalized parton distributions”. In: Ann. Rev. Nucl. Part. Sci. 54 (2004),
pp- 413-450.

A. V. Belitsky and A. V. Radyushkin. “Unraveling hadron structure with general-
ized parton distributions”. In: Phys. Rept. 418 (2005), pp. 1-387. arXiv: hep-ph/
0504030.

S. Boffi and B. Pasquini. “Generalized parton distributions and the structure of the
nucleon”. In: Riv. Nuovo Cim. 30.9 (2007), pp. 387—-448. arXiv: 0711.2625 [hep-ph].

K. Goeke, M. V. Polyakov, and M. Vanderhaeghen. “Hard exclusive reactions and
the structure of hadrons”. In: Prog. Part. Nucl. Phys. 47 (2001), pp. 401-515. arXiv:
hep-ph/0106012.

D. Miiller et al. “Wave functions, evolution equations and evolution kernels from
light ray operators of QCD”. In: Fortsch. Phys. 42 (1994), pp. 101-141. arXiv: hep-
ph/9812448.

105


https://arxiv.org/abs/2507.12664
https://arxiv.org/abs/hep-lat/9609018
https://arxiv.org/abs/hep-ph/0612014
https://arxiv.org/abs/hep-ph/0612014
https://arxiv.org/abs/hep-ph/0307382
https://arxiv.org/abs/hep-ph/9807358
https://arxiv.org/abs/hep-ph/0504030
https://arxiv.org/abs/hep-ph/0504030
https://arxiv.org/abs/0711.2625
https://arxiv.org/abs/hep-ph/0106012
https://arxiv.org/abs/hep-ph/9812448
https://arxiv.org/abs/hep-ph/9812448

Bibliography

[13]

[14]

[15]

[16]

[17]

[18]

[19]

(20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

106

M. Burkardt. “Impact parameter dependent parton distributions and off forward par-
ton distributions for zeta —> 0”. In: Phys. Rev. D 62 (2000). [Erratum: Phys.Rev.D
66, 119903 (2002)], p. 071503. arXiv: hep-ph/0005108.

M. Burkardt. “Impact parameter space interpretation for generalized parton distribu-
tions”. In: Int. J. Mod. Phys. A 18 (2003), pp. 173-208. arXiv: hep—-ph/0207047.

X.-D. Ji. “Gauge-Invariant Decomposition of Nucleon Spin”. In: Phys. Rev. Lett. 78
(1997), pp. 610-613. arXiv: hep-ph/9603249.

M. V. Polyakov. “Generalized parton distributions and strong forces inside nucleons
and nuclei”. In: Phys. Lett. B 555 (2003), pp. 57-62. arXiv: hep-ph/0210165.

V. D. Burkert et al. “Colloquium: Gravitational form factors of the proton”. In: Rev.
Mod. Phys. 95.4 (2023), p. 041002. arXiv: 2303.08347 [hep-ph].

M. V. Polyakov and P. Schweitzer. “Forces inside hadrons: pressure, surface tension,
mechanical radius, and all that”. In: Int. J. Mod. Phys. A 33.26 (2018), p. 1830025.
arXiv: 1805.06596 [hep-ph].

A. V. Radyushkin. “Scaling limit of deeply virtual Compton scattering”. In: Phys.
Lett. B 380 (1996), pp. 417-425. arXiv: hep-ph/9604317.

X.-D. Ji. “Deeply virtual Compton scattering”. In: Phys. Rev. D 55 (1997), pp. 7114—
7125. arXiv: hep-ph/9609381.

S. Diehl. “Experimental exploration of the 3D nucleon structure”. In: Prog. Part.
Nucl. Phys. 133 (2023), p. 104069.

K. Kumericki, S. Liuti, and H. Moutarde. “GPD phenomenology and DVCS fitting:
Entering the high-precision era”. In: Eur. Phys. J. A 52.6 (2016), p. 157. arXiv: 1602.
02763 [hep-ph].

J. C. Collins and A. Freund. “Proof of factorization for deeply virtual Compton scat-
tering in QCD”. In: Phys. Rev. D 59 (1999), p. 074009. arXiv: hep-ph/9801262.

X.-D. Ji and J. Osborne. “One loop corrections and all order factorization in deeply
virtual Compton scattering”. In: Phys. Rev. D 58 (1998), p. 094018. arXiv: hep-
ph/9801260.

V. Bertone et al. “Revisiting evolution equations for generalised parton distributions”.
In: Eur. Phys. J. C 82.10 (2022), p. 888. arXiv: 2206.01412 [hep-ph].

J. C. Collins. “Hard scattering factorization with heavy quarks: A General treatment”.
In: Phys. Rev. D 58 (1998), p. 094002. arXiv: hep-ph/9806259.

M. Buza et al. “Charm electroproduction viewed in the variable flavor number scheme
versus fixed order perturbation theory”. In: Eur. Phys. J. C 1 (1998), pp. 301-320.
arXiv: hep-ph/9612398.

A. Barontini et al. “An FONLL prescription with coexisting flavor number PDFs”.
In: JHEP 10 (2024), p. 004. arXiv: 2408.07383 [hep-ph].

