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Abstract

Quantum simulation offers a new perspective for studying physical systems whose
complexity makes them difficult to simulate using conventional computational methods.
In particular, the use of digital quantum computers makes it possible to implement
universal quantum simulators. A particularly interesting potential application is the
study of gauge theories, which underlie the description of fundamental interactions and
for which non-perturbative phenomena can be difficult to address using traditional ana-
lytical and numerical methods. This thesis investigates the digital quantum simulation
of the Schwinger model, a gauge theory in one spatial and one temporal dimension,
which represents an important theoretical toy model for the study of such phenomena.

The problem is formulated on a spatial lattice and mapped, through Gauss’s law
and the Jordan-Wigner transformation, onto an equivalent spin system. The ground
state, corresponding to the vacuum state of the theory, is prepared using an adiabatic
procedure, whose evolution is discretized using a Trotter formula. Numerical results
show that the protocol allows the ground state to be prepared with high accuracy,
reaching fidelities of up to 99% for different sizes of the discrete lattice. Additionally, the
evaluation of spatial two-point correlation functions of the electric field demonstrates
that the autocorrelation is accurately estimated within a 3% relative error, while cleanly
isolating the deterministic Trotter discretization error. However, the analysis of the
quantum circuits required for this digital quantum simulation reveals a rapid increase
in circuit depth as the system size grows, highlighting one of the main challenges for
implementation on real quantum devices.

Finally, the thesis investigates how the vacuum state prepared in this way can be
used to extract the mass of the Schwinger boson, a quantity that can be calculated
analytically in the continuum limit and can therefore provide a benchmark for assessing
the accuracy of the simulation. Two strategies are considered: extracting the mass from
correlation functions and determining it from the energy difference between the ground
state and the first excited state. The main challenges associated with these procedures
are discussed, together with possible strategies for improving their accuracy, including
the use of higher-order Trotter formulas and symmetry-guided protocols.



Abstract

La simulazione quantistica offre una nuova prospettiva per studiare sistemi fisici la
cui complessita rende difficile la simulazione con i metodi di calcolo convenzionali.
In particolare, I'utilizzo di calcolatori quantistici digitali consente di realizzare dei
simulatori quantistici universali. Un ambito di potenziale applicazione particolarmente
interessante ¢ quello delle teorie di gauge, alla base della descrizione delle interazioni
fondamentali, per le quali i fenomeni non perturbativi possono essere difficili da trattare
con metodi analitici e numerici tradizionali. Questa tesi studia la simulazione quantistica
digitale del modello di Schwinger, una teoria di gauge in una dimensione spaziale e una
temporale, considerata un importante modello teorico per lo studio di questi fenomeni.

Il problema viene formulato su un reticolo spaziale e ricondotto, attraverso la legge di
Gauss e la trasformazione di Jordan—Wigner, a un sistema equivalente di spin. Lo stato
fondamentale, corrispondente allo stato di vuoto della teoria, viene preparato mediante
una procedura adiabatica, la cui evoluzione viene discretizzata attraverso 1'uso della
formula di Trotter. I risultati numerici mostrano che il protocollo permette di preparare
lo stato fondamentale con elevata accuratezza, raggiungendo valori di fedelta fino al
99% per diverse dimensioni del reticolo discreto. Inoltre, la valutazione delle funzioni
di correlazione spaziale a due punti del campo elettrico dimostra che 1’autocorrelazione
viene stimata con accuratezza entro un errore relativo del 3%, permettendo di isolare
nettamente l'errore deterministico di discretizzazione di Trotter. L’analisi dei circuiti
quantistici necessari per questa simulazione quantistica digitale evidenzia tuttavia
una rapida crescita della loro profondita all’aumentare delle dimensioni del sistema,
mettendo in luce una delle principali difficolta per I'implementazione su dispositivi
quantistici reali.

Infine, viene studiato come utilizzare lo stato di vuoto cosi preparato per estrarre
la massa del bosone di Schwinger, una quantita che puo essere calcolata analiticamente
nel limite continuo e quindi fornire un riferimento per valutare ’accuratezza della
simulazione. Vengono considerate due strategie: 1'estrazione della massa dalle funzioni
di correlazione e la sua determinazione attraverso la differenza di energia tra lo stato
fondamentale e il primo stato eccitato. Sono infine discusse le principali difficolta
associate a queste procedure e alcune possibili strategie per migliorarne I'accuratezza,
tra cui 'impiego di formule di Trotter di ordine superiore e di protocolli che sfruttano
le simmetrie del sistema.
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Introduction

Modern theoretical physics relies on Quantum Field Theory as the fundamental mathe-
matical framework for describing elementary particles and their fundamental interac-
tions, except for gravity. Since the foundational introduction of quantum perturbation
theory by Paul Dirac in 1927 [1, 2, 3] and its subsequent systematic diagrammatic
formulation for field theories by Richard Feynman in 1949 [4, 2, 3], perturbative
methods have achieved remarkable success in weak-coupling regimes such as Quantum
Electrodynamics. However, perturbative expansions systematically fail when applied
to non-perturbative problems. In regimes where the interaction strength is large or
where physical observables depend non-analytically on the coupling constant, physical
quantities cannot be accessed through series expansions in the coupling parameter. To
investigate these non-perturbative regimes without relying on perturbative approxima-
tions, Kenneth Wilson in 1974 introduced the formulation of Lattice Gauge Theories
[5, 2, 3]. By discretizing continuous spacetime onto a grid with finite lattice spacing a,
Lattice Gauge Theories provide the only mathematically rigorous and non-perturbative
regularization scheme for describing strongly coupled regimes such as Quantum Chromo-
dynamics (QCD). In Hamiltonian formulations, such as the Kogut-Susskind staggered
lattice approach [6, 2, 3] developed in 1975, spatial coordinates are discretized while
continuous time evolution is preserved, explicitly retaining local gauge symmetry on
the lattice links.

For several decades, classical supercomputers employing Markov Chain Monte Carlo
sampling techniques within Euclidean spacetime path integrals have served as the
primary computational approach for Lattice Gauge Theories. Numerical calculations on
Euclidean grids have successfully delivered high-precision static predictions. However,
classical computational methods encounter severe intrinsic barriers when tasked with
probing real-time dynamics and non-equilibrium phenomena. For fermionic fields,
the fundamental bottleneck of classical Monte Carlo simulations stems from the sign
problem, or complex action problem. When Wick-rotated to real time, the quantum
evolution operator manifests as an oscillating complex phase in the path integral
integrand, rather than a positive-definite Boltzmann probability weight. Consequently,
probabilistic importance sampling degrades catastrophically because positive and
negative statistical terms cancel each other out, causing the statistical signal-to-noise
ratio to decay exponentially with spacetime volume and system size. Furthermore, the
state space of quantum many-body systems scales exponentially with the number of
constituents V. A quantum state of N spin-1/2 degrees of freedom or staggered fermionic
sites inhabits a Hilbert space of dimension 2V, requiring 2" complex amplitudes for an
exact classical state representation. Storing a state vector of even 50 qubits saturates the
memory capacity of modern high-performance computing clusters. In spatial dimensions
d > 2, where spatial entanglement scales extensively, classical approximation techniques
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Figure 1: Conceptual illustration of a universal simulator implemented on a digital
quantum computing device, inspired from Fig. 1 in Ref. [7]. The quantum state evolution
of a physical model can be approximated to arbitrary precision by mapping the given
model on a spin-type model (which can be easily encoded, e.g., onto a qubit-based
register), and slicing the time evolution according to the Trotter formula (see Sec.
2.2.4); the sequence of unitary operations can then be programmed through a quantum
circuit model to be directly run on a quantum computer, giving the approximated
evolved state as an output.

such as tensor networks suffer from an exponential growth in bond dimension during
real-time evolution, preventing efficient long-time classical simulation.

To circumvent these computational barriers, Richard Feynman in 1982 [8, 7] conjec-
tured that physical quantum systems could be efficiently simulated using computational
devices operating according to the laws of quantum mechanics, a concept later formal-
ized by Seth Lloyd in 1996 [9, 7], who proved that universal quantum computers can
simulate local quantum Hamiltonians with polynomial resource overhead. In Digital
Quantum Simulation, target physical degrees of freedom are mapped onto a register
of physical qubits. Continuous unitary time evolution is approximated by a discrete
sequence of quantum logic gates using Suzuki-Trotter operator decompositions [10, 11,
7]. This workflow is summarized in Fig. 1. Because quantum hardware directly manip-
ulates quantum superpositions and entanglement in real physical time, the dynamics
and ground state properties of field theories can be simulated without encountering
a sign problem. To ensure that quantum algorithms remain applicable across evolv-
ing hardware platforms, it is vital to design platform-agnostic, hardware-independent
digital protocols. Rather than relying on the fixed physical interactions of an analog
emulator, digital quantum simulation formulates algorithms within the general-purpose
gate-based model satisfying DiVincenzo’s criteria [12, 7, 13]. In a platform-agnostic
digital protocol, the target field theory is mapped onto an abstract Pauli spin algebra
via canonical transformations such as the Jordan-Wigner transformation [14, 13]. The
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Figure 2: Schematic diagram of a linear trapped-ion quantum computer architecture.
Physical qubits are encoded in the internal energy states of ions arranged in a 1D chain
along the trap axis, confined by an electrode potential. Multi-qubit operations are
mediated by collective vibrational modes, enabling long-range or all-to-all connectivity.
Coherent operations and gate manipulations are addressed using targeted control
laser beams, while state readout is achieved via state-dependent fluorescence detection
captured by a CCD camera.

algorithm is constructed using a standard universal gate set composed of single-qubit
rotations and entangling CNOT or CZ gates. Once codified as an abstract quantum
circuit, the protocol can be executed on any gate-based quantum architecture via
transpilation layers, irrespective of the underlying physical platform.

In the current Noisy Intermediate-Scale Quantum era, two physical architectures
[7] lead the pursuit of practical digital quantum simulation: Trapped Atomic Ions and
Superconducting Circuits.
Trapped-ion platforms [7, 15] confine charged atomic species in ultra-high vacuum using
oscillating radio-frequency electric fields in linear Paul traps. Qubits are encoded into
stable internal electronic energy states, specifically hyperfine ground-state splittings
or optical quadrupole transitions. Single-qubit operations are implemented by driving
resonant optical laser transitions or microwave Raman pulses with high precision; multi-
qubit entangling gates, instead, are mediated by the collective vibrational modes, or
phonons, of the ion string within the harmonic trapping potential. Trapped ions feature
exceptionally long coherence times ranging from seconds to minutes and state-of-the-art
gate fidelities exceeding 99.9% for single-qubit operations and 99.5% for two-qubit
gates. Critically, phonon-mediated interactions enable flexible, reconfigurable all-to-all
connectivity across the entire linear string, making trapped ions exceptionally suited
for executing digital algorithms involving non-local or long-range spin interactions,
such as those arising from gauge-field elimination.
Superconducting quantum computers [7, 16] utilize solid-state microelectronic circuits
micro-fabricated on silicon or sapphire substrates, operated inside dilution refrigerators
at cryogenic temperatures around 10 to 15 mK. Qubits are encoded in the non-linear
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Figure 3: Schematic representation of a superconducting quantum processor architecture.
A 2D planar grid of transmon qubits (@ ... Qs) with nearest-neighbor couplings is
integrated on a superconducting chip maintained at cryogenic temperatures (=~ 15 mK).
Single-qubit rotations are driven via microwave pulses, while state readout is performed
via room-temperature readout electronics and cryogenic amplifiers.

anharmonic energy levels of superconducting LC-resonators, where non-dissipative
Josephson junctions act as non-linear inductors. In this context, qubit states are
manipulated via microwave pulses delivered through high-frequency transmission lines.
Superconducting circuits offer ultra-fast gate operation times on the order of 10 to 100 ns,
allowing large numbers of gate operations within short execution windows. Leveraging
established semiconductor fabrication technologies, superconducting processors scale
efficiently in two-dimensional planar grids, though coherence times are shorter, typically
ranging between 50 and 150 us; moreover, connectivity is generally limited to nearest-
neighbor geometry and spectral frequency crowding presents ongoing engineering
challenges.

This thesis addresses the digital quantum simulation of the ground state preparation
for an important theoretical toy model: the Schwinger model, representing Quantum
Electrodynamics in 141 dimensions, formulated on a Kogut-Susskind staggered lattice
with periodic boundary conditions. By analytically integrating out the gauge field
degrees of freedom using Gauss’s Law, the gauge field is eliminated by the evolving
dynamics, transforming the theory into an effective spin-1/2 Hamiltonian with long-
range Coulomb-like interactions mapped via the Jordan-Wigner transformation. We
develop a successful platform-agnostic digital pipeline employing Adiabatic Quantum
State Preparation (AQSP), discretized through first-order Trotter product formulas,
allowing thr faithful preparation of the ground state of the theory.

The structure of this work is organized across three main chapters. The first Chapter
provides the formal field-theoretic formulation of Lattice Gauge Theories, detailing
the Kogut-Susskind staggered fermion discretization, and derives the long-range spin
representation of the (14-1)D Schwinger model upon gauge field elimination. The
second Chapter presents the framework of Digital Quantum Simulation, introducing



universal quantum circuits, gate decompositions, readout methods and the principles
of Adiabatic Quantum State Preparation and Trotterization. The third chapter details
the implementation of the AQSP protocol for the Schwinger vacuum state, presenting
numerical results validating state preparation against exact classical diagonalization,
achieving Uhlmann fidelities up to 99% across various system sizes N and lattice
spacings a. Furthermore, we evaluate the spatial two-point correlation functions of
the electric field, accurately estimating the autocorrelation at r = 1 within a 3%
relative error and cleanly isolating the deterministic Trotter discretization error. Finally,
we propose also a primary application of the simulated Schwinger vacuum, namely
extracting the mass of the Schwinger vector boson mg, which dynamically emerges
via (141)D bosonization. We evaluate two extraction pathways, comparing spatial
correlation decay against direct spectral gap measurements, and analyze operational
bottlenecks and mitigation strategies for ideal digital quantum hardware.



Chapter 1

Lattice Gauge Theories and the
Schwinger Model

This chapter establishes the theoretical foundation required for the non-perturbative
formulation and digital quantum simulation of lattice gauge theories, focusing on
Quantum Electrodynamics in 1 + 1 dimensions, which is encoded in the Schwinger
model. Beginning with the Path Integral representation of Green functions for scalar
and Dirac fields, we introduce the discretization of continuous spacetime onto a discrete
lattice as a mathematically rigorous regularization scheme. We detail the gauge-invariant
formulation of Abelian gauge fields via Schwinger line-integrals and plaquette variables,
followed by the Kogut—Susskind staggered fermion approach to overcome the fermion
doubling problem. Finally, we analytically integrate out the gauge field degrees of
freedom using Gauss’s Law in 1 4+ 1 dimensions.

1.1 Path Integral representation of Green functions

In classical mechanics, the evolution of a system may be described through either the
Lagrangian formalism, relying on the Euler—Lagrange equations, or the Hamiltonian
formalism. Both approaches arise naturally from the Principle of Least action, which
postulates that the system follows the trajectory that minimizes the action functional
S(q), that is the path that guarantees that 65(¢) = 0. In non-relativistic Quantum
Mechanics, within the Hamiltonian formalism, the dynamics of a system is governed
by the Schrodinger equation, which determines the time evolution of the system’s state
and the corresponding probability amplitudes. Consequently, in order to reestablish
the connection with the classical action principle, it is necessary to reformulate the
principle of Least Action in a manner that reflects the fact that the system exists
simultaneously in a superposition of different possible states. This is achieved through
the introduction of the Path Integral formalism [2, 13, 3|, which describes the time
evolution of a quantum system as a sum over all possible instantaneous trajectories,
each weighted by a different probability amplitude. In order to reconstruct the evolution
of a quantum system, we henceforth exploit the formalism of Green functions and
analyze their meaningful representation under the Path Integral approach [2, 3, 13].
Given a quantum system in a Hilbert space H, we can study it by choosing a set of
physical observables {Qa} (where the index a accounts for the n degrees of freedom of
the system) that share a common spectral resolution and act on their simultaneous



eigenstates |q) as

Qa‘Q>IQa’q> \V/Oézl,...,n

In order to derive an expression for the Green functions, we can start by assuming
that the Hamiltonian that describes the evolution of our system is time-independent
so that that we can determine its state at a time ¢’ and the corresponding probability
amplitudes in the following way. Taking the Schrodinger equation

L d
i () = HIp(0)

we can notice that it has the same mathematical form as a linear ordinary differential
equation; therefore, we can solve it by separating the variables and then integrate it in
order to find the logarithmic solution. In fact, by separating the variables ¢ and [ (t)),
we have that

) i

[ (2)) h

and we can integrate this expression considering a generic time-interval (¢,t') as

MO dlgs)) [
= — —Hd
/zp(t)> | (s)) /th ’

obtaining that

from which it follows that

[ (t) = U, )p(t)) = e+ y(1)) (1.1)

Multiplying both sides of Eq. (1.1) equation by (¢'|, that is the simultaneous eigenstate
of the set {Q,} at a time ¢, we obtain

O(g 1) = {d[o(t) = (d'le# T (8))
Then, exploiting the fact that we can express the Identity operator as I = [ dq |¢)(q|

where the integration measure is given by dg = [[._, dga, we can write the previous
equation as

U(d 1) = /dq (q'le” 7 D|g)(qlu(t)) = /dq (q/le” 17D ghp(q,t) =
= /dq G(q',t;q,t)0(q,t) (1.2)
where we introduced the Green function G(q','; ¢,t), which describes the propagation
of the state |¢(t)) with respect to the set of observables {Q,}. More precisely, the

integrating function of Eq. (1.2) represents [2, 13, 3] the conditional probability to find

7



the system in a state [1)(¢')) at a time ¢’ having measured the system in the state |1 (t))
at a time t. The Green functions [2, 13, 3] satisfy also the following composition law

G(d,t;q,t) = /dq”G(q’,t’;q”,t”)G(q”,t”; q,t)

where we have ' > t" > t. This expression encodes the fact that the evolution of a
quantum system can be splitted into intermediate steps and follows from the properties
of the operator U(t',t). In fact, since U(t',t) = U(t',t")U(t",t) and exploiting the fact
that we can write the Identity operator as I = [ dq” |¢")(q"], we have that

G(d, 1 q,t) = (¢'|e 71D |g) = (g'|e” #HEDe=RHE =0 gy —
/dq” <q ’e ﬁH(t’ t”)|q ><q//’67%H(t”7t)’q> —
:/dq//G(q,,t,;q”,t”)G(q”,t”; q,t>

At this point, we can derive a Path Integral representation for the Green functions [2,
13, 3]. First, we start by considering the matrix element given by

(@, t]g,t) = (¢|le #TED]g)  where |q,t) = eillt|q) (1.3)

that is an eigenstate of the Heisenberg operators given by

Qu(t) = erf'Que 1M such that Qa(t)|q,t) = gulq,t)

To proceed towards a more suitable representation, we perform an analytic continuation
of the time variable to the imaginary axis, a procedure formally known as Wick rotation.
By substituting the real time ¢ with the imaginary (or Euclidean) time 7 via the mapping
t — —iT and t' — —i7’, the metric of the theory shifts from Minkowski to Euclidean
space-time [2, 13]. This transformation has a profound impact on the dynamics. In
fact, the oscillatory phase factor e~ 7t is replaced by a decaying exponential e~ 7%
which represents the Euclidean statistical operator [2, 3, 13]. Therefore, the shift to

imaginary time results in

gy
(g, t) psir —Z¢ Je iy () = (¢'|le”n T g)

t'——it!

