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Abstract

The main goal of this thesis is to present Girsanov’s theorem and some of its appli-
cations to Stochastic Differential Equations (SDEs) and mathematical finance. After
recalling the basic tools of stochastic analysis and probability theory, we study the
Wiener process and Itô stochastic integration. In particular, we discuss the reflection
principle, providing a full proof, and derive Bachelier’s theorem. A central part of
the thesis is devoted to the construction of the Itô integral. We provide a detailed
construction following the approach of N. V. Krylov [14], which is more general than
some classical treatments such as [3] or [13], since it does not require progressive
measurability.

The core of the thesis is to provide a complete proof of Girsanov’s theorem.
We present the elegant approach by N. V. Krylov [14], while including several details
that are omitted in his exposition. We also clarify some points of the Krylov method.
Particular attention is devoted to the exponential martingale

ρt(b) = exp

Å∫ t

0
bsdWs −

1

2

∫ t

0
b2sds

ã
involved in the change of measure, to Novikov’s condition, and to further sufficient
criteria ensuring the martingale property of ρt.

We then apply Girsanov’s theorem to prove weak existence and uniqueness in
law for stochastic differential equations of the form

dXt = b(t,Xt) dt+ dWt,

assuming that b is Borel and grows at most linearly. Finally, we discuss an application
to mathematical finance and derive the Black–Scholes formula for European options.
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Introduction

The main goal of this thesis is to present Girsanov’s theorem and illustrate its appli-
cations to the theory of stochastic differential equations (SDEs) and mathematical
finance. Girsanov’s theorem is a fundamental result in stochastic calculus concerning
the change of probability measures. Recall that stochastic calculus is based on a the-
ory of stochastic integrals with respect to particular processes, such as the Wiener
process or Brownian motion; this field was created by the Japanese mathematician
Kiyosi Itô during World War II.

Girsanov’s theorem describes how the "drift" of a stochastic process changes
under a change of the underlying probability measure. It shows that, under a suitable
change of probability measure, the process obtained by subtracting a possibly random
drift term

∫ t
0 bs ds from a Wiener process is again a Wiener process.

Before Igor Girsanov, the foundational result in this area was the Cameron–
Martin theorem; see [9]. In 1944, Robert Cameron and William Martin studied how
the Wiener measure (the probability law of Brownian motion) transforms when the
path is shifted by a deterministic function.

They proved that if one shifts a Brownian motion Wt by a function h(t), the new
measure is equivalent (mutually absolutely continuous) to the old one if and only
if h(t) is sufficiently smooth; more precisely: if it belongs to the Cameron–Martin
Hilbert space. This was the first "change of measure" result, though it was limited
to deterministic translations.

In 1960, the Soviet mathematician Igor Vladimirovich Girsanov published his
seminal paper. He made the conceptual leap from deterministic shifts to stochastic
shifts.

Roughly speaking, given a Brownian motion Wt under a probability measure P,
define a new measure Q via the Radon–Nikodym derivative:

dQ
dP

= ρT (b) = exp

Ç∫ T

0
bsdWs −

1

2

∫ T

0
b2sds

å
Then, the process defined by W̃t = Wt −

∫ t
0 bsds is a Brownian motion under the

measure Q.
One technical challenge with Girsanov’s original result was ensuring that the

exponential process used for the change of measure is a true martingale rather than
just a local martingale. If it is not a true martingale, the new "measure" Q does not
have a total mass of 1, and the theorem fails.

In 1972, A.A. Novikov [17] provided a sufficient condition that is now standard
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in the literature. The Novikov Condition states that if:

E
ñ
exp

Ç
1

2

∫ T

0
b2sds

åô
< ∞ (∗)

then the change of measure is valid.
The core of the thesis is to provide a complete proof of Girsanov’s theorem. We

present the elegant approach by N.V. Krylov [14], while including several details that
are omitted in his exposition. We also clarify some points of the Krylov method. This
approach is different from the classical approach considered for instance in Baldi [3]
and Karatzas and Shreve [13] which requires additional results from the theory of
stochastic calculus. Moreover, starting from the Novikov condition (*) we consider
a further sufficient condition which is more general than Novikov’s condition and
ensures the validity of the Girsanov theorem.

While Girsanov worked in the realm of pure probability, his theorem became
important in mathematical finance starting from the Black–Scholes model (1973):
[7]. Although they did not explicitly use Girsanov’s name in their original derivation,
the logic of "risk-neutral pricing" depends entirely on this theorem, see also [13] and
[3] for more details on applications of the Girsanov theorem to finance.

The thesis is structured as follows:

Chapter 1 This is an introductory chapter, in which we set the notations used in the
rest of the thesis and introduce the first theoretical bases. It collects the main
preliminaries from probability theory and stochastic processes without going
deep into details and proofs. We refer the reader to standard references such as
Billingsley [4] and Karatzas and Shreve [3]. In particular we recall the notions
and properties of probability spaces, random variables, Lp spaces, convergence,
conditional expectation, stochastic processes, stopping times, and martingales.

Chapter 2 This chapter is devoted to the Wiener process and Itô stochastic integration.
We introduce weak convergence, the Wiener measure on C[0, T ], discuss some
properties of Brownian motion, including an application of the reflection prin-
ciple that we use to derive Bachelier’s theorem. In this part we do not provide
complete proofs for all the mentioned results.
In the second part of the chapter we present a detailed description of the Itô
integral, following the approach of Krylov [14], which is more general than
some classical treatments, since it does not require progressive measurability.
The chapter concludes with the Itô formula.

Chapter 3 We prove in detail Girsanov’s theorem. We first prove some preliminary lemmas
about the exponential process ρt associated with the change of measure in Gir-
sanov’s theorem. We then present Girsanov’s theorem following the approach
of N.V. Krylov. We also clarify some points of the Krylov method. Since the
result requires the exponential process ρt to be a martingale, we then study
sufficient conditions ensuring this property.

Chapter 4 This chapter is devoted to applications to the theory of stochastic differential
equations with singular coefficients. We consider the equation

dXt = b(t,Xt)dt+ dWt,
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and in the first section we study weak existence and uniqueness in law assuming
that b is Borel and grows at most linearly.

These results are obtained as direct consequences of Girsanov’s theorem, and
we present their proofs in some detail.

In the remaining sections, we discuss some further recent developments in the
theory of SDEs, such as path by path uniqueness and Davie’s theorem [10].
For these more recent results, we mainly refer to the existing literature without
going into details.

Chapter 5 In this chapter we present an application of Girsanov’s theorem to mathemat-
ical finance. We first introduce the basic notions needed to describe a financial
market, including assets, portfolios, European options and discounted prices.
We then show how with a change of measure based on Girsanov’s theorem the
discounted prices process becomes a martingale. This is the key step in pricing,
since it allows one to express the value of an option as the expected discounted
payoff under an equivalent martingale measure. In case of constant coefficients,
this expectation is also easy to compute, in fact we conclude by deriving the
Black-Scholes formula for the valuation of European options, that is an explicit
computation of the expectation in the Black–Scholes model [7].



Chapter 1

Fundamentals of probability
theory

In this chapter we recall some fundamental concepts from probability theory and the
theory of stochastic processes that will be used throughout the thesis. Our goal is to
fix notations and summarize all these basic concepts in order to prepare the reader
for stochastic integration. The main references for this chapter are Billingsley [5] and
Karatzas and Shreve [13].

1.1 Probability basics

The mathematical framework for probability theory is provided by measure theory.
Random phenomena are modeled by assigning probabilities to suitable subsets of a
given space of outcomes, in a way that is consistent with the axioms of a measure.
For a detailed treatment of probability theory based on measure theory, as well
as complete proofs of the results stated in this section, the reader is referred to
Billingsley [5].

Let Ω be a non-empty set, called the sample space, whose elements represent
the possible outcomes of a random experiment. In order to assign probabilities, one
needs to specify a class of subsets of Ω which are called measurable sets or events,
more precisely

Definition 1.1. A σ-algebra F on Ω is a collection of subsets of Ω satisfying:

1. Ω ∈ F ,

2. if A ∈ F , then Ac ∈ F ,

3. if (An)n∈N ⊂ F , then
⋃∞

n=1An ∈ F .

From the definition it follows immediately that a σ−algebra is also closed under
countable intersections.

When we say that G is a sub σ− algebra of F we simply mean G ⊂ F .

The elements of F are called events. The pair (Ω,F) is called a measurable space.
Two simple examples are worth mentioning. The smallest possible σ-algebra on Ω is

8



1.1. PROBABILITY BASICS 9

the trivial σ-algebra {∅,Ω}. At the opposite extreme, the largest σ-algebra is P(Ω),
consisting of all subsets of Ω. In this case every subset is measurable. More generally,
starting from a collection of subsets A ⊂ P(Ω), one can construct the smallest σ-
algebra containing A. This is denoted by

σ(A),

and is defined as the intersection of all σ-algebras containing A. An important ex-
ample is when Ω is a topological space, endowed with a topology T containing all
open sets. In this case one can consider σ(T ), i.e. the smallest σ−algebra containing
all open sets of Ω. This is called the Borel σ-algebra of Ω and it is denoted as B(Ω).

Definition 1.2. Let (Ω,F) be a measurable space. A probability measure on (Ω,F)
is a function P : F → [0, 1] such that:

1. P(Ω) = 1,

2. for every sequence of pairwise disjoint sets (An)n∈N ⊂ F ,

P

( ∞⋃
n=1

An

)
=

∞∑
n=1

P(An).

In this setting, probabilities are assigned only to events in F ; subsets of Ω which
do not belong to F are not measurable and therefore have no assigned probability.
The second property of probability measures is called sigma-additivity. Probabilities
are indeed sigma-additive functions taking values in [0, 1] with total mass equal to
1. We recall some basic properties that follow directly from the definition. First,
P(∅) = 0, and the measure is monotone, in the sense that if A,B ∈ F and A ⊆ B,
then P(A) ≤ P(B). Moreover, for every event A ∈ F one has P(Ac) = 1− P(A).

Given two events A,B ∈ F , the probability of their union satisfies the identity

P(A ∪B) = P(A) + P(B)− P(A ∩B),

which follows from σ-additivity. More generally, for any sequence of events (An)n∈N ⊂
F , one has the subadditivity property

P

( ∞⋃
n=1

An

)
≤

∞∑
n=1

P(An).

In particular a direct consequence of this property is that countable unions of sets
having zero probability are still sets of zero probability. These properties are stan-
dard consequences of the measure-theoretic structure and will be used implicitly
throughout the thesis.

If (Ω,F ,P) is a probability space we say that A ∈ F is a P-null set if P(A) = 0.
In the next chapters we may assume that our probability spaces are complete. Recall
that a probability space (Ω,F ,P) is said to be complete if for any A ⊆ B, B ∈ F ,
P(B) = 0, then the set A belongs to F . In other words if every subset of a P-null set
is an event. We now introduce the notion of random variable in a general measurable
setting.
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Let (Ω,F) be a measurable space and let (E, E) be another measurable space. A
function

X : Ω → E

is said to be measurable if for every set A ∈ E one has

X−1(A) := {ω ∈ Ω : X(ω) ∈ A} ∈ F .

In this case, X is called a random variable with values in (E, E).
In other words, the measurability condition requires that the preimage of every

measurable set in E is an event in Ω.
An important case is when E = Rd and E = B(Rd). In this case, X is called a

Borel measurable or Borel random variable. Given a random variable X : Ω → (E, E)
one can also define the σ-algebra generated by X as

σ(X) := {X−1(A) : A ∈ E},

that is, the smallest σ-algebra with respect to which X is measurable. More generally,
given a family of random variables (Xi)i∈I with values in measurable spaces (Ei, Ei),
one defines the σ-algebra generated by the family as

σ(Xi, i ∈ I) := σ
(
X−1

i (A) : A ∈ Ei, i ∈ I
)
,

that is, the smallest σ-algebra on Ω with respect to which each Xi is measurable.
Given a random variable X : Ω → E defined on a probability space (Ω,F ,P),

one can associate to X a probability measure µX on (E, E), defined by

µX(A) := P(X ∈ A) = P(X−1(A)), A ∈ E .

This measure is called the law (or distribution) of X.
In the case of real-valued random variables, the law can be described more ex-

plicitly through the distribution function.
Let X : Ω → R be a real-valued random variable. The function FX : R → [0, 1]

defined by
FX(x) := P(X ≤ x)

is called the distribution function of X. FX is non-decreasing, right-continuous, and
satisfies

lim
x→−∞

FX(x) = 0, lim
x→+∞

FX(x) = 1.

Moreover, the law of X is uniquely determined by its distribution function.
Depending on the structure of its law, one distinguishes different classes of ran-

dom variables. We describe here the most common notions in the case of random
variables with values in Rn. An Rn-valued random variable is said to be discrete if
it takes values on a countable set, that is, if there exists a countable set A ⊆ N and
{xk}k∈A ⊂ Rn such that ∑

k∈A
P(X = xk) = 1.

In this case, the law of X is completely described by the probabilities P(X = xk).
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On the other hand, X is said to be (absolutely) continuous if there exists a non-
negative measurable function fX : Rn → R such that

P(X ∈ A) =

∫
A
fX(x) dx, A ∈ B(Rn).

The function fX is called the density of X, and in this case, if X is real–valued, the
distribution function can be written as

FX(x) =

∫ x

−∞
fX(y) dy.

In this case, that is, if X is a real-valued random variable with density fX , then for
every k ∈ R,

P(X = k) =

∫
{k}

fX(x) dx = 0,

since singletons have Lebesgue measure zero.
A fundamental example is provided by the Gaussian distribution. A random

variable X is said to have a Gaussian or normal distribution with mean m ∈ R and
variance σ2 > 0, and we write X ∼ N (m,σ2), if its density is given by

fX(x) =
1√
2πσ2

exp

Å
−(x−m)2

2σ2

ã
, x ∈ R.

The Gaussian distribution plays a central role in probability theory and stochastic
processes, in particular in connection with the Wiener process, which we introduce
in the next chapter. For our purpose we will need the notion of multivariate normal
law, that extends the one–dimensional case. A random vector X1, . . . , Xn is said to
have a multivariate normal distribution if every linear combination a⊤X with a ∈ Rn

is a one–dimensional random variable with normal distribution. We shall recall this
notion more explicitly in Chapter 2, when actually needed.

1.1.1 Almost sure properties

Throughout the thesis, whenever a property is said to hold almost surely, we mean
that it holds outside a set of zero probability. We will use interchangeably the nota-
tions

a.s. and P-a.s.

to express this fact, where P is a probability measure.
In particular, if X and Y are random variables, the notation

X = Y a.s.

means that
P({ω ∈ Ω : X(ω) = Y (ω)}) = 1.
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1.1.2 Product spaces

We now recall the notions of product σ-algebra and product measure, which will be
used later when dealing with stochastic processes as functions of both time and ω.
In particular, these notions provide the natural measurable structure on spaces of
the form I × Ω.

Let (E, E) and (F,F) be measurable spaces. The product σ-algebra on E × F is
the σ-algebra generated by the family of measurable rectangles

A×B, A ∈ E , B ∈ F .

It is denoted by
E ⊗ F := σ({A×B : A ∈ E , B ∈ F}).

If now (E, E , µ) and (F,F , ν) are measure spaces, with µ and ν sigma-finite, one
can define a measure on (E ×F, E ⊗F), called the product measure, and denoted by
µ× ν, characterized by the identity

(µ× ν)(A×B) = µ(A)ν(B)

for every measurable rectangle A×B.
In particular, if (Ω,F ,P) is a probability space and I ⊂ R+ is an interval endowed

with its Borel σ-algebra B(I) and Lebesgue measure dt, the product space

(Ω× I, F ⊗ B(I), P× dt)

provides the natural framework for studying measurable stochastic processes. At
this regard we also recall Fubini ’s theorem that is very useful when dealing with
measurable functions of two variables, in particular stochastic processes. If f : Ω ×
I → R is F ⊗ B(I)-measurable and integrable with respect to P× dt, that is,∫

Ω×I
|f(ω, t)| (P× dt)(dω, dt) < ∞,

then, for P-almost every ω, the function t 7→ f(ω, t) is integrable on I, and for almost
every t ∈ I, the function ω 7→ f(ω, t) is integrable on Ω. Moreover, the functions

ω 7→
∫
I
f(ω, t) dt and t 7→

∫
Ω
f(ω, t) dP(ω)

are defined almost everywhere, integrable, and one has∫
Ω×I

f(ω, t) (P× dt)(dω, dt) =

∫
Ω

Å∫
I
f(ω, t) dt

ã
dP(ω) =

∫
I

Å∫
Ω
f(ω, t) dP(ω)

ã
dt.

In particular, under the assumptions of Fubini’s theorem, one is allowed to exchange
the order of integration.
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1.1.3 Independence

Another key concept in probability is independence. Given a family of events (Ai)i∈I ⊂
F , we say that they are independent if for every finite collection Ai1 , . . . , Ain one has

P(Ai1 ∩ · · · ∩Ain) = P(Ai1) · · ·P(Ain).

A family of sub σ-algebras (Fi)i∈I ⊂ F is said to be independent if for every finite
collection Fi1 , . . . ,Fin and every choice of events Aik ∈ Fik , k = 1, . . . , n, one has

P(Ai1 ∩ · · · ∩Ain) = P(Ai1) · · ·P(Ain).