M. Thomson. Modern particle physics. New York: Cambridge University Press, Oct.
2013. 1SBN: 978-1-139-52536-7.


https://arxiv.org/abs/hep-ph/0005108
https://arxiv.org/abs/hep-ph/0207047
https://arxiv.org/abs/hep-ph/9603249
https://arxiv.org/abs/hep-ph/0210165
https://arxiv.org/abs/2303.08347
https://arxiv.org/abs/1805.06596
https://arxiv.org/abs/hep-ph/9604317
https://arxiv.org/abs/hep-ph/9609381
https://arxiv.org/abs/1602.02763
https://arxiv.org/abs/1602.02763
https://arxiv.org/abs/hep-ph/9801262
https://arxiv.org/abs/hep-ph/9801260
https://arxiv.org/abs/hep-ph/9801260
https://arxiv.org/abs/2206.01412
https://arxiv.org/abs/hep-ph/9806259
https://arxiv.org/abs/hep-ph/9612398
https://arxiv.org/abs/2408.07383

Bibliography

[30]

(31]

(32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

A. V. Radyushkin. “Asymmetric gluon distributions and hard diffractive electropro-
duction”. In: Phys. Lett. B 385 (1996), pp. 333-342. arXiv: hep-ph/9605431.

D. E. Soper. “The Parton Model and the Bethe-Salpeter Wave Function”. In: Phys.
Rev. D 15 (1977), p. 1141.

J. P. Ralston and B. Pire. “Femtophotography of protons to nuclei with deeply vir-
tual Compton scattering”. In: Phys. Rev. D 66 (2002), p. 111501. arXiv: hep-ph/
0110075.

M. Diehl. “Generalized parton distributions in impact parameter space”. In: Eur.
Phys. J. C 25 (2002). [Erratum: Eur.Phys.J.C 31, 277-278 (2003)], pp. 223-232.
arXiv: hep-ph/0205208.

R. L. Jaffe. “Spin, twist and hadron structure in deep inelastic processes”. In: Ettore
Majorana International School of Nucleon Structure: 1st Course: The Spin Structure
of the Nucleon. Jan. 1996, pp. 42-129. arXiv: hep-ph/9602236.

J. C. Collins, L. Frankfurt, and M. Strikman. “Factorization for hard exclusive elec-
troproduction of mesons in QCD”. In: Phys. Rev. D 56 (1997), pp. 2982-3006. arXiv:
hep-ph/9611433.

C. Muiioz Camacho et al. “Scaling tests of the cross-section for deeply virtual comp-
ton scattering”. In: Phys. Rev. Lett. 97 (2006), p. 262002. arXiv: nucl-ex/0607029.

R. L. Jaffe. “Parton Distribution Functions for Twist Four”. In: Nucl. Phys. B 229
(1983), pp. 205-230.

R. D. Ball et al. “Intrinsic charm in a matched general-mass scheme”. In: Phys. Lett.
B 754 (2016), pp. 49-58. arXiv: 1510.00009 [hep-ph].

M. D. Schwartz. Quantum Field Theory and the Standard Model. Cambridge Uni-
versity Press, Mar. 2014. 1SBN: 978-1-107-03473-0.

107


https://arxiv.org/abs/hep-ph/9605431
https://arxiv.org/abs/hep-ph/0110075
https://arxiv.org/abs/hep-ph/0110075
https://arxiv.org/abs/hep-ph/0205208
https://arxiv.org/abs/hep-ph/9602236
https://arxiv.org/abs/hep-ph/9611433
https://arxiv.org/abs/nucl-ex/0607029
https://arxiv.org/abs/1510.00009




	Introduction
	Generalized Parton Distributions
	Hard exclusive processes
	DVCS process and kinematics
	Compton form factors and QCD factorisation

	Operator definition of GPDs
	Partonic interpretation of GPDs

	Properties
	Forward limit
	Symmetry properties
	Sum rules and polynomiality

	Scale evolution of GPDs
	Evolution equation and evolution kernels
	Parton-in-parton GPDs
	One-loop evolution kernels


	GPD evolution across heavy-quark thresholds
	Flavour-number schemes and heavy-quark thresholds
	GPD matching across a heavy-quark threshold
	Partonic framework for the matching calculation

	One-loop matching conditions for GPDs
	Massive parton-in-parton GPDs at one loop
	Off-diagonal channels
	Diagonal channels

	One-loop matching coefficients
	Off-diagonal coefficients
	Diagonal coefficients
	Matching-scale dependence

	Consistency checks and forward limit
	UV poles and heavy-mass logarithms
	Forward limit


	Conclusion
	Light-cone coordinates and high-energy kinematics
	Light-cone coordinates
	Fast-moving hadrons and infinite-momentum frame
	Collinear partonic kinematics

	Parton-in-parton GPDs: technical details
	Gluon operator in the light-cone gauge
	Tree-level massless parton-in-parton GPDs
	Quark-in-quark GPD
	Gluon-in-gluon GPD


	One-loop massive parton-in-parton GPDs: calculation details
	Heavy-quark-in-gluon GPD
	Gluon-in-heavy-quark GPD
	Real heavy-quark-in-heavy-quark GPD

	Bibliography