Then, we need to split the time interval [, 7'] into N infinitesimal segments of length
e = (M"=1)/n, and explicitly develop the matrix element accordingly. The intermediate
times are labeled as 7,7, ...,7nv_1 With 7 < 7y < 7» < --- < Tnv_1 < 7'. Moreover,
recalling also that we can write the Identity operator as I = [ dg"¥) |¢V){q")|, where
the index [ refers to the [-th time step, we obtain

(¢|e 17T =gy = (¢ |e” #H T -1 nHN1=TN-2) | o= gH (=) o= Hn=7) |0y —
N-1
1

/qu (q/le# 7 Iq ™) L (gMe i) =

N—-1 n
1 1

= [ TLTLaad e a0y oo+ (14)

=1 a=1



At this point, we need to make some assumptions on the structure of the Hamiltonian
we are working with [2]. In particular, we suppose it to be of the form

J .
=52 PV
a=1

where {P,} are the momenta canonically conjugate to our {Q.} and V(Q) is a
polynomial expression in {Q,}. We can notice that, for small ¢, we can use the
Baker-Campbell-Haussdorf formula to approximate

and obtain
(g™ V]em 1) e (gD e 0 B g0V D) (1.5)

Then, recalling the expression of the scalar product between simultaneous position and
momentum eigenstates

(qlp) = H m”"*q“

and making use of the identity I = [dp® |[p®)(p®|, with [ corresponding to the
different time steps, one has that

_ € (O} _
(U0 | He) g0y m e 7V @) [ ap® (gD e Tazi B2 Oy (p0 V) =

0?2
ip{ g+ _era’ 1 ipgth

- 1
dpD ] —==ee 9= o= 2 ——e
P H\/Zﬂ' V2
dpm ﬁ [” ipsf>(qg+liqg))}

a=1

—= eiﬁv(q(w

V(g®)

(¢®)

\\\\

nogp® n e HORNOY GO
TS | R
Substituting these calculations into Eq. (1.4), we find that

e (1) (qgﬂ)*qg))
1 / — 3P —_ € l l
(e FIE D) %/Dque " ) it (aV2) (1.6)

where we wrote

n N-—1 n N-— 1
Dq = li[l lll dqg) U 11 H Z 5Pa (l))

At this point, we underline that the number of momentum integration exceeds that of
the coordinates: in fact, its application refers to the interval between two intermediate



Figure 1.1: Path in ¢-space connecting two space-time points

points while the coordinate integration excludes —i7 and —i7’, which are the initial and
the final time respectively. We specify also that the above formula actually holds for
every Hamiltonian of the form H(Q, P) = T(P) + V(Q) in which T'(P) is a polynomial
in the canonical momenta. However, for the case where T(P) is a quadratic form
of the type written before, we can also obtain a configuration space Path-Integral
representation by carrying out the Gaussian integration over the momenta. Indeed,

using the identity
+o00
/ dl‘ e(ax2+bx+c) —_ \/je— <c—%)
o a

that is proven in Proposition (B.1.1), we can develop Eq. (1.6) as

M2_e;p® gD g
(e 3 ]g) ~ /Dq«e V@) /D ~ e ( ):

a+1)_ )\ 2
_ /i/qugwqm)e—%(qas a ) _
2me
N—1 n .
/ /H qua —ezl o LE(q(z) q(z)) (1'7)

'=1a

where we introduced

7 l l — 1 l l l Q&ZH) qg)
Le (a,4") =3 5d0? +V(¢") where ¢ = | F—-
a=1

€

More precisely, if we consider an arbitrary path in ¢-space connecting the space-time
points (¢, 7) and (¢’, 7'), consisting of a succession of infinitesimal straight line segments
for every infinitesimal time interval as the one schematically shown in Fig 1.1, we
can provide a precise interpretation of these two quantities. Since ¢ denotes the set
of coordinates of the system at time 7, it is immediate to notice that ¢ represents
the euclidean velocity of the system in the time interval [, 7;11] while moving in a
n-dimensional configuration space; thus, it follows that Ly is the discretized version of
the classical Lagrangian in the euclidean formulation. The action associated with the
path is given by

Skelq] = EZ [Z —qV2 4+ V(")

=0
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By taking the limits ¢ — 0 and N — oo in Eq. (1.7), keeping the product Ne = (7" — 1)
fixed, we finally recover the Path-Integral representation of Green functions [2, 13, 3] as

!

q q / .
Gld H5a.1) = {dle N1 la) g = [ Dgerss = [ pger ottt
N—o0 q q

We can now analyze the physical meaning of this expression [2, 13]. The Green function
is represented as a continuous sum of possible paths connecting (¢, 7) and (¢, 7’), each
weighted with e~%2[4; thus, it is straightforward to notice that the most important
contributions to the sum are expected to come from those paths for which Sg|q] takes
values close to the minimum, where 6Sg[q] = 0.

1.2 Green function of the free Dirac field

Quantum Field Theory exhibits fundamental differences from non-relativistic Quantum
Mechanics. In Quantum Mechanics, we describe a system (for example, a particle)
through a quantum state vector |¢) in a Hilbert space H, and we evaluate the ex-
pectation values of physical quantities on such a state by exploiting a set of physical
observables {Q,} (where the index o = 1,...,n accounts for the degrees of freedom of
the system) by performing targeted measurements. Moreover, in standard Quantum
Mechanics there is a fundamental asymmetry between space and time: the position
7is a quantum observable (and, therefore, an operator), while time ¢ is an external
continuous parameter. In Quantum Field Theory, instead, the position loses its status
as an operator and it is put on an equal footing with time, becoming a space-time
coordinate. The space-time is defined as a global structure in which every point is
uniquely labeled as x = (&, t), where ¢ accounts for the temporal dimension and #
accounts for the spatial ones. In this context, fields are the primary physical entities
and particles emerge as localized and quantized excitations of the underlying field, e.g.
o(z), created or annihilated on the vacuum state |2) within a Fock space F.

In both theories, the information concerning the conditional probability of the
time-evolution of a system is enclosed in the Green functions [2, 13]. In Quantum Field
Theory, a Green function consists of an expectation value on the ground state of the
T-product of a certain number n of Heisenberg field operator, that is

Gar, - wn) = (T [G(21) - dlan)] [€2)

where the time-ordered product (T-product) orders the operators from left to right
according to descending time. In Quantum Field Theory, however, in order to reconstruct
the analytical form of the action, the single Green function is no longer sufficient. In
fact, in this case we need an infinite collection [2, 13] of Green functions: the information
is no longer encoded in the single eigenstate of the system, but in the action of the fields
operators on all the different points of the space-time. In fact, in Quantum Field Theory,
every type of physical process (such as particle interactions or particle propagation)
is encoded by a different n-point Green function; therefore, knowing all the n-point
correlators for every n is equivalent to mastering the entire dynamics of the theory.
In order to derive a Path Integral representation for Green functions in Quantum
Field Theory we have to make a fundamental distinction between bosonic Green
functions and the fermionic ones, which refers to bosonic or fermionic field operators

11



respectively. Specifically, the main difference between these correlators relies in the
commutation rules that affect bosonic and fermionic fields: the fermionic field operators
anticommute with each other, while the bosonic ones commute with each other. This
aspect is anticipated to make an important difference in the development of a Path
Integral representation of their Green functions.

In order to construct a Path-Integral representation that involves the integration over
anticommuting variables, we can introduce the formalism of Grassmann variables [2,
3]. In particular, Grassmann variables are introduced as the counterparts of fermionic
fields in functional integration in order to preserve Fermi-Dirac statistics. A Grassmann
algebra 2 over R or C is an associative algebra constructed from a unit 1 and a set of
generators n; which anticommute with each other as

{nini} =nim; +nm =0 Vi, j

As a direct consequence, n? = 0 Vi. A general element of a Grassman algebra f(n) is
defined as a power series in the 7,’s that has only a finite number of therms (since n?
are always zero Vi) and can be written as

f) = fo+ Zfﬂ?i +Zfij77ﬂ)j LR
i i#]
To define a functional representation for fermions, we must also introduce a notion of
integration over Grassmann variables [2, 3|. Since these variables are purely algebraic
constructions, the integral is defined not as a measure-theoretic limit, but through
simple algebraic rules. For a single generator n;, the fundamental rules are

/dm:O /dmmzl-

These two fundamental expressions are the only mathematically consistent rules that
allow linear integration over anticommuting variables while maintaining translational
invariance. Moreover, these rules reflect the property that the integral of a total
derivative must vanish, but they also imply a remarkable identity in Grassmann calculus:
integration and differentiation are identical operations. Additionally, it is important
to specify that, when dealing with multiple variables, the integration measures are
themselves anticommuting. Specifically, we are interested in deriving a Path integral
representation of fermionic two-points correlation functions exploiting the formalism of
Grassmann variables [2, 3]. In this regard, we define the two-point correlation function
in Grassmann algebra as

iy — P e iy
e | D(mn)e” 2205 MiAijny

N
where D(7n) = H dm,dm
I=1

and generalize it as an arbitrary n-point correlation function as

S D@y Ty Tge 2 T
fD(ﬁn)efzi,jﬁiAijnj

iy - Mg Ty - - 'ﬁi;> = (1.8)

Algebraically, for a system of NV degrees of freedom, the barred variables 7, ..., 7y
are defined as an independent set of N Grassmann generators alongside 7y, ..., ny.

12



Together, they form a complete set of 2N independent Grassmann variables. The bar
notation is adopted rather than labeling them from 1 to 2NV because it distinguishes the
two sets of generators and highlights their paired structure; for convenience, they can
be identified as the Dirac adjoint of the quantum Dirac field. Instead, A;; represents the
matrix element of the dynamical operator (or Dirac matrix) that couples the degrees
of freedom 7 and j within the bilinear action.

Keeping this brief aside in mind, let us now introduce the free Dirac field. The
free Dirac field ¢ (z) is a four-component complex spinor describing relativistic spin-1/2
particles (such as electrons, or quarks) and their corresponding antiparticles. The four
complex components combine positive and negative energy solutions with two physical
spin projections. The corresponding action in Minkowski is given by

Selo ) = [ d'a Bla)ir0,— M)wla) = 3 [ dad'y B, (@) Kas(r.)0s(0)
o,

where
Kap(,y) = (i7"0, — M)ap 6 (z — y)

Here, v* (where p = 0, 1,2, 3) denotes the 4 x 4 Dirac matrices, which satisfy the Clifford
algebra anticommutation relations {v*,7"} = 2n* with p* = diag(1,—-1,—1,—1)
being the Minkowski metric tensor. The term +*J, employs Einstein summation
convention over spacetime indices, expressing a linear combination of temporal and
spatial partial derivatives coupled via the Dirac matrices. Instead, ¥(z) is a 4-component
Dirac field of mass M and its components are generally labeled using greek letters
as indeces. In general, we have that the Path Integral representation of the Green
functions involving an equal number of Dirac fields of the type ¢ and 9 is given by

(QUT [V, (1) - e, (20) U, (41) -, (01)|Q) = )
_ f D(djE) wal ('rl) e wa, (ml)gﬁl (yl) . Eﬁl (yl)eiSF[waw]
- [ D) eiSrlvvl

In this case, we can show that the corresponding two-points correlation function is
related to the inverse of the matrix K,,. In fact, by demonstrating that

[ D) Yo () 5(y)e 5Py
- [ D)) eiSrlw:d)

i (x,y)
one has that

(QUT[a(@)0s(y)IQ) = iK 5 (2, y) (1.9)

In order to demonstrate Eq. (1.9), it is necessary to know how to calculate two different
types of integrals. For the first one, we have to compute the expression given by

N
In = /D<ﬁ7l) K(n,n) = /Hdﬁldﬁl e~ 2y MiAjimi —
=1

N N N
:/HHMMMW%%W (1.10)

=1 j=1
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Since n? = 0, only the first two terms in the expansion of the exponential in Eq. (1.10)
will contribute. Hence, we can rewrite it as

N
[T = = (1 =7 Avimi (1 = My Asiyhiy) - (1 =TIy Anin i)
j=1

Moreover, according to Grassmann integration rules, the integrand must involve the
product of all the Grassmann variables; thus, we can rewrite it as

K,m) = minal - INTIx Y Eir i Ay - Ay

11...0N

where the €;, ;, is the e-tensor in N-dimensions. Recalling the formula for the deter-
minant of a matrix A, we finally obtain that

K(7,n) = (det A)mmym27 . .. INT

Substituting this expression back in Eq. (1.10), we conclude that

N
Iy = [H [ dnn
=1

Secondly, we can consider the following expression given by

det A =det A (1.11)

I, = /D(m))% TRy - Ty e 2 A (1.12)

We can compute (1.12) by defining a generational functional Z[p, p|, which depends on
external sources. The generating functional represents a compact tool to derive all the
correlations and expectation values of the system. It is defined as

Z[ﬁ7 p] = /D(ﬁn) e~ > MiAigni+22;(Pami+7;pi)

We can compute it explicitly by completing the square in the exponential in Eq. (1.12).
In fact, by noticing that

—TJ AN+ pn+Tp = —([ — pA ) A — A7'p) + A p
since

—T AN+ +Tp = —TjAn + P +Tp — pAT p+pAT p =
= —(7An — pAT An = TAA™ p + pATIAAT p) + pAT p =
= —A[(n—A"p) —pA~ (n— A7) +pAp =
=—(—pAT)A(n— A" p) + DA

and by doing a change of variables such as 7 = 7 — pA~! and ¥y = n — A7 lp, it is
straightforward that

2[5, p) = (det A)eZni P s
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If we derive the generating functional with respect to p,p, we can finally solve Eq.
(1.12). In order to derive Z[p, p], we need to exploit the properties of Grassmann algebra.
In fact, since p2, = 0 and p? = 0 Vm,n we can expand the exponential and stop at the
first order in the argument. By doing that, we obtain the following expression

Z[p, p| = (det A) eXmnPmAmnon — (det A) [T > Amhpn _
= (det A) [ [1+ om Y Avpin]

At this point, we can start by calculate all the derivatives starting from those with
respect to p;. Thus, we have that

<= <
0 8 0 0
le p]l pll plz p=p=0
< <=
0 0 0 0
- — 1 + 7m A ! mniMn s =
apjl a P 1;[ [ g n ( ) ’ }apll apiz
r <= <=
0 0 0 0
- . 1+p. Y Alp, =
il () (S W E e
r <= <~
0 0 0 0
= 0= = mAmz mAm'L 1_‘_77” A;’r}n =
8@-1 aﬁjl ; _(P 1)<P 2) rl;r[n( g ; P )] Ipi, Ipi,
_..._9 iz ﬁ(pA )H(1+p ZA*lp)
aﬁjl aﬁ]l m ik:il " mZk r;ém ' n e

When performing the derivatives with respect to p;, instead, we can simplify the
calculations by considering the fact that we will impose p = p = 0 and so all the terms
which contain p or p will vanish. For this reason, we can safely impose

T +50> Ampn) =1
r#m n

and proceed with our calculation considering only the other term. Thus, we have

) 0 o | .. )
a’OJI ap] ; Lkl_L - aﬁjl apjl—l ilHl L e 7;1 *
0 0 . )
- 0o, O0p. H AJleA]l 19k Z pmAmzk -
Pir P2 =11 m#j, ji—1
7 7]
== HAZ%—&H HAhzf
k=% Jh=Ji =% Jh=J1
Ji
YRS |
P Jh=J1
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We underline that the term & = (—1)"“""/2 is a pure consequence of the fact that we
ordered the indices as j; ... 7 and that A;,;, is an antisymmetric matrix. Likewise, the
term (—1)77 is a consequence of the fact that we took into account all the possible
permutation of the indices. Finally, we can conclude that

/D(ﬁn) Miv Wi gy -y € 2 49 = (det A)E Y (1) (A ijp - (A i,
P

As a particular case of the previous expression [2, 3], we have

[ Dmymme S — (et )47
Thus, recalling Eq. (1.8) and Eq. (1.11), it finally holds that

(ni7;) = A (1.13)

In conclusion, we summarize the main steps leading to this result. Evaluating the
multi-point correlation functions defined in Eq. 1.8 begins with introducing a generating
functional Z[p, p| coupled to external Grassmann sources. Completing the square via
a translation in Grassmann space decouples the source dependence and factors out
the Gaussian partition integral Iy = det A given by Eq. (1.11). Expanding the source
exponential ePA™lp through the properties of Grassmann generators and evaluating
functional derivatives with respect to the sources yields the full contraction structure
and parity of multi-point correlation functions. Finally, for the two-point correlation
function, dividing by Iy = det A cancels the determinant factor, so that recalling Eq.
(1.8) and (1.11) bring us to Eq. (1.13).

1.3 Lattice representation of two-point correlation
functions

If we want to give the Path Integral a precise meaning within Quantum Field Theory,
we necessarily have to discretize the space-time global structure and define a space-time
lattice. In fact, in this context, the multiple integrals are only formally defined when
dealing with an infinite number of degrees of freedom [2, 13]. In particular, we want to
be able to derive an expression for the two-point correlation function as the one in Eq.
(1.13), but formulated on a lattice. Eventually, we will remove the lattice structure to
study the continuum limit.

However, we have to pay attention to few aspects. While discretization in the
context of the free scalar field does not present any particular criticalities, that of the
free Dirac field opens the door to non-trivial difficulties. In particular, the discretization
of the Dirac action on a space-time lattice and the behavior of the resulting lattice
propagator in momentum space are at the origin of what is commonly referred to as
fermion doubling problem.

1.3.1 Free scalar field on the lattice
Let us start by considering the classical field equation

(O+ M*)p(z) =0 (1.14)
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where ¢(z) denotes a scalar field of mass M, O = 0,0" is the d’Alembert operator,
and x stands for the space-time position vector with components z, for 4 = 0,1, 2, 3.
This equation of motion follows from imposing 05 = 0 according to the least action
principle, with S given by

5= / d' ¢(x)(@ + M?)o(x)

this equation of motion. Therefore, is the one that minimizes the differential of the
action and consequently the one that will correctly describe the dynamic of the system
with greatest probability [2, 13]. The Lagrangian density associated to the action can
be derived according to the fact that

Cbau(auﬁb) = 6#((758%5) - aﬂﬁba“(iﬁ

and by noticing that the total derivative in the right-hand side of Eq. (1.14) vanishes
when evaluated at the boundaries of space-time since ¢ — 0 there. Thus, we find that

1 1
= — Hy — — 242
L 2M¢3¢ 2M¢

In this case, the Path Integral representation of the Green function continued to
imaginary times is given by the corresponding correlation function, that is

[ Do (p(x)o(y)...)e 5
a fDQﬁe*SEW’]

(o(x)o(y) .. -)

where x and y are euclidean space-time vectors obtained from the Minkowski ones by
replacing x° — —iz4 and y° — —iy,. The euclidean action Sg[@] can be obtained from
the one in Minkowski by imposing that 2° — —iz, and noticing that

0 0 0x D (ax())‘l:(_ila )

N 04 Oxs ' Om

81’0 n 81’4 8$4 n 6.734

so that [J denotes from now on the 4-dimensional Laplacian given by
4
O=05 -V = (i) -V’ = -0} —=V*==> 9,0,
pn=1

We can now introduce a space-time lattice with lattice spacing a. Every point on the
lattice is uniquely determined by four integers as n = (n1,ns, n3, ny), where the last
component refers to euclidean time. The transition from the continuum to the lattice
can be performed by making the following substitutions [2, 13]. First of all, we can
safely write z, — n,a and ¢(x) — ¢(na). Secondly, we can substitute the integral
operator with a sum, paying attention to maintaining the correct units of measurements,
as

/d4x — a4Z

n
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As a consequence, the integration measure naturally transforms as
Do=]]oé(x) — Dp=]]¢(na)
T,x4 n

Lastly, we need to substitute the Laplacian with a discretized version. In order to do
that, we need to derive a representation for the second derivative that scales at least
as O(a?). In particular, by performing an expansion around z = na, we have that

6(x+ pa) = (x) + ad,o(x) + S 020() + 0 = Y- D o)
o(x — pa) = ¢(x) — ad,d(x) + %quﬁ(x) +0(a’) = (—nCi)"ag(b(x)

which implies that

¢z + pa) + oz — pa) = 2¢(z) + a’dp(x) + O(a”)
¢(a + pa) + ¢(z — pa) — 2¢(x) = a’9,¢(x) + O(a”)
¢(x + :ua) + (b(iC — /LCL) — 2(25(1‘) _ (’93@5(:17) + O(GZ)

a?

Next, we want to obtain a Path Integral expression involving dimensionless variables
2, 13] only: in order to do that, we can rescale the mass and the fields according to
their dimension, that is an inverse length for both. Hence, if we put ¢,, = a¢(na) and
M= aM , we obtain

_ f Hz Aoy (Gntm - - ) e—SEeld]
- [T, dr e3¢

(Dndm--.) (1.15)

where

r2
Sp = —% > bnnin+ (MT + 4) > ntn

n,tu

In particular, the action can be written in the form

1 ~
Sp = 3 Z OnKpmbm  where K, = — 2[5’”“7’” + Onpim = 200m) + M6,

m

In order to derive a representation of the two-point correlation function as a function
of K,m, we have to perform a few steps [2, 13]. First of all, we can start by defining a
generating functional and calculate the integral in the denominator of Eq. (1.15). In
fact, if we perform a gaussian integral neglecting the overall constants, we obtain that

1
27 = [ TLaoneseinen o
l

S o InKnmIm
e2 &mn,m 1.16
vVdet K ( )
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Secondly, we can differentiate this expression with respect to two sources and evaluate
the final expression in J; = 0 V4. In fact, neglecting the overall constant, we have

0 0 d |1 ) -
2ol = o (S (D K I+ Y JE | €2 2o Innmm
o795, = 57, [2 ( 2 RimIm T2 m>6 ]

= 5 55 + 1) = K5

)

J;=0

Specifically, in the second step we have put the exponential of Eq. (1.16) equal to 1 and
differentiated only the linear terms in J; in the third step, instead, we have recalled
that the transpose of the inverse of a matrix is equal to the inverse itself if the matrix
is symmetric. Finally, we get that

<¢n¢m> =K,

Now, we want to explicitly compute K L. In order to do this, we can recall that the
convolution of K and K~! on a lattice can be written as

Z Kanl;ll = 5nm
l

Considering the fact that the Fourier transform of the § function is equal to 1 and that
the Fourier transform of a convolution is equal to the product of the two Fourier trans-
forms, we choose to simplify the calculations by shifting to the momenta representation.
In particular, we will refer to the momentum variables as k in order to underline that
we are working with dimensionless variables. That said, we simply obtain that

Thus, recalling the representation of 9,,,, in the momentum space as

+m 47, .
o (2m)

we get

Knm - - Z[5n+um + 6n—um - 25nm] + M26nm -

+m g4 &
_ Z/ d k’ ezk n+p—m) +€zk (n—p—m) _ Qei’f'("—m)] +

. +m d4k} -
2 ik-(n—m) __
M / <2w>46 =

™

o [T dYk +7r d4k -
— N2 z (n—m) 1k (n—m) — . =
M /7T o) +2 E / [1 cos(k ,u)]

. +m d4]€ . +m d4]€ ]% - L
IM2 1k (n—m) +4 / zk (n—m) o:..2 —
/_ G Z sin? 221

™
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B o~ .
—_ — K ik-(n—m)
| o

4 ~
~ n R k-
K(k)=M?+4) sin® (Tﬂ>

p=1

where

and so

Koi(h) = !