This allows one to define independence of random variables. A family of random
variables (Xi)i∈I , with Xi : Ω → Ei, is said to be independent if the family of
σ-algebras (σ(Xi))i∈I is independent.

1.1.4 Lp spaces and convergence of random variables

We now introduce the notion of expectation or mean of a random variable, which
plays a central role in probability theory.

Let (Ω,F ,P) be a probability space and let X : Ω → [0,+∞] be a random
variable. We define its expectation as the Lebesgue integral

E[X] :=

∫
Ω
X dP,

which, for a nonnegative random variable, is always well defined as an element of
[0,+∞]. More generally, if X is real valued and at least one of the quantities E[X+]
and E[X−] is finite, one defines

E[X] := E[X+]− E[X−],

where
X+ := max{X, 0}, X− := max{−X, 0}.

In this case E[X] is well defined in the extended real line. In particular, if E[|X|] <
∞ we say that X is integrable, and then both E[X+] and E[X−] are finite and
so it is E[X]. Some basic properties of the expectation operator are linearity and
monotonicity.

All these properties follow from the fact that the expectation is defined as a
Lebesgue integral with respect to the probability measure P. For a deeper under-
standing of properties of the Lebesgue integral and of the following Lp spaces, we
refer the reader to standard texts in analysis and measure theory, such as Rudin [18].

The expectation of a measurable function of a random variable X, can be com-
puted by integration with respect to the law of X, more precisely we have:

Theorem 1.1. If X : Ω → E is a random variable with law µX , then for every
measurable function f : E → R such that f(X) is integrable, one has

E[f(X)] =

∫
E
f(x)µX(dx).
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For p ≥ 1, we define the space

Lp(Ω,F ,P) := {X : Ω → R measurable, E[|X|p] < ∞};

where elements of Lp(Ω,F ,P) are identified up to equality almost surely. For brevity,
we will sometimes write Lp(F ,P) in place of Lp(Ω,F ,P) when no ambiguity arises.
Even simpler we will use the notation Lp(Ω) or just Lp when the probability space
is implicit. Lp(Ω) is a normed vector space with the norm

||X||Lp = (E[|Xp|])1/p

Moreover, Lp(Ω) is a Banach space. We also introduce the Banach space L∞(Ω,F ,P),
defined as the set of (equivalence classes of) essentially bounded random variables,
that is,

L∞(Ω) := {X : Ω → R measurable : ∃M > 0 : |X| ≤ M a.s.}.

The corresponding norm is given by

||X||∞ := inf{M ≥ 0 : |X| ≤ M a.s.}.

The Lp spaces satisfy the inclusions

L∞ ⊂ Lp ⊂ Lq ⊂ L1, 1 ≤ q ≤ p ≤ ∞,

and these inclusions are continuous with

||X||Lq ≤ ||X||Lp

for all X in the corresponding space.
These spaces play a fundamental role in probability theory. In particular, L1 is

the space of integrable random variables, while L2 is a real Hilbert space with inner
product

⟨X,Y ⟩ := E[X Y ].

The quantities ||X||pLp = E[|X|p] are called the p-th moments of the random variable
X. In particular, for p = 2, the 2-th moment plays a special role.

If X ∈ L2, the variance of X is defined by

Var(X) := E
[
(X − E[X])2

]
,

and measures the dispersion of X around its mean. It can also be written as

Var(X) = E[X2]− (E[X])2.

We now introduce the notion of covariance, which measures the correlation between
two square-integrable random variables. Let X,Y ∈ L2(Ω,F ,P). The covariance of
X and Y is defined by

Cov(X,Y ) := E
[
(X − E[X])(Y − E[Y ])

]
.
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Equivalently,
Cov(X,Y ) = E[XY ]− E[X]E[Y ].

In particular, the variance of a square-integrable random variable X can be writ-
ten as

Var(X) = Cov(X,X).

Moreover, if X and Y are independent, then

Cov(X,Y ) = 0.

The converse does not hold in general, but it is true for Gaussian random variables.
Convergence in the Lp spaces is defined in terms of the corresponding norms. For

1 ≤ p < ∞, sequence (Xn) converges to X in Lp if

||Xn −X||Lp → 0,

that is,
E[|Xn −X|p] → 0.

For p = ∞, convergence in L∞ means that

||Xn −X||∞ → 0.

We also recall that convergence in Lp implies convergence in probability, which we
recall now: A sequence of random variables (Xn) is said to converge in probability
to a random variable X if for every ε > 0,

P(|Xn −X| > ε) → 0 as n → ∞.

We shall denote convergence in probability of a sequence (Xn)n≥1 to a random
variable X by

Xn
P−→ X.

Finally, we recall the notion of almost sure convergence. A sequence of random vari-
ables (Xn) is said to converge almost surely to a random variable X if

P
(
{ω ∈ Ω : Xn(ω) → X(ω)}

)
= 1.

We will often write
Xn → X a.s..

In other words, Xn(ω) converges to X(ω) for all ω outside a P−null set. This type of
convergence is also stronger than convergence in probability. Now come some known
results about convergence of variables.

Theorem 1.2 (Monotone convergence). If X is a random variable and (Xn) is a
sequence of random variables taking values in [0,∞] such that Xn → X almost surely
and Xn ≤ Xn+1 for all n, then

E[Xn] → E[X].
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Theorem 1.3 (Dominated convergence). Let (Xn) be a sequence of random variables
taking values in [0,∞] such that Xn → X almost surely, and assume that there exists
an integrable random variable Y such that |Xn| ≤ Y almost surely for all n. Then,

E[Xn] → E[X].

Lemma 1.1 (Fatou). Let (Xn) be a sequence of non-negative random variables. Then

E
[
lim inf
n→∞

Xn

]
≤ lim inf

n→∞
E[Xn].

These results represent the basic tools to pass to the limit under the expectation
sign and will be widely used throughout all the following.

We will also make use of Scheffé’s lemma, which provides a useful criterion for
convergence in L1. As we said above, convergence in Lp implies convergence in prob-
ability, while almost sure convergence implies convergence in probability as well.
Scheffé’s lemma gives a partial converse in the L1 case: it allows one to pass from
convergence in probability (or almost sure convergence, which is easier to check) to
convergence in L1, provided that the expectations of the absolute values converge.
The precise statement is recalled below.

Lemma 1.2 (Scheffe). Let (Xn) be a sequence of random variables such that Xn ∈
L1(Ω,F , P ), and let X ∈ L1(Ω,F , P ). Suppose that:

1. Xn → X in probability,

2. E[|Xn|] → E[|X|].

Then:
E[|Xn −X|] → 0, that is, Xn → X in L1.

We conclude this part by recalling a useful convergence result, usually referred
to in a more general form as Vitali ’s theorem. The general statement is formulated
in terms of uniform integrability, a notion that we shall not introduce here. For our
purposes, it is enough to introduce the following result, where we use a sufficient
condition for uniform integrability, that is, boundedness in Lp for some p > 1, which
is often easier to verify in applications.

Let (Xn)n≥1 be a sequence of random variables and let X be a random variable.
Assume that

Xn → X in probability,

and that there exists p > 1 such that

sup
n≥1

E[|Xn|p] < ∞.

Then X ∈ L1(Ω,F ,P) and
E[|Xn −X|] → 0,

that is, Xn → X in L1.
This criterion will be used as a convenient substitute for the full Vitali theorem.

We refer to standard texts in probability such as Billingsley [5] and Karatzas and
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Shreve [13] for the general formulation in terms of uniform integrability. We conclude
by recalling some classical inequalities that will be used throughout the thesis.

Let X,Y be random variables and let p, q > 1 such that 1
p + 1

q = 1. Hölder ’s
inequality states that

E[|XY |] ≤ ||X||Lp ||Y ||Lq .

As a particular case, when p = q = 2, one obtains the Cauchy–Schwarz inequality

E[|XY |] ≤
(
E[X2]

)1/2(E[Y 2]
)1/2

.

Another fundamental estimate is Chebyshev ’s inequality, which gives a precise
meaning to the notion of variance as a measure of dispersion, as discussed previously.
If X ∈ L2, then for every ε > 0,

P(|X − E[X]| ≥ ε) ≤ Var(X)

ε2
.

So, a small variance implies that X is concentrated around its mean. The last in-
equality we recall is Jensen’s inequality. Let X be an integrable real-valued random
variable and let φ : R → R be a convex function such that φ(X) is integrable. Then

φ(E[X]) ≤ E[φ(X)].

1.1.5 Characteristic function

We recall that if X = (X1, . . . , Xn) is an Rn-valued random variable, its characteristic
function is

φX(λ1, . . . , λn) := E

exp
Ñ

i
n∑

j=1

λjXj

é , (λ1, . . . , λn) ∈ Rn.

The characteristic function φX is fundamental in probability because the law of X is
uniquely determined by φX . Therefore, if two Rn-valued random variables have the
same characteristic function, then they have the same law. Moreover, we recall that
if Z ∼ N(0, σ2), then its characteristic function is given by

E[eiλZ ] = e−
1
2
λ2σ2

, λ ∈ R.

Therefore, if Y1, . . . , Yn are independent centered Gaussian random variables with
variances σ2

1, . . . , σ
2
n, then the characteristic function of the vector Y = (Y1, . . . , Yn)

is

E

exp
Ñ

i
n∑

j=1

λjYj

é =
n∏

j=1

E

[
exp

(
i λjYj

)]
= exp

Ñ
−1

2

n∑
j=1

λ2
jσ

2
j

é
.

It follow that, if a random vector X = (X1, . . . , Xn) has this characteristic function,
then X has the same law as Y , and in particular its components are independent
centered Gaussian random variables with variances σ2

1, . . . , σ
2
n.

This will be used in the sequel in the proof of Girsanov’s theorem.
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1.1.6 Conditional expectation

Theorem 1.4 (Kolmogorov). Let X ∈ L1(Ω) be a random variable defined on the
probability space (Ω,F ,P) and let G ⊂ F be a sub σ−algebra of F . Then there exists
a (a.s.) unique random variable Z such that:

(a) Z is G −measurable,

(b) Z ∈ L1(Ω),

(c) E[Z1G] = E[X1G] for every G ∈ G.

Definition 1.3. With the same notation of the previous theorem Z is called a version
of the conditional expectation of X given G.

We recall now some properties of the conditional expectation. Let X ∈ L1(Ω).

1. Linearity: Let Y ∈ L1(Ω), then

E[aX + bY | G] = aE[X | G] + bE[Y | G] a.s., a, b ∈ R.

2. "Taking out what is measurable":
If Y is G-measurable and XY ∈ L1(Ω), then

E[XY | G] = Y E[X | G] a.s.

3. Taking expectation removes conditioning:

E[E[X | G]] = E[X] a.s.

4. Tower Property:
If H ⊆ G, then

E[E[X | G] | H] = E[X | H] a.s..

5. Independence:
If X is independent of G (i.e. the σ-algebra generated by X is independent of
G), then

E[X | G] = E[X] a.s.

6. Monotonicity:
If Y ∈ L1(Ω) and X ≤ Y almost surely, then

E[X | G] ≤ E[Y | G] a.s.

7. Jensen’s Inequality:
If φ is convex and E[|φ(X)|] < ∞, then

φ(E[X | G]) ≤ E[φ(X) | G] a.s.

We now recall the notion of projection on a closed subspace H1 of a Hilbert space
H.
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Remark 1.1. The orthogonal projection operator πG : H → H1 maps every element ξ
of the Hilbert space H to the unique element of the closed subspace H1 that minimizes
the L2 distance from ξ. For further details see [8] theorem 5.2.

Theorem 1.5. Let G be a σ-algebra, G ⊂ F . Denote H = L2(F ,P), H1 = L2(G,P),
and let πG be the orthogonal projection operator of H on H1. Then, for each random
variable ξ with Eξ2 < ∞, we have E(ξ|G) = πGξ (a.s.). In particular,

E(ξ − πGξ)
2 = inf{E(ξ − η)2 : η is G-measurable, η ∈ H1}.

For a proof of Theorem 1.5 see [14] page 76.
We conclude by recalling the conditional versions of the main convergence theo-

rems. Let G ⊂ F be a sub-σ-algebra.

Fatou Let (Xn) be a sequence of non-negative random variables, with Xn ∈ L1 for
all n. Then

E
[
lim inf
n→∞

Xn

∣∣G] ≤ lim inf
n→∞

E[Xn | G] almost surely.

Monotone convergence Let (Xn) be a sequence of non-negative random variables
such that Xn ↑ X almost surely, with X ∈ L1(Ω). Then

E[Xn | G] → E[X | G] almost surely.

Dominated convergence Let (Xn) be a sequence of random variables such that
Xn → X almost surely, and assume that there exists an integrable random variable
Y such that |Xn| ≤ Y almost surely for all n. Then

E[Xn | G] → E[X | G] almost surely.

1.2 Stochastic processes

We begin by recalling some basic definitions concerning stochastic processes, fil-
trations, and adaptedness. These concepts describe how random quantities evolve
over time and formalize the accumulation of information in a probabilistic system.
Intuitively, a stochastic process represents the random evolution of a system; the
filtration encodes the information available up to a given time and the condition of
adaptedness ensures that the process depends only on the past and present, not on
future events.

Let I ⊂ [0,∞) be an index set. For our purpose, it will be either I = [0,∞) or
I = [0, T ] for some T > 0.

Definition 1.4. (Ft)t∈I is called a filtration if for every t ∈ I Ft is a sub σ −
algebra of F and Fs ⊆ Ft for all s ≤ t.

Definition 1.5. Let (Ω,F ,P) be a complete probability space, and let (Ft)t≥0 be a
filtration.

The completed filtration (FP
t ) is defined, for each t ≥ 0, by

FP
t := σ (Ft ∪ {N ∈ F : P(N) = 0}) ,

that is, FP
t is the σ-algebra generated by Ft together with all P-null sets in F .
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This is a key concept, in fact we will assume completion of our filtration in order
to deal with stochastic integrals.

Definition 1.6. A family of random variables X = (Xt)t∈I defined on a probability
space (Ω,F ,P) taking values in a measurable space S is called a stochastic process
with values in S.

Definition 1.7. The quadruple (Ω,F , (Ft)t∈I ,P) with Ft complete is called a stochas-
tic basis

Definition 1.8. A stochastic process X is said to be adapted to a filtration (Ft)t∈I
if Xt is Ft −measurable for all t ∈ I.

We will write that X is Ft−adapted

Definition 1.9. A process X (real or complex valued) is bounded if it exists a con-
stant K > 0 such that

|Xt(ω)| ≤ K, for all (ω, t) P× dt− a.e.

Definition 1.10. Let X = (Xt)t∈I be a stochastic process and for each t ∈ I let
Ft = σ{Xs : s ≤ t} be the σ−algebra generated by the random variables {Xs : s ≤ t}
(i.e. the smallest σ−algebra making these functions measurable). Then, Ft is called
the natural filtration of the process X.

Remark 1.2. By definition every process is adapted to its natural filtration. In what
follows, we shall work with the completed natural filtration.

Definition 1.11. Let (Ω,F ,P) be a probability space and X = (Xt)t∈I a stochastic
process with values in a topological space. For each ω ∈ Ω, the function

t 7−→ Xt(ω), t ∈ I,

is called a sample path (or trajectory) of X. We say that X has continuous sample
paths if t 7→ Xt(ω) is continuous on I for P–almost every ω. In that case we also say
that the process X is continuous.

Definition 1.12. Let X = (Xt)t∈I and Y = (Yt)t∈I be two stochastic processes
defined on the same probability space. We say that Y is a modification of X if, for
every t ∈ I,

P(Xt = Yt) = 1.

Equivalently, this means Xt = Yt a.s. for every t ∈ I.

In general, two modifications do not need to have the same paths. If instead

P{ω ∈ Ω : Xt(ω) = Yt(ω), ∀ t ∈ I} = 1,

then the two processes are said to be indistinguishable.
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Definition 1.13. Let (Ω,F ,P) be a probability space and X = (Xt)t∈I an Rd–valued
stochastic process. We say that X is measurable if for every A ∈ B(Rd), the set

{(t, ω) ∈ I × Ω : Xt(ω) ∈ A}

belongs to the product σ–algebra B(I)⊗F ; equivalently, the mapping

(t, ω) 7−→ Xt(ω) :
(
I × Ω, B(I)⊗F

)
−→

(
Rd, B(Rd)

)
is measurable.

Definition 1.14. Let (Ft)t∈I be a filtration on (Ω,F ,P). An Rd–valued process X =
(Xt)t∈I is progressively measurable if, for every t ∈ I, the mapping

(s, ω) 7−→ Xs(ω), (s, ω) ∈ [0, t]× Ω,

is B([0, t])⊗Ft–measurable.

Remark 1.3. Since Ft ⊆ F , it follows that the restriction to [0, n]×Ω is B([0, n])⊗
F–measurable for every n ∈ N. For any open G ⊂ Rd we have

{(t, ω) : Xt(ω) ∈ G} =
∞⋃
n=1

(
{(t, ω) ∈ [0, n]× Ω : Xt(ω) ∈ G}

)
,

a countable union of B([0, n])⊗ F–measurable sets; hence (t, ω) 7→ Xt(ω) is B(I)⊗
F–measurable. Thus every progressively measurable process is (jointly) measurable.