M? + 4 Zi:l sin? (%"—‘)

Finally, we can write the two-point correlation function as

. +m d4i€ eifc~(n—m)
Ko = (0ndm) = v (1.17)
— @m)azy Z _, sin <k2”)

Discretizing spacetime onto a lattice with spacing a renders momentum space inherently
periodic with a period of 27 /a. Consequently, the First Brillouin Zone [—7/a, 7/a| acts
as the fundamental domain of momentum space. Under periodic boundary conditions,
all physical observables become smooth periodic functions in momentum space, ensuring
that every distinct physical degree of freedom is uniquely and completely contained
within a single Brillouin zone. If we take the continuum limit of Eq. (1.17), we can
see that we are able to correctly approximate every value of the Brillouin zone [2, 13].
This confirms the correctness of our derivation so far [2, 13]. In order to demonstrate
that, we need to perform a substantial change of variables by sending k — ak with
kel-Z, %], M — aM and n,m — na, ma. Thus, one has that

<¢ ¢ > /2 A dik 6ik:(n—m)aQ
n®Pm) — a =
_m (271')4 s 02 aku 242
. 4%, sin + M?a
/Z ) Ak eik(nfm)a
= a

-z (2m) C;iz z” sin? (ak“) + M?
After the correct rescaling of the dimensional correlation function, we have
k eik(n—m)a2

2m)4 4 4 LY, sin <aku> + M2

(é(na)g(ma)) = / ) :

Taking the limit a — 0, we obtain

i eik:(nfm)a2 . 1 1
11m ~ [1m 2 =
a—0 L% Zu sin2 (a_/’;&> + M2 a—0 ZH % <%> Ny kﬁ + M?

Thus, we can conclude that

0o = [ G (118)




Figure 1.2: Visual representation of the First Brillouin Zone k, € [—/a, 7/a] (shaded
region) for a lattice scalar field. The lattice momentum function sin (ku/2) (red curve)
spans the restricted interval [—7/2,7/2], accurately matching the linear continuum
relation k,%/2 (teal line). Due to the halving of the momentum argument, the sine
function vanishes exclusively at the origin k, = 0 (red dot) and reaches non-zero
extremal values at the boundaries k, = £7/a, guaranteeing a single physical pole and
ensuring the absence of doubling phenomena.

It follows that Eq. (1.18) correctly approximates the two-point correlation function in
every point of the Brillouin zone, even at the boundaries, as we can see in Fig. 1.2. In
fact, the standard discretization of a free scalar field exploits the second-order lattice
Laplacian. Therefore, the resulting propagator in momentum space is represented by
Eq. (1.17). Because the argument of the sine function is halved, as the momentum
ranges over the first Brillouin zone in [—%, —l—ﬂ, the argument of the sine function
only spans the interval [—g, +%} Within this restricted interval, the sine function
vanishes exclusively at the origin. The bosonic propagator, therefore, possesses only a
single physical pole within the Brillouin zone: there are no high-momentum excitations
at the corners that cross zero, meaning that no spurious species (commonly known
as doublers) are generated. Because there are no spurious poles at the edges of the
Brillouin zone, the lattice momentum correctly approximates the physical momentum
as the lattice spacing tends to zero for the entire integration region. The inevitability
of this phenomenon is formalized by the Nielsen—Ninomiya Theorem [17, 2, 13|, which
states that a lattice fermionic theory cannot simultaneously satisfy locality, hermiticity,
translational invariance, and exact chiral symmetry without producing doublers. These
doublers serve a physical purpose on the lattice: they cancel the chiral anomaly, ensuring
the lattice theory remains globally anomaly-free as the continuum limit is approached.

1.3.2 Free Dirac field on the lattice

Now, we consider the Dirac equation in Minkowski space as

(170, — M)i(x) = 0
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This equation of motion for v(x), or identically for ¢ (x) = ¥f(2)7°, follows from
imposing 65 = 0 where the action S is given by

S = 81,0 = [ ' d(e)(ir#0, - M)

We are interested in deriving an expression for the two-point correlation function
associated to the free Dirac field as done in the previous paragraphs, so now we recall
the same steps [2, 13]. First of all, we need to move from Minkowski spacetime to the
Euclidean one. As a consequence, x,, ... will be identified with Euclidean four-vectors
and the Dirac matrices will be redefined as v = 4° and v¥ = —i+" in order to satisfy
the anticommutation relation also in the Euclidean space-time. The action will change
accordingly. Thus, we obtain

_ [ DYDY (alz) . p(y) .. ) e 5P

<¢a($) e @/;B(y) s > f DiﬁDl/_) e—Se[Y.¢]

with
&wwz/#MMWﬁm—Mwm

Secondly, we need to introduce a space-time lattice as before. Therefore, we start by
putting z — na and ¥(z), ¥ (x) = ¥(na),¥(na) so that

DYDY = [[dva [[dds — ][] da(na) [ ] dis(ma)
o B a,n B8,m

We also need to derive a lattice version of the first derivative that scales at least as
O(a?). In particular, by performing an expansion around x = na, we find that

il 0) = () + 00,00 () + L0200 + 0" = 3 D s
Vol — pa) = Po(x) — ad, o) + %ag%(x) +0(a®) =) <_;>"ag¢a(x)

n

which implies that

¢a($ + ﬂa) - ¢a($ - ”a) =2a- a;ﬂ/]a(x) + O(ag)

@Da(‘r + ﬂa) _ @Da(‘r _ ”a) 2
2 = 5%%(@ + O(a )

Next, since we want to work with dimensionless variables only, we need to scale every
quantity by a accordingly to their dimensions. In fact, we have to send M — a='M,

Va(), Vs(z) — a_%zba(n),a_%z/_}g(n) and consequently also 0,1, (z) — a—%a,ﬂpa(n).
Therefore, the lattice dimensionless version of the action can be written as

Sp =357 Galn) Kus(n, myiss(m)

nm «,3
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where

}_l

aﬁ n, m Z 5 7u aﬁ anru 5m,n7u:| + Manméaﬁ
0

Thus, the correlation function becomes

J DYDY (ha(n) ... dp(m) ... ) e Sel0d)
f D¢DQZ e—SE[Y.Y]

(Ya(n)...Pg(m)...) =

Lastly, in order to derive a representation of the two point correlation function in
function of K,3(n,m), we have to proceed exactly as before [2, 13]. Introducing the
corresponding generating functional ad performing the gaussian integral, we obtain
that

ZM’ 77] - /DQ/JD@ZJ 62"’“ [ﬁa(n)wa(n)""q/;a(")ﬁﬁ(m)] e_SEWﬂm =

Hence, the two-point correlation function is given by

(ha(n) .. Qﬁﬁ(m) o) = Kap(n, m)~!

Now, we want to explicitly compute K ;ﬁl (n,m). In order to do this, we can recall that
the convolution of K and K~! on a lattice can be written as

> Koa(n, ) K5 (1,m) = Spmbag
Al

Considering the fact that the Fourier transform of the ¢ function is equal to 1 and that
the Fourier transform of a convolution is equal to the product of the two Fourier trans-
forms, we choose to simplify the calculations by shifting to the momenta representation.
In particular, we will refer to the momentum variables as k in order to underline that
we are working with dimensionless variables. That said, as before, we simply obtain
that

Thus, recalling the representation of 9,,,, in the momentum space as

+m 47, R
— (2m)

we get

agnm Z
I

+m d4k‘ .’; - . L d4];; s
ik-(n4+p—m) zk-(njufm):| M6 / ik-(n—m) _
% :(’Yu)aﬁ/ (2m) [e +e + B » (27T)4e

’Y;L aﬂ mn—l—,u - 5m,n—,u] + M(;nm(saﬁ =

l\'JIH

N | —

—T
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9 o d4k z (n—m o d4k ik-(n—m)
:M5a5/ 2m) +ZZ Vu ag/ 4ek( sin(k - p) =

o (2m)

+m d4k3 i X ) )
= / (271')4 M5a6 +Z’Z<7ﬂ>aﬂ Sin(l{; . :U/) et (n—m) _

g L p

/—HT d4/% [ MZ + Zu SiHQ(I% ’ N) ik-(n—m)
= = = € =
o (2m)! (M =i}, vusin(k - p) .

B o~ .
— K(k ik-(n—m)
[, b

where
- . M2+ sin?(k -
Ry = | -Z,L ‘( AM)]
M =iy, yusin(k - p) |
and so
— . M —1 sin
K-\(k) = Ll ( &
MQ—I—ZMsm (k- ) s

Finally, we can write the two-point correlation function as

+7 d4f€
(2m)*

K} (n,m) = () = /

—T

—_ ZZ ’Yu Sln( >] eilzt'(n_m) (1 19)
M2+Zusm (k- p) aB

If we take the continuum limit of Eq. (1.19), we can verify if we are able to correctly
approximate every value of the Brillouin zone [17, 2, 13]. In order to demonstrate
that, we need to perform a change of variables by sending k — ak with k € -Z, 7],

M — aM and n, m — na, ma as before. Thus, one has that

jus

Wutbw) = [

4 d*k _(IM - ZZ# Vi Sin(akﬂ) eik-(nfm)a2
@2m)* | a?M? + 37, sin®(ak,,)

Ak [ M =23, sinak) | L
— Cl3 M 6zk (n—m)a
e (2t | M2+, - sin®(ak,,) »

After the correct rescaling of the dimensional correlation function, we have

M — é Zu vy sin(ak,,) ik m)a?
M? + Zu a% sin®(ak,,) 5

™ 27‘(’)4

winayma)) = [* (d%

Taking the limit @ — 0, we obtain

— 12 % sin(ak,,)
lim
a=0 | M2+ 37 -5 sin®(ak,,)

a—0

] eik-(nfm)aQ ~ lim
ap

12 Yuaky ik-(n—m)a?
e =
M? Z 2z (ak )2
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Figure 1.3: Visual representation of the fermion doubling problem in momentum space.
The lattice momentum function sin(k,a) (red curve) is plotted across the First Brillouin
Zone k, € [—7/a,/a]. Near the origin (highlighted region), the lattice momentum
accurately reproduces the physical linear continuum relation k, (teal straight line).
However, the use of a symmetric lattice derivative introduces spurious zeros of the
sine function at the Brillouin zone boundaries k, = £7/a (red dots), giving rise to
unphysical fermionic species (doublers).

o M_Z'Zlu,fyﬂk.u
AN

Thus, we can conclude that

(1.20)

Wy = [ d'k [M -y, m]
) B8

= (2m)4 M2+Zﬂki
We can notice that Eq. (1.20) correctly approximates the two-point correlation function
in the central region of the Brillouin zone but not at the boundaries, as depicted in Fig.
1.3. This is a clear symptom of what we refer to as fermion doubling problem [17, 2,
13]. More precisely, the fermion doubling problem arises when one discretizes the Dirac
action using a symmetric lattice derivative to preserve the hermiticity of the operator.
In momentum space, in fact, this choice leads to a propagator as the one in Eq. (1.19).
In this case, the sine function has two zeros: one at the origin and another one at
the edge of the Brillouin zone. In d space-time dimensions, this creates 2% degenerate
fermion species for every single field introduced: this means that, in four dimensions,
we obtain 15 pure lattice artifacts and only one real fermion.

1.4 Abelian gauge field on the lattice

Let us start from the action of the free Dirac field, given by
S = S[, Y] = /d%w(x)(z”y“au — M)yY(x)
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Given G = €'* an element of the abelian U(1) group with A independent of x, we
can notice that this action is invariant under the transformation given by i (z) —
G(x), Y(x) — (x)G~1. The action, therefore, is invariant under global transfor-
mations, i.e. transformations that shift the field of the same quantity in every point
of the space-time [2, 13]. Since the arbitrary choice of a phase convention point by
point in space-time has no measurable physical effect, and demanding local symmetry
serves as the fundamental principle to introduce gauge interactions, we are interested
in requiring the action to be invariant also under local U(1) transformations, with
Y(x),(z) rotating by a quantity whose value depends on the considered space-time
point [2, 13]. Therefore, given G(x) = ¢"*(®) that is an element of the abelian U(1)
local group with A(x) that depends on the point =, we can explicitly verify if each
term of the action satisfies the local invariance through the application of the local
transformations given by ¢ (z) — G(x)¢(x), ¥(x) — ¥ ()G~ (z). First, one can see
that the mass term is already locally invariant [2], since

D(x)Mip(x) = [p(2)GH(2)| M [G(z)i(x)] =

= [(2)My(2)] G (2)G (x) = @Z(I)M%D(x

The derivative term, instead, is not locally invariant since
D(@)in"dab(x) # d(x)G™ (@) [i0,) G(2)d(x) =

Y
V(@)GH (@) [(1"0u(iM(2)) | G(a)(x) =
= () [i7"0,(iA(2))] G (@) G (@)1 (x) = 9 (@) [i7"Ou(iA () | (2)

Thus, it is necessary to rewrite the action in a way that satisfies the local invariance
[2]. In particular, we can modify the action as

~—

S[, 3] = / 0 () (17 Dy, — M)()

by defining D, (z) as the operator that transforms under G(z) as D,, — G(2)D,G*(z).
In particular, we can define ieA,(z) = D, (x) — 0, as a four-vector field that represents
the correction introduced to the previous partial derivative in order to make the action
locally invariant [2]; by introducing this correction, we have promoted the derivative to
an operator that depends on x. In order to guarantee that D, (x) transforms under G(z)
as D,(z) = G(z)D,(z)G~!(x) as we desire [2], we have to require that the four-vector
field transforms under G(z) as

A, = G0) A (@) (&) = ~G(2)9,67 (@)
We can verify it by computing that
D), = G(z)D,G(z)~" = 9, +ieA) (z) = G(x)0,G(x) " + G(a)ieA,G(z)"
which implies that

ieAl (x) = =0, + G(2),G(x) " + G(x)ieA,G(z) " =
= —0,G(2)G(2)"' + G(2)0,G(z) " + G(x)ieA,G(x) ' =
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= — [0G(@)G (@) = G@)0,G(2) ] + Gla)ied,Glx) " =
= +G(2)0,G(x) ! + G(z)ieA,G(z) "

Thus, we can conclude that
A (@) = G AL@)G(@) ™ = ~1G@)A,G() " + Ga) A @)G(r) ™

From now on, we will often use the quantity given by 64, (z) = A (v) — A,(x). At this
point, we have to add to the action a term which allows A, (x) to propagate; the term
must obviously be invariant under both global and local transformations [2]. Thus,
by introducing the gauge-invariant strength tensor £, = 9,4, — d,A,, the complete
action is given by

S = Sp+S¢ = / dhx () (i7" D,y — M)ib(r) — % / dzFE,,

The Euclidean version of the action can be derived by sending xq — —ixz4 so that
Jo — 104. Equivalently, we can send Ag — 1Ay.

1.4.1 Connection between G(z) and 04, (z)

It is possible to derive an expression for G(x) which depends on the transformation of
A,(x) into Aj (x) through the term §A,(z) = A} (r) — A, () [2]. The validity of this

expression can then be proved by induction. Let us start by writing
1 _ _
A(2) = =-G(2)9,G(x) " + G()Au(2)G(x) !
_ i _ _
G(x) 1AL(1:) = —E(%G(x) '+ AG) T
Thus, recalling the fact that G(z) and A,(x) commute with each other, we have

0,G(2)™" = ie {Gla) AL () — A, (2)G(x) "} =

= ie {[6@) " A@)] + G (2)04,(x)} =
—ieG™ (x)(SAM(x)

Then, we can integrate this expression in [0, z] and obtain that
Gx) ' =G"10) + ie/ dry G (x1)0 A, (1)
0

At this point, to evaluate this integral, we can apply a recursive strategy by repeatedly
substituting the expression for G~!(z) into itself. Thus, we obtain

1

Gl)" = G(0) + e /0 "oy [G 1(0) + e /
:G_l(O)[1+z’e /O dry §A,( } (ie) / dxy / dry G (22)0 A, (21)0 A, (20) =
_61(0) [1+ie /0 "1 64, (2) + (ie)? /0 iy /0 " i, 5Au(x1)6AM(x2)}+
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(ie) / i, / diy / divy G~ () SA, (203 A, (2)5 A, (05) = - - - =
oS [m (ie) /dxl / dary - / Qe A, (11)5 A (ws) . O A, ()

At this point, we want to find a way to rewrite every integral as an integral in [0, x]. In
order to do that, we can first consider the case of two variables x1, o for simplicity
and then generalize it by induction for z,. In fact, choosing one specific path in
[0, 2] and introducing the Path Ordering operator P to keep the variables ordered as
0<x <29 <--- <1, <z, one can see that

P/ d[El/ deg 5AM(ZE1)5AM(ZL'2) =
0 0

:P{/ de’l/ dIgéAu($1>5AM<$2)+/ dlEl/ d.TQ(SAH<JZ1)(5Au(ZEQ)}
0 0 0 1

Since we are working with integrated variables, we can swap x; and x in the second
term on the right-hand side resulting in

P/ dxl/ dxy 0A,(21)0A,(x2) =
0 0
:P{/ d[L'l/ dl’g 5Alt(l'1>(5AH(Jf2)+/ dZL'Q/ d.l’l 5Au(m2)514u(x1)}
0 0 0 T2

The right-hand side, at this point, contains two terms. In the first one, the integration
domain can be determined by choosing a fixed x; and integrating x5 from 0 to x7; in
the second one, instead, the integration domain can be determined by choosing a fixed
xo and integrating x; from x5 to x. If we represent graphically the integration domains
of the two integrals as in Fig. 1.4 and compare them, we observe that they are identical.
Therefore, we are allowed to rewrite them as

P/ dl’l/ dJ]QéAM(JZl)(SAM([EQ) =
0 0
:P{/ dl’l/ de’Q (SA#(ZL’l)(;A#(.IQ)‘i‘/ dl’g/ d$1 (514#(.%‘2)514#((131)} =
0 0 0 T2
:P{/ d:)sl/ dxs 5AM($1)5AM(JU2)+/ dxl/ d$25AM(I2)5AM($1)}
0 0 0 0

Finally, making the Path Ordering operator P act on both terms, we obtain that

P/ dwl/ dxo 0A,(21)0A,(22) =
0 0

= P{ / de’l/ dCL’Q 5A“(I1)6AM(ZE2) —|—/ del/ dl’g 514“(5132)514“(1’1)} =
0 0 0 0
= / d(El/ d(lfg (5A#(131>5AH<1’2) +/ dl’l/ dl’g (5A#($1)5A“<I2) =
0 0 0 0

:2/ da:l/ dzg 0 A, (x1)0A,(x2)
0 0
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Figure 1.4: A visual representation of the two identical domains

Thus, we conclude that

x 1 1 T x
/0 dl’l/o deQ (SA#(ZL’l)(SA#(Z‘Q) = §P/D dxl/o dl’g 6/4“(.1'1)(514#(%2)

The same procedure can be also performed in the case of three variables 1, xo and 3
from which we obtain that

/ de’l/ dl’Q/ d[E36AN(ZE1)5AM(l'2)5AH(CC3) =
0 0 0

1 /[ z .
— 513/0 d:Cl/O dﬂ?g/(; dl‘g(SAu(xl)éAu(;CQ)(SAﬂ(xS)

Thus, we conclude that

/ d:z:l/ dxs- - / o dx, 0A,(x1)0A,(22) ... 0A,(z,) =
0 0 0
= %P/ d:cl/ d:c2~~/ dx, 0A,(x1)0A,(x2) ... 0A, ()
n:Jo 0 0

The previous formula can be proved by induction. Since we have explicitly calculated
it for two variables, we assume that it holds for n — 1 integration variables in order to
prove it for n integration variables. In fact, since it holds that

Ty —
0

[n,1($> = / d:z:l/ dac2~ . / d.’]ﬁ‘nfl 5Au(x1)(5A”(x2) . 514“(%”,1) =
0 0
1 T T T
= —'P/ dl’l / de‘Q' N / dﬂfn_l 514”(1'1)514“(1'2) ce 514”(1‘”_1)
(n=1!" Jo 0 0

we can write that

T T1 Tn—1 n
/ d;z:l/ dx2~--/ dx, HcSAM(a:Z-) =
0 0 0 ey

0 0 0 i=2

- /J»‘ dxy 0A, (1) In-1(x1) =

0
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:/Oxdxl 5A#($1){ﬁp/ozdx2"'dxn g5z4u($i)} -

1 (" -

0 i=1

In the last step we exploited the fact that
0A, (x1)P[6A,(x2) ... 0A,(x,)] =P [6A(z1) ... 04, (xn)]

since x1 > w9 > --- > x,, that is since xy is the largest variable. Moreover, we have
introduced a factor 1/n because in the full integration domain any of the n variables
could play the role of the largest one, but here we are restricting to a single choice.
Thus, putting al these things together, G™'(x) can be finally written as

G (z) = GI<O){ io (Ee)" /O day - -- / day 0A,(1y) .. .5,4#(;5”)} =

n!
n=0 0

_ G‘l(()){ f (Z;')" [ /0 " 5Au(x’)] n} — G (0) exp {ie / " 5,4#(95/)} _

n=0 0

= exp {ie/ dx’ 5Au(x')}
0

where in the last step we assumed G~*(0) = 1. We can prove this formula by induction.
Since for n = 0 it holds that Gy'(z) = G~'(0), we can assume that the previous
expression holds for n in order to prove it for n 4+ 1. Therefore, we can write that

Tn+1
Gohiw) = e [ drnia Gy (ns)3 A (0sa) =
0

e /0 o d$n+2{i (Z]Z)k [ /0 ' dx’éAu(a:’)]k}éAu(an) —

k=0

(o)t e " A (]
= 1 {/ Az, o 5Au(xn+2){/ dz' 6A,(x )} }:
- 0 0

-y (Sief;! { /0 s 6A, (2ns2) { /O " 5A#(g;’)]k} _
’

Specifically, in the last step we exploited the Path Ordering properties. We can also
immediately determine G(z) from G~!(x), that is given by

G(2) = exp {—z’e / " 6Au(x’)}

0
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1.4.2 Schwinger Line-Integral

While discretizing the locally invariant fermionic action, we want to be able to write it
in the form

Sp = S[, 4] = a* 3 G(na)Kpmtb(ma) = a* 3 d(na) (KL, + K2, ] (ma)

)

in which KM accounts for the mass term and K2 accounts for the derivative term [2].
Based on the calculations done so far, it is straightforward to see that KM = M On,m.-
The explicit form of K2 instead, can be derived [2, 5] by considering the way it should
transform under the application of G(x). In fact, since D], = GD,G™!, we impose that
that KD transforms as

D 1 _ D ~—1 _ —ie " da' §Au(2") 17D ie [3™ da' §A,(z") _
K, =G, K, G =~ =e " WK et do W) =

_ ie [T™ dz’ §A,(2') 7D
= Pe"Jan Ko

In order to guarantee that, by putting e = 0, K2 correspond to the discretized version
of 0,, it has necessarily to be of the form

KD — peie i da’ Au(a’) {5"»m+ﬂ — 5n7m—ﬂ1
nm 2

In fact, by substituting it in the previous expression, one has that
KD I Peie ffr’:’b dx’ 5AM($/)KD —
nm nm

_ P [ dal 5A, () e [ da! 54,(o') {%mm — Onm—p
2

_ peie I da’ AL («") {%mw - 5n7mﬂ} —U [%mm - 6n,mﬂ1

2 2

where U, ,, is the Schwinger Line-Integral [2, 18, 5]. Thus, the discretized adimensional
version of the locally invariant fermionic action is given by

Se=35 [W”“Unvwwm + i) = P(0)Y Vo (n — m} + MY d(n)i(n)
1.4.3 Plaquette variables

In order to obtain the discretized dimensionless version of the locally invariant action
2, 18, 5], we need to work also on Sg. In particular, we need to discretize the four-
component strength tensor F),,. We can discretize it explicitly as

Fiu(n) = = | Auf0) = A+ ) — (Aufn) = Au(n +9)) | +O(™)

We can notice also that

e Fin () — 1 4 jed®F,, (n) — =e*a'F? (n) — zie’a’F,(n) + O(a®)
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Figure 1.5: Schematic representation of the elementary plaquette variable Uy, (n). The
oriented product of four Schwinger line-integrals along the closed contour of width
it and height 7 forms the minimal gauge-invariant loop, which reproduces the field
strength tensor F},,(n) in the continuum limit (a — 0).

o2 1
e~ Fuw®) =1 _jea®F,,(n) — =e*a’F2 (n) + éie3a6F5V(n) + O(a®)

so that
pieaFu(n) | p—iea’Fu(n) _ o _ e*a*F2,(n) + O(a®)
2 1

1— _(eieQQF,W(n) + e—ieasz(n)) + O(CLQ)

2 —
Fult) =G| =5

At this point, we need to work on this expression and rewrite it using the formalism of
Schwinger line-integrals [2, 5, 18]. In order to do that, we can start by noticing that, if
we choose x,, z,, as points separated by a singular lattice space, we can assume that
AL remains constant along this interval and approximate U, ,, as

ie f;;” da’ A} (") iea A, (n)

Un,m:e e

Thus, considering the product of Schwinger line-integrals along a rectangle named
plaquette of width i and height 7, as the one represented in Fig. 1.5, we can write our
term as

piea? Fuy(n) _ jica®t [Au(m) = A (nt9)— (A ()= Au(nti) |

_ iea [Au (n)=Au(n+)— (AV (n)—Ay (n+ﬂ))] =
e

iea [ Ay (m)+Ay (n+2)— A (n+7) — Ay ()|

=€
_ Ui Ut oAl =U,
— Ynn+pYntpntptrvYnd g onto Y ntpn T WY

Therefore, one has that

2 1 iea? n —iea? n 2 1
FAn) = g 1= () et | = 24 (o) + U )

Finally, we can write Sg as



1.4.4 Continuum limit

In light of what we have demonstrated in the previous sections, we can write the locally
invariant action associated with the free Dirac field [2, 5, 18] as

S = Sp 4 5o = 3 5 [0 Unsutli-+ ) = B0 Uyl = )| 4

n,u

Y vt + 23 S @ )|
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We can prove the correctness of this expression by taking the continuum limit [2, 5].
Starting from the fermionic side, recalling the rules of the adimensional notation, one

has that
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Then, recalling that Uy, 1, = 1 + iead, + O(a?), it follows also that

2. % {@(n)v“Un,mW(n A — D)V U pth(n — ﬂ)} _

=a’ Z % |:w<na>7NUn,n+ﬂw<na + ,ua> - &(na)"y“Unyn,ﬂw<na — ua):| =
n,p

I [A (D(na)y"v(na + pa) + d(na + pa)y*d(na)) +

+ %(w(na)’ww(na + pa) — P(na + ua)fy“w("@)}

By exploiting the fact that = na and so that ¥ (na + pa) = ¥(z) + adp(z) + O(a)?,
we find also that
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Finally, by taking the limit a — 0, the linear terms in a disappear and we correctly
obtain that
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Specifically, in the last step we used the fact that the derivative of 1 (z) and ()
vanishes when integrated all over the space-time. To recover also the bosonic side of
the locally-invariant action, we can exploit the fact that

A 1
Uw = eiea® Fuv(n) — 1 4 iea’F,(n) — 3¢ a4F2 ' (n) + O(a®)

o 1
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and so one has that
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Therefore, we proved that it is possible to correctly recover the original locally invariant
action by simply taking the continuum limit.

1.4.5 From the action to the Hamiltonian

Our goal is now to derive the locally invariant Hamiltonian from the corresponding
action and then discretize it [2, 19]. Therefore, starting from

S = / d'r L(x) = / d*z 1 (z)(iv" D, — M)y (x) — % / d‘zF"™F,,

we can derive the Hamiltonian by exploiting the fact that

oL
H-/da:?—l( /d:c{quz— (i, qu)} where m; = a(auqi)

Specifically, we denote as m; the conjugate momenta associated to the canonic variables
¢ = Au(x), (), (z) with ¢ = 0,1,2,3. Assuming the temporal gauge where Ay(z) =
0 Vx, the Lagrangian associated to the locally invariant action can be written as
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where we exploited the anti-symmetry of the strength tensor and we defined dyA, = E,.
Thus, the conjugate momenta associated to the canonic variables ¢; = A, (), ¥(z), ¥ (z)
are given by
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Therefore, putting all these calculations together, we finally obtain that
H = Zﬂ'z% - qza ,uQZ) -
_ - 1 1
= (D0A,)" + P (000) — D(i7" D, — ex" A, — M)y — §(FW):V o= 5(8014“)2 =
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Finally, integrating the previous expression, we get that
s 1 v 1 T 2
H= _/d4x¢(quM)M¢0¢— §/d4 (F* ),”#o* 5 /d z (0o Ay) (1.21)
In order to discretize Eq. (1.21), we can exploit all the calculations performed so far

when working on the locally invariant action. In particular, assuming a lattice with
lattice spacing a, we finally have that

W%Ze2{ Uy (n) + Uj, (n } ZEQ
ko

Since we will work with one spatial dimension and since we will consider only interactions
between adjacent sites, the previous Hamiltonian reduces to

H =3 5 007 U4 1) = G0 st = 1)

+ M p(n)e(n) +%ZEf(n) (1.22)

1.5 Kogut-Susskind theoretical framework

1.5.1 Solving the doubling problem

The problem of fermion doubling is an unavoidable obstacle when attempting to
discretize Dirac fermions on a lattice due to the theory’s topological and symmetry
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constraints. However, several analytical approaches have been developed to manage
or eliminate these spurious species, with the Kogut—Susskind framework based on
staggered fermions being one of the most prominent solutions [6, 17, 2].

In one-dimensional fermionic field theories, the doubling problem leads to the
presence of two fermion species instead of one. The Kogut-Susskind framework exploits
the spin diagonalization approach as the formal mathematical procedure used to solve
the doubling problem. In the continuum, a 1D Dirac spinor ¢(z) typically has two
components. The discretized hopping term in the Hamiltonian of Eq. (1.22) involves
Dirac matrices, which couple these spin components at every site. To remove the
matrix structure of 4! and decouple the spin components [2, 6], we introduce a local
and site-dependent unitary transformation 7'(n) such that ¢¥(n) = T(n)x(n) and
Y¥(n) = x¥(n)TT(n). In d dimensions, T(n) is a product of gamma matrices raised to
the power of the site coordinates, but in one dimension this simplifies to T'(n) = (y!)".
Since (7!)? = I, this transformation effectively rotates the spin basis at every site,
repeating every two lattice spacings [6, 17, 2]. Substituting this transformation into
the hopping term, we use the fundamental identity T7(n)y'T(n + 1) = n1(n) which
represents a phase factor known as staggered phase that, in one dimension, is simply
equal to 1 [6, 17, 2]. Therefore, through this process the Dirac matrix ! is replaced
by a numerical factor: this means the different components of the new spinor y(n)
are now completely decoupled and satisfy identical equations of motion. Since all spin
components are now identical and independent, we can discard the redundant ones.
By keeping only a single-component spinor at each site, this reduction decreases the
number of degrees of freedom per site by a factor of 2%2 that corresponds to factor 2 in
141 dimension, effectively halving the number of doublers [6, 17, 2].

The staggered formalism spreads the two spinor components across adjacent lattice
sites, so that each site hosts only a single-component fermion field x(n). Consequently,
the lattice unit cell must be doubled, consisting of one even and one odd site to represent
the full physical degrees of freedom [6, 20, 17, 2] . To reproduce the physics of the
continuum, the two sites are assigned different physical identities based on their parity:
sites with even n are interpreted as the location for fermions, while those with odd
n consist of anti-fermions’ locations. In order to account for these differences, it is
mandatory to introduce a factor (—1)" in the mass term: it is a fundamental physical
modeling requirement within the staggered fermion framework, since it ensures that
the energy contributions are correctly assigned [6, 20, 17, 2.

Therefore, at this point, the (141)D Kogut-Susskind Hamiltonian reduces to

/Z: N/ —
H = Z 3 lX(n>Un,n+1X<n +1) = x(n)Upp-1x(n — 1)} +
’ _ 1
+ MY xX(n)x(n) + 5 Y Ein) (1.23)
From now on, we will refer to each term of Eq. (1.23) individually as

Hy = 3 3| ) Unax(a + 1) = XU = 1)

n

Hy = MY x(n)x(n) (1.24)
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1.5.2 Elimination of bosonic degrees of freedom

The theoretical framework of (1+1)-dimensional Quantum Electrodynamics developed
in the previous sections is precisely what is known in the literature as the Schwinger
model [18]. To simulate the Schwinger model (encoded in Eq. (1.23)) on a digital
quantum architecture, the target Hamiltonian must be mapped into an equivalent
system of interacting two-dimensional spin operators [19, 7, 20, 6]. A significant challenge
in this process is the presence of gauge bosons, which are associated with an infinite-
dimensional Hilbert space. To overcome this, we can perform an analytical elimination
of the gauge fields. In particular, we can notice that, in (141) dimensions, the gauge
fields are not independent degrees of freedom; rather, they are strictly constrained by
the matter distribution via Gauss’s Law. At this point, we need to rewrite the term
given by

1 2
Hp =3 ; E? (1.25)

as a function of matter operators only. We can start our reasoning by considering a
1D closed chain made up by N sites, labeled from 0 to N — 1. According to Gauss’
Law, by only knowing the value of the electric field in one site and the values of the
local charge density in every site of the chain, we are able to calculate the value of the
electric field in every point of our closed chain. In the Kogut—Susskind framework, the
local charge density p; at site [ accounts for the staggered fermion arrangement as

1—(—=1) e [ even
o= - oY )} = { A (1.26)

2 e()Zle — 1) [ odd
Physically, this staggered arrangement allows for a consistent identification of particles
and antiparticles: an occupied even site represents an electron with charge p; =
e, whereas an unoccupied odd site (acting as a hole in the Dirac sea) represents
a positron with charge p; = —e. Within this convention, e is understood as the
fundamental negative charge of the electron, making —e the positive charge associated
with the positron. Consequently, the numerical term in Eq. (1.26) serves to subtract
the background vacuum charge, ensuring that the system is charge-neutral when even
sites are empty and odd sites are occupied. Then, the value of the electric field in the
site ¢ + 1 can be derived as

7 i 1 . _1 1
Ei1 = Ey+ Zpl = Ey + 62 [SCZXI — %1 (1.27)
=1

=1

In particular, we assume that within the link between the sites labeled with 0 and 1
the electric field is worth Ey = const. Thus, by substituting Eq. (1.27) into Eq. (1.25),
we obtain that

=2

1 [E[)Jrezj: {Xixi_%—l)iﬂz' _

1 =1

DN | —

1 3= 1
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Then, by assuming Ey = 0, the previous expression simplifies as

N-1 J

Hp = %Z 62<Z |:XiXi - #DQ (1.28)

j=1 i=1

This transformation effectively replaces the explicit bosonic degrees of freedom with
long-range interactions between the spins. These interactions represent the Coulomb
potential in one dimension, where the coupling strength between particles increases
linearly with their relative distance. This procedure allows us to simulate the dynamics
of N fermions using only N qubits, ensuring that the system remains within the
physically-allowed gauge-invariant subspace by construction [19, 7, 20, 6].

1.6 Summary

In summary, this chapter has systematically established the field-theoretic foundation of
the (141)-dimensional Schwinger model on the lattice, following a rigorous step-by-step
path toward digital quantum simulation.

Beginning with the Path Integral formulation of Green functions and the Grassmann
variable formalism required for fermionic functional integration (see Sec. 1.1-1.2),
we introduced spacetime discretization as a non-perturbative regularization scheme.
Comparing two-point correlation functions in the First Brillouin Zone highlighted the
fundamental distinction between scalar fields and Dirac fields, where symmetric lattice
derivatives give rise to the fermion doubling problem (see Sec. 1.3).

Secondly, to incorporate local U(1) gauge symmetry on the lattice, we introduced
Schwinger line-integrals and elementary plaquette variables, verifying that the continu-
ous action is restored in the continuum limit and deriving the lattice Hamiltonian in
the temporal gauge (Sec. 1.4).

Finally, within the Kogut-Susskind framework, we solved the doubling problem in
141 dimensions, decoupling spinor components into single-component staggered fields.
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Moreover, Gauss’s Law allowed us to analytically integrate out the infinite-dimensional
electric field degrees of freedom, recasting the gauge field energy into effective long-range
Coulomb interactions (Sec. 1.5).
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Chapter 2

Digital Quantum Simulation

This chapter introduces the conceptual and algorithmic framework of Quantum Com-
putation, leading into the specifics of Digital Quantum Simulation (DQS). Starting
from the foundational principles of quantum information (including qubit registers,
universal gate decompositions and quantum measurement) we examine how quantum
processors overcome the exponential scaling barriers inherent to classical simulation
methods. We detail the paradigm of Digital Quantum Simulation, focusing on the
theoretical principles of Adiabatic Quantum State Preparation (AQSP) as a robust
protocol for synthesizing non-trivial ground states from simple initial configurations.
Finally, we focus on time-dependent unitary evolution discretized via first-order Trotter
product formulas.

2.1 Introduction to quantum computing

Quantum computing is defined as the study of information processing tasks that can be
accomplished using quantum mechanical systems [21, 7]. This field represents a synthesis
of physics, computer science and information theory. It is based on the fundamental
principle that the laws of physics governing an information carrier determine its
processing capabilities. The need for quantum computing originally emerged from the
difficulty classical computers face in simulating quantum systems, whose complexity
grows exponentially with the size of the system. A quantum computer can overcome
these limitations, offering significant computational advantages [21, 7]. To understand
how quantum computers process information, it is helpful to build up the model from
its most elementary components. This chapter provides a self-contained introduction
to the framework of digital quantum computing, moving systematically from basic
state spaces to circuit operations and measurement techniques. First, we review the
properties of single and multiple qubits, highlighting the role of superposition and
entanglement. Second, we introduce the standard set of quantum gates and show how
sequences of unitary operations are assembled into quantum circuits. Finally, we address
how classical information is retrieved from a quantum register, focusing on readout
protocols like the Hadamard test to compute expectation values of physical operators.
This progression establishes the fundamental tools used throughout the subsequent
chapters.
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2.1.1 Pure states and density operators

Before starting the main analysis, we introduce two basic concepts: pure states and
density operators [21]. In quantum mechanics, when the exact state vector of a physical
system is known, the system is said to be in a pure state described by a unit vector
|4)) in a Hilbert space H. However, in realistic physical scenarios (such as systems
subject to classical noise or thermal fluctuations, or when dealing with subsystems
of larger entangled states) the quantum state is not completely known. Instead, the
system is described by a statistical ensemble {p;, [1);) }, where the system has a classical
probability p; of being in the pure state |¢;) with p; > 0 and . p; = 1. The density
operator p describing such an ensemble is defined as

p= ZPJ%)(TM

An operator p acting on a Hilbert space H is a valid density operator if and only if it
is a positive semidefinite linear operator with unit trace. The operator is Hermitian,
satisfying p! = p, which guarantees that its eigenvalues are real. All fundamental
postulates of quantum mechanics can be reformulated directly in terms of the density
operator.

2.1.2 The fundamental unit

The bit is the fundamental concept of classical computation and classical information.
Quantum computation and quantum information are built upon an analogous concept,
the quantum bit, or qubit for short. A qubit is defined as a mathematical object with
certain properties that can be realized as an actual physical system. Unlike a classical
bit, a qubit can exist not only in the states |0) or |1) but also in a linear superposition
of both like

[¥) = al0) +5[1)

with «, 8 € C such that |a|> + |5|*> = 1. In other words, we can say that the state of
a qubit is a unit vector in a two-dimensional complex vector space [21]. The special
states |0) and |1) are known as computational basis states and form an orthonormal
basis for this vector space. Because of that, we can write the state of a qubit also as

|¢)) = cos g\O) + €' sin g|1>

where 6 and ¢ define a point on the unit three-dimensional sphere known as Bloch
sphere, as shown in Fig. 2.1. The Bloch sphere provides and immediate and effective way
to visualize the state of a qubit [21]. We underline that any kind of global phase factor
e” can be omitted; in fact, since measurement probabilities depend on the squared
magnitude of amplitudes, the phase cancels out |e|? = 1. Correspondingly, we can
define systems made of two or more qubits and apply the same rules [21]. For example,
a two qubits system has four computational basis states denoted as |00), |01), |10) and
|11) and can exists in a superposition of these four states such that the state vector
describing the two qubits is given by

1) = a0o]00) + agu[01) + a1p]10) + ayy|11)

with aopo, A10, Ap1, A11 c C and \a00\2 + ’CL10’2 + \a01|2 + ]a11\2 =1.
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Figure 2.1: Visual geometric representation of a single-qubit pure state |¢)) on the Bloch
sphere. The computational basis states |0) and |1) are located at the North and South
poles along the Z-axis, respectively. An arbitrary state vector |1)) = cos g\O} + €% sin §|1>
is uniquely specified on the unit sphere by the polar angle 6 € [0, 7] (measured relative
to the z-axis) and the azimuthal phase angle ¢ € [0,27) (in the zy-plane relative to
the z-axis).

State Quantum Final
. —>
preparation gates measurement

Figure 2.2: Schematic structure of a general quantum circuit workflow, leading to the
outcome of a quantum computation.

2.1.3 Quantum gates and circuits

Changes occurring to a quantum state can be described using the language of quantum
computation. Analogous to the way a classical computer is built from an electrical
circuit containing wires and logic gates, a quantum computer is built from a quantum
circuit containing wires and elementary quantum gates to carry around and manipulate
the quantum information [21, 7, 22]. The structure of a quantum circuit involves
different phases: preparation of the system in the desired initial state, applications of
quantum gates and final measurement of the result. These steps are summarized in
Fig. 2.2. In particular, quantum gates can be divided into two broad categories based
on the number of qubits involved: single-qubit gates and multi-qubit gates.

In contrast to the classic case, there are plenty of non-trivial single-qubit quantum
gates, each represented by 2 X 2 unitary matrices. The most relevant ones [21, 7, 22]
are represented by the Z—gate, the NOT gate and the Hadamard gate, respectively

given by
. 1 0 . 0 1 1 /1 1
(b)) 50

The Z-gate leaves |0) unchanged and flips the sign of |1) to give —|1), while the X
(NOT) gate flips |0) into |1) and vice versa. The Hadamard gate, instead, turns |0)
into |+) = \%(|0) +11)) and |1) into |—) = \%(|O) — 1)) and so performs a change of
basis. In general, we can represent rotations of an arbitrary angle 6 about the z, ¢ or

Z
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Figure 2.3: Circuit representation and matrix form of the CNOT gate in the computa-
tional basis {|00), |01), [10),|11)}.

z-axis in the Bloch sphere by exploiting the exponentiation of the Pauli matrices as

. 0 7
R.(0) = e79="? = cos EH —isin =0,

2
. 0 0

R,(0) = e = cos 511 — isin Ef}y
. 0 0

R.(0) = e = cos 5]1 — 4sin 5@

Regarding single-qubits gates, it can be demonstrated that every arbitrary 2 x 2 unitary
matrix U can be decomposed into U = e"“R,(8)R,(7)R.(9).