Proposition 1.1. Let (Ω,F , (Ft)t∈I ,P) be a stochastic basis. If an Rd- valued pro-
cess X = (Xt)t∈I is Ft–adapted and has (a.s.) continuous sample paths, then X is
progressively measurable with respect to (Ft)t∈I . In particular, X is (jointly) mea-
surable.

The reader is referred to [13] Proposition 1.13 for the proof.
We now recall the notion of stopping time.
Let (Ω,F , (Ft)t∈I ,P) be a filtered probability space, where I = [0,∞) or I =

[0, T ] for some T > 0. A map
τ : Ω → [0,∞]

is called a stopping time with respect to the filtration (Ft) if, for every t ∈ I,

{τ ≤ t} ∈ Ft.

In other words, the event that the random time τ has occurred by time t must
be determined by the information available up to time t.

Two basic examples are given by deterministic times and by first hitting times of
suitable adapted processes. In particular, every constant time τ(ω) ≡ t0 is a stopping
time, and if X = (Xt)t∈I is an adapted process with continuous sample paths, then
the first exit time from an open set is a stopping time. We will use and recall this
property later on. More precisely, we state the following lemma.
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Lemma 1.3. Let ξt be an Ft-adapted continuous real-valued process, and take real
numbers a < b. Define

τ = inf{t ≥ 0 : ξt /∈ (a, b)} (inf ∅ := ∞)

so that τ is the first exit time of ξt from (a, b). Then τ is an Ft-stopping time.

The proof is standard and the reader can find it in Baldi [3], see Chapter 1.
Stopping times play a fundamental role in the theory of martingales and stochas-

tic integration. We refer to standard texts such as Karatzas and Shreve [13] and
Baldi [3] for proofs and further results.

1.3 Martingales

Definition 1.15. Let X = (Xt)t∈I be a real valued process defined on the stochastic
basis (Ω,F , (Ft)t∈I ,P) with Xt ∈ L1(Ω) for all t ∈ I. X is a martingale (respectively
supermartingale, submartingale) if:

E[Xt|Fs] = Xs (respectively ≤ Xs , ≥ Xs),

for all s < t. We will often write (Xt,Ft) is a martingale, t ∈ I.

By applying the properties of the conditional expectation it is easy to see that
a martingale is a process with constant mean, a supermartingale has non–increasing
mean and a submartingale has non–decreasing mean.

Proposition 1.2. Let X be a supermartingale with constant mean. Then X is a
martingale

Proof. Since X is a supermartingale, for s < t:

Xs ≥ E[Xt|Fs],

And so
E[Xs −Xt|Fs] ≥ 0.

On the other hand by property (2) of the conditional expectation and since we are
assuming X having constant mean:

E[Xs −Xt] = E[E[Xs −Xt|Fs]] = 0.

This means that E[Xs−Xt|Fs] = 0 (a.s.), since it is a non negative random variable
with zero mean, and it is equivalent to the definition of martingale.

Definition 1.16. Let (Ω,F , (Ft)t≥0,P) be a stochastic basis. A real-valued adapted
process (Xt)t∈I is called a local martingale if there exists an increasing sequence of
stopping times (τn)n∈N such that τn ↑ ∞ almost surely and, for every n ∈ N, the
stopped process (Xt∧τn)t≥0 is a martingale.



Chapter 2

The Wiener process and the Itô
integral

In this chapter we introduce the Wiener process and the Itô stochastic integral. We
begin by recalling the definition and the main properties of the Wiener process. We
then prove a lemma based on the reflection principle, which will allow us to derive
and extend Bachelier’s theorem. We do not present complete proofs in this chapter,
we will often give sketches of proofs.

The second part of the chapter is devoted to stochastic integration. In particular,
we follow the approach of Krylov [14], which differs from the more classical treat-
ments, such as those in Baldi [3] and Karatzas–Shreve [13]. In those references, the
Itô integral is introduced starting from progressively measurable processes, whereas
Krylov’s construction does not require progressive measurability and is indeed more
general. We will present this approach and recall the main properties of the resulting
stochastic integral.

We now introduce the Brownian motion.
Robert Brown, an English botanist, observed (1828) that pollen grains suspended

in water perform an unending chaotic motion. L. Bachelier (1900) derived the law
governing the position Wt at time t of a single grain performing a one-dimensional
Brownian motion starting at a ∈ R at time t = 0:

Pa{Wt ∈ dx} = p(t, a, x) dx,

where

p(t, a, x) =
1√
2πt

e−(x−a)2/(2t)

is the fundamental solution of the heat equation.

Remark 2.1. When we write Pa{Wt ∈ dx} = p(t, a, x) dx we mean, equivalently,
that the random variable Wt has distribution function

FWt(x) = Pa(Wt ≤ x) =

∫ x

−∞
p(t, a, y) dy,

23
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where p(t, a, x) is the density of the normal distribution N (a, t) with mean a and
variance t. We also write Wt ∼ N (a, t).

The simplest model describing movement of a particle subject to hits by much
smaller particles is the following. Let ηk, k = 1, 2, . . ., be independent identically dis-
tributed random variables with Eηk = 0 and Eη2k = 1. Fix an integer n, and at times
1/n, 2/n, . . . let our particle experience instant displacements by η1n

−1/2, η2n
−1/2, . . ..

At moment zero let our particle be at zero. If

Sk := η1 + . . .+ ηk,

then at moment k/n our particle will be at the point Sk/
√
n and will stay there

during the time interval [k/n, (k+1)/n). Since real Brownian motion has continuous
paths, we replace our piecewise constant trajectory by a continuous piecewise linear
one preserving its positions at times k/n. Thus we come to the process

ξnt :=
S⌊nt⌋√

n
+ (nt− ⌊nt⌋)

η⌊nt⌋+1√
n

. (2.1)

This process gives a very rough approximation of the Brownian motion. Clearly,
to get the right model we have to let n → ∞.

2.1 The Wiener process

2.1.1 The space C[0, T ], weak convergence and the Wiener measure

Let T > 0. We denote by

C[0, T ] = C([0, T ];R) := {x : [0, T ] → R continuous}

the space of real-valued continuous functions on [0, T ], which is a separable Banach
space with the supremum norm

∥x∥∞ := sup
0≤t≤T

|x(t)|.

We equip C[0, T ] with its Borel σ-algebra

B(C[0, T ])

i.e. the σ-algebra generated by the open sets of the metric induced by ∥ · ∥∞.
For our purpose we need to clarify what it means that a stochastic process weakly

converges on C[0, T ]. To do this, we need to introduce first the general notion of weak
convergence of random variables.

Definition 2.1. Let (S, d) be a metric space. A sequence of S-valued random vari-
ables (Xn) is said to converge in distribution (or weakly) to an S-valued random
variable X, and we write

Xn ⇒ X,

if
E[f(Xn)] −→ E[f(X)]

for every bounded continuous function f : S → R.
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Remark 2.2. According to [14] Theorem 1.4.2, a stochastic process with continuous
sample paths on [0, T ] (see Definition 1.11) can be identified with a random variable
taking values in the space C[0, T ]. In fact if X = (Xt)t∈[0,T ] has continuous sample
paths, then for every ω ∈ Ω the map

t 7→ Xt(ω)

belongs to C[0, T ]. Hence X can be identified with the C[0, T ]-valued random variable

Ω ∋ ω 7→ X(ω) :=
(
t 7→ Xt(ω)

)
∈ C[0, T ].

Considering this identification we are now able to talk about weak convergence of a
process and also define the notion of law of a continuous process.

Remark 2.3. Since a stochastic process with continuous sample paths on [0, T ] can be
identified with a random variable taking values in the space C[0, T ] (see the previous
remark), in particular, weak convergence of continuous processes is understood as
convergence in distribution of the associated C[0, T ]-valued random variables.

Definition 2.2. Let (Xt)t∈[0,T ] be a continuous process. The law of X is the induced
probability measure on

(
C[0, T ],B(C[0, T ])

)
.

Definition 2.3. For every n ≥ 1 and every choice of times 0 ≤ t1 < · · · < tn ≤ T ,
the law of the random vector

(Xt1 , . . . , Xtn)

is called a finite-dimensional distribution of the process X.

For continuous processes, their law on C[0, T ] is determined by the finite-dimensional
distributions. In particular, two continuous processes have the same law on C[0, T ] if
their finite-dimensional distributions coincide. For more details the reader is referred
to Karatzas and Shreve [13], Section 2.4 C–D.

Proposition 2.1. Let X and Y be real-valued stochastic processes with continuous
sample paths on [0, T ]. Then the following are equivalent:

(i) X and Y have the same finite-dimensional distributions;

(ii) the induced probability measures of X and Y on
(
C[0, T ],B(C[0, T ])

)
coincide.

Theorem 2.1 (Portmanteau). Let (S, d) be a separable (i.e. it contains a countable
dense subset) metric space and let Xn and X be S-valued random variables. Then,
the following are equivalent:

1. Xn ⇒ X

2. For every Borel set A ⊂ S such that

P(X ∈ ∂A) = 0,

one has
P(Xn ∈ A) −→ P(X ∈ A).
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The reader can find this result in [6], see Chapter 1, Theorem 2.1.
Finally, to formally introduce the Wiener process we recall the notion of multi-

dimensional Gaussian distributions.

Definition 2.4 (Multivariate normal distribution). A random vector X = (X1, . . . , Xn)
⊤

in Rn is said to have a multivariate normal distribution with mean vector m =
(m1, . . . ,mn)

⊤ and covariance matrix R = (Rij)1≤i,j≤n, denoted

X ∼ N (m,R),

if for every a ∈ Rn, the linear combination a⊤X has a one–dimensional normal
distribution with mean a⊤m and variance a⊤Ra.

Definition 2.5 (Gaussian process). Let (Ω,F ,P) be a probability space. A stochastic
process X = {Xt}t∈[0,T ] taking values in R is called a Gaussian process if for every
finite collection of times t1, . . . , tn, the random vector

(Xt1 , . . . , Xtn)

has a multivariate normal (Gaussian) distribution.
In this case, the finite-dimensional distributions of the process are completely

determined by its mean function

m(t) = E[Xt],

and its covariance function

R(s, t) = E[(Xs −m(s))(Xt −m(t))] , s, t ∈ [0, T ].

Definition 2.6. By a Wiener process or Brownian motion we mean a continuous
Gaussian process

W = (Wt)t∈[0,T ]

with parameters mt = 0 and R(s, t) = s ∧ t, s, t ∈ [0, T ].

A Wiener process is a continuous Gaussian process with mean function m(t) = 0
and covariance function R(s, t) = s ∧ t. Since the finite-dimensional distributions
of a Gaussian process are completely determined by its mean and covariance func-
tions (see Definition 2.5), it follows that all Wiener processes share the same finite-
dimensional distributions.

Moreover, as observed in Remark 2.2, any stochastic process with continuous
sample paths on [0, T ] can be identified with a random variable taking values in
C[0, T ]. In particular, for continuous processes, equality of finite-dimensional distri-
butions is equivalent to equality of the induced laws on (C[0, T ],B(C[0, T ])) (see
Proposition 2.1). Consequently, all Wiener processes induce the same probability
measure on (C[0, T ],B(C[0, T ])).

Definition 2.7 (Wiener measure). The Wiener measure on (C[0, T ],B(C[0, T ])) is
the probability measure induced by (equivalently, the law on C[0, T ] of) any Wiener
process on [0, T ]. We denote it by W.
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Theorem 2.2 (Donsker). Let T > 0 and let (ξn)n≥1 be the sequence of stochastic pro-
cesses defined in (2.1) on [0, T ]. Then there exists a Wiener process W = (Wt)t∈[0,T ]

such that
ξn ⇒ W in C[0, T ].

A formal proof of this result can be found in [14] chapter 2.
We now state some known results about the Wiener process, the reader is always

referred to [14] for the proofs.
There are two important basic criteria for a process to be a Wiener process.

Theorem 2.3. A continuous process W = (Wt)t∈[0,T ] is a Wiener process if and
only if

(i) W0 = 0 (a.s.),

(ii) Wt −Ws is normal with parameters (0, |t− s|) for every s, t ∈ [0, T ],

(iii) Wt1 ,Wt2 −Wt1 , . . . ,Wtn −Wtn−1 are independent for every n ≥ 2 and
0 ≤ t1 ≤ t2 ≤ . . . ≤ tn ≤ T .

Theorem 2.4. A continuous process (Wt)t∈[0,T ] is a Wiener process if and only if

(i) W0 = 0 (a.s.),

(ii) Wt −Ws is normal with parameters (0, |t− s|) for every s, t ∈ [0, T ],

(iii) for every n ≥ 2 and 0 ≤ t1 ≤ t2 ≤ . . . ≤ tn ≤ T , the random variable
Wtn −Wtn−1 is independent of Wt1 ,Wt2 , . . . ,Wtn−1.

2.1.2 The reflection principle: deriving Bachelier’s theorem

The following result is due to L. Bachelier (1900) [4]. We will derive it from a more
general lemma based on the reflection principle for random walks.

Theorem 2.5 (Bachelier). For every t ∈ (0, 1] we have maxs≤tWs ∼ |Wt|, which is
to say that for every x ≥ 0

P
ß
max
s≤t

Ws ≤ x

™
=

2√
2πt

∫ x

0
e−y2/(2t) dy.

We first present a proof of the reflection principle for random walks. This result is
well known in the literature but it is not easy to find a proof with all details. Moreover,
the usual proof uses a property of the Wiener process called strong Markov property;
instead now we are giving a more elementary proof that does not use such property.

Lemma 2.1 (Reflection principle for random walks). Let (Sk)k≥0 be a simple sym-
metric random walk, i.e.

S0 = 0, Sk =

k∑
i=1

Xi, P(Xi = 1) = P(Xi = −1) = 1
2 ,

with (Xi)i≥1 independent. Set Mn := max0≤k≤n Sk. Then for every n ∈ N, every
m ∈ Z and every b ∈ Z with b ≤ m,

P
(
Mn ≥ m, Sn ≤ b

)
= P

(
Sn ≥ 2m− b

)
. (2.2)
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Proof. For n ∈ N consider the set Ωn := {−1, 1}n. For ω = (x1, . . . , xn) ∈ Ωn define
the random walk Sk(ω) :=

∑k
i=1 xi and Mn(ω) := max0≤k≤n Sk(ω).

Consider the sets

Cn := {ω ∈ Ωn : Mn(ω) ≥ m, Sn(ω) ≤ b}, Dn := {ω ∈ Ωn : Sn(ω) ≥ 2m− b}.

We construct a bijection Φ : Cn → Dn.
Fix ω ∈ Cn and define

j = j(ω) := inf{k ∈ {0, 1, ..., n} : Sk(ω) ≥ m}.

j is the first time that the walk reaches the level m. Then Sj−1(ω) ≤ m − 1 and
Sj(ω) = m (because the walk has ±1 steps). Define ω′ = Φ(ω) by

x′i :=

®
xi, i ≤ j,

−xi, i > j.

Equivalently, it is easy to see that the associated random walk satisfies

Sk(ω
′) =

®
Sk(ω), k ≤ j,

2m− Sk(ω), k > j.
(2.3)

In particular,
Sn(ω

′) = 2m− Sn(ω) ≥ 2m− b,

so ω′ ∈ Dn. Hence Φ(Cn) ⊆ Dn. Note that identity (2.3) means that the map Φ
reflects the associated path after time j with respect to the line y = m, as shown in
the image.

k

Sk

y = m

y = b

y = 2m− b

original path

reflected part

j

Reflection of the random walk path with respect to the line y = m.

Conversely, take ω′ ∈ Dn and define j′ = j′(ω′) as

j′ = inf{k ∈ {0, 1, ..., n} : Sk(ω
′) ≥ m}

(j′ exists because Sn(ω
′) ≥ 2m − b ≥ m). Define ω = Ψ(ω′) as before by reflecting

the associated random walk path after j′: again ω is defined by xi = x′i for i ≤ j′
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and xi = −x′i for i > j′. Then it is easy to see that Ψ(ω′) ∈ C. In fact Sn(ω) =
2m− Sn(ω

′) ≤ 2m− (2m− b) ≤ b. Obviously Ψ is the inverse map of Φ, thus Φ is a
bijection between Cn and Dn.

Finally, for every ω ∈ Ωn we have P(ω) = 2−n, and therefore

P(Cn) =
∑
ω∈Cn

2−n = 2−n|Cn| = 2−n|Dn| =
∑

ω′∈Dn

2−n = P(Dn),

which proves (2.2)

Lemma 2.2. Let {Wt}t∈[0,1] be a Wiener process. Then, for every x ∈ R, the fol-
lowing identity holds:

P
Ç

sup
0≤t≤1

Wt ≥ 1, W1 ≤ x

å
=

®
P(W1 ≥ 2− x), if x ≤ 1,

2P(W1 ≥ 1)− P(W1 ≥ x), if x > 1.