On the other hand, there exist plenty of multi-qubit gates but the most significant
one is definitely represented by the CNOT gate. In fact, any multi-qubit logic gate may
be composed from CNOT and single-qubit gates [21, 7, 22]. The action of the CNOT
gate may be described as follows: if the control qubit is set to 0 then the target qubit
is left untouched, while if it is set to 1 then the control is flipped. The CNOT gate is
represented in Fig. 2.3.

2.1.4 Uhlmann Fidelity

To quantify the similarity between quantum states and assess the effects of various
quantum operations, it is useful to introduce a measure of distance known as Uhlmann
fidelity. For two general density operators p and o, the fidelity [21, 23, 24] is defined as

F(p,o)=Tr [\/ p2apt/ 2}

which provides a formal measure of the overlap between the two states. A particularly
common scenario involves comparing an arbitrary state o with a specific pure state |¢));
in this instance, the fidelity simplifies significantly to the square root of the transition
probability

F(l),0) = V/(lold) (2.1)

representing the direct overlap between the target vector and the state ensemble.
Moreover, the fidelity has many of the other properties we expect of a good distance
measure [21, 23, 24]. For example, the fidelity is symmetric in its inputs and is bounded
such that

0< F(p,o) <1

where the upper bound is reached if and only if p = ¢. Furthermore, since unitary
evolution preserves inner products and trace norms, applying a global unitary operator
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to both states leaves the fidelity between them unchanged. Finally, the Uhlmann
fidelity exhibits monotonicity since it is non-decreasing under trace-preserving quantum
operations, meaning that

F(&(p).E(0)) < Flp,o) VE

This result reflects the physical intuition that noise and information loss generally make
quantum states progressively less distinguishable.

2.1.5 Hadamard test

In quantum computing, an ancilla (or auxiliary qubit) refers to an additional qubit
introduced alongside the primary system register to provide extra workspace for
quantum operations. Typically initialized in a well-defined state (such as |0)), the
ancilla interacts with the main register via unitary gates, and it is either measured or
disentangled before being discarded. Ancilla qubits are essential for a wide variety of
tasks, such as executing non-demolition measurements, as in the case of the Hadamard
test. The Hadamard test is a fundamental ancilla-based routine in digital quantum
simulation used to estimate the complex expectation value (1|U|v) of a unitary operator
U with respect to a quantum state |¢)) [21, 25]. This technique is particularly significant
because the direct measurement of the quantum register often collapses the state,
whereas the Hadamard test extracts specific information through the measurement on
the ancilla qubit. The Hadamard test exploits two circuits to estimate both the real
and imaginary part of the expectation value separately.

The real Hadamard test [25, 21] is the quantum circuit in Fig. 2.4 for estimating

0) Hl—’7<
1Y) U

[

Figure 2.4: Real Hadamard test circuit

Re [(|U|v)]. To verify this, we find that the circuit transforms the state |U(0)) = |0)|¢))
as

B, = [0) ) Mo %um ) <4 %uow T+ U))
w1 4 D10))10) + —= (1) — U)[1) = [T )

V2

The probabilities of measuring the ancilla to be in state |0) or |1) are therefore given by

5

2
P(0) =5 (14 Re [{¢|U[y)])

P(1) =5 (1 = Re [(¢|U[y)])

N =N =

so that P(0) — P(1) = Re[(¢|U[¢)]. For the imaginary Hadamard test [25, 21] the
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) (U]

Figure 2.5: Imaginary Hadamard test circuit

procedure is practically identical, except for the fact that before applying the ¢ — U it
is required to apply a phase gate S to the ancilla. The phase gate is defined as

()

i.e. it performs a z-rotation of 7/2. The imaginary Hadamard test is reported in Fig.
2.5. After the application of S, we obtain that

1 Sancita | . ey 1 .
25100+ 1)) =2 (10) + 1) 1) =5 (03 ) + 11U I))
Hansin L iU [0) + —= () — iU |0))|L) = | T5)

V2

The probabilities of measuring the ancilla to be in state |0) or |1) are therefore given by

&I

2

P(0) =5 (1 4+ Im [{¢|U[y)])

(1 =T [{|U])])

N =N =

P(1) =

so that P(0) — P(1) = Im [(¢|U]y)].

2.2 Digital quantum simulation

The concept of digital quantum simulation (DQS) traces its conceptual roots to
Richard Feynman’s 1982 conjecture, which posited that only a machine operating
according to the laws of quantum mechanics could efficiently simulate Nature [7, 8, 9].
Indeed, classical computers face a fundamental bottleneck when describing many-body
quantum systems because the size of the system’s Hilbert space and the number of
complex amplitudes required to describe a state grows exponentially with the number
of constituent particles [7, 8, 9]. For instance, representing a system of only 50 qubits
requires approximately 10 complex amplitudes, a requirement that already challenges
the memory capacity of state-of-the-art supercomputers.

Within this framework, DQS has emerged as a versatile paradigm that utilizes
universal programmable quantum computers to calculate the time evolution of various
physical models [7, 8, 9]. Unlike analog simulators, which are built to emulate specific
target models through direct physical mapping, digital simulators are general-purpose
devices that satisfy the DiVincenzo criteria [12, 7]. DiVincenzo’s criteria establish the
essential theoretical and experimental requirements that a physical architecture must
satisfy to realize a universal scalable quantum computer and can be summarized as
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follows. First, a universal quantum computer should allow us to work on a scalable
physical system with well-characterized qubits, which can be initialized in an arbitrary
state. Moreover, it should provide relevant coherence times, that is the interval of time
before decoherence phenomena degrade the quantum state. The architecture must
support also the execution of a universal family of quantum gates and of high-fidelity
projective measurements. In DQS, the physical degrees of freedom of interest (such as
spins, fermions or gauge fields) are encoded onto a register of qubits and the system’s
time evolution, governed by the unitary operator U(t) = e !, is translated into a
discrete sequence of quantum logic gates [7, 8, 9].

A landmark advancement in the field was provided by Seth Lloyd in 1996, who
proved that universal quantum computers can efficiently simulate the time evolution
of quantum systems by implementing the evolution operator U(t) = e~ with time
and memory resources that scale polynomially with the system size, provided that
the Hamiltonian is composed of a sum of local interaction terms [9, 7]. This efficiency
allows researchers to tackle complex problems in quantum chemistry, condensed matter
and lattice gauge theories (such as the quantum simulation of the Schwinger model)
that are otherwise intractable for classical methods.

To practically implement this simulation pipeline on digital hardware, a structured
algorithmic approach is required. This process typically requires a preliminary step,
that is the mapping of physical fermionic or bosonic operators into qubit-based Pauli
algebra [14]. Then, the application of sophisticated state-preparation protocols, such
as Adiabatic Quantum State Preparation (AQSP), can be implemented to reach the
target physical state. Finally, because digital hardware operates through discrete
gate operations rather than continuous-time evolution, the process necessitates a
discretization strategy known as Trotterization [10].

2.2.1 Jordan-Wigner transform

The Jordan-Wigner transformation is the fundamental mathematical tool used to
map fermionic systems onto spin systems, represented by qubits. In the context of
digital quantum simulation, it acts as the essential bridge that allows intrinsically
bosonic quantum hardware operating with qubits and Pauli matrices to represent the
antisymmetric statistics and dynamics of fermions [14, 19].

The necessity for the Jordan-Wigner transformation arises from the fundamental
difference in how fermionic and spin operators behave. In fact, fermions satisfy the
canonical anticommutation relations expressed by {Xi,X}} = §;; and {x;, x;} = 0.
This means that exchanging two particles must result in a global sign change in
the wavefunction. Instead, qubits behave differently: while spin-operators on the
same site anticommute, operators on different sites commute. To emulate fermionic
anticommutation in a spin chain, the Jordan-Wigner transform introduces a term
known as Pauli string: this product ensures that whenever two fermionic operators
are swapped, the cumulative phase picks up a factor of -1, thereby correctly enforcing
the global antisymmetry required by the canonical anticommutation relation [14, 19].
Specifically, the spinors x(n) and x'(n) are mapped as

xo = 16716, b =6 [[-i67]

<n I<n
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where 6%%* and 6= represent the Pauli matrices and the Ladder operators applied to
the n-th qubit, respectively. Thus, without Jordan-Wigner we would obtain

{Xj17Xn}+ = {&Z,&Eh =1 {XIL+17X71}+ = {&rTJrla‘A’;}Jr = 26:{&;“ # 0
{Xm Xn}+ = {&;7 5—7:}+ =0 {Xn-l—la Xn}+ = {5—;-1-1’ &; + = 2&;&;4-1 7é 0
Applying Jordan-Wigner, instead, we have
{X;ern}+ = {&:76;}+ =1 {XL+17XTL}+ = {6TJ{+176;}+ =0
X Xnty =1{05.0,}, =0 {Xnt1:Xn}y = {0041,0, 1, =0

In fact, for example, exploiting the commutation rules of Pauli operators, one can verify
that

XLHXn = 5:{+1 H [_i&lz]] ’ [H[wﬂ@: = ‘}TJ{H [H(5f)2] [—ionlo, =

L l<n+1 I<n | I<n
= ‘}:ﬂ[_wi]&; = _5:+1&E[_i&fb] = Mﬁll@?
XLXnH = &:f H[—i&f]] ’ [ H [i6lz]6r?+1 = 6:&E+1 [H(‘Aﬁz)Z] [i6,] =
L I<n I<n+1 | I<n
= &:{&rjﬂ[wqﬂ = —@'@T&Eﬂ

and equivalently do it for

-A cAZ Az A—- A Az ~— At aA— 1 Az
XiXn = |00 H[—wz]] ' [H[wz]% =0, [H(Uz )2] 6y =630, =5 I+67)

L I<n I<n | I<n
oy . . A . . 1 .
XnXh = H[@Of]%] : [@T [I[=i6i1| = 6.6+ [H(Uff] = 0,0, = 5 (I =57)
LI<n I<n | I<n

Moreover, since we are working on a closed chain, we need to take into account the
effects of periodic boundary conditions. In order to satisfy periodic boundary conditions,
we need to manually compute the term that connects the sites N — 1 and 0 since
the Jordan-Wigner transformation does not automatically implement this aspect. By
putting n = N — 1 and n + 1 = 0, we find that the term and its hermitian conjugate
are given by

N-2

N-2 N-2
cAZ)A— _ N—-1 (~rtrz~r— ~z | -N—1 ~z| A4 aA—
[i67]oN 1| =i (UOUOUN—l) HUz = HUZ 90 ON-1
0

N—2 N—2
XR—1X0 = [6;\;_1 H[_i‘3lz]] "0y = (_i)N_l [ (ATlZ] 6;—165&0_ =

Xbxn-1 = &7 - [
=

By using the fact that N has necessarily to be an even integer in order to correctly
close the chain, we finally find that

N—2 N—2

T _ N-1 N . T _ N-1 rz| At A

XoXN-1 = —1 07| 0gOpN_1 XN-1X0o =1 07| On-100
=1



2.2.2 Mapping of Schwinger model through JW transform

At this point, we need to substitute these calculations into our Hamiltonian, mapping
every term on the spin-system. Starting with Eq. (1.28), we find that

e
Hp = E(N max{i, k}) XixiXe Xk +
i=1 k=1
2 NN
EZ Z N — max{i, k})(1 — (-1) )szz
—0 k=1
N-IN-T 2 NoIN-
= g(N max{i, k})6767 + T (N — max{i, k})(—1)*67

We can then rewrite this expression in a more convenient way [19] by rearranging the
terms as

N-IN-1 g2 N-1N-1
Hp = g(N max{i, k})6767 + T D (N — max{i, k})(—1)*67 =
i=1 k=1 i=1 k=1
N1 N-1 5 2 N-1 k N—1 N-1
=>> T (N = k)57 + - (—1)k[Z(N—k)&f+ > Z&;}
1=1 k=i+1 k=1 =1 I=k+1 n=l
and conclude that
N-1 N1 2 N1 k N-1 1
o= Y 3 SV -nsioi+ S oS- ner e X3 o] -
n=1 l=n+1 k=1 =1 n=k+1Il=k+1
N—-1 —1 2 2 N-1 n n
€ Az Az € 1 - (_1) Az
= Z(N = l)anal -7 5 0,
n=1 l=n+1 n=1 =1

The complete derivation can be found in Section B.2. For Hy in Eq. (1.24), instead,
we find that

F

XLXn«H Un,n+1 - Un,anLXn1‘|

Il
=)

3

=2
N

N | .

~

A + — oA + A —
o Un7n+17'0-n Opt1 — Un+17nzan+10_n:|

Il
=)

"N—

~Z
[

=1

3

_|_
| %
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~t P AdoA— .
(UN_LOO-N—IO-O + UO,N—lo-O O-N—l) ==

=2
o

DO | —

A~ + A — A~ _l’_ A —
Un,n-i—lan Ont1 + Un+1,n0n+10—n:| +

i
o
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_'_
| %

L I=1

/\+ A — /\_‘_/\_
(Un-106%-105 + Uon-164 6y _1)
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where in the second line we ordered the indices in such a way to guarantee a correct
interaction between the sites in our closed chain. In addition, the operators U, ;41 or
Un+1.,» may be absorbed into the definition of the 6% operators by sending

/\+ o /\+ ~— —
o, = HUH-LZ o, o, = HUl,H—l o,

I<n I<n

By doing this, we are multiplying every spin operator 6= by a phase factor whose value
depends on the gauge operators belonging to all the sites to the left of n. In fact, we
have that

A ~t e
Un,n-‘,—lan Opy1 — Un,n—i—l |:H Ul,l+l:| Oy |: H Ul+1,l:| On+1 =
I<n I<n+1

_ At a— _ At
— n,n+1Un+1,n0n Un+1 - Un Un—i—l

and similarly we can find that
At A a4 oA At oA— oaAd oA ada— _ oada—
Unt1n03110,, = 0,410, Un-100y_10y = 0xn_109 Uon-1050Nn_1 =00 On_y

We specify that, in the last step, we exploited the fact that the Schwinger line-integral
is a unitary operator. It is important to underline that this transformation leaves 7
untouched V n since

1—26, 6 =1—2 {H Ulu] 6 {H Uul} 6r=1—-26.6"

~Z
Un

Thus, we obtain that

N-2
in 1 AdA— ~ ~—
Hy™ = Z 5[‘7:{0%1 +U:+10-n:| T

n=0

We can also rewrite Eq (2.2) by exploiting the fact that

. 6T +idY &
g —_ g frd

2 2
and by noticing that

-~ -~

N-2
At s st s—| _ats— | sdbs— | sda— | adba— | sdba— | sfa—
|:0nan+1+0n+lo-n:| =090, 010y 010y 050, +0,03 +030; +...
Vv
n=0 n=1 n=2

n=0

/\+ A — ,\Jr A —
T ON 90N T ON_10N_2

-

n=N-2

We can start by expanding the following product imposing k = j + 1, thus

A ~/\y A~ ./\y
B o7 +10; oy — 10 1 . .
o= (-2 ! b L) == (6%67 + 661 + i6Y67 — i6ToY)
j Tk 2 2 g\ k iYk iYk i%k
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~ N ~r oY

oy +10 ;i — 10 1
AtaA— k k J J _ (AT sz AYAY AYAL AT AY
0,0; = < 5 )( 5 ) = 4(<7ij + 005 + 10,07 zakaj)

so that

Therefore, the final expression for the spin Hamiltonian mapping the model of Eq.
(1.23) is given by

Hspin _ H]s\gin + HEpin + H[S]pin (23)
with
~ N—1
: M
spin __ nsz

I W o2 N1 i

HP" =30 3 SN =0ai57 + 5> (1= (-1") Yo
n=1 l=n+1 n=1 =t

. N-2 1 N N—2

H™ = 2 1 [5§5g+1 + CATZHCATz} + T E &lZ] (650\/—1&66 + 63&5/\7—1)

In summary, the total spin Hamiltonian encapsulates the three fundamental physical
components governing the lattice gauge theory. The mass term Hjﬁin accounts for the
rest energy of the matter fields distributed across the lattice. The electric field term,
H?EPiH, describes the energy stored in the gauge field, giving rise to effective long-range
interactions between charges. Finally, the kinetic or hopping term, Hi,pin, drives the
dynamics of the system, mediating particle transport and pair creation-annihilation
processes between adjacent sites while ensuring boundary conditions are respected.

2.2.3 Adiabatic preparation on digital quantum computers

Adiabatic quantum state preparation (AQSP) on a digital quantum computer represents
an initialization subroutine embedded directly within the gate-based quantum circuit
model. While ideal Adiabatic quantum computation (AQC) relies on continuous-time
physical dynamics governed by the Schrédinger equation, digital AQSP translates this
continuous trajectory into a discrete sequence of elementary quantum gates applied
to a qubit register [26, 21]. To establish a clear theoretical background, this section
first introduces the fundamental concepts of adiabatic quantum computing; thereafter,
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attention shifts to the crucial discretization step that enables and characterizes adiabatic
state preparation within the digital quantum circuit paradigm.

The core principle of this approach consists of mapping the solution of a computa-
tional problem onto the ground state of a target Hamiltonian, thereby transforming
a discrete logic task into a physical optimization process [26, 21]. A k-local adiabatic
quantum computation is formally defined by two k-local Hamiltonians, denoted as
Hy and Hy, which act on a system of N particles where each particle possesses p > 2
possible states. The process begins with the system initialized in the ground state of Hy,
which is specifically designed to be unique, easy to prepare and typically represented as a
product state. Subsequently, the initial Hamiltonian is slowly transformed into the final
Hamiltonian H; through an interpolating schedule defined by H(s) = (1 — s)Hy + sHj,
where s(t) parameterizes the path from the initial to the final state over a total time
ts [26, 21]. The primary objective is to ensure that the final state of the system re-
mains e-close in fo-norm to the ground state of H;, which encodes the solution to the
computational problem [26, 21].

The physical foundation for this model is the Adiabatic Theorem [27], which serves
as the backbone of AQC by providing the rigorous sufficient conditions for the success
of the computation. The theorem states that if a system is initially prepared in an
eigenstate of a time-dependent Hamiltonian, the time evolution will approximately keep
the actual state of the system in the corresponding instantaneous eigenstate, provided
that the Hamiltonian varies sufficiently slowly [26, 27]. In particular, the Adiabatic
Theorem aims at quantifying the exact nature of this slow variation, providing a
relationship that quantifies the required run time ¢; in terms of the minimum spectral
gap Anin between the ground state and the first excited state, alongside the time-
derivative of the Hamiltonian [26, 27]. This theorem exists in many variants [26, 27];
here, we recall the one that we choose to follow along this entire journey.

Theorem 2.2.1 (Adiabatic Theorem). Let Hy,(t) be the Hamiltonian involved in the
Schrodinger equation

0 .
Hrlei®)) = —iHy, (t)lei(?))

Suppose that Hy,(t) can be written in a ty-independent form as H,, (sty) = H(s) =
A(s)Hy + B(s)Hy, where s = t/t; € [0,1] stands for the dimensionless time and
A(s), B(s) are monotonically decreasing and increasing functions, respectively. There-
fore, the Schrodinger equation then becomes

10 .
E&'Ei(s» = —iH(s)[ei(s)) (2.4)
and guarantees that
1 [(€i(5)|0: H (s) e (s))| -,
IE RO 29

The conditions provided by Fq. (2.4) and Eq. (2.5) give rise to the criterion that
tf > I/A?j with Aij = minse[o,l] (Ei — 6]').

In fact, most rigorous variants of the theorem [26, 28] suggest that the total execution
time scales inversely with the spectral gap typically as 1/as. Aside from this, the inverse
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proportionality with the gap implies that a vanishing energy gap or a non-smooth
evolution schedule can cause the system to deviate from the instantaneous eigenstate
and leak into other states [26, 27].

A crucial property of AQSP is that, if the evolution is maintained as strictly unitary,
the process ensures the preservation of the scalar product throughout the entire path.
At the conclusion of the process, the system is described by an orthonormal basis
composed of the instantaneous eigenstates of the time-dependent Hamiltonian, which
theoretically allows researchers to access every state in the system through linear
combinations of these eigenstates [21, 26]. This mathematical structure makes AQSP
an extremely robust tool for preparing complex quantum states by evolving from simple
initial configurations into the high-fidelity physical state of the target theory [19, 21,
26].

This work mainly focuses on the standard linear interpolation schedule, which
represents the most straightforward and common framework for implementing adiabatic
quantum computation due to its mathematical simplicity. In this approach, the time-
dependent Hamiltonian is defined as H(s) = (1 — s)Hy + sH;, where the parameter
s = t/i; varies at a constant rate from 0 to 1. This linear path is characterized by a
constant rate of change, which simplifies the dynamical analysis as all higher-order
derivatives of the Hamiltonian with respect to the interpolation parameter vanish. The
computational success of such a linear process is strictly dictated by the minimum
spectral gap encountered along the path. While linear interpolation is a fundamental
benchmark, it is often sub-optimal for complex algorithmic tasks where the energy gap
becomes extremely narrow. A paradigmatic example is found in the adiabatic version
of Grover’s search algorithm [26], where a strictly linear schedule fails to maintain the
quadratic quantum speedup, resulting in a classical-like scaling of O(N) because the
system runs too fast through the critical region of the minimum gap.

To circumvent these limitations, more sophisticated generic or adaptive strategies
are employed. For instance, local adiabatic evolution [26] utilizes a non-linear schedule
s(t) where the speed of evolution 4s/4: is tuned to be proportional to the instantaneous
spectral gap A?(s), effectively slowing down near the minimum gap to preserve adia-
baticity while accelerating elsewhere to minimize the total runtime. Beyond optimizing
the schedule, the geometric path itself can be modified to enhance the efficiency of state
preparation. Techniques such as the addition of catalyst Hamiltonians H¢s, which are
intermediate terms that vanish at the boundaries, are designed specifically to keep the
gap open and prevent problematic perturbative crossings [26]. More recently, symmetry-
guided protocols like Branched-Subspaces Adiabatic Preparation (B-SAP) [29] have
been introduced. By ensuring that the energy gap remains open within the relevant
symmetry subspace, B-SAP allows for the successful preparation of target states even
in regimes where a standard linear interpolation might encounter near-degeneracies
or level crossings [29]. These diverse strategies demonstrate that the choice of both
the adiabatic path and the temporal schedule are critical degrees of freedom for the
practical realization of high-fidelity quantum state preparation.

2.2.4 First-order Trotter formula

At this point, let us consider a quantum system whose dynamics is described by a
k-local Hamiltonian H and that is found to be in the state |1/(0)) at time ¢t = 0. That
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said, the core concepts of AQSP allow us to determine that our state of input at time
t = 0 will be evolved in our state of output at time ¢ = 7 through the action of a
unitary operator of the form

(7)) = U(1)[(0)) = e~ [1(0))

The problem of computing the corresponding time evolution operator is equivalent
to the task of implementing a well defined unitary matrix. A quantum computer
endowed with a universal set of quantum gates is by definition able to perform any
unitary transformation, albeit not necessarily in an efficient number of elementary
operations. In particular, as mentioned above, it was proven [7, 21] that that universal
quantum computers can calculate U(7) efficiently (i.e. with polynomial time and
memory resources in the size of the target system) when the total Hamiltonian is
a sum of local terms. The proof is based on two fundamental facts. First, in the
circuit model for UQS we can implement generic transformations approximated to
arbitrary precision by successively performing elementary unitary operations (quantum
gates), and appending one unitary U, after another Up in the circuit results in a
total unitary, which is mathematically the product U,Upg being applied to the state
of the qubit register [7, 21]. Second, any unitary operation U acting on N qubits
can be implemented by performing O(2%") elementary operations (we recall that the
dimension of the Hilbert space associated to N qubits is d = 2V) [7, 21].

Following this reasoning, we suppose that we can write the Hamiltonian of the system
as a sum of L local terms, each one acting on at most k of the NV particles of the system.
Summarizing, this leads us to

[ (7)) = U(n)[(0)) = 7 [3p(0)) = e =i M [y 0)

This is justified by the fact that we are working with a k-local Hamiltonian. Therefore,
k is the maximum dimension of the subsystem over which the action of each H; is
restricted. Typically, we will have £k < 2N since local terms only involve few-body
interactions. In this case, the single unitary operator U;(1) = e~ can be computed
at most with a number O(k) of operations [7, 21]. The overall product

L L
Ulr) = H Ul(r) = H e~ imH
=1 =1
can therefore be obtained on a universal quantum computer by juxtaposing the circuit
implementations of the single Uj(7) unitaries, and it would take at most O(Lk?)
elementary operations [7, 21]. The final step of the reasoning lies in the following
mathematical identity, which is known as the first-order Trotter decomposition

L n
. L . .
e s e = im He ZHlT/n

where n is known as the number of Trotter steps [10, 7]. Unless all the H; operators
commute, in which case the Trotter identity is exact already for n = 1, the product of
local unitaries will not be exactly equal to the total target unitary U(7). However, as
proved in Theorem (B.3.1), Vng, 7 it holds that

o)t ([ ) o (2)

s

23



which means that we can approximate arbitrarily well the desired unitary operator by
repeating ng times the sequence of gates corresponding to the product of local terms
for time slices 7/n,. All in all, we were able to break our original problem into smaller
pieces, which can now be implemented efficiently using only a limited set of elementary
gates and give the correct answer up to an arbitrarily small digital error. Indeed, for
any € > 0 and 7, there exists a ny(¢) such that U(7) can be computed within an
approximation ¢ in at most Ln,(¢)k? operations. This is polynomial in N whenever
L = poly(N), as for example in the case of nearest neighbors interactions [10, 7.
Following these instructions, we are able to build the entire quantum circuit to
perform AQSP up to the desired level of precision by tuning the parameters 7 and n.

o4



Chapter 3

Ground State Preparation of the
Schwinger Model

This chapter presents the numerical implementation and performance evaluation of the
digital adiabatic state preparation protocol for the (14 1)-dimensional Schwinger model.
Utilizing the spin-1/2 Hamiltonian derived from the Kogut—Susskind staggered lattice
formulation (see Eq. (2.3)), we discretize the adiabatic time evolution through first-order
Trotter product formulas as proved in Theorem B.3.1. We systematically evaluate the
state preparation fidelity against exact classical diagonalization across various system
sizes N and lattice spacings a, assessing the impact of Trotter discretization errors.
Additionally, we evaluate the spatial two-point correlation functions of the electric
field, accurately estimating the autocorrelation at r = 1 within a 3% relative error and
cleanly isolating the deterministic Trotter discretization error. Furthermore, at the end
of the Chapter we explore two complementary pathways for extracting the Schwinger
vector boson mass mg both via spatial correlation function decays and direct first
excited state preparation, analyzing the technical trade-offs, finite-size scaling behavior
and precision limits in ideal digital quantum environments.

3.1 The starting Hamiltonian for AQSP

In order to perform the adiabatic quantum state preparation of the ground state,
we have to decide how we want Hy to be built. In particular, we recall that Hy has
to be designed in a convenient way, allowing us to easily access the eigenvalues and
eigenvectors of the system. We choose to define Hj as the sum of Hy;, and Hg that, in
a massless framework in which M = 0, reduces to only Hg. Therefore, we can actually
ignore the mass term and focus only on the electric field Hamiltonian.

Our starting point is not the actual electric field spin-Hamiltonian we are going to
implement on a digital quantum computer, but the expression given by

in which E, represents the electric field that lives between sites n and n + 1 [19, 20].
According to the Gauss’ Law, in which we set the field Fy = 0, in Sec. 1.5.2 we have
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derived that
E,—E,_1=¢|Xntn — ﬂ} _ €>_CjzXn n even
2 e(Xan - 1) n odd

We can see that in H% we are performing a sum over squared integers numbers that
vary from the previous one by #£1 in e unit. Therefore, the minimum eigenvalue that
the electric field Hamiltonian can have (and that represents the ground state we are
searching for) is Hp® = 0. In particular, we can see that H5® = 0 if and only if
E? = 0Vn, that is if E,, = 0 Vn. By imposing this condition, we obtain that

1—(—1)" 1—(—1)"
En—En,lz():B Xan_# — Xan:#

As a consequence, the energy of the first excited level must be represented by Hgg = ¢’/a,
which means that there exists a value of m such that F,, = e and E,4,, =0V n # m.
In order to correctly identify them, we recall that, in the staggered formalism we have
adopted, we are working with chains made up of N sites occupied in the even positions
by fermions and in the odd ones by anti-fermions [19, 20, 6]. For a more precise analysis,
we can define the charge density in the n-th site given by p,, as

_ 1— (=1

n — € nXn — T 5

pome e LN

Recalling the expressions derived for the Jordan-Wigner transformation in Sec. 2.2.1,
we can substitute the one for x,x, in the previous equation obtaining that

pn =€ {Xan_#} :e[l(}l+(}z) _ﬂ] —

—° ((1) 8) N 3 (1 . (o_l)n - (0—1)n) - S ((_1)5 i (_1)2 _ 1)

Thus, we have that for even or odd n the eigenvalues and the eigenstates of p, are
given by

neven =— M. =+4e, A =0 with v, = <(1)) =10), v_ = (?) = 1)

nodd = A =—e, A_=0 with v+:(?>:]1>7 U:<(1)>z|0>

Therefore, the ground state of our starting Hamiltonian is represented by an empty
staggered chain in which the even sites are in the state |1) and the odd ones in the
state |0) with no degeneracy. This situation is represented in Fig. 3.1. The first excited
level, instead, is given by a staggered chain where the situation is similar to the one
presented for the ground state except for the fact that two adjacent sites (one even,
one odd) are in the states |0) and |1) respectively. Due to the N different possibility to
position these particular sites, the first excited level is a N-fold degenerate level. This
situation is pictured in Fig. 3.2.
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Figure 3.2: A visual representation of the first excited level of Hg

3.2 Trotterization of the Schwinger Hamiltonian

In order to do that, we have to work on the Schwinger Hamiltonian in its dimensional
version to underline the dependence on the lattice spacing a that will be significant in
the following. The dimensional Schwinger Hamiltonian can be obtained by adjusting
the dimensionality of each term independently, thus obtaining

in M ns5z
H]S\E = 7 HZ:O(_1> On
CONZINTL e2q N1 -
mEn =3 3 SN e+ Y (- () e
n=1 l=n+1 n=1 =
N

N—-2 1
spin o AT AT ~Y Ay
HU - E : 4a |:0-nan+l + O-n+1o-n:| +

n=0

M N-1 e2a N-1 n
Hy =53 (1)'o+—5 > (1= (=1") D6
n=0 n=1 =1

n=1 [=n+1
N-2 N [N
— gyspin __ il P P AY Ay v Az AT AT AYAY
A=H;" = E 1a [Onan+1 + 0n+10n:| T 1 H &7 | (0N-106 + 05078 _1)
n=0 =1

We are now ready to perform adiabatic evolution through a Trotterization process
[10]. In particular, the first step is to prepare the ground state of the Hamiltonian
on quantum computer and then we can act on it with evolution operators. Since the
evolution parameter s € [0, 1], we can imagine to split this interval in a number 1/ss = n
of intermediate steps where ds is the amplitude of a single step. Moreover, we assume
that the time of the adiabatic evolution is given by 7. Thus, V s our goal is to construct
the operator given by

1
Te—z'Tfol dsH (s) ~ H 6—iT5sH(s)

s=0
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Then, by specifying the form of our Hamiltonian in this expression, we can write that

1 1 1

H —iTdsH (s H —iTds Hz+sz+SA ~ H {e—iT(SSHZe—iTJSsze—iTJS(sA)} + 0(582)

s=0 s=0 s=0

Therefore, we have approximated the evolution operator with the product of three
different terms admitting an error that scales up o< ds%. Now, we can work on each of
the three single terms in order to derive a clear form ready to be implemented on a
quantum computer. Here we present the final results, the full step-by step derivations
can be found in Sec. B.4. For the first term, the final operator decomposition is given
by

N—1 N—-1 n
e—i‘rtisHZ — H OZ(a) H HOZ(ﬁ)
o n=1 I=1

where we assumed o = 7654 (—1)" and 8 = 7'586%“(1 — (=1)"), and where we defined
Oz(a) = e~ and Oz(B) = e~ . The second term, instead, can be written as

N—-1 N—-1

e—iT&sHZZ — H H OZZ(H)

n=1 l=n+1

where 0 = 705s52(N — 1) and Ozz() = e~%4%7 . Finally, for the third one, the operator
factorizes into

' N—2 N-2 N-2 N—2
e iTOssA) — [ H Oxx (M) H OXX()\>:| H Oyy(¢) H OYY(§):| Opgc
Neven=0 Nodd=0 Neven=0 Nodd=0

N
where we assumed A = 7ds> and ¢ = 70s**, and where we defined

OXX()\) —e —iAGROT Ly
Oyy(N) = ekt

Oppc(C) = o~ iC[TT° 67 ) (6% _ 105 +68o%_y)

Therefore, the complete evolution operator that we have to implement on quantum
device is given by

1 _ N-1 n N-1 N-1
e~ iTOsH(s) H { { H Oz( )} [ H H OZ(B):| [ H H OZz:|'
s=0 n=1 [=1 n=1 l=n+1
_ N—2 N-2 72
H Oxx H OXX:| [ H Oyy H OYY:| OPBC} +0 (n >
Neven=0 Nodd=0 Neven =0 Nodd=0 s

As a concrete realization of this Trotter decomposition, Fig. 3.3 illustrates the explicit
quantum circuit executing a single first-order Trotter step for a lattice of N = 4 sites
with a = 2.84.
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Figure 3.3: Quantum circuit implementation of a single iteration of the first-order
Trotter step for the discretized Schwinger model with N = 4 lattice sites and a = 2.84.
The circuit acts on four qubits (qo, .. ., g3) and decomposes the time-evolution operator
into sequence blocks separated by barriers. Single-qubit (X and Ryz) rotations, two-
qubit (ZZ, Rxx and Ryy) gates, as well as four-qubit unitary blocks implementing
long-range interactions, systematically encode the terms of the spin Hamiltonian.

3.3 Ensuring gap stability

The fundamental question is: how the values of N and a should be chosen to meet the
conditions imposed by the Adiabatic Theorem? To address this, we must establish a
precise physical bound ensuring that the adiabatic quantum state preparation of a
system with NV sites and lattice spacing a can be safely performed. In fact, since it is not
known a priori for which pairs of parameters (IV, a) the adiabatic preparation of a state
may be compromised by level crossing phenomena, or by the closing of the spectral gap,
a mathematical relationship is required to serve as a guarantee criterion for the success
of the adiabatic process [29, 26]. This is particularly critical because bounding the
minimum eigenvalue gap for a complex many-body Hamiltonian is a notoriously difficult
problem, making it often impossible to predict the system’s behavior across the entire
parameter space without explicit analytical constraints. Consequently, the formulation
of a formal relationship is essential to provide a sufficient condition to ensure that the
spectral gap remains open throughout the evolution, thereby guaranteeing the success
of the quantum state preparation.

To establish a rigorous safety margin for the adiabatic process, we specifically
analyze the preparation of the Schwinger Hamiltonian’s ground state. We begin by
evaluating the initial spectral gap A of our starting Hamiltonian Hy, defined by the
pure electric field term

a
Hy=Hp =3 > El (3.1)
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As previously derived in Sec. 3.1, the gap between the unique vacuum and the first
excited state is readily found to be

A(0) =€1(0) — 0(0) = 5 (3.2)
During the adiabatic evolution, the instantaneous eigenstates shift from their initial
configurations due to the perturbation s(H; — Hy) introduced by the hopping terms.
The stability of the spectrum under such perturbations can be quantified using Weyl’s
Inequality [29, 30, 31], which provides a global bound on eigenvalue variations.

Proposition 3.3.1 (Weyl’s Inequality). The spectrum of a Hermitian matriz A remains
stable under a perturbation B, such that for each eigenvalue €y, it holds that

|ex(A+ B) — ex(A)] < || Bllop, (3:3)
where || Bl|,, denotes the operator norm of B.

Applying this to our case, where A = Hj and the full perturbation is B = H; — H,,
the inequality implies that the maximum energy shift any level can undergo during the
path H(s) = Hy + s(H; — Hy) is strictly bounded by ||H; — Ho||op. Consequently, a
sufficient condition to ensure the spectral gap remains open and avoid any potential
level crossings is that the initial gap A(0) must exceed the sum of the maximum
possible shifts of the two levels, which is 2||H; — Hp||op-

In our model, the difference H*™ — H;P™ is represented by the hopping Hamiltonian
Hi,pin. Its operator norm can be bounded by applying the triangle inequality to the
individual Pauli strings as

N—2 N [N-2
HHSPinH _ 1 [Axm +6 A] v ~z (Ax 57 1 5Y5Y ) <
U op — 4 Un0n+1 O—n—l—lo—n 4a 9] On_109p OO0 N—1 —=
n=0 = op
N— 1 1 N—2
Lozoze+ 620l = | T 067l | 9% 0% + ot |
< 1 19n%n+1 T Tn1allo, T - 7 lop | [10N-100 T 000N 1|, =
n=0 =1
N—2
< 2 . 2 N -1 . 1 N
Bl 4a 4a 2a 2a  2a’
n—=

By combining these results, the adiabatic safety requirement 2| H;P™||op < A yields
the physical constraint given by

N  ae? V2N

— < = a>— (3.4)

a 2 e
which, for e = 1, simplifies to the condition a > v/2N. This relationship serves as a
mathematical guarantee criterion, ensuring that for a given system size IV, the lattice
spacing a is large enough to prevent the closing of the spectral gap, thereby safeguarding
the fidelity of the state preparation process.
However, it is important to emphasize that a violation of this safety bound does not
strictly imply the inevitable occurrence of a level crossing. In fact, the spectral gap may
remain sufficiently open even in regions of the parameter space where the condition
a > V2N is not met.
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3.4 Numerical results

Here we present the numerical results for the Adiabatic Quantum State Preparation
(AQSP) of the ground state of the Schwinger model, implemented with Periodic
Boundary Conditions (PBC). The primary objective is to evaluate the effectiveness
of the adiabatic protocol in steering the system from a simple initial state toward
the true vacuum of the target field theory. To rigorously validate the accuracy of our
digital simulation, the prepared states are compared against the exact ground state
solution obtained through classical diagonalization of the Schwinger Hamiltonian. The
performance is quantified using the Uhlmann fidelity, defined as in Eq. (2.1).

A central focus of this analysis is the impact of physical parameter choices on adia-
batic safety. As established in our theoretical framework, the stability of the spectral gap
during the evolution is critical to avoid level-crossing phenomena. Following a criterion
derived from Weyl’s Inequality, we examine the behavior of the simulation for pairs of
parameters (NN, a) that either satisfy the safety bound given in Eq. (3.4) or violate it.
By comparing these two regimes, we demonstrate how analytical constraints on lattice
spacing and system size serve as a guarantee criterion for the successful preparation of
the ground state and the overall reliability of the digital quantum simulation. Indeed,
numerical results often show that the final fidelity remains remarkably high even when
the bound is violated, suggesting that while the condition ensures absolute safety, it is
not a strict requirement for the practical success of the adiabatic preparation.

The results presented confirm the primary characteristics of the Trotter-Suzuki
approximation and its impact on the fidelity of digital quantum simulations. In fact, by
decomposing the time-evolution operator into a sequence of discrete steps, we introduce
a discretization error that depends on the simulation parameters as O (7°/n,). In Fig.
3.4 it is shown that the fidelity drops significantly as 7 increases if ng is fixed; instead,
in Fig. 3.5 we can notice that the fidelity increases substantially as we make the size of
the Trotter step smaller for fixed 7.

As illustrated in Figures 3.4 and 3.5, a pronounced downward trend in fidelity is
observed when scaling up the system size. This degradation is a direct consequence of the
increased complexity inherent in the quantum circuit structure. In a physical quantum
computer, every gate operation is characterized by finite precision and inherent noise;
since the number of operations required to simulate the full dynamics of the Schwinger
model scales with the number of lattice sites, larger systems necessitate significantly
deeper circuits. This increased depth drastically raises the probability of a global
failure, as the final state fidelity is inversely related to the total number of operations
performed. Furthermore, as the system size grows, individual qubit addressing becomes
technically more challenging. It becomes increasingly difficult to target specific qubits
without affecting their neighbors (a phenomenon known as cross-talk) which leads to
the unwanted evolution of the multi-qubit wavefunction.

To mitigate this fidelity degradation as the system size scales up, several strategies
can be implemented. First, the discretization error can be significantly reduced by
adopting higher-order Trotter-Suzuki product formulas, such as second- or third-order
expansions [10, 11]. Alternatively, replacing the conventional linear adiabatic path
with a non-linear interpolation schedule optimizes the evolution pace relative to the
instantaneous energy gap [26, 21]. Finally, more innovative symmetry-guided techniques,
such as Branched-Subspaces Adiabatic Preparation (B-SAP) [29], can be employed in
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Figure 3.4: This graph shows the fidelity behavior for different system sizes, for n, = 2000
and specific values of 7. One can see that the fidelity drops as 7 and N increase, as a
consequence of the Suzuki-Trotter approximation and of the increased complexity of

the quantum circuit structure.
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Figure 3.5: This graph shows the fidelity behavior for different system sizes, for 7 = 20
and specific values of ng. One can see that the fidelity drops as N and ds = 1/n,
increase, as a consequence of the first-order Trotter approximation and of the increased
complexity of the quantum circuit structure.

order to effectively prevent unwanted level crossings and preserve high state fidelity for

larger system sizes.
The ideal goal is to achieve high state fidelity across all system sizes V. In principle,

this objective can be attained for any arbitrary N by appropriately tuning the total
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Figure 3.6: This graph shows the fidelity behavior for different values of 7, for N =8
and specific values of ng. One can see that the fidelity increases as ds = 1/n, decreases,
as a consequence of the Suzuki-Trotter approximation. Moreover, as ds decreases, the
fidelity’s dependence on 7 vanishes and the fidelity reach a steady state. This is due
to the fact that, when ny is sufficiently large, the system enters a convergence regime
where the digital error is supposed to be negligible compared to the physical scales of
the dynamics.

evolution time 7 and the number of Trotter steps ns,. However, the values of 7 and nj
that can be practically exploited at present are strictly constrained by physical hardware
limitations. While 7 must be sufficiently large to satisfy the Adiabatic theorem, it is
capped from above by finite qubit coherence times. At the same time, increasing ng
to reduce the time step width linearly increases the circuit depth, accelerating the
accumulation of gate errors and decoherence. This tight trade-off leaves a residual
Trotterization error that inevitably degrades fidelity as N grows, highlighting the
need for advanced mitigation strategies. Therefore, projections for the next 5 to 10
years suggest that we will remain limited to simulate systems of approximately 10
or 15 qubits at best. As shown in Figure 3.6, while near-optimal fidelity levels for a
register of N = 8 qubits are achievable in the near term, the path toward simulating
large-scale systems remains strictly dependent on significant advancements in hardware
architecture and noise mitigation.