Proof. We focus on the case x ≤ 1 first.
Let {ηk}k≥1 be a sequence of i.i.d. random variables taking values ±1 with equal

probability 1/2. Define the symmetric random walk:

Sk :=
k∑

j=1

ηj , and ξnt :=
S⌊nt⌋√

n
+ (nt− ⌊nt⌋)

η⌊nt⌋+1√
n

as in equation (2.1). By construction,

max
t∈[0,1]

ξn(t) = max
k≤n

Sk√
n
.

By Donsker’s theorem, see Theorem 2.2

max
t∈[0,1]

ξnt = n−1/2max
k≤n

Sk −→ max
t∈[0,1]

Wt

in distribution. In fact the map F : C([0, 1]) → R, f 7→ maxt∈[0,1] f(t) is continu-
ous:

|max f −max g| ≤ ∥f − g∥∞.

We want to study the probability:

P
Å
max
t≤1

Wt ≥ 1, W1 ≤ x

ã
= lim

n→∞
P
Å
max
k≤n

Sk√
n
≥ 1,

Sn√
n
≤ x

ã
. (2.4)

This equality holds because:
By construction maxt≤1 ξn(t) = maxk≤n Sk/

√
n and ξn(1) = Sn/

√
n, moreover since

the functionals
f 7→ max

t≤1
f(t) and f 7→ f(1)

are continuous on C([0, 1]) with respect to the supremum norm, thus we haveÅ
max
t≤1

ξn(t), ξn(1)

ã
⇒
Å
max
t≤1

Wt, W1

ã
in R2.
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Using this fact one can prove 2.4.
Multiplying by

√
n:

P
Å
max
k≤n

Sk ≥
√
n, Sn ≤ x

√
n

ã
.

By the reflection principle for random walks

P
Å
max
k≤n

Sk ≥
√
n, Sn ≤ x

√
n

ã
= P(Sn ≥ 2

√
n− x

√
n).

Dividing by
√
n, we get:

P
Å
max
k≤n

Sk√
n
≥ 1,

Sn√
n
≤ x

ã
= P
Å
Sn√
n
≥ 2− x

ã
. (1)

As n → ∞, Sn√
n
⇒ W1, thus it can be shown that

lim
n→∞

P
Å
Sn√
n
≥ 2− x

ã
= P(w1 ≥ 2− x).

Therefore by passing to the limit n → ∞ in (1),

P
Å
max
t≤1

Wt ≥ 1, W1 ≤ x

ã
= P(W1 ≥ 2− x), for x ≤ 1.

For x ≥ 1, we use the identity

P(A ∩B) = P(A)− P(A ∩Bc),

and write

P(max
t∈[0,1]

Wt ≥ 1, w1 ≤ x) = P(max
t∈[0,1]

Wt ≥ 1)− P(max
t∈[0,1]

Wt ≥ 1,W1 > x).

Since x ≥ 1,

P
Å
max
t∈[0,1]

Wt ≥ 1, W1 > x

ã
= P(W1 > x).

To compute P(maxt∈[0,1]Wt ≥ 1), we use the previous part of the Lemma with x = 1,
which gives

P
Å
max
t∈[0,1]

Wt ≥ 1, W1 ≤ 1

ã
= P(W1 ≥ 1).

Hence

P
Å
max
t∈[0,1]

Wt ≥ 1

ã
= P
Å
max
t∈[0,1]

Wt ≥ 1, W1 ≤ 1

ã
+ P(max

t∈[0,1]
Wt ≥ 1,W1 > 1).

But since
{W1 > 1} ⊂ {max

t∈[0,1]
Wt ≥ 1},

the second term is equal to P(W1 > 1); but since W1 has a continuous distribution,
P(W1 > 1) = P(W1 ≥ 1), and therefore

P
Å
max
t∈[0,1]

Wt ≥ 1

ã
= P(W1 ≥ 1).
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Remark 2.4. In the previous proof we have shown that

P
Ç

sup
0≤s≤1

Ws ≥ 1

å
= 2P(W1 ≥ 1).

It can be shown that

P
Ç

sup
0≤s≤1

Ws = 1

å
= 0.

Therefore, by taking complements

P
Ç

sup
0≤s≤1

Ws ≤ 1

å
= 1− 2P(W1 ≥ 1),

Splitting

1 =

∫ ∞

−∞

1√
2π

e−y2/2 dy =

∫ −1

−∞

1√
2π

e−y2/2 dy +

∫ 0

−1

1√
2π

e−y2/2 dy+

∫ 1

0

1√
2π

e−y2/2 dy +

∫ ∞

1

1√
2π

e−y2/2 dy

and using the fact that the Gaussian density is even, we obtain

P
Ç

sup
0≤s≤1

Ws ≤ 1

å
=

2√
2π

∫ 1

0
e−y2/2 dy,

which is precisely Bachelier’s formula at time 1 and level 1.

Our goal is to derive Bachelier’s theorem in its full form, for arbitrary t > 0 and
x ≥ 0 and one can think about a scaling argument to derive it. The Lemma proved
above, with barrier fixed at 1, only yields the formula at time 1 and level 1. This is
not enough to derive the general statement by scaling alone.

In fact, the scaling argument becomes effective only once the formula is known
at time 1 for an arbitrary level a > 0. Indeed we come to a more generalized version
of the Lemma, where the barrier 1 is replaced by a generic level a > 0.

Lemma 2.3. Let {Wt}t∈[0,1] be a Wiener process. Then, for every a > 0 and every
x ∈ R,

P
Ç

sup
0≤t≤1

Wt ≥ a, W1 ≤ x

å
=

P(W1 ≥ 2a− x), if x ≤ a,

2P(W1 ≥ a)− P(W1 ≥ x), if x > a.

Proof. The proof is the same as in the previous Lemma, replacing the level 1 by
the general level a > 0. We only indicate the point where the argument has to be
modified.

Arguing exactly as before, using Donsker’s theorem we are led to study, in the
case x ≤ a,

P
Å
max
k≤n

Sk√
n
≥ a,

Sn√
n
≤ x

ã
= P
Å
max
k≤n

Sk ≥ a
√
n, Sn ≤ x

√
n

ã
.
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Since the random walk takes integer values, to apply reflection principle we may
replace the quantities a

√
n n and x

√
n their integer parts. More precisely, setting

mn := ⌈a
√
n⌉, bn := ⌊x

√
n⌋,

we haveß
max
k≤n

Sk ≥ a
√
n

™
=

ß
max
k≤n

Sk ≥ mn

™
, {Sn ≤ x

√
n} = {Sn ≤ bn}.

Hence

P
Å
max
k≤n

Sk ≥ a
√
n, Sn ≤ x

√
n

ã
= P
Å
max
k≤n

Sk ≥ mn, Sn ≤ bn

ã
.

and therefore the reflection principle for random walks gives

P
Å
max
k≤n

Sk ≥ mn, Sn ≤ bn

ã
= P (Sn ≥ 2mn − bn) .

Dividing by
√
n, this becomes

P
Å
Sn√
n
≥ 2mn − bn√

n

ã
.

Now
mn√
n
→ a,

bn√
n
→ x,

so that
2mn − bn√

n
→ 2a− x.

Since
Sn√
n
⇒ W1

and W1 has a continuous law, it follows that

P
Ç

sup
0≤t≤1

Wt ≥ a, W1 ≤ x

å
= P(W1 ≥ 2a− x), x ≤ a.

The case x > a is then treated exactly as in the previous Lemma: one writes

P
Ç

sup
0≤t≤1

Wt ≥ a, W1 ≤ x

å
= P
Ç

sup
0≤t≤1

Wt ≥ a

å
− P
Ç

sup
0≤t≤1

Wt ≥ a, W1 > x

å
,

uses the case x = a proved above to obtain

P
Ç

sup
0≤t≤1

Wt ≥ a

å
= 2P(W1 ≥ a),

and finally observes that, since x > a,

{W1 > x} ⊂
®

sup
0≤t≤1

Wt ≥ a

´
,
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so that

P
Ç

sup
0≤t≤1

Wt ≥ a, W1 > x

å
= P(W1 > x) = P(W1 ≥ x),

because W1 has a continuous distribution. This gives

P
Ç

sup
0≤t≤1

Wt ≥ a, W1 ≤ x

å
= 2P(W1 ≥ a)− P(W1 ≥ x), x > a.

Proof of Theorem 2.5. By applying the same argument as in Remark 2.4 to Lemma
2.3, one obtains that for every a ≥ 0,

P
Ç

sup
0≤s≤1

Ws ≤ a

å
=

2√
2π

∫ a

0
e−z2/2 dz. (2.5)

We now extend this identity to an arbitrary time t > 0 by a scaling argument.
Fix t > 0 and define, for u ∈ [0, 1],

W̃u :=
1√
t
Wtu.

By applying Theorem 2.3 it is easy to check that (W̃u)u∈[0,1] is again a Wiener
process on [0, 1]. In fact, W̃0 = 0 almost surely, its sample paths are continuous, and
for 0 ≤ u1 ≤ · · · ≤ un ≤ 1 the increments

W̃uk
− W̃uk−1

=
1√
t

(
Wtuk

−Wtuk−1

)
are independent because the corresponding increments of W are independent. More-
over, for 0 ≤ v ≤ u ≤ 1,

W̃u − W̃v =
1√
t
(Wtu −Wtv) ∼ N(0, u− v),

since Wtu −Wtv ∼ N(0, t(u− v)).
We want to study the probability of the event

{ sup
0≤s≤t

Ws ≤ x}.

Let u := s
t . We have®

sup
0≤s≤t

Ws ≤ x

´
=

®
sup

0≤u≤1
Wtu ≤ x

´
=

®
sup

0≤u≤1
W̃u ≤ x√

t

´
Therefore, applying identity (2.5) to the process W̃ with a = x√

t
we get, for every

x ≥ 0,

P
Ç
sup
s≤t

Ws ≤ x

å
= P

Ç
sup

0≤u≤1
W̃u ≤ x√

t

å
=

2√
2π

∫ x/
√
t

0
e−z2/2 dz.
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Finally, with the change of variable y =
√
t z, we obtain∫ x/

√
t

0
e−z2/2 dz =

1√
t

∫ x

0
e−y2/(2t) dy,

so that

P
Ç

sup
0≤s≤t

Ws ≤ x

å
=

2√
2πt

∫ x

0
e−y2/(2t) dy.

Since Wt ∼ N(0, t), the right-hand side is exactly P(|Wt| ≤ x), and this proves
that

sup
0≤s≤t

Ws ∼ |Wt|.

In analogy with Definition 2.6 we can define:

Definition 2.8. W = (Wt)t≥0 is a Wiener process if for all T > 0 (Wt)t∈[0,T ] is a
Wiener process according to Definition 2.6.

2.2 Itô’s stochastic integral

Let (Ω,F ,P) be a complete probability space, (Ft)t≥0 a filtration and (Wt)t≥0 a
Wiener process defined on the stochastic basis (Ω,F , (Ft)t≥0,P).

Definition 2.9. Let ft = ft(ω) be a real valued process defined on Ω × [0,∞). We
say that f ∈ H0 if there exist 0 ≤ t0 ≤ t1 ≤ ...tn < ∞ such that the fti are
Fti−measurable, Ef2

ti < ∞ and

ft =

®
fti if t ∈ [ti, ti+1], i ≤ n

0 if t ≥ tn

A process of class H0 is called elementary. Elementary processes are the foun-
dation for defining Itô integrals, just like the simple functions are the starting point
for defining Lebesgue integral.

Definition 2.10. By H we denote the set of all real-valued Ft-adapted functions
ft(ω) which are F ⊗ B(0,∞)-measurable and satisfy

E
Å∫ ∞

0
f2
t dt

ã
< ∞.

Remark 2.5. Obviously
H0 ⊂ H

For f ∈ H0, we define its stochastic integral as

Definition 2.11.

I(f) = If =

n−1∑
j=0

ftj (Wtj+1 −Wtj )
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Remark 2.6. Note that I(f) is independent of the partition if f ∈ H0. Also, the
notation If makes sense, as I is a linear operator on H0.

For the proof of the following lemma, the reader is referred to [14] chapter 6,
section 1.

Lemma 2.4. Let f ∈ H0, then EIf = 0 and

E(If)2 = E
∫ ∞

0
f2
t dt (Isometry formula) (2.6)

Remark 2.7. Identity (2.6) tells us that the operator I acting from H0 as a subspace
of L2(F ⊗ B[0,∞),P× dt) into L2(F ,P) is an isometry.

Lemma 2.5. For f ∈ H0 define Isf := I(1[0,s)f).
Then (Isf,Fs) is a martingale (s ≥ 0)

Proof. Without loss of generality we can suppose that s ∈ {to, ... , tn}, since the
values of f depend just on {t0, ..., tn}. If s = tk, then

1[0,s)f =
∑

fti1[ti,ti+1](t), Isf =

k−1∑
i=0

fti(Wti+1 −Wti).

It follows that Isf is Fs− measurable. Furthermore, if t ≤ s, t, s ∈ {t0, ..., tn}, t = tr,
s = tk, then

E[Isf − Itf |Ft] =
k−1∑
i=r

E[ftiE[Wti+1 −Wti |Fti ]|Ft] = 0.

Remark 2.8 (Extension to H0). Lemma 2.4 allows us to follow a familiar pattern.
Namely, consider H0 as a subset of L2(F ⊗ B[0,∞), µ), where µ(dω, dt) = P(dω)dt.
On H0 we have defined the operator I which maps H0 isometrically to a subset of
L2(F ,P). Moreover, the operator I admits a unique extension to an isometric oper-
ator acting from H0 into L2(F ,P). We keep the same notation I for the extension,
and for a function f ∈ H0 we define its Itô stochastic integral by the formula∫ ∞

0
ft dWt = If.

Remark 2.9. In particular as the extension is still an isometry identity (2.6) is still
valid for f, g ∈ H0

While initially we had H0 ⊂ H, now we are showing that H ⊆ H0,

Theorem 2.6.
H ⊆ H0,

where H0 is the closure of H0 in L2(Ω× [0,∞)).
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Since this result is not widely known and typically appears in the literature with
additional assumptions, we provide a full proof.

Proof. It suffices to prove that f ∈ H0 for f ∈ H such that ft(ω) = 0 for t ≥ T ,
where T is a constant. In fact

E
∫ ∞

0
|ft − ft1t≤n|2dt = E

∫ ∞

n
f2
t dt → 0

as n → ∞ for the dominated convergence theorem: in fact if fn =
∫ +∞
n f2

t dt, then
fn → 0 ω − a.s., and |fn| ≤

∫∞
0 f2

t dt ∈ L1(Ω), since f ∈ L2(Ω × [0,∞)). So, if
ft1t≤n ∈ L2(Ω × [0,∞)), then ft ∈ L2(Ω × [0,∞)) due to the completeness of the
space L2(Ω× [0,∞)).

Therefore we fix f ∈ H and assume that ft = 0 for t ≥ T . It is convenient to
assume that ft is defined for negative t as well, and ft = 0 for t ≤ 0. Now we recall
that it is known from integration theory that every L2(R) function is continuous in
L2(R). A proof of this property can be found in [18] chapter 9. More precisely, if
h ∈ L2([0, T ]) and h(t) = 0 outside [0, T ], then

lim
a→0

∫ T

−T
|ht+a − ht|2dt = 0. (2.7)

(2.7) implies

lim
a→0

E
∫ T

−T
|ft+a − ft|2dt = 0. (2.8)

We prove now equation (2.8) using the dominated convergence theorem. For a.e. ω
the function t 7→ ft(ω) ∈ L2([−T, T ]), so

lim
a→0

∫ T

−T
|ft+a − ft|2dt = 0

follows from equation (2.7). Moreover,∫ T

−T
|ft+a − ft|2 dt ≤ 2

Ç∫ T

−T
f2
t+a dt+

∫ T

−T
f2
t dt

å
≤ 4

∫ T

0
f2
t dt

Where in the last inequality we used the fact that f vanish outside [0, T ] and changed
variable s = t+ a:∫ T

−T
f2
t+a dt =

∫ T+a

−T+a
f2
s ds ≤

∫ T+a

−T
f2
s ds =

∫ T

0
f2
s ds.

In conclusion
∫ T
−T |ft+a − ft|2 ≤ 4

∫ T
0 f2

t dt ∈ L1(Ω), since f ∈ L2(Ω × [−T, T ]) and
(2.8) is proved by dominated convergence. Now let n ∈ N and define the dyadic
partition of [0, T ] by

tnj := j 2−n for j = 0, 1, ..., [T2n]

ρn(t) = tnj for t ∈ [tnj , t
n
j+1).
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In other words ρn(t) is the largest dyadic point less than or equal to t. Let s ∈ [0, 1],
then by changing variables t+ s = u, v = t we obtain∫ 1

0
E(
∫ T

0
|fρn(t+s)−s − ft|2dt)ds =

∫ T+1

0
(E
∫ u

u−1
|fρn(u)−u+v − fv|2dv)du.

Let u ∈ [0, T + 1], then ρn(u) → u uniformly as n → ∞, since |u − ρn(u)| ≤ 2−n,
so the last expectation tends to zero by (2.8). It follows that there is a sequence
n(k) → ∞ such that

lim
k→∞

E
∫ T

0
|fρn(k)(t+s)−s − ft|2 dt = 0 (2.9)

for almost every s ∈ [0, 1]. Fix any s for which (2.9) holds and denote fk
t = ρn(k)(t+

s)− s. Then by using the inequality |a|2 ≤ 2|b|2 + 2|a− b|2 with a = fk
t , b = ft

E
∫ T

0
|fk

t |2 dt ≤ 2E
∫ T

0
|ft|2 dt+ 2E

∫ T

0
|fk

t − ft|2 dt

shows that fk
t ∈ L2(Ω× [0, T ]) at least for large k (i.e. fk

t ∈ H0) and the theorem is
proved.

Remark 2.10. H can be identified with the subspace of L2(Ω× [0,∞))

H̃ = {X ∈ L2(Ω× [0,∞) : ∃ X̃ ∈ H, X = X̃ P× dt a.e.}

More precisely, since L2(Ω × [0,∞)) consists of equivalence classes, and adaptation
is a pointwise property, the space H is not itself a subspace of L2(Ω× [0,∞)).

However, H̃ is a well-defined subspace, and the canonical projection

H −→ H̃, f 7→ [f ]

induces an isomorphism between H̃ and the quotient space

H/ ∼,

where f ∼ g if and only if f = g P× dt-a.e.
In this sense, we identify H with H̃ as a subspace of L2

Theorem 2.7. Let T > 0. Define

H̃T :=
¶
f ∈ L2([0, T ]× Ω) : ∃ f̃ ∈ H such that f = f̃ a.e. on [0, T ]× Ω

©
.

Then H̃T is a closed subspace of L2([0, T ]× Ω).

Proof. Let fn ∈ H̃T such that fn → f in L2([0, T ) × Ω). We have to show that
f ∈ H̃T . Since fn ∈ H̃T for all n, then there exists a representative f̃n ∈ H for all n.
Moreover:

||f̃n − f ||L2([0,T ]×Ω) = ||fn − f ||L2([0,T ]×Ω) −→ 0,
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so by Fubini’s theorem: ∫ T

0
E|f̃n(t)− f(t)|2 dt −→ 0,

implying that there exist nk, A ∈ B([0, T ]), with leb(A) = T , such that for all t ∈ A

E|f̃nk
(t)− f(t)|2 −→ 0.

Fix t ∈ A, then there exists a subsequence nkj (t) = nj(t) such that

f̃nj(t)(t) −→ f̃(t) a.s.

We write
f̃nj(t)(t, ω) → f(t, ω) ∀ ω ∈ Ωt ∈ F , P(Ωt) = 1.

Since (Ft) is complete, then Ωt ∈ Ft, and so f(t)1Ωt is Ft-adapted, since

f̃nj (t)1Ωt −→ f(t)1Ωt ∀ ω ∈ Ω.

On the other hand f(t)1Ωt
c is Ft-measurable. In fact if B ∈ B(R) and 0 /∈ B, then

{f(t)1CΩt
∈ B} = {f(t) ∈ B} ∩ ΩC

t ∈ Ft. If 0 ∈ B, then {f(t)1CΩt
∈ B} = ({f(t) ∈

B} ∩ ΩC
t ) ∪ Ωt ∈ Ft.

So f(t) = f(t)1Ωt + f(t)1Ωt
c is Ft-measurable for all t ∈ A. We define

f̃(t, ω) = 1A×Ωf(t, ω).

We have that f̃ = f dt × P a.e. and f̃ ∈ H, in fact: for t ∈ A, then f̃(t, ·) is Ft

adapted, if t /∈ A, then f̃ = 0 is Ft-adapted. Moreover, since f ∈ L2([0, T ]×Ω), it is
measurable with respect to B([0, T ])⊗F , and 1A is measurable. Therefore, f̃ = 1Af
is also B([0, T ])⊗F -measurable.

Corollary 2.1. H̃ is closed in L2([0,∞)× Ω)

Proof. Let fn ∈ H̃ such that fn → f in L2([0,∞)×Ω), then fn → f in L2([0, T )×Ω)
for all T > 0. Let T > 0, for the previous lemma there exists f̃ (T ) ∈ H such that
f̃ (T ) = f for all (t, ω) ∈ AT ∈ B([0, T ]⊗F), µ((AT )

C) = 0. Define

f̃(t, ω) =

∞∑
T=1

1[T−1,T )(t) · f̃ (T )(t, ω),

A =
⋃
T≥1

AT .

Since

µ

(( ∞⋃
T=1

AT

)c)
= µ

( ∞⋂
T=1

Ac
T

)
= 0,

then A is a subset of full measure of [0,∞)×Ω and of course f̃ = f for all (t, ω) ∈ A.
Moreover, for each T the functions 1[T−1,T ) · f̃ (T ) are jointly measurable and so f̃
is jointly measurable as countable sum of jointly measurable functions. Finally, for
each t > 0 there exist a unique T such that t ∈ [T − 1, T ), so f̃(t, ·) = f̃ (T )(t, ·) that
is Ft-measurable because f̃ (T ) ∈ H; so f̃ is Ft-adapted and f̃ ∈ H, hence f ∈ H̃.
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Remark 2.11. Identifying H with H̃ we can conclude that

H0 = H,

since H0 ⊆ H = H̃ ⊆ H0 by Theorem 2.6 and H̃ is closed in L2(Ω×[0,∞)), implying
that H0 ⊆ H̃.

Remark 2.12. The space H can also be identified with L2(P, µ), where µ is the
product measure P× Leb and P = σ{A× (s, t], 0 ≤ s ≤ t < ∞, A ∈ Fs} is called the
σ-algebra of predictable sets. More precisely the space L2(P, µ) is the space of square
integrable f(t, ω) functions which are measurable with respect to the µ-completion of
the σ-algebra P. The reader is referred to [14] chapter 2, section 7 for more details.

Definition 2.12. For f ∈ H0 and s ≥ 0 define∫ s

0
ft dWt =

∫ ∞

0
1[0,s)(t) ft dWt.

Theorem 2.8. Let f ∈ H0. Then the process
∫ s
0 ft dWt admits a continuous modifi-

cation (see Definition 1.12).

The reader can found the proof of this result in [14] chapter 6, section 1.

2.2.1 Properties of the Stochastic integral on H

Theorem 2.9. Let f, g ∈ H, a, b ∈ R. Then:

(i) (linearity) With probability one for all t at once∫ t

0
(afs + bgs) dWs = a

∫ t

0
fs dWs + b

∫ t

0
gs dWs; (1)

(ii) E
(∫∞

0 ft dWt

)
= 0;

(iii) the process
∫ t
0 fs dWs is a martingale relative to Ft.

We give a sketch of proof.

Proof. (i) Take t ∈ Q+, then equation (1) holds almost surely for f, g ∈ H0 and
we can extend it for f, g ∈ H via approximation. So for each rational t, it exists
a set Ωt, P (Ωt) = 1, such that for all ω ∈ Ωt (1) holds. Define

Ω′ =
⋂

t∈Q+

Ωt.

Ω′ is still a set of full probability, then for all ω ∈ Ω′ (1) holds for all t ∈ Q+.
Furthermore, both sides of (1) are continuous in t (see Theorem 2.8), indeed
indeed they coincide (a.s.) for all t ≥ 0 since they coincide on a dense subset.
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(ii) Take fn ∈ H0 such that fn → f in L2(Ω×[0,∞)). Then use Cauchy’s inequality
and Lemma 2.4 to find that

|EIf | = |EI(f −fn)| ≤ E
[
(I(f − fn))2

]1/2
=

ï
E
Å∫ ∞

0
(ft − fn

t )
2 dt

ãò1/2
→ 0.

Where in the last identity we used the Isometry formula for processes in H,
see Remarks 2.8 and 2.9

(iii) Take the same sequence fn as above and remember that Lemma 2.5 allows us
to write

E
ß∫ t

0
fn
s dWs

∣∣∣Fr

™
=

∫ r

0
fn
s dWs (a.s.) ∀ 0 ≤ r ≤ t. (3)

Furthermore,

E
Å∫ t

0
fn
s dWs −

∫ t

0
fs dWs

ã2
= E
Å∫ t

0
(fn

s − fs)
2 ds

ã
→ 0,

and if G ⊂ F , then evaluating conditional expectation is a continuous operator
(as a projection operator) defined on the space L2(F ,P) with values in the
space L2(G,P) (Theorem 1.5), and this continuity allows as to pass to the limit
in L2 in (3). Hence upon passing to the limit in (3) in the mean-square sense,
we get an equality which shows that

(a)
∫ r
0 fs dWs is FP

r -measurable as a function almost surely equal to an Fr-
measurable E(·|Fr);

(b) the martingale equality holds.

Lemma 2.6. Let τ be an Ft-stopping time. Then 1t<τ and 1t≤τ are Ft-adapted.

Proof. For all t ≥ 0 {τ > t} = {τ ≤ t}C ∈ Ft, meaning 1t<τ is Ft-adapted.
{τ ≥ t} = {τ < t}C and

{τ < t} =
⋃
n≥1

{τ ≤ t− 1

n
}

and {τ ≤ t− 1
n} ∈ Ft for all n, so 1t≤τ is Ft-adapted.

Lemma 2.7. Let f = ft(ω) be nonnegative, Ft-adapted, and F⊗B[0,∞)-measurable.
Then, for any t ≥ 0,

∫ t
0 fs ds is Ft-measurable.

Proof. If the assertion holds for f ∧ n in place of f , then by letting n → ∞ and
using the monotone convergence theorem we get the result for our f . It follows that
without losing generality we may assume that f is bounded. Furthermore, we can
cut the function f in t by taking t ≥ 0 and setting fs = 0 for s ≥ t. Then we see
that it suffices to prove our assertion for f ∈ H.
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In that case, we conclude that there exist fn ∈ H0 such that

E
∣∣∣∣∫ t

0
fs ds−

∫ t

0
fn
s ds

∣∣∣∣ ≤ E
Å∫ t

0
|fs − fn

s | ds
ã
≤

√
t

Å
E
∫ ∞

0
|fs − fn

s |2 ds
ã1/2

→ 0.

Furthermore,
∫ t
0 f

n
s ds is obviously written as a sum in which all terms are Ft-

measurable. The mean-square limit of Ft-measurable variables is Ft-measurable, and
the lemma is proved.

Theorem 2.10. Let f ∈ H, and let N, c > 0, and T ≤ ∞ be constants. Then

P
®
sup
t≤T

∣∣∣∣∫ t

0
fs dWs

∣∣∣∣ ≥ c

´
≤ P
®∫ T

0
f2
s ds ≥ N

´
+

1

c2
E

Ç
N ∧

∫ T

0
f2
s ds

å
.

Proof. We use the standard way of stopping stochastic integrals such as

ξt =

∫ t

0
fs dWs

by using their “brackets”, defined as

⟨ξ⟩t :=
∫ t

0
f2
s ds.

We will see that this is exactly the definition of quadratic variation of a Itô process
(see Definition 2.15). Let τ = inf{t ≥ 0 : ⟨ξ⟩t ≥ N}, so that τ is the first exit time of
⟨ξ⟩t from (−1, N). By Lemma1.3 and Lemma 2.7 we have that τ is a stopping time.
Furthermore,

{ω : τ < T} ⊂ {ω : ⟨ξ⟩T ≥ N}

and on the set {ω : τ ≥ T} we have 1s<τfs = fs if s < T . Note that the process

Mt :=

Å∫ t

0
1s<τfs dWs

ã2
is a non-negative submartingale. This follows from the fact that

∫ t
0 1s<τfs dws is a

martingale (by Theorem 2.9) with zero mean, and the square of a martingale is a
submartingale.

We now apply the Doob maximal inequality for submartingales, which states that
if {Xt} is a non-negative submartingale, then for any c > 0,

P
Ç
sup
t≤T

Xt ≥ c

å
≤ E[XT ]

c
.

Applying this to Mt with c2 in place of c, we obtain

P
Ç
sup
t≤T

∣∣∣∣∫ t

0
1s<τfs dws

∣∣∣∣ ≥ c

å
= P
Ç
sup
t≤T

Mt ≥ c2
å

≤ 1

c2
E
ñ∫ T

0
1s<τf

2
s ds

ô
.
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Therefore, upon denoting

A =

®
ω : sup

t≤T
|ξt| ≥ c

´
,

by the Doob-Kolmogorov inequality for continuous submartingales we get

P(A, τ ≥ T ) = P
®
τ ≥ T, sup

t≤T

∣∣∣∣∫ t

0
1s<τfs dws

∣∣∣∣ ≥ c

´
≤ P
®
sup
t≤T

∣∣∣∣∫ t

0
1s<τfs dws

∣∣∣∣2 ≥ c2
´

≤ 1

c2
E
Ç∫ T

0
1s<τfs dws

å2

=
1

c2
E
Ç∫ T∧τ

0
1s<τf

2
s ds

å
=

1

c2
E
Ç∫ T

0
1s<τf

2
s ds ∧

∫ τ

0
f2
s ds

å
≤ 1

c2
E
Ç
N ∧

∫ T

0
f2
s ds

å
.

Where in the last inequality we have used the fact that, if τ < ∞, then obviously
⟨ξ⟩τ = N , and if τ = ∞, then ⟨ξ⟩τ ≤ N . Hence

P(A) = P(A, τ < T ) + P(A, τ ≥ T ) ≤ P(τ < T ) + P(A, τ ≥ T )

≤ P
®∫ T

0
f2
s ds ≥ N

´
+

1

c2
E
Ç
N ∧

∫ T

0
f2
s ds

å
.

The theorem is proved.

2.3 Defining the Itô integral if
∫ T

0 f 2
s ds < ∞

Definition 2.13. Denote by S the set of all Ft-adapted, F ⊗ B(0,∞)-measurable
processes ft such that ∫ T

0
f2
s ds < ∞ (a.s.) ∀T < ∞.

Our task here is to define
∫ t
0 ft dWt for f ∈ S. We give just a sketch of proof.

Define

τ(n) = inf

ß
t ≥ 0 :

∫ t

0
f2
s ds ≥ n

™
.

τ(n) are stopping times by Lemma 1.3) and∫ τ(n)

0
f2
s ds ≤ n. (1)

Furthermore, obviously τ(n) ↑ ∞ (a.s.) as n → ∞. Finally, notice that 1s<τ(n)fs ∈
H. Indeed, the fact that this process is Ft-adapted follows from Lemma 2.6. Also

E
Å∫ ∞

0
1s<τ(n)f

2
s ds

ã
= E
Ç∫ τ(n)

0
f2
s ds

å
≤ n < ∞.
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It follows from the above that the stochastic integrals

ξt(n) :=

∫ t

0
1s<τ(n)fs dWs (2.10)

are well defined. We define∫ t∧τ(n)

0
fs dws :=

∫ t

0
1s<τ(n)fs dws.

Lemma 2.8. Let f ∈ S. Then there exists a set Ω′ ⊂ Ω such that P(Ω′) = 1 and,
for every ω ∈ Ω′, m ≥ n, and t ∈ [0, τ(n, ω)), we have ξt(n) = ξt(m).

Corollary 2.2. If f ∈ S, then with probability one the sequence ξt(n) (see (2.10))
converges uniformly on each finite time interval.

The reader can find a proof of the two in [14] chapter 6.

Definition 2.14. Let f ∈ S. For those ω for which the sequence ξt(n) (see (2.10))
converges uniformly on each finite time interval, we define∫ t

0
fs dws = lim

n→∞

∫ t

0
1s<τ(n)fs dws.

For all other ω we define
∫ t
0 fs dws = 0.

Of course, one has to check that Definition 2.14 does not lead to anything new
if f ∈ H. Observe that if f ∈ H, then by Fatou’s theorem and the dominated
convergence theorem

E
∣∣∣∣ limn→∞

∫ t

0
1s<τ(n)fs dws −

∫ t

0
fs dws

∣∣∣∣2 ≤ lim
n→∞

E
Å∫ t

0
(1− 1s<τ(n))f

2
s ds

ã
= 0.

Therefore both definitions give the same result almost surely for any given t.

We recall a useful result about stopping times.

Lemma 2.9. Let τ be a stopping time with respect to the filtration (Ft)t, with τ ≤ T .
Then, if f ∈ S, it also holds that (ft1{t<τ})t ∈ S) and∫ τ

0
fs dWs =

∫ T

0
fs1{s<τ} dWs.

The reader can consult [3] (Lemma 6.19) for a proof. Now come some properties
of the stochastic integral on S.

Theorem 2.11. Let f, fn, g ∈ S, and let δ, ε > 0, T ∈ [0,∞) be constants. Then:

(i) the stochastic integral
∫ t
0 fs dws is continuous in t and Ft-adapted;
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(ii) we have

P
Ç
sup
t≤T

∣∣∣∣∫ t

0
fs dws −

∫ t

0
gs dws

∣∣∣∣ ≥ ε

å
≤ P
Ç∫ T

0
|fs − gs|2 ds ≥ δ

å
+

1

ε2
Eδ ∧

∫ T

0
(fs − gs)

2 ds ≤ P
Ç∫ T

0
|fs − gs|2 ds ≥ δ

å
+

δ

ε2
; (2)

(iii) we have∫ T

0
|fn

s − fs|2 ds
P−→ 0 ⇒ sup

t≤T

∣∣∣∣∫ t

0
fn
s dws −

∫ t

0
fs dws

∣∣∣∣ P−→ 0.

Proof. (i) The continuity of
∫ t
0 fs ds follows from Definition 2.14, in which∫ t

0
1s<τ(n)fs ds

are continuous and Ft-adapted (even Ft-martingales). Their limit is also Ft-adapted.

To prove (ii), first notice that all expressions in (2) are monotone and right-
continuous in ε and δ. Therefore, it suffices to prove (2) only at points of their
continuity. Also notice that the second inequality in (2) is obvious since δ ∧ · ≤ δ.

Now fix appropriate ε, and δ and define

τ(n) = inf

ß
t ≥ 0 :

∫ t

0
f2
s ds ≥ n

™
, σ(n) = inf

ß
t ≥ 0 :

∫ t

0
g2s ds ≥ n

™
,

fn
s = 1s<τ(n)fs, gns = 1s<σ(n)gs.

Since fn and gn belong to H, inequality (2) holds with fn, gn in place of f, g
due to the linearity of the stochastic integral on H and Theorem 2.10. Furthermore,
almost surely, as n → ∞,

sup
t≤T

∣∣∣∣∫ t

0
fn
s dws −

∫ t

0
gns dws

∣∣∣∣→ sup
t≤T

∣∣∣∣∫ t

0
fs dws −

∫ t

0
gs dws

∣∣∣∣ ,
∫ T

0
|fn

s − gns |2 ds →
∫ T

0
|fs − gs|2 ds.

These convergences of random variables imply convergence of the correspond-
ing distribution functions at all points of their continuity. Adding to this tool the
dominated convergence theorem, we get (2) from its version for fn, gn.

To prove (iii) it suffices to take g = fn in (2) and let first n → ∞ and then δ ↓ 0.
The theorem is proved.
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2.4 Itô formula

Let (Ω,F ,P) be a complete probability space carrying a Wiener process (Wt,Ft) and
a continuous Ft-adapted process ξt. Assume that we are also given a process σt and
a process bt such that σ ∈ S and b is jointly measurable in (ω, t), Ft-adapted, and∫ T

0
|bs| ds < ∞ (a.s.) for any T < ∞.

Then we write
dξt = σt dWt + bt dt

if and only if (a.s.) for all t

ξt = ξ0 +

∫ t

0
σs dWs +

∫ t

0
bs ds. (1)

In that case one says that ξt has stochastic differential equal to σt dwt + bt dt and ξ
is said to be a Itô process

Definition 2.15. Let Xt be a Itô process satisfying (1), then we define its quadratic
variation as

⟨X⟩t =

∫ t

0
σ2
s ds

Remark 2.13. The definition of quadratic variation of a Itô process coincides with
the more general concept of quadratic variation of a martingale which we do not
treat here and it is discussed in details by Karatzas and Shreve in [13] section 1.5.
In particular it can be shown that ⟨X⟩t is the limit in probability of the sum

k−1∑
i=0

(Xti+1 −Xti)
2

along a partition π = {0 = t0 < t1 < · · · < tk = t} of [0, t], as the mesh of
the partition tends to zero (we will not need this fact in the sequel). Note that by
definition, ⟨X⟩t is an Itô process, whose stochastic differential is given by

d⟨X⟩t = σ2
t dt.

We can therefore define the integral with respect to ⟨X⟩ by setting∫ t

0
Ys d⟨X⟩s :=

∫ t

0
Ys σ

2
s ds, (6.10)

for any process Y for which this makes sense.

We say that a function F = F (t, x) : R+ × R → R is of class C1,2 if it is
continuously differentiable once in t and twice in x, that is, if the partial derivatives

∂F

∂t
(t, x),

∂F

∂x
(t, x),

∂2F

∂x2
(t, x)
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exist and are continuous functions of (t, x) ∈ R+ × R.
We now present Itô’s formula in its rigorous integral form, followed by its com-

monly used differential version.
Itô’s formula is the stochastic analogue of the classical chain rule and one of

the most fundamental results in stochastic calculus. It provides the correct way to
differentiate functions of stochastic processes, playing a key role in both theory and
applications.

Theorem 2.12 (Itô formula: integral form). Let X = {Xt}t≥0 be an Itô process,
with

dXt = σt dWt + btdt,

and let F = F (t, x) : R+×R → R be a function of class C1,2. Then, for almost every
ω and for all t ≥ 0, we have:

F (t,Xt)−F (0, X0) =

∫ t

0

∂F

∂s
(s,Xs) ds+

∫ t

0

∂F

∂x
(s,Xs) dXs+

1

2

∫ t

0

∂2F

∂x2
(s,Xs) d⟨X⟩s.

While the integral form provides the precise mathematical statement, Itô formula
can be expressed also in differential form, which is a useful symbolic representation,
especially in applied contexts.

Theorem 2.13 (Itô formula: differential form). Let Xt be an Itô process:

dXt = bt dt+ σt dWt,

and let F = F (t, x) ∈ C1,2. Then:

dF (t,Xt) =
∂F

∂t
(t,Xt) dt+

∂F

∂x
(t,Xt) dXt +

1

2

∂2F

∂x2
(t,Xt) d⟨X⟩t.

We will need the general multidimensional version of Itô formula, the one–dimensional
version stated above is the special case with m = 1.

Theorem 2.14 (Multidimensional Itô formula). Let Xi
t , i = 1, . . . ,m, be stochastic

processes admitting stochastic differentials of the form

dXi
t = Fi(t) dt+Gi(t) dBt, i = 1, . . . ,m,

where (Bt)t≥0 is a Wiener process and the coefficient processes Fi and Gi are adapted
and satisfy suitable integrability conditions.

Let f : R+×Rm → R be a function of class C1,2. Then, setting Xt = (X1
t , . . . , X

m
t ),

the process f(t,Xt) satisfies

df(t,Xt) =
∂f

∂t
(t,Xt) dt+

m∑
i=1

∂f

∂xi
(t,Xt) dX

i
t

+
1

2

m∑
i,j=1

∂2f

∂xi∂xj
(t,Xt)Gi(t)Gj(t) dt.
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The notion of quadratic variation introduced above allows us to state another
useful characterization theorem for a Wiener process, that is the following one by
P.Levy which we state for a one dimensional process. The reader can find this result
in [13] in the more general d-dimensional case.

Theorem 2.15 (Lévy). Let (Ω,F , (Ft)t≥0,P) be a filtered probability space and let
X = (Xt)t≥0 be a continuous, adapted process with X0 = 0. Assume that

• X is a continuous local martingale with respect to (Ft), and

• its quadratic variation satisfies

⟨X⟩t = t, t ≥ 0 a.s.

Then X is an (Ft)–Wiener process. Conversely, a one-dimensional Wiener process
satisfies these properties.



Chapter 3

Girsanov’s theorem

In this chapter, we present a complete proof of Girsanov’s theorem, following the
approach of Krylov [14] and adding a lot of details he is omitting. This approach
is different with respect to more classical treatments such as those found in Baldi
[3] or Karatzas and Shreve [13] which require more results from stochastic calculus.
Krylov uses an argument based on complex analysis.

We consider a Wiener’s process (Wt,Ft) defined on a complete probability space
(Ω,F ,P) and assume that the Ft are complete, that is Ft = FP

t (see Definition 1.5)

Lemma 3.1. Let b ∈ S (see Definition 2.13) be a real valued process. Denote

ρt(b) = exp(

∫ t

0
bs dWs −

1

2

∫ t

0
b2s ds).

Then

(i) dρt = btρtdWt

(ii) ρt is a supermartingale

(iii) if b is a bounded process (see Definition 1.9), then ρt is a martingale and, in
particular Eρt = 1

(iv) if T ∈ [0,∞) and EρT = 1, then ρt is a martingale for t ∈ [0, T ] and also for
any sequence of bounded processes bn ∈ S such that

∫ T
0 |bns −bs|2ds −→ 0 (a.s.),

we have:

E|ρT (bn)− ρT (b)| −→ 0

Proof. Assertion (i) follows from Itô formula. In fact if one defines

Xt =

∫ t

0
bs dWs −

1

2

∫ t

0
b2s ds,

48
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then qt(b) = f(Xt) where f(x) = ex (non-depending on time), applying Itô formula
we obtain:

dρt =
∂

∂x
f(Xt) dXt+

1

2

∂

∂x2
f(Xt) d⟨X⟩t = eXt(btWt−

1

2
bt

2dt)+
1

2
eXtbt

2dt = ρtbtdWt.

To prove (ii) define τn := inf{t ≥ 0 :
∫ t
0 |bs|

2 ≥ n}.
τn is a stopping time by Lemma 1.3 and 1{t<τn}btρt ∈ H, and so

∫ t
0 1{s<τn}bsρs dWs

is a martingale by Theorem 2.9. Using (i) we can write ρt = ρ0+
∫ t
0 bsρsdWs, and so

ρt∧τn = 1 +

∫ t∧τn

0
bsρs dWs = 1 +

∫ t

0
1{s<τn}bsρs dWs

is a martingale. The last identity is true since if τn > t, then τn∧ t = t and 1s<τn = 1
on [0, t], so both sides coincide. On the other hand if τn ≤ t, then τn ∧ t = τn and
the equality is obtained by Lemma 2.9.

Hence, for t2 ≥ t1
E[ρt2∧τn |Ft1 ] = ρt1∧τn(a.s.).

As n −→ ∞, we have τn −→ ∞. In fact if we suppose that

lim
n

τn < ∞

on a set A, P(A) > 0, then it would exist T < ∞ such that for all ω ∈ A ∃ N = N(ω)
such that

τn(ω) < T ∀ n ≥ N.

Hence, for all n ≥ N : ∫ T

0
b2s ds ≥

∫ τn

0
b2s ds ≥ n,

implying ∫ T

0
b2s ds = ∞ ,

but this is not possible since b ∈ S (see Definition 2.13). So that ti ∧ τn −→ ti and
by Fatou’s theorem (a.s.)

E[ρt2 |Ft1 ] ≤ ρt1 .

. This proves (ii) and implies:

Eρt = Eexp(
∫ t

0
bsdWs −

1

2

∫ t

0
b2sds) ≤ Eρ0 = 1. (3.1)

To prove (iii) notice that

ρ2s(b) = ρs(2b) exp

∫ s

0
|br|2dr,

since
ρ2s(b) = exp

∫ s

0
2br dWr −

∫ s

0
br

2dr,
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and

ρs(2b) = exp(

∫ s

0
2br dWr −

1

2

∫ s

0
4b2rdr) = exp(

∫ s

0
2br dWr −

∫ s

0
2b2rdr).

Hence, if we suppose |bs| ≤ K, then bsρs ∈ H, in fact:

E
∫ t

0
|bs|2ρ2sds ≤ K2E

∫ t

0
ρ2sds = K2

∫ t

0
(Eρs(2b) exp

∫ s

0
|br|2dr)ds

≤ K2

∫ t

0
E[ρs(2b)eK

2s]ds ≤ K2

∫ t

0
eK

2sds < ∞.

Hence ∫ t

0
bsρsdWs and ρt = 1 +

∫ t

0
bsρsdWs

are martingales and (iii) is proved.
To prove (iv) suppose EρT = 1, this means that ρt is a supermartingale with constant
mean (for t ≤ T ), so ρt is a martingale by Proposition 1.2. Notice that EρT (bn) = 1
for all n by (iii), EρT (b) = 1 by the assumption, and ρT (b

n) −→ ρT (b) in probability
by Theorem 2.11.

This implies that E|ρT (bn) − ρT (b)| −→ 0 by Scheffe’s theorem (see Lemma
1.2).

An immediate consequence of inequality (2.1) is the following.

Corollary 3.1. Let b ∈ S. Let t be a time such that
∫ t
0 |bs|

2ds ≤ Ct (i.e.
∫ t
0 |bs|

2ds
is a bounded variable), then

E
ï
exp

∫ t

0
bs dWs

ò
≤ eCt .

Proof. Fix t > 0 and let Ct > 0 be the constant such that
∫ t
0 |bs|

2ds ≤ Ct (a.s.).
Note that

exp

Å∫ t

0
bs dWs

ã
= ρt(b) · exp

Å
1

2

∫ t

0
|bs|2 ds

ã
.

Therefore,

E
ï
exp

Å∫ t

0
bs dWs

ãò
= E
ï
ρt(b) · exp

Å
1

2

∫ t

0
|bs|2 ds

ãò
.

Applying the Cauchy-Schwarz inequality,

E
ï
ρt(b) · exp

Å
1

2

∫ t

0
|bs|2 ds

ãò
≤
(
E[ρ2t (b)]

)1/2 · ÅE ïexpÅ∫ t

0
|bs|2 ds

ãòã1/2
=

= (E
ï
ρt(2b) exp

∫ t

0
|bs|2ds

ò
)
1
2 · (E

ï
exp

∫ t

0
|bs|2ds

ò
)
1
2

≤ e
Ct
2 (Eρt(2b))

1
2 (EeCt)

1
2 ≤ eCt .

Where in the last inequality we used the fact that ρt(2b) is a supermartingale, thus
its expected value is less or equal than 1, since ρ0(2b) = 1
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Definition 3.1. Let Zt be a complex valued process. We say that Zt is a martingale
if its real part and imaginary part are martingales.

Definition 3.2. Let Zt ∈ S be a complex valued process (i.e., ℜ(Z) ∈ S and ℑ(Z) ∈
S). We define its stochastic integral as∫ t

0
Zs dWs :=

∫ t

0
ℜ(Zs) dWs + i

∫ t

0
ℑ(Zs) dWs.

Before presenting the proof of Girsanov’s theorem, we state a remarkable auxiliary
result due to Krylov. This lemma plays a central role in the approach adopted by
Krylov for the proof of Girsanov’s theorem and differs significantly from the classical
treatments found in Baldi [3] or Karatzas and Shreve [13].

Lemma 3.2. If bt is a bounded complex-valued process of class S, then ρt(b) is a
(complex-valued) martingale and, in particular, Eρt(b) = 1 for any t.

Proof. Take t2 > t1 ≥ 0 and A ∈ Ft1 .To prove the lemma it suffices to prove that if
ft, gt are bounded real valued process of class S, then for all complex z

E
ï
1A exp(

∫ t2

0
(fs + zgs)dWs −

1

2

∫ t2

0
(fs + zgs)

2ds)

ò
= E
ï
1A exp(

∫ t1

0
(fs + zgs)dWs −

1

2

∫ t1

0
(fs + zgs)

2ds)

ò
.

Observe that the identity above holds for real z by Lemma 3.1 (iii). Therefore, to
prove the lemma we just need to show that both sides are holomorphic functions
of z, since by the identity theorem of holomorphic functions, see [18] chapter 10,
we know that if two holomorphic functions coincide on a line (in our case the real
line), then they coincide on the whole complex plane. To prove that, we will use
Morera’s theorem, showing that both sides are continuous and their integrals along
closed piecewise constant paths vanish.

We divide the proof in 2 steps.

Step 1 We consider a simplified case in order to illuminate the main idea and clarify
the structure of the argument. Let z ∈ C and let gs be bounded real valued
processes of class S.

We prove using Morera’s theorem that the function

z 7→ E
[
1Ae

z
∫ 1
0 gs dWs

]
is holomorphic. We prove now that z 7→ E

î
1Ae

z
∫ 1
0 gs dWs

ó
is continuous. Since

the exponential function is continuous we have that if zn → z, then

1A exp(zn

∫ 1

0
gs dWs) → 1A exp(z

∫ 1

0
gs dWs) (a.s.).
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Moreover, if zn → z, then there exists R > 0 such that |ℜ(zn)| ≤ |zn| ≤ R for
all n. Then :

E|1A exp(zn

∫ 1

0
gs dWs)|2 ≤ E

ñ
exp(2ℜ(zn)

∫ 1

0
gs dWs)

ô
≤ E
ñ
exp(

∫ 1

0
2Rgs dWs)

ô
.

Now note that
∫ 1
0 4R2g2s ds ≤ 4R2 ∥g∥2∞ = C, indeed by Corollary 3.1:

E
ñ
exp(

∫ 1

0
2Rgs dWs)

ô
≤ eC ,

in other words we have shown that the sequence 1A exp(zn
∫ 1
0 gs dWs) is bounded

in L2(Ω). We can conclude by Vitali’s theorem that the function z 7→ E
î
1Ae

z
∫ 1
0 gs dWs

ó
is continuous.

Denote for semplicity

F (z) := E
[
1Ae

z
∫ 1
0 gs dWs

]
:= E [f(z, ω)] ,

and

X =

∫ 1

0
gs dWs

We would need to show that the integral of F (z) along every closed piecewise
constant curve vanish. To do so we will need to use Fubini’s theorem, so first
of all let’s see that we can properly use Fubini.

Let γ : [a, b] → C be a closed piecewise regular path. Then

E
∫ b

a
|1Aeγ(t)X(ω)γ′(t)|dt ≤

≤ E
∫ b

a
eℜ(γ(t))X(ω)

∣∣γ′(t)∣∣ dt ≤ E
∫ b

a
eRX(ω)R′ dt ≤ R′(b− a)E[eRX(ω)] < ∞

being the last expectation finite by Corollary 3.1. In conclusion we use Fubini’s
theorem to find ∫

γ
E [f(z, ω)] dz = E

∫
γ
f(z, ω) dz = 0

for Cauchy ’s theorem (see [1] chapter 4), since z 7→ f(z, ω) = 1A exp(zX(ω))
is holomorphic for all ω a.s.

Step 2 We treat the general case.

Let z ∈ C and let gs, fs be bounded real valued processes of class S. Fix
tj > 0, j = 1, 2. Then, as we did in the previous step we need to show that

F (z) := E
ï
exp(

∫ tj

0
(fs + zgs) dWs)−

1

2

∫ tj

0
(fs + zgs)

2 ds

ò
=: E [f(z, ω)]
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is continuous and that its line integral over a closed piecewise linear path
vanish. Of course the function z 7→ f(z, ω) is continuous (ω a.s.) as it is the
exponential function composed to other continuous functions of z. So if zn → z,
then f(zn, ω) → f(z, ω). Now we are looking for a bound in L2 as we did in
the previous step. Let M > 0 such that |fs|, |gs| ≤ M P × dt a.s. and let
|zn| ≤ R. Note that∫ tj

0
4(fs + ℜ(zn)gs)2 ds ≤ 4(M2 +R2M2 + 2RM2)tj =: C (3.2)

and

|f(zn, ω)|2 = exp(2ℜ
∫ tj

0
(fs + zngs) dWs −ℜ

∫ tj

0
(fs + zngs)

2 ds) =

= exp(

∫ tj

0
2(fs + ℜ(zn)gs) dWs) · exp(−ℜ

∫ tj

0
(fs + zngs)

2 ds).

We can control directly the second exponential

exp(−ℜ
∫ tj

0
(fs + zngs)

2 ds) ≤ exp(−
∫ tj

0
(f2

s + ℜ(zn2) gs2 + 2gs fsℜ(zn) ds)

≤ e−tj(M
2+R2M2+2RM2)=e−C/4

Where we have used the inequality ℜ(z2) ≤ R2 if |z| ≤ R. So, by Corollary 3.1
and inequality (3.2):

E|f(zn, ω)|2 ≤ E
ï
exp(

∫ tj

0
2(fs + ℜ(zn)gs) dWs) · e−tj(M

2+R2M2+M2)

ò
≤

≤ e−C/4 eC .

We have shown that f(zn, ω) is bounded in L2, so applying Vitali’s theorem we
conclude that z 7→ F (z) is a continuous map. Now we need, again, to justify
the use of Fubini’s theorem. We need to show that if γ : [a, b] → C is a closed
piecewise linear curve, then∫ b

a
E|f(γ(t), ω)| · |γ′(t)| dt < ∞

. Observe that

∫ tj

0
(fs + ℜ(z(t))gs)2 ds ≤ C/4 (3.3)

So

E|f(γ(t), ω)| = E
ï
exp(ℜ

∫ tj

0
(fs + γ(t)gs) dWs −

1

2
ℜ
∫ tj

0
(fs + γ(t)gs)

2 ds)

ò
≤
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≤ e−C/8 E
ï
exp

∫ tj

0

(
fs + ℜ(γ(t))gs

)
dWs

ò
≤ e−C/8eC/4.

The last inequality follows from Corollary 3.1 and inequality (3.3). In conclusion∫ b

a
E|f(γ(t), ω)| |γ′(t)| dt ≤ eC/8R′(b− a) < ∞.

Now we use Fubini’s theorem and conclude the proof as in step 1, after observ-
ing that for all ω (a.s.) the map z 7→ f(z, ω) is holomorphic.

Lemma 3.3. Let Zt ∈ S be a complex valued process, T ∈ [0,∞), then

|e
∫ T
0 Zs dWs | = e

∫ T
0 ℜ(Zs) dWs ,

and
|e

∫ T
0 Zs ds| = e

∫ T
0 ℜ(Zs) ds.

We give the proof of this lemma in the case of stochastic integrals.

Proof. Let’s write Zs as Zs = Xs + iYs. By properties of the complex exponential
function

|e
∫ T
0 Zs dWs | = eℜ

∫ T
0 Zs dWs.

We just need to remark that ℜ
∫ T
0 Zs dWs =

∫ T
0 ℜ(Zs) dWs, see Definition 3.2.

Before proving Girsanov’s theorem we quickly recall some of the most important
notions about absolutely continuous measures. Let (Ω,F ,P) be a probability space.
We would like to define another probability measure P̃ on the same space (Ω,F).
One easy way to do that is to start with a random variable f defined on (Ω,F) such
that:

f ≥ 0 P− a.s. and E[f ] = 1,

where E[·] denotes the expectation operator with respect to P .
Then, we can obtain a probability measure P̃ on (Ω,F ,P) by setting for all A ∈ F :

P̃(A) = E[f1A].

P̃ is a probability measure on (Ω,F) because

P̃(Ω) = E[f ] = 1.

Furthermore P̃(A) = 0 whenever P(A) = 0.
In this case we say that P̃ is absolutely continuous with respect to P, and denote it
P̃ << P. In fact, the Radon-Nikodym theorem states that the above construction
of P̃ is the only way to obtain probability measures which are absolutely continuous
with respect to P, namely: If P̃ is a probability measure on (Ω,F) and P̃ << P, then
there exists a unique (P − a.s.) random variable f on (Ω,F) such that f ≥ 0 and
E[f ] = 1, for which P̃(A) = E[f1A].
The random variable f is called the Radon-Nikodym derivative or density of P̃ with
respect to P and is often denoted as f = dP̃

dP .
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Theorem 3.1 (Girsanov). Let T ∈ [0,∞) and let b ∈ S be a real valued process such
that EρT (b) = 1. On the measurable space (Ω,F) introduce the measure P̃ defined by:

P̃(dω) = ρT (b)(ω)P(dω).

Then (Ω,F , P̃) is a probability space and ξt = Wt−
∫ t
0 bs ds is a Wiener process under

P̃ for t ≤ T.

Proof. (Ω,F , P̃) is a probability space since

P̃(Ω) =
∫
Ω
P̃(dω) =

∫
Ω
ρT (b)(ω)P(dω) = EρT (b) = 1.

Consider ξt = Wt −
∫ t
0 bs ds. Notice that ξ0 = 0 and that ξt is continuous. Therefore,

by Theorem 2.3, to show that ξt is a Wiener process we just need to show that
the increments (ξtn − ξtn−1 , ..., ξt1 − ξt0) are independent and distributed as normal
variables of mean 0 and variance equal to ∆ti. In other words, it suffices to show
that the distribution of the vector (ξtn − ξtn−1 , ..., ξt1 − ξt0) with respect to (Ω,F , P̃)
is the same of the distribution of the vector of the increments of Wt with respect to
(Ω,F ,P). To show this, we use the characteristic function, see Section 1.1.5.

Let 0 ≤ t0 ≤ t1 ≤ ... ≤ tn = T . Let λj ∈ R, j = 0, ... , n− 1, and define λs = iλj

on [tj , tj+1], j = 0, ... , n− 1. Also denote by Ẽ the expectation sign relative to P̃.
We need to show that

Ẽ
[
exp

(
i

n−1∑
j=0

λj(ξtj+1 − ξtj )
)]

= exp(−1

2

n−1∑
j=0

|λj |2(tj+1 − tj)). (3.4)

Step (1) : We prove equation (3.4) for a bounded process b ∈ S, so suppose b is bounded.

Ẽ
[
exp

(
i
n−1∑
j=0

λj(ξtj+1 − ξtj )
)]

= E
[
exp

( n−1∑
j=0

iλj(ξtj+1 − ξtj )
)
ρT (b)

]
Observe that this quantity is integrable, in fact:

∣∣ exp(n−1∑
j=0

iλj(ξtj+1−ξtj )) ρT (b)
∣∣ = ∣∣∣∏

j

exp(iλj(ξtj+1−ξtj ))ρT (b)
∣∣∣ ≤ ρT (b) ∈ L1.

E
[
exp(

n−1∑
j=0

iλj(ξtj+1−ξtj )) ρT (b)
]
= E

[
exp(

n−1∑
j=0

iλj(Wtj+1−
∫ tj+1

0
bsds−Wtj+

∫ tj

0
bsds)) ρT (b)

]

= E
[
exp(

∫ T

0
λsdWs−

n−1∑
j=0

iλj

∫ tj+1

tj

bsds)ρT (b)
]
= E[exp(

∫ T

0
λsdWs−

∫ T

0
λsbsds)ρT (b)] =

= E
[
exp

(∫ T

0
λsdWs −

∫ T

0
λsbsds

)
exp(

∫ T

0
bsdWs −

1

2

∫ T

0
b2sds)

]
=
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= E[exp(
∫ T

0
(λs + bs)dWs −

∫ T

0
(λsbs +

1

2
b2s)ds] =

= E[ρT (λ+ b)e
1
2

∫ T
0 λ2

sds] = e
1
2

∫ T
0 λ2

sds;

where in the last equality we used the fact that if b is bounded, then λ+ b is
bounded, and so EρT (λ+ b) = 1 for Lemma 3.2.
Also notice that λs is purely imaginary, and so λ2

s = −|λs|2.
Finally, we have

Ẽ
[
exp(i

n−1∑
j=0

λj(ξtj+1 − ξtj ))
]
= e

1
2

∫ T
0 λ2

sds = exp(
1

2

n−1∑
j=0

(iλj)
2(tj+1 − tj)) =

= exp(−1

2

n−1∑
j=0

|λj |2(tj+1 − tj)).

We proved (3.4) in the case of a bounded b.

Step (2) : If b is not bounded take a sequence of bounded bn ∈ S such that (a.s.)∫ T
0 |bns − bs|2ds −→ 0. Then, we can do the same proof as above and pass to

the limit for n → ∞. In fact

EρT (λ+ b) = lim
n→∞

EρT (λ+ bn). (3.5)

We prove now equality (3.5).

Λn = E|ρT (λ+ bn)− ρT (λ+ b)| =

= E
[∣∣∣ exp(∫ T

0
(λs + bns )dWs −

1

2

∫ T

0
(λ2

s + (bns )
2 + 2λsb

n
s )ds)−

− exp(

∫ T

0
(λs + bs)dWs− 1

2

∫ T

0
(λ2

s + b2s + 2λsbs)ds)
∣∣∣] =

= e
1
2

∫ T
0 |λs|2dsE

[∣∣e∫ T
0 λs dWs

∣∣ · ∣∣ρT (bn)e− ∫ T
0 λsbns ds − ρT (b)e

−
∫ T
0 λsbsds

∣∣]
Note that

∣∣∣e∫ T
0 λsdWs

∣∣∣ = 1 and
∣∣∣e∫ T

0 λsbns ds
∣∣∣ = 1 by Lemma 3.3, since ℜ(λs) = 0

and ℜ(λsb
n
s ) = 0

Λn = e
1
2

∫ T
0 |λs|2ds E

[∣∣∣ρT (bn)e− ∫ T
0 λsbns ds+ρT (b)e

−
∫ T
0 λsbns ds−ρT (b)e

−
∫ T
0 λsbns ds−ρT (b)e

−
∫ T
0 λsbsds

∣∣∣] ≤
≤ e

1
2

∫ T
0 |λ2

s|ds E
[∣∣ρT (bn)− ρT (b)

∣∣]+ E
[∣∣e∫ T

0 λsbns ds − e
∫ T
0 λsbsds

∣∣ρT (b)] −→ 0.

In fact:

• E|ρT (bn)− ρT (b)| → 0 for Lemma 3.1 (iv).
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• E|e
∫ T
0 λsbns ds − e

∫ T
0 λsbsds| ρT (b)) → 0 by the dominated convergence theo-

rem;
in particular, for Lemma 3.3 again |e

∫ T
0 λsbns ds| ≤ 1 and∫ T

0
|λsb

n
s − λsbs|ds ≤ max

j
|λj |

∫ T

0
|bns − bs|ds −→ 0 (a.s.).

Finally,
e
∫ T
0 λsbns ds → e

∫ T
0 λsbsds (a.s.)

by the continuity of the (complex) exponential function.

Let us show the application of Girsanov’s theorem to finding

P
Å
max
t≤1

(Wt + t) ≥ 1

ã
,

where Wt is a Wiener process defined on (Ω,F ,P). Let b = −1 and on (Ω,F)
introduce the new measure

P̃(dω) = e−w1−1/2P(dω).

By Girsanov’s theorem, W̃t := Wt + t is a Wiener process for t ∈ [0, 1].

P
Å
max
t≤1

(Wt + t) ≥ 1

ã
= E
î
1{maxt≤1(Wt+t)≥1}

ó
= Ẽ
ï
1{maxt≤1(Wt+t)≥1}

dP
dP̃

ò
.

= Ẽ
î
1maxt≤1(Wt+t)≥1 · eW1+

1
2

ó
=

∫
Ω
1maxt≤1(Wt+t)≥1e

W1+
1
2 P̃(dω)

=

∫
Ω
1maxt≤1 W̃t≥1e

W̃1−1/2P̃(dw) = E
î
1maxt≤1 Wt≥1e

W1−1/2
ó
.

Where in the last identity we used the fact that W̃t is a Wiener process under P̃ and
Wt is a Wiener process under P.

Then we can evaluate the last expectation using Lemma 2.2 which we recall now:

P
Å
max
0≤t≤1

Wt ≥ 1, W1 ≤ x

ã
=

®
P(W1 ≥ 2− x) if x ≤ 1

2P(W1 ≥ 1)− P (W1 ≥ x) if x ≥ 1
(1)

and the following result proved in [14] Sec. 6.8. If there exists f ≥ 0, f ∈ L1(R)
such that P(ξ ≤ 1, η ≤ b) =

∫ b
−∞ f(x) dx for every b, then:

E[g(η) · 1{ξ≤1}] =

∫
R
g(x)f(x) dx.

We apply this to:
E
î
1{maxt≤1 Wt≥1} · eW1− 1

2

ó
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with:

ξ = max
t≤1

Wt

η = W1

g(x) = ex−
1
2

Now we differentiate the joint distribution function (1) to find the density f(x).
If x < 1:

P(maxWt ≥ 1, W1 ≤ x) = P(W1 ≥ 2− x) =

∫ ∞

2−x
ϕ(y) dy , ϕ(y) =

1√
2π

e−y2/2

Then:
d

dx
P(W1 ≥ 2− x) = ϕ(2− x)

If x ≥ 1:

P(maxWt ≥ 1, W1 ≤ x) = 2P(W1 ≥ 1)− P(W1 ≥ x) = const −
∫ ∞

x
ϕ(y) dy

Then:
d

dx
= ϕ(x).

In conclusion

E
î
1{maxWt≥1} · eW1− 1

2

ó
=

∫ 1

−∞
ex−

1
2ϕ(2− x) dx+

∫ ∞

1
ex−

1
2ϕ(x) dx

=

∫ ∞

1
ex−1/2 · 1√

2π
e−x2/2 dx+

∫ 1

−∞
ex−1/2 · 1√

2π
e−(2−x)2/2 dx

=
1√
2πe

∫ ∞

1

(
ex + e2−x

)
e−x2/2 dx

3.1 Novikov condition

In this section b is a process of class S. After having proved the Girsanov theorem
we are interested in finding sufficient conditions that ensure ρt = ρt(b) to be a
martingale.

Lemma 3.4. If E supt≤T ρt < ∞, then ρt is a martingale

Proof. We proceed like in the proof of Lemma 3.1 and define

τn := inf{t ∈ [0, T ] :

∫ t

0
|bs|2|ρs|2ds ≥ n}.

Thus,
∫ t
0 1s<τnbsρs dWs and ρt∧τn are martingales. So, for t2 > t1 we have

E[ρt2∧τn |Ft1 ] = ρt1∧τn . (3.6)

Passing to the limit for n → ∞ in (3.6) we come to the thesis. In fact the right hand
side tends to ρt1 , the left member tends to E[ρt2 |F1] by the dominated convergence
theorem, since ρt2∧τn ≤ supt≤T ρt ∈ L1 by our hypothesis.
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Lemma 3.5. If there exist p > 1, N < ∞ such that Eρpτ ≤ N for every stopping
time τ ≤ T , then (ρt,Ft) is a martingale for t ∈ [0, T ].

Proof. By the previous Lemma it is sufficient to prove that

E sup
t≤T

ρt < ∞.

Fix a > 0. We define the stopping time

τ̂a := inf{t ≥ 0 : ρt ≥ a} ∈ [0,∞].

Set τ := τ̂a ∧ T , so τ ≤ T is a stopping time. On the event {τ̂a ≤ T} we have τ = τ̂a
and hence ρτ = ρτ̂a ≥ a, therefore:

ρ p
τ ≥ ap 1{τ̂a≤T} =⇒ ap P(τ̂a ≤ T ) ≤ E[ρ p

τ ] ≤ N.

Since {τ̂a ≤ T} = {supt≤T ρt ≥ a}, we obtain

P
Ç
sup
t≤T

ρt ≥ a

å
≤ N

ap
, a > 0. (3.7)

Now we apply a result from measure theory (see [18] theorem 8.16), in particular
for a non-negative random variable X the following identity holds:

E[X] =

∫ ∞

0
P(X ≥ a) da

We apply this to X = supt≤T ρt, then we split the integral and use (3.7) for a ≥ 1:

E
ñ
sup
t≤T

ρt

ô
=

∫ 1

0
P
Ç
sup
t≤T

ρt ≥ a

å
da +

∫ ∞

1
P
Ç
sup
t≤T

ρt ≥ a

å
da ≤ 1 +

∫ ∞

1

N

ap
da.

Because p > 1, the improper converges and equals to N/(p− 1), hence

E
ñ
sup
t≤T

ρt

ô
≤ 1 +

N

p− 1
< ∞.

This proves the claim.

We now state a classical result due to Novikov: a simple criterion ensuring that
the exponential martingale associated with b is in fact a martingale.

Theorem 3.2 (Novikov). Let b ∈ S. If

E exp
(1
2

∫ T

0
|bt|2 dt

)
< ∞,

then (ρt)t∈[0,T ] is a martingale on [0, T ]

We prove now a sufficient condition that is stronger than Novikov’s (it implies
Novikov’s).
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Proposition 3.1. If

E
ñ
exp

Ç∫ T

0
c |bt|2 dt

åô
< ∞ (3.8)

for a constant c > 1
2 ,then E

[
ρT (b)

]
= 1.

Proof. Let c > 1
2 such that (3.8) holds. Let τ be a stopping time, τ ≤ T . Let p > 1,

let r and r′ be conjugates exponents (i.e. 1/r + 1/r′ = 1), then a simple calculation
gives

ρpτ = exp(p

∫ τ

0
bs dWs) · exp(

−p

2

∫ τ

0
bs ds) = ρ1/rτ (pr · b) · exp(1

2
(p2r − p)

∫ τ

0
b2s ds)

Using Holder’s inequality we get

E[ρpτ ] ≤ (E[ρτ (pr · b)])1/r · (E[exp(
1

2
r′(p2r − p)

∫ τ

0
b2s ds)])

1/r′

Now note
∫ τ
0 b2s ds ≤

∫ T
0 b2s ds and that E[ρτ (pr · b) ≤ 1] since S is closed under

multiplication by constants, thus b ∈ S implies pr · b ∈ S, and therefore the process
ρ(pr · b) is a a supermartingale (see Lemma 3.1 (ii)). Thus,

E[ρpτ ] ≤ (E[exp(
1

2
r′(p2r − p)

∫ τ

0
b2s ds])

1/r′ .

Consider the function
k(p, r) =

1

2
r′(p2r − p).

Note that if p → 1+, then k(1, r) = 1
2r

′(r − 1) = 1
2r.

Fix r ∈ (1, 2c) and let r′ = r
r−1 be the conjugate exponent so that k(1, r) = 1

2r <
c. By continuity of the function k(·, r) there exist p > 1 sufficiently close to 1 such
that k(p, r) < c. With that choice we have

sup
τ≤T

E[ρpτ ] ≤ (E[exp(c
∫ T

0
b2s ds)])

1/r′ =: N,

then we conclude by Lemma 3.5

Now we are going to improve Proposition 3.1 with the weaker condition

lim
ε↓0

ε lnE
ñ
exp

Ç
1− ε

2

∫ T

0
|bt|2 dt

åô
= 0. (3.9)

We learn condition (3.9) by the article of Krylov [15]. It is an improvement of Novikov.
In particular if Novikov condition holds, then (3.9) holds, since if X :=

∫ T
0 |bt|2 dt ≥ 0.

For any ε ∈ (0, 1],
1 ≤ Ee

1−ε
2

X ≤ Ee
1
2
X = K < ∞,

since 1−ε
2 X ≥ 0 and x 7→ eαx is increasing for α ≥ 0. Taking logs and multiplying by

ε gives
0 ≤ ε lnEe

1−ε
2

X ≤ ε lnK −−→
ε↓0

0.
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Remark 3.1. Condition (3.9) immediately implies that there exists ε0 ∈ (0, 1) such
that

sup
0<ϵ≤ϵ0

Ee
1−ϵ
2

X < ∞.

Proposition 3.2. Assume that 3.9 holds, then E[ρT (b)] = 1.

Proof. Let ε ∈ (0, ε0) (see the previous Remark). By Proposition 3.1 applied to
(1−ε)b (choose any cε ∈

(
1
2 ,

1
2(1−ε)

]
so that cε(1−ε)2 ≤ 1−ε

2 and Eecε
∫ T
0 |(1−ε)bs|2 ds ≤

Ee
1−ε
2

∫ T
0 |bs|2ds < ∞), we have

E
[
ρT ((1− ε)b)

]
= 1.

Note that

ρT ((1− ε)b) = exp(

∫ T

0
(1− ε)bs dWs −

1

2

∫ T

0
(1− ε)2|bs|2 ds)

and

ρT (b)
1−ε = exp(

∫ T

0
(1− ε)bs dWs −

1

2

∫ T

0
(1− ε)|bs|2 ds)

Thus

ρT ((1− ε)b) = ρT (b)
1−ε exp

(
1
2 ε(1− ε)

∫ T

0
|bt|2 dt

)
.

We apply the Hölder inequality with conjugate exponents p = 1
1−ε and q = 1

ε :

1 = E
[
ρT ((1− ε)b)

]
≤
(
E[ρT (b)]

)1−ε
(
E exp

(1− ε

2

∫ T

0
|bt|2 dt

))ε
.

Taking logarithms gives

0 ≤ (1− ε) lnE[ρT (b)] + ε lnE exp
(1− ε

2

∫ T

0
|bt|2 dt

)
.

Hence

lnE[ρT (b)] ≥ − ε

1− ε
lnE exp

(1− ε

2

∫ T

0
|bt|2 dt

)
.

Letting ε ↓ 0 and using (3.9) yields lnE[ρT (b)] ≥ 0, i.e. E[ρT (b)] ≥ 1. Since ρt(b) is
a supermartingale, E[ρT (b)] ≤ E[ρ0(b)] = 1. Thus E[ρT (b)] = 1.

The results above highlight the central role of exponential integrability in en-
suring that the exponential martingale ρ is martingale. Novikov’s condition is the
classical sufficient criterion. Stronger assumptions like the one in Proposition 3.1
automatically imply Novikov, while Krylov’s condition relaxes it and extends its
applicability.
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3.1.1 A consequence of Novikov’s theorem

As a direct consequence of Novikov’s condition we give the proof of another result.
This is another sufficient condition for ρt(b) to be a martingale but the integrability
assumption is weakened as follows.

Corollary 3.2. Let b ∈ S. If there exists a sequence of real numbers {tn}∞n=0 with

0 = t0 < t1 < t2 < · · · < tn ↑ T,

such that for all n ≥ 1,

E

[
exp

(
1

2

∫ tn

tn−1

|bs|2 ds

)]
< ∞. (3.10)

Then

ρt(b) = exp

(∫ t

0
bs dWs − 1

2

∫ t

0
b2s ds

)
, t ∈ [0, T ].

is a martingale.

Proof. For n ≥ 1, let bnt := bt1[tn−1,tn]. Then by Novikov condition, the exponential
martingale

ρt(b
n) = exp

(∫ t

tn−1

bs dWs −
1

2

∫ t

tn−1

|bs|2 ds

)
, tn−1 ≤ t ≤ tn,

is a martingale. In particular,

E
[
ρtn(b

n)
∣∣Ftn−1

]
= ρtn−1(b

n) = 1, n ≥ 1.

Note that for all n ≥ 1 :

ρtn(b) = ρtn−1(b) · ρtn(bn).

But then,

E[ρtn(b)] = E[ρtn−1(b) · ρtn(bn)] = E
[
ρtn−1(b)E[ρtn(bn) | Ftn−1 ]

]
= E[ρtn−1(b)].

In the second equality we used properties of the conditional expectation and the fact
that ρ is an adapted process. By induction on n, since E[ρt0 ] = E[ρ0] = 1 and E[ρt(b)]
is nonincreasing in t, this shows that

E[ρtn(b)] = 1 for all n ≥ 1.

Since E[ρt(b)] is nonincreasing in t and limn→∞ tn = ∞, we conclude that

E[ρt(b)] = 1, ∀ t ∈ [0, T ],

which proves the result.
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Corollary 3.3. Let W be a one dimensional Wiener process defined on a stochastic
basis (Ω,F , (Ft)t≥0,P). Let x : [0,∞)× R → R be a Borel measurable function and,
for each T > 0, suppose there exists KT > 0 such that

|x(t, ξ)| ≤ KT (1 + |ξ|), for all 0 ≤ t ≤ T, ξ ∈ R. (3.11)

Define the process
bt(ω) := x(t,Wt(ω)), t ≥ 0,

Then ρt(b)t≤T is a martingale.

We follow here the argument of Karatzas and Shreve [13] adding some details,
the proof is based on the previous corollary and Doob’s Lp inequality, which we recall
now: Let (Mt)0≤t≤T be a nonnegative continuous submartingale and let p > 1. Then

E
ñÇ

sup
0≤t≤T

Mt

åpô
≤
Å

p

p− 1

ãp
E[Mp

T ].

Proof. Fix T > 0. First of all, observe that b ∈ S, in fact it is Ft-adapted since for
fixed t, Wt is Ft–measurable and x(t, ·) is Borel; hence bt = x(t,Wt) is Ft–measurable.
The process b is also jointly-measurable: since W has continuous paths, by Propo-
sition 1.1 the mapping (ω, t) 7→ Wt(ω) is F ⊗ B([0,∞))–measurable. Therefore the
map

Φ : Ω× [0,∞) → [0,∞)× R, Φ(ω, t) := (t,Wt(ω)),

is F ⊗B([0,∞)) to B([0,∞))⊗B(R) measurable. Composing with the Borel map x
gives b(ω, t) = x◦Φ(ω, t) F ⊗ B([0,∞))–measurable

Moreover, by (3.11) and the continuity of W ,∫ T

0
b2s ds ≤ TK2

T

(
1 + (W ∗

T )
2
)
< ∞ a.s.

where
W ∗

T := max
0≤s≤T

|Ws|.

We would like to construct a sequence

0 = t0 < t1 < · · · < tn(T ) = T

such that condition (3.10) holds.
From (3.11), for 0 ≤ tn−1 < tn ≤ T we have∫ tn

tn−1

|bs|2 ds ≤ (tn − tn−1)K
2
T

(
1 +W ∗

T

)2
.

The process

Yt := exp
(
(tn − tn−1)K

2
T

(
1 + |Wt|2

)
/4
)
, 0 ≤ t ≤ T,

is a nonnegative submartingale with continuous paths. In fact

ϕ(x) = exp
(
1
4(tn − tn−1)K

2
T (1 + x)

)
, x ≥ 0,
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is convex and increasing, and |Wt|2 is a submartingale by Jensen’s inequality and
since Wt is a martingale. By Jensen inequality, if Mt is a submartingale and ϕ is
convex and increasing, then ϕ(Mt) is again a submartingale.

Then by Doob’s L2−inequality we obtain

E exp

(
1
2(tn − tn−1)K

2
T

(
1 + (W ∗

T )
2
))

= E

(
max
0≤t≤T

Y 2
t

)
≤ 4E[Y 2

T ].

The right-hand side is finite provided that

tn − tn−1 ≤ 1

TK2
T

.

In fact, since WT ∼ N (0, T ), for λ ∈ R we compute

E
î
eλW

2
T

ó
=

1√
2πT

∫
R
exp

Å
λx2 − x2

2T

ã
dx =

1√
2πT

∫
R
exp

Å
−
( 1

2T
− λ

)
x2
ã
dx.

The last integral is finite if and only if 1
2T − λ > 0, i.e. λ < 1

2T . This covers our case
with λ = 1

2(tn − tn−1)K
2
T , indeed the condition tn − tn−1 ≤ 1

TK2
T
.

Thus we can construct the partition {t0, t1, . . . , tn(T )} satisfying the assumption
of Corollary 3.2. This completes the proof.



Chapter 4

Applications to the theory of SDEs

In this chapter we present some applications, including recent developments, of Gir-
sanov’s theorem to the theory of stochastic differential equations. For simplicity, we
restrict our attention to the one-dimensional setting, although the multidimensional
case is equally important and widely treated in the literature. For a deeper treat-
ment of the theory of SDEs, and the multidimensional case, we refer the reader to
Karatzas and Shreve [13].

The first section, called Weak existence and uniqueness by Girsanov’s theorem,
is more detailed and we present all proofs in detail. Its purpose is to show how
Girsanov’s theorem provides an effective tool for constructing weak solutions and
studying their uniqueness in law.

In the next two sections, called Pathwise uniqueness and Path-by-path uniqueness,
we do not present complete proofs, but rather describe the main ideas and state
some important recent results, referring to the literature for the technical details.
This choice is motivated both by the length and complexity of the arguments and by
the fact that these topics include more recent developments, especially in the case
of path-by-path uniqueness and, in particular, Davie’s theorem. For these we refer
again to Karatzas and Shreve [13] and to the original articles.

Let’s introduce the topic by recalling a known fact from the theory of ODEs.
From the theory of ODEs, in fact, it is known that the equation dxt = b(t, xt)dt
in general does not have a solution for any bounded Borel b. We show this with a
particular example.

Consider the ordinary differential equation
dx

dt
= b(x), x(0) = 0 (4.1)

where the function b(x) is defined as

b(x) =

®
1, x ≤ 0

−1, x > 0
(4.2)

We are proving that there are no solutions, that is it does not exist a continuous
function x(t) such that

x(t) =

∫ t

0
b(x(s)) ds, ∀ t ∈ [0, T ].

65
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Proof. Suppose that a solution x(t), t ∈ [0, T ] exists.

1. If there exists s ∈ [0, T ] such that x(s) > 0, then by continuity there exists
[a, b], with 0 < a < s < b < T , such that x(t) > 0 for all t ∈ [a, b].
So, for t ∈ [a, b]:

x(t) =

∫ a

0
b(x(s)) ds +

∫ t

a
b(x(s)) ds = Ca − (t− a).

Then x(a) = Ca > 0, so by continuity there exist δ > 0, such that x(t) > 0 for
t ∈ [a− δ, a+ δ]. Then, for t ∈ [a− δ, a]:

x(t) =

∫ a−δ

0
b(x(s)) ds +

∫ t

a−δ
b(x(s)) ds = x(a− δ)− (t− a+ δ).

But x(a) = Ca, so x(a− δ)− δ = Ca, and thus x(t) = Ca − t+ a, t ∈ [a− δ, a].
Proceeding we come to

amin = inf{δ > 0 : x(t) = Ca + a− t, t ∈ [δ, b]}.

(a) If amin = 0 we come to a contradiction, in fact x(t) = Ca − t + a for
t ∈ [0, b], so x(0) = Ca + a > 0 which contradicts the initial condition
x(0) = 0.

(b) If amin > 0 we come again to a contradiction, in fact: There exists δn →
a+min such that, for all n, x(t) = Ca−t+a for t ∈ [δn, b], then by continuity

x(amin) = lim
δn→a+min

x(δn) = Ca − amin + a.

So x(amin) = Ca + a− amin > 0. Thus there exist ϵ > 0
such that x(t) > 0 for t ∈ [amin − ϵ, amin]. Then, for t ∈ [amin − ϵ, amin]:

x(t) =

∫ amin−ϵ

0
b(x(s)) ds +

∫ t

amin−ϵ
b(x(s)) ds = x(amin−ϵ)−t+amin−ϵ.

(1)
But x(amin) = Ca − amin + a, and so x(amin) = x(amin − ϵ) − ϵ =
Ca − amin + a.
Substituting what we obtained in (1) we find that for all t ∈ [amin −
ϵ, amin]:

x(t) = Ca − amin + a− t+ amin = Ca + a− t,

which contradicts the definition of amin.

2. If there exists s ∈ [0, T ] such that x(s) < 0 we proceed in the same way we did
in (1).

In other words we have shown that equation (4.1) does not admit a solution.
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4.1 Weak existence and uniqueness by Girsanov’s theo-
rem

We now apply Girsanov’s theorem to show that the stochastic differential equation
with bounded Borel drift b : [0,∞)× R → R

dYt = b(t, Yt +Wt) dt, Y0 = x ∈ R. (4.3)

admits a "weak" solution. This is equivalent to

Xt = x+

∫ t

0
b(s,Xs) ds +Wt (4.4)

The precise formulation is given in Theorem 4.1 below. We give now the definition
of weak solution.

Definition 4.1. Let b : [0,∞)×R → R be a Borel-measurable function. Let us fix T >
0 and x ∈ R. A weak solution of equation (4.4) is a triple (X,W ), (Ω,F ,P), {Ft},
where

(i) (Ω,F ,P) is a probability space, and {Ft} is a filtration of sub-σ-algebras of F ;

(ii) X = {Xt,Ft; 0 ≤ t ≤ T} is a continuous, adapted R-valued process, W =
{Wt,Ft; 0 ≤ t < ∞} is a Wiener process;

(iii) P[
∫ t
0 |b(s,Xs)| ds < ∞] = 1 for all 0 ≤ t ≤ T ;

(iv) Xt = x+
∫ t
0 b(s,Xs) ds +Wt holds almost surely.

The same terminology will be used for analogous equations, replacing (iii) and
(iv) with the corresponding integrability condition and integral equation.

This kind of solution is called weak because we do not fix the probability space
and the Wiener process W in advance. We present a first result. It will be generalized
in Proposition 4.1.

Theorem 4.1. Let b(t, x) be an R-valued Borel bounded function on (0,∞