3.5 Electric field correlations

3.5.1 Theoretical approach

As a key physical application of the ground state prepared through digital quantum
simulation, we evaluate spatial two-point correlation functions [2, 13, 3]. In a digital
quantum simulation workflow, computing a two-point correlation function follows a
systematic three-step procedure. First, the selection of a physically relevant target
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Figure 3.7: Schematic structure of the computation of spatial two-point correlation
functions

observable; second, the mapping of the fermionic field operators onto spin-1/2 qubit
operators via the Jordan-Wigner transformation; and third, the measurement and
evaluation of the connected correlation function on the prepared quantum state. This
procedure is summarized in Fig. 3.7.

In this work, we execute this general procedure for the electric field operator in
the (141)-dimensional Schwinger model formulated on a Kogut-Susskind staggered
lattice with PBC across N sites. By integrating out the gauge field degrees of freedom
via Gauss’s law, the electric field residing on link r (labeled as E,) is expressed as the
cumulative sum of preceding staggered charge density operators as

E,=Ey+> pn=)Y pn (3.5)
n=1

n=1

since we set Fy = 0 with Ej being the field residing on the link between sites 0 and 1.
Applying the Jordan-Wigner transformation maps the local staggered charge density
operator at site n into

5167+ (-1 (36)

and therefore, substituting Eq. (3.6) into Eq. (3.5) leads us to

N

n=1

Pn =

67 + (—1)"] (3.7)

l\DIH

The choice of the electric field as our primary target observable is particularly relevant
from both a theoretical and a computational perspective. Since E, represents a cumu-
lative sum of local charge operators, its spatial correlations are intrinsically non-local.
In particular, we choose to evaluate the two-point covariance C(r,1) = Cov(E,, E))
between link r and an arbitrary reference link [ (that we choose to set to 1). In partic-
ular, as it is proved in Section B.5, this expression expands into a sum of two-point
charge-density correlations as

T

C(r,1) =Y Upapr) = (pa)(p1)] = iz ({6707) — (62)(51)) (3.8)

n=1 n=1

Consequently, measuring C(r, 1) tests not merely a single isolated pair of qubits, but
rather a multi-site string of charge-density operators. This provides a stringent and
highly sensitive benchmark for both the fidelity of our digital adiabatic state preparation
and the performance of the Hadamard test measurement protocol. In our numerical
simulations, we analyze the autocorrelation C(1,1) and spatial correlations up to
separation r = 3 relative to the reference site [ = 1. Under PBC, spatial translation
invariance guarantees that selecting [ = 1 is fully representative and made without
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Figure 3.8: Quantum circuit diagram executing an example of a single Hadamard test
routine on the prepared Schwinger ground state for N = 4 lattice sites and lattice
constant a = 1. The primary system register (qo, ¢1,¢2, ¢3) is initialized in the target
ground state vector |¢). An auxiliary ancilla qubit (g4) is prepared in |0), transformed
into a symmetric superposition state via an initial Hadamard gate H, and used as a
control qubit to apply multi-site controlled operations on target qubits (g1, o). A final
Hadamard gate on ¢4 followed by a measurement in the computational basis.

loss of generality. The restriction to separations r < 3 is justified by a combination
of physical and computational factors. Physically, in the lattice Schwinger model,
connected correlation functions exhibit a rapid exponential decay as C(r,l) o< e,
as a result, for distances beyond r = 3, the signal decays toward near-zero values.
Computationally, exact classical diagonalization are restricted to moderate system
sizes (N < 10) due to classical memory limitations. Within these finite registers,
focusing on r < 3 captures the dominant physical correlation structure while preventing
deep multi-qubit Hadamard test circuits from accumulating circuit depth errors. As
a concrete illustration of this measurement scheme, Fig. 3.8 illustrates the explicit
quantum circuit executing a single Hadamard test routine for a lattice of N = 4 sites

with lattice spacing a = 1.

3.5.2 Numerical results

The quantitative performance of the digital adiabatic state preparation protocol and
the subsequent Hadamard test evaluation of the electric field correlation functions
are summarized in Tab. 3.1. A preliminary remarkable aspect lies in the ground state
preparation fidelity. Across all investigated system sizes (N = 4,6, 8,10), the Uhlmann
fidelity between the simulated state and the exact classical ground state consistently
exceeds 95% (ranging from 95.83% to 98.35%). This high fidelity is achieved even
though the chosen pairs of system size N and lattice spacing a do not satisfy the
conservative analytical safety bound derived from Weyl’s inequality in Eq. (3.4). This
result demonstrates that the digital adiabatic preparation protocol is substantially more
robust in practice than worst-case theoretical bounds would suggest, enabling high-
fidelity state preparation in physically relevant parameter regimes without requiring
excessively fine lattice spacings.

As reported in Tab. 3.1, the accuracy of the spatial two-point correlation function
is particularly evident in the autocorrelation C'(1,1). Across all system sizes, the ideal
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quantum simulation reproduces the exact classical value with an impressive relative
error of only 2 to 3 percent (specifically, -2.08% for N = 4, -2.34% for N = 6, -3.08%
for N =8, and -2.25% for N = 10). The precision achieved on C(1,1) is of fundamental
importance for two main reasons. Physically, since Fy = p; under our conventions,
C'(1,1) measures the local variance and quantum fluctuations of the staggered charge
density in the vacuum state. High accuracy on C(1,1) proves that the digital adiabatic
evolution correctly synthesizes the local vacuum structure and charge distribution.
Algorithmically, instead, C'(1, 1) serves as a primary sanity check: if the local vacuum
fluctuations were not captured accurately at » = 1, any subsequent multi-site correlation
at larger distances would be certainly unreliable.

Secondly, a detailed comparison between the statistical uncertainty ¢ and the
relative percentage deviation provides crucial insight into the nature of the observed
discrepancies. Because the Hadamard test circuits were evaluated on an ideal quantum
simulator with a large sample size of 10° shots, physical gate errors and decoherence are
completely absent and the combined statistical sampling error is extremely small (o ~
107%). Consequently, the observed absolute differences, though small in magnitude (e.g.,
a deviation of —0.0036 for N = 10), correspond to compatibility scores spanning 8 to 11
standard deviations (Z ~ 8 — 11 ). Far from indicating an unphysical instability, this
high Z-score confirms that statistical shot noise is effectively negligible, allowing us to
cleanly isolate the purely deterministic systematic errors of the digital algorithm. These
systematic discrepancies originate from the first-order Suzuki-Trotter discretization
step and the finite duration of the adiabatic ramp.

Finally, the spatial behavior of C(r, 1) for separations r > 2 reflects the interplay
between physical correlation decay, Trotter discretization error and finite sampling
statistics. In the lattice Schwinger model, correlation functions decay exponentially
with distance, causing the exact classical signal to drop rapidly from ~ 0.16 at r =1
down to ~ 0.02 at » = 2 and ~ 0.01 at » = 3. As the physical signal decays toward zero,
the accumulated Trotter error and finite shot-noise resolution yield a small residual
numerical offset (~ 0.003 — 0.010). This leads to higher relative percentage deviations
at larger separations (e.g., +13.5% for N = 6 at r = 2, and +48.4% percent for
N =10 at r = 3). This highlights that while short-range correlations and local vacuum
properties can be extracted with high accuracy, measuring long-range correlations
remains sensitive to Trotter discretization errors when the physical correlation signal
approaches the statistical resolution threshold.

To overcome the systematic limitations highlighted in our analysis (specifically, the
first-order Trotter discretization error and the residual numerical offset observed at
larger spatial separations), several concrete algorithmic strategies can be implemented
in future developments. A primary avenue for systematic improvement is the transition
from a first-order Trotter expansion to second- or higher-order Suzuki-Trotter product
formulas [10, 11]. By employing symmetric second- or higher-order decompositions, the
local discretization error becomes smaller, significantly improving the fidelity of the
time-evolved state for a given time-step and effectively mitigating the systematic bias
in ground state preparation without requiring an excessively large number of Trotter
steps n, that would otherwise inflate total circuit depth. Additionally, state preparation
fidelity could be further enhanced by incorporating symmetry-guided adiabatic protocols
such as B-SAP [29]. Summarizing, directly improving the vacuum state preparation
fidelity toward near-unity values would refine two-point charge-density correlations and
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N r C<17 7a)CIaSS C(L 7a)quant % Z-score ‘
1 0.17224£0.0004 0.1686 + 0.0002 —2.08% 780
N=4 2 0.0051+0.0001 0.0133£0.0002 +162.69% 39.3¢
3 —0.0003 £ 0.0003 0.0034 £ 0.0004 - 760
1 0.1649 £0.0004 0.1610 £0.0002 —2.34% 8.50
N=6 2 0.0214+0.0001 0.0243 +0.0003 +13.47% 940
3  0.01114+0.0002 0.0124 +0.0004 +11.82% 290
1 0.1622 £0.0004 0.1572 £0.0002 —3.08% 1110
N=8 2 0.0241 +£0.0001 0.0277 +0.0003 +14.98% 11.80
3 0.0122+0.0002 0.0190 £ 0.0004  +56.28% 15.20
1 0.161540.0004 0.1579 +0.0002 —2.25% 8.1o
N =10 2 0.0243+0.0001 0.0285 4 0.0003 +17.11% 13.70
3 0.0121 +£0.0002 0.0179 £ 0.0004 +48.41% 13.00

Table 3.1: Comparison between exact classical diagonalization values C(1,7)¢ass and
digital quantum simulation outcomes C(1,7)quant for the evaluation of the electric field
two-point correlation function on the Schwinger ground state with lattice spacing a = 1
and 10° shots per circuit execution. Relative percentage deviations and Z-scores in
combined standard deviation units are reported across different system sizes N and
spatial distances r.

reduce systematic discretization offsets in Hadamard test measurements, extending the
range of reliable spatial correlation functions beyond r» = 3 and opening a clear path
toward precise continuum-limit extrapolations in ideal digital quantum environments.

3.6 The Schwinger vector boson mass

3.6.1 Discussion of the problem

Having successfully demonstrated the digital quantum simulation protocol for preparing
the ground state of the lattice Schwinger model, we now outline a compelling physics
application enabled by this result which also constitute a prospective continuation of
this thesis. In Quantum Field Theory, the ground state plays a fundamental role as the
evaluation of vacuum expectation values, physical observables and non-perturbative
phenomena strictly hinges upon an accurate representation of the vacuum state |Q2).
In fact, a particularly prominent application consists in determining the mass of
the Schwinger vector boson, mg, which dynamically emerges through the (1+1)D
bosonization mechanism of the underlying fermionic theory [32, 33, 13]. Utilizing our
state preparation framework, this mass gap can be extracted via two complementary
strategies.
On the one hand, the mass, mg, can be determined by evaluating the spatial decay
of two-point correlation functions in the prepared ground state [32, 33, 13]. In the
asymptotic regime, these correlators exhibit an exponential decay governed by the
mass of the lowest-lying excitation, proportional to e™#"* where a stands for the
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lattice spacing constant and r is the index of the sites. By performing a systematic
continuum extrapolation taking the limit N — oo, or equivalently 1/~ — 0, alongside
the vanishing lattice spacing limit a — 0, the physical mass parameter can be precisely
determined.

On the other hand, since the Schwinger boson mass represents the fundamental single-
particle energy gap above the vacuum, that is mg = E; — Ej, one can extend the state
preparation protocol to directly target the first excited state |1) [32, 33, 13]. Although
preparing |1) introduces additional technical hurdles (such as handling degeneracies
and level crossings) it enables a direct spectral measurement of the physical mass via
the energy difference mg = (1|H|1) — (Q|H|$2).

Both approaches highlight how the successful preparation of the ground state of the
discretized theory on digital quantum simulators bridges the gap between quantum
hardware execution and non-perturbative field theory calculations.

Building upon this theoretical framework, we focused on exploring the first strategy.
Although it represents the more technically straightforward approach between the two
(as it solely relies on the successful preparation of the ground state), it is by no means
free of operational and algorithmic challenges.

First, selecting a suitable observable to compute two-point correlation functions requires
careful consideration; the chosen operator must faithfully capture the physical field
excitations while properly respecting the imposed periodic boundary conditions to
avoid unphysical boundary artifacts [32, 33, 13].

Second, controlling and quantifying the error on the extracted mass parameter presents
significant complexities. Operating in an ideal digital quantum simulation regime, the
error budget is entirely systematic and algorithmic: on one hand, it is constrained by
the maximum spatial lattice size N achievable due to simulator memory and qubit
resource limits; on the other hand, it is governed by the finite Trotterization error
arising from discrete time-stepping in the state preparation and evolution circuits.

Nevertheless, we remain confident that these systematic hurdles can be effectively
addressed through targeted algorithmic refinements and theoretical scaling techniques.
For example, to minimize Trotterization errors without incurring into prohibitive circuit
depths, higher-order Trotter-Suzuki decompositions or guided state preparation schemes
(such as B-SAP) can be employed [11, 29]. Furthermore, the choice of the observable can
be optimized by selecting gauge-invariant operators that naturally conform to periodic
boundary conditions, while isolating the fundamental mass pole [22, 33]. Altogether,
these strategies provide a clear and robust path for accurately extracting the Schwinger
boson mass via ideal digital quantum simulation.
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Conclusions and perspectives

This thesis has investigated the digital quantum simulation of non-perturbative field-
theoretic phenomena, focusing specifically on ground state preparation and spectral
characterization of the (1 4 1)-dimensional Schwinger model. Formulated on a Kogut-
Susskind staggered lattice with periodic boundary conditions, the continuous gauge
field degrees of freedom were analytically integrated out through the systematic appli-
cation of Gauss’s Law. This procedure transformed the field theory into an effective
spin-1/2 Hamiltonian featuring long-range, Coulomb-like interactions following the
Jordan-Wigner transformation. Within a platform-agnostic digital framework, the
Schwinger vacuum state was prepared using Adiabatic Quantum State Preparation
discretized via first-order Trotter product formulas. The primary numerical results
confirmed the successful preparation of the true Schwinger ground state, validated
against exact classical diagonalization through the evaluation of the Uhlmann fidelity.
Across various system sizes N and lattice spacings a, state preparation fidelities up
to 99% were consistently achieved. Additionally, the evaluation of spatial two-point
correlation functions of the electric field demonstrated that the autocorrelation at
r = 1 was accurately estimated within a 3% relative error, while cleanly isolating
the deterministic Trotter discretization error. Furthermore, this work explored two
prospective pathways for extracting the mass of the Schwinger vector boson mg, an ob-
servable emerging dynamically through the (14 1)-dimensional bosonization mechanism.
Comparing spatial correlation function decays against direct spectral gap measurements
via first excited state preparation highlighted critical trade-offs, uncovering operational
bottlenecks associated with Trotter errors and finite-size effects in ideal digital quantum
environments.

Despite the high fidelities attained, the detailed analysis conducted in this work re-
veals specific criticalities during adiabatic evolution, which open compelling avenues for
algorithmic improvement. A key prospective direction is exploring advanced symmetry-
guided adiabatic protocols, such as Branched-Subspaces Adiabatic Preparation [29], to
optimize the vacuum state synthesis. By exploiting the underlying global symmetries of
the model during adiabatic evolution, such protocols can suppress unwanted transitions
into excited sectors and prevent minimum energy gap shrinkages, thereby reducing time
overheads and improving state preparation fidelity. Concurrently, evaluating higher-
order Suzuki-Trotter product formulas [10, 11], specifically second- and third-order
decompositions, represents a crucial step to mitigate discretization errors. Higher-order
Trotterization is expected to smooth out the characteristic fidelity drop observed during
time evolution, eliminating artificial step-like artifacts and establishing a more stable
convergence profile towards the target ground state.

Furthermore, it is worth highlighting that further enhancements in ground state
preparation fidelity directly propagate to the precision of spatial correlation functions.
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Since measuring two-point electric field covariances relies intrinsically on the structural
integrity of the prepared vacuum state, elevating the state preparation fidelity toward
near-unity values would significantly improve the quantitative accuracy of spatial
correlations across all separations. Moreover, as advanced algorithmic techniques
successfully suppress Trotter discretization errors, digital quantum simulation will
overcome current circuit-depth limitations and enable the reliable extraction of higher-
order multi-point correlation functions. Reaching this regime will open the way to
probing complex and non-linear quantum vacuum fluctuations and multi-particle
interactions in lattice gauge theories on digital quantum hardware.

Beyond ground state preparation, a structured and comprehensive investigation
is required to fully resolve the extraction of the Schwinger vector boson mass. A
future dedicated framework must address both the technical and analytical challenges
identified in this study. On the technical side, extracting mg from spatial correlation
functions requires managing the statistical noise floor associated with multi-qubit
Hadamard test measurements at long ranges, as well as optimizing shot counts and
measurement protocols. On the analytical side, a rigorous mass extraction protocol
demands systematic finite-size scaling analyses and continuum limit extrapolations
(N — 00,a — 0), ensuring that lattice artifacts and boundary-induced finite-volume
shifts are systematically decoupled from the continuum physical observable. Combining
direct excited-state preparation with symmetry-guided projections offers a promising,
robust strategy for precise energy gap determination.

Looking further ahead, an essential long-term objective is extending this platform-
agnostic framework to higher spatial dimensions and more complex field theories. Moving
from (1+41) dimensions to (2+1) or (3+1) dimensions introduces substantial theoretical
and technical hurdles. While in one spatial dimension Gauss’s law allows for the complete
analytical elimination of gauge field degrees of freedom, higher dimensions possess
intrinsic transverse magnetic fields and propagating gauge degrees of freedom that
cannot be fully integrated out. As a consequence, simulating higher-dimensional lattice
gauge theories requires explicitly digitizing gauge field variables on the lattice links,
imposing strict local Gauss’s law constraints directly on the quantum register. Similarly,
generalizing the protocol to encompass multiple fermionic flavors or non-Abelian
gauge groups, such as SU(2) or SU(3), introduces non-commuting field components
and intricate color charge structures. These extensions exponentially increase circuit
depth, requiring sophisticated gauge-invariant state preparation methods, and demand
advanced Trotterization strategies to manage non-Abelian operator non-commutativity.

An equally important outlook concerns the transition from ideal digital quantum
simulators to physical quantum hardware execution. Assessing the performance of
these protocols on noisy hardware, as well as on noisy simulator environments in-
corporating realistic noise models, is essential to quantify resilience against physical
decoherence. Testing on architectures such as trapped-ion processors, which natu-
rally support long-range spin interactions, and superconducting circuits, which offer
high-speed gate execution, will provide critical insights into gate fidelity thresholds
and crosstalk impacts. However, evaluating algorithmic execution on noisy platforms
presupposes the availability of a protocol that functions flawlessly under ideal noise-free
conditions. Consequently, refining the algorithmic pipeline on ideal simulators remains
the mandatory prerequisite prior to real hardware deployment, ensuring that physical
hardware noise can be cleanly isolated from algorithmic Trotter or adiabatic errors.
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In conclusion, this thesis does not claim to definitively resolve the vast computational
complexities inherent to non-perturbative lattice gauge theories. Rather, it establishes
a rigorous, benchmarked, platform-agnostic foundation designed to serve as a stepping
stone for future research. By demonstrating high-fidelity ground state preparation and
identifying the operational boundaries of digital quantum simulation protocols, this
work offers a clear roadmap toward managing fundamental large-scale quantum field
theories on emerging quantum hardware.
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Appendix A

Symmetries of the Schwinger
Hamiltonian

A central feature of the target Hamiltonian of Eq. (2.3) is its invariance under a
group of symmetry transformations operating across two distinct physical domains:
internal spin space and spatial lattice space. By spin-space symmetries, we denote
internal transformations acting exclusively on the local Hilbert space of the spin
degrees of freedom, leaving the spatial configuration unaltered. Conversely, by lattice-
space symmetries, we refer to spatial transformations that act directly on the discrete
underlying lattice geometry by transforming or permuting site indices.

A.1 Spin space symmetries

In the spin space, the system is symmetric under generic rotations of each qubit around
the z-axis of the Bloch sphere represented in Fig. A.1. In other words, the Schwinger
Hamiltonian exhibits a global U(1) symmetry, which corresponds to the conservation of
the total charge in the fermionic language, or the total magnetization in the spin basis.
We can demonstrate it by computing the commutator between the Pauli matrices
involved in the Schwinger Hamiltonian and the operator that describes the rotation
around the Z-axis of an angle « of the m-th site, given by

RZ(a) = €3 = cos <g> [ —isin (ﬁ) opl
2 2
We can immediately see that this operator commutes with 67 and 6707 even when
n=m or n =m = [ and so they are performed on the same site, because it does not
change the Z-component of the Bloch vector. Thus, since 67 commute both with I and
itself, it holds that

[]A%;(a),ﬁn} =0 VYn,m [}?fn(a),&fﬁf} =0 VYn,lm
Instead, the hopping term containing 6,6, ,; and its Hermitian conjugate requires a
more careful analysis. In particular, in this case the symmetry holds only if we perform

the rotation in every site (that is if we perform a global rotation of our chain) or if we
consider the full term containing also the sum over n. Considering the case of a global
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Figure A.1: Visual geometric representation of a single-qubit pure state |x) on the Bloch
sphere. The computational basis states |0) and |1) are located at the North and South
poles along the Z-axis, respectively. An arbitrary state vector |x) = cos g\O} +e% sin g|1>
is uniquely specified on the unit sphere by the polar angle 6 € [0, 7] (measured relative
to the z-axis) and the azimuthal phase angle ¢ € [0,27) (in the zy-plane relative to
the z-axis).

rotation, we need to work with

Since 6,76, , and its Hermitian conjugate both commute with I, we only need to
perform the commutator with

9 Az
-
m

Recalling that 626 = 46+ and that 6567 = F6F, we can compute the commutator
and show that the symmetry holds. In fact, we obtain that

|:‘7z7 A:A7:+1:| =0

Considering instead the full term containing also the sum over n, when we compute
the commutator we immediately see that it vanishes when m # n,n + 1, since we are
working on different sites, and that the only terms that survive are those with m =n
and m = n + 1. Thus, we have
Z [5:67;17551] = [63762} 5-;+1 + ‘3: [5;+1’&Z+1} = _26:57;1 + 2[7:;[77;1 =0
n

Summarizing, we have demonstrated that the Schwinger Hamiltonian is symmetric
under the application of both a global and a local rotation around the Z-axis . In
particular, this is the only spin symmetry under which the Hamiltonian is invariant
in all its terms. Physically, this mathematical property ensures that the simulation
remains within the zero-charge subspace throughout the dynamics, provided the initial
state is properly prepared in a charge-neutral configuration.
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We can also consider the case of a global reflection with respect to the & — ¢ plane
and show that only some terms of the Schwinger Hamiltonian are invariant under this
transformation. The global reflection with respect to the & — ¢ plane can be performed
through the action of

Ux:H&x

Firstly, the commutator with 67 vanishes when m # n since we are working on different
sites but when n = m we immediately see that the symmetry does not hold. We can
show it by computing

Q)6 26 )€ - )

Instead, when we consider the commutator that involves the term 6767, we can show
~Z AT

that the symmetry perfectly holds. In fact, by exploiting the relation 6767 = —6707,
it turns out that

Lastly, when we consider the commutator that involves the term ;1 6, ,, or its Hermitian
conjugate we can show that the symmetry does not hold. To demonstrate it, we can
simplify the calculation by considering only the terms with m = n,n + 1, since when
m # n,n + 1 the commutator vanishes. Thus, we have

+ A — A + Az ~A—
n n

st s — _ 5ts— sts—  _ sdta s N
[ananﬂ,Ux} =0,0,1Us —Uy0,0,,1 =0,00,0,,100,1 — 030,05 ,10,,1

Since (6%)? =1 and so (6%)7 = 67 We can work on the second term of the commutator
by exploiting the conjugation of 67, given by

AT A+ AT oA—
O-no-no-n _Un

(655)2 n+10n+1< £+1)

Putting all these calculations together, we obtain

At A— At asraA— Az A—AT At AT _
[Un Opnt1s UZ} =0,0,0,410p11 — 03,0,0,410p41 =
— (st _ i AT (5 At y sy N sTo
- (Un O-nJrl) U (O- +1 n+1) Opt1 = (ZU )Un ( Zgn+1) Opt1 =
AY AT o s — _5%57
- Unan n+10n+ ( ZU ) ( ZO-nJrl) - n n+1 # 0

Lastly, when we consider the commutator with the term Hj([Nfl’o) we can simplify
the calculation using the fact that operator acting on different sites always commute.
Therefore, we only need to calculate the following two commutators

N-2  N-2
~+ ) At oA AL AT
’H [UNAUO 09 ON_1,000N— 1]

=1 =1
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In the first one, we are sure that the symmetry does not hold since 6% and 6% anticom-
mutes. In the second one, instead, we need to verify that

At A— At a— AT AT _
[UN—1‘70 + 0y 0]\/-1700‘71\/—1] =
_ At A— AT AT At oA — AT AT AL AT ~+ a— AT AT At A—
=0ON_1000g0N_1 T 0gON_1000N_1 — OgON_10N_100 — OgON_100 On_1
and exploiting the conjugation of 5- and the fact that (6%)? = I, we obtain that
~+ A— AT AT At A — AT AT AL AT ~+ A— AT AT At A — _
ON_100000N_1 T 09 ON_1000N_1 — 0gON_10N_100 — OgON_109 ON_1 =

__ A o~ AT A+ AT A+ AT A— ~— AT At~ At AT T
=0N_10N_1000g T ON_10N_1000¢g — ON_10N_-100 0g — On_10Nn_10¢ Og

Then, exploiting the the following identities

we finally compute that

[03-100 +00 Oy _1,050%_1] =0
Therefore, we can conclude that only certain terms of the Schwinger Hamiltonian are
invariant under a global reflection with respect to the & — g plane.

A.2 Lattice space symmetries

Considering the Kogut-Susskind staggered lattice representation, we have seen that
this spatial discretization endows adjacent sites with distinct physical identities based
on their index parity: even lattice sites represent the fermionic components of the Dirac
field, whereas odd lattice sites correspond to the anti-fermionic components.

We can demonstrate that the closed chain is invariant only under specific spatial
reflections across a symmetry axis. To maintain consistency with the staggered fermion
framework, this axis must be chosen such that it maps even sites to other even sites
and odd sites to other odd sites. This distinction is essential because the staggered
discretization assigns distinct physical identities to the lattice sites: even sites represent
the electronic component of the field, while odd sites correspond to the positronic com-
ponent. An axis that exchanges even and odd sites would not constitute a pure spatial
symmetry of the encoded Hamiltonian; rather, it would induce a particle-antiparticle
swap, which complicates the analysis of the two-component field dynamics. By restrict-
ing our study to parity-preserving axes, we ensure that the reflection symmetry strictly
acts on the spatial degrees of freedom without shifting the physical interpretation of
the matter fields. As an example, the symmetry scheme for a system of size N=6 is
illustrated in Fig. A.2.

Moreover, we can show that our chain is also invariant under some kinds of rotations. In
particular, we can only perform rotations by 2k/n fractions of 27 where N is the number
of sites in the closed chain and k& € N. As a consequence, only transformations of the
form n — (n+2k)modN with k& € N are allowed as shown in Fig. A.3. Instead, the chain
is not invariant under transformations of the form n — (n + k)modN with k € N as
shown in Fig. A.4. In fact, by performing this type of transformation we send even sites
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Figure A.2: Allowed reflection of a closed chain with respect to an axis of symmetry

50

Figure A.3: Rotation of the closed chain under n — (n + 2k)modN with £ =1

ose

n=3

Figure A.4: Rotation of the closed chain under n — (n + k)modN with k =1

in odd sites and vice versa: it can cause problems when working with two-component
fields where one component is associated with even sites and the other with odd sites,
as in our case. However, the local Schwinger Hamiltonian is not invariant under these
kinds of symmetries and this is completely due to the fact that the act of mapping
a closed chain into a spin system by exploiting the Jordan-Wigner transform breaks
them through the introduction of the term HiN L0 This term, in fact, represents
the key to translate a closed chain into a spin system that has a completely different
spatial structure and that, therefore, can not satisfy the lattice symmetries.
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Appendix B

Supplementary calculations

B.1 Proof of the Gaussian integral Identity

Proposition B.1.1 (Gaussian integral with quadratic exponent). Let a > 0 and
b,c € R. The Gaussian integral over R satisfies

+o0 2
/ e~ (ax® tbote) o \/je_(c_i“) (B.1)

Proof. In order to demonstrate Eq. (B.1), we begin by completing the square for the
quadratic polynomial in the exponent as

b\? b2 b\ b2
:a(:c—l—z> —E—l—c:a(:c—ir%) +(C—E>

As a consequence, negating this expression yields to

—(ar* +br +¢) = —a (m+%)2— (c—g) (B.2)

Substituting Eq. (B.2) back into the integrand, we notice that we can factor out the
constant term independent of z, obtaining that

+oo +o0 +oo
/ e~ (az*b+e) g0 / e_a(H%)Q_(C_%) dr = e_(c_%) / e_a(“%)2 dx

o) o0

To evaluate the remaining integral, we perform a change of variable as

b du

As we can see, as © — o0, the integration limits for u remain (—oo, +00). Therefore,
the integral simplifies to

+eo 2 +oo > d 1 +oo 2
/ e~ o(e+35) dx:/ e 28— —/ e " du
o o va  Va o



Recalling the standard Gaussian integral result fj;o e du = \/7, we obtain

Combining this result with the multiplicative constant yields the final identity

/+OO 67(a12+b:p+0) dr = \/je—<c—ji>
—0 a

spin

B.2 Complete derivation of H

N—-1N-1 o
e . _
Hp = E(N — max{i, k})XiXiXka +
i=1 k=1
o2 NoIN-1
) (N —max{i, k}) (1 — (-=1)")xixi =
i=0 k=1
N-IN-1 o
1
= 5<N max{7, k})Z—L(]I—l—&f)(]I—i-&,i)—l—
i=1 k=1
g2 Vo1t . 1 .
-5 (N — max{i, k})(1 — (-1) )5(}1—1—0 )=
i=1 k=1
N—-1N-1 2
~ g(N max{i, k}) (67 + 6} + 6767) +
i=1 k=1
o2 NoIN-1 » o
-7 Z(N — max{i, k})(1 — (-1)")o7 =
i=1 k=0
N-1N-1 o N-1N-1 2
= Z(N — max{i, k})67 + g(N max{i, k})6767 +
i=1 k=1 i=1 k=1
g2 NoIN-1 . o
1 Z(N —max{i, k})(1 — (—1)*)67 =
i=1 k=1
N-IN-1 g2 NZIN-1
=3 > G (N —max{i k})o7oi + 7 - > (N —max{i K} (- 1)o7
i=1 k=0 i=1 k=1
N-IN-1 o o2 N1 N-1
= < (V= max{i, k})6767 + 7 Y (=1 D (N — max{i, k})o7 =
i=1 k=1 k=1 =1
N-1 4 02 N-1 N-1 2
- L3S0 s X 3 SOV Rpsisi
i=1 k=1 i=1 k=i+1
9 N—1 k N-1
e
+7 (—1)'“[Z(N—k:)&f+ (N—z)az} =
k=1 i=1 i=k+1



N-1 N-1 o2 02 N-1 k N-1 N-1

- Z Z(N — k)6767 + T (—1)* {Z(N — k)67 + a—;}
=1 k=i+1 k=1 =1 l=k+1 n=l
N-1 N-1 02 o2 N-1 N-1

= Z(N —)6io7 + T (—1)k {(N —k)Sk + Z (S, — Sk)} =
n=1 [=n+1 k=1 n=k+1
N-1 -1

Il
| R
—~

=

|
=

Q>
3w

Q>
~n
+

n=1 |[=n+1
5 N—1 N-1
€ k
+ k_l(—1) [(N RS, — (N —1—k)Si + _Zkﬂ Sn] -
N-1N-L o g2 Nl N-1
= Z(N —)6%67 + T (—1)"3[8,c + Z Sn} =
n=1 l=n+1 k=1 n=k+1
N1 N-1 o 2 Nl N-1
= TN =D)aiei + (D)F> S, =
n=1 l=n+1 k=1 n=k
N—l —1 62 @2 N—l n
= + (N = Daiei + > (-1)*S, =
n=1 [=n+1 n=1 k=i
N-1 N-1 o 9 N—1 "
€ Az Az € 1— (_1)
n=1 [=n+1 n=1
N-1 N-1 o 9 N—1 n
e e - (=1
_ Z (N = 1\6%67 — — Az
1 ( l)anal 1 5 op
n=1 l=n+1 n=1 =1

B.3 Proof of the first-order Trotter formula

Theorem B.3.1 (First-order Trotter Formula). Let H = Y. H; be a self-adjoint
Hamiltonian on a finite-dimensional Hilbert space, where each H; is a Hermitian
operator. For any total evolution time T > 0 and any integer number of Trotter steps
ns > 1, the exact unitary time-evolution operator satisfies the following identity

L Ng 2
o () o (2) o
=1 s

Moreover, in the continuum limit ny — 00, the product formula converges to the exact
evolution operator.

Proof. In order to prove Eq. (B.3), we start by expanding the exact evolution operator
U(67) = e ™"H for a single time-step in a Taylor series around 67 = 0 as

, or? 3
U(oT) :I—zéTH—TH + O(07°) =

L

=I—iéry H - 5772 (Z H,) + O(67%) (B.4)

=1
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By expanding the squared sum, one has that
L 2 L
(Z H,) =Y H}+ > (H;H+ HcH))
1=1 =1 1<j<k<L

Now, we consider the single-step product of local unitaries U(5t) = [[1~, e ** and
we expand it as

0(67) = (I—Z’(;TH1—%H12+...>---([—i(STHL_%H%"i_"')

Multiplying terms order by order up to O(672), we find that
~ L 572 &
U(67) =1 —iéTy H— R > HE o Z H;H, +O(67%)  (B.5)
I=1 I=1 1<j<k<L

Subtracting the approximate operator U (07) in Eq. (B.5) from the exact operator
U(67) in Eq. (B.4) leads to

- 572
U(or) = U(07) = —% > (HjHy+ HyHj) + 6> Y HjH,+ O(07%) =
1<j<k<L 1<j<k<L
672
:T Z (Hij—HkHj)+O<5T3) =
1<j<k<L
672 5
= D [HH]+00r)
1<j<k<L

Thus, the local error committed during a single time step is given by
U(67) — U(67) = O(67%)

Let A= U(67) and B = U(67). Since A and B are unitary operators, ||A|| = ||B|| = 1.
Therefore, we can exploit the operator telescoping identity given by

and take the operator norm, obtaining

ns—1
<> AT [A = Bl |[B™) = ns - [ A - B

m=0

|4 - B

Then, since ||A — B|| = O(67?), we have that

|A™ — B™|| = n, - O(57%)

and since 67 = 7/n,, we conclude that

7_2 7_2
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Reassembling the full expression, we finally find Eq. (B.3).

In order to evaluate Eq. (B.3) in the continuum limit ny — oo, or equivalently
0T = 7/n, — 0), we can exploit the exponential matrix limit identity. We consider
the product of local unitaries for a single time step d7 = 7/n, and we expand each
exponential factor in a Taylor series around d7 = 0, obtaining that

U(67) = (I —idTHy, + O(57%) (I — id7Hy + O(372)) - - (I — id7Hy + O(37%)) =

L
=1- 267'2 Hy+ O(07?) = I — i6TH + O(677%)

=1

Substituting 67 = 7/n, into U(67), one has that the expression for a single Trotter step

in terms of n, becomes
~ o H 2
o(5)-1-2 o3
N N n?

Raising this single-step operator to the ng-th power, we obtain that

oG] (o ()

Now, recalling the fundamental operator identity for matrix exponentials, that is

A 1 "
lim <]+—+(9(—2)) = e
n— 00 n n

and setting A = —iTH and n = n,, we can evaluate the continuum limit ny, — oo as
iTH \\"™ :
lim U, (1) = lim (I - +0 (—2)) =eiH
Ng—r00 Ng—r00 Ng ns
O

B.4 Complete calculations of the Trotterization pro-
cess

We provide the explicit step-by-step algebraic derivations for the factorization of each
term in the Schwinger Hamiltonian. For the first term, we have that

; - nsz 62a - n n 57
e iTosHz e_”‘ss[% SN nrer S S (1) S o]

N-1 N—-1 n

— e—iTés— —1)"é6Z H H 71763— —(=1)" )
n=0 n=1 [=1
N-1 N—-1 n N-1 N—-1 n

_ 6—2'04051 H 6_7'/8‘71 _ H OZ H H OZ
n=0 n=1 [=1 = n=1 [=1
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where we assumed a = 76s%(—1)" and 3 = 7'636%“(1 — (—=1)™), and where we called
Oz(a) = e~ and Oz(B) = e~ . The second term, instead, can be written as

N-1 N-1
. 4 _ 2 . 2 .
oimOsHzs _ —ites SN SN, S (N-0)5E6F H H e~ iTos G (N-D)&767 _

n=1 l=n+1
N-1 N-1 N-1 N-1
—i06267
“TIIL e =TT 1T 0sst0
n=1 l=n+1 n=1 l=n+1

where 6 = T(SSE?T(I(N —1) and Ozz() = e%9297 Finally, for the third one we have that
e—iT(Ss(sA) _ 6—i75s-s [25;02 41a [o an+1+0n+1cr"j| +4 [HZN 12 67 ] (&%_1&3—&—636}{,71)] _

) N—-2 1 |saarz Y sy N—2 5T 5Ty 5Y5Y
—i7Tds:8Y 5[0202+1+0n+10n] 6*27’55 5*[1_[1 1 Uzz] (‘77\1—1‘73+000N71) =

=z

—2
6_”58'8? |:0' Un+1+0—n+lo—”j| e —iTds- Si[HiN 12 67 ] (&%71&§+&g&%_1) _

3
Il
=)

=2
o

omirononarol ot ] —ic[T2 o7) (6% io5+680% 1) _

i
o

7 N—2 4 . oz AY A
| | e l/\UnUnH@ Z>‘Un+1‘7n@ [lel a-lz](o-xN—lo-(a):—i_aga?\]—l) —
n=0
N-2 N—-2
N A oA N A ~ . N—-2 ~ A~ ~ AY A
— | | | | e—ZAU%UfLHG_ZAUZHJ%e*lc[Hz:l Uf](”%—l“i%*”g”?vfl) —
Neven=0 Noqq4=0

N—2 N-2 N-2 N-2
:|: H OXX H OXX:||: H OYY H OYY:|OPBC

Neven=0 Nodd=0 Neven=0 Nodd=0

=2
N

o\
where we assumed A = 79s;> and ¢ = 70s* %, and where we called

OXX —e —iAGL O
Oyy = e~ Pohoh

. N—2 ~ ~ ~ AY A
Oppe = ¢SS 57](6% 105 +050% 1)

Therefore, the complete evolution operator that we have to implement on quantum
device is given by

e~ iTOsH () ﬁ{h‘[ Oz(a } : {]ﬁﬁOz(ﬁ)] : ﬁ_[l ]ﬁ OZZ]

5=0 n=1 [=1 n=1 l=n+1
N—2 N-2 2
@) -
[ H XX H OXX:| [ H Oyy H OYY:| OPBC} +0 (ns)
Neven=0 Nodd=0 Neven=0 Nodd=0

B.5 Derivation of the Electric field Covariance

We report the step-by-step analytical derivation of the correlation function C(r,[)
between the electric field F, at a generic link r and the electric field F; at the reference
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link [ = 1. In the Schwinger model on a Kogut-Susskind staggered lattice with PBC,
Gauss’s law allows us to express the electric field E, as a cumulative sum of the
staggered charge densities of the preceding sites as

E, = Z Pn
n=1

The local staggered charge density operator p, at site n is mapped onto Pauli spin
operators o, via the Jordan-Wigner transformation as
1

o= 5162+ (=1

In particular, since we assumed Ejy = 0, for the reference link » = 1 the electric field
operator coincides with the charge density at site 1

The quantum covariance between two observables A and B is defined as
Cov(A, B) = (AB) — (A)(B) (B.6)
Substituting A = E, ="' _, p, and B = E; = p; into Eq. (B.6), we obtain

Cov(E,, Ey) = <<Z pn> p1> — <Z pn> (p1)

Exploiting the linearity of the expectation value operator (-), we distribute the product
in the first term and the summation in the second term as

<<Z pn> p1> = <Z(pnp1)> = (pup1)
<Z pn> (p1) = (Z(%)) (p1) = (pn){p1)

n=1 n=1

Grouping the terms within a single summation, the electric field covariance reduces to
the sum of the local charge density covariances as

T

Cov(Er, Er) =Y ((papr) = (pu){p1)) = Y Cov(pn, p1). (B.7)

n=1
We then proceed to express each term of Cov(p,, p1) individually in terms of 6% matrices.

e Expectation value of the product (p,p;)

(pnp1) = 7 [{0767) = (67) + (=1)"(67) — (=1)"] (B.8)



e Product of expectation values (p,)(p1)

<10n> =

N —

Multiplying the two expressions, one has that
[(7) + (=1)"][{67) — 1]

[(62)(07) = (o) + (=1)"(61) = (=1)"] (B.9)

(on)(p1) =

N e

Subtracting Eq. (B.9) from Eq. (B.8), we observe that some of the linear expectation
terms are identical in both factors and cancel out exactly, leading us to

Cov(pn, p1) = (pnp1) — (pPn)(p1) =
]- Az AZ AZ A2 —
= (En) — (o)) =
_ 1

Substituting the obtained expression into Eq. (B.7), we arrive at the final explicit result
for the electric field covariance

Cov(Ey, Bi) = 1 3 (636%) — (03)(67)

The explicit expressions for the separations evaluated in this work (r = 1,2,3) are
reported below.

e Autocorrelation (r = 1)

COV(El, El) - (]- - <5-f>2)

A~ =

e Nearest-neighbor correlation (r = 2)

1

Cov(Ey, B1) = 7 (1= (67)%) + 7 ((6367) — (63)(67))

N

e Next-to-nearest-neighbor correlation (r = 3)

Cov(By, F) = Cov(FBy, Fy) + 1 (19567) — (63)(67))
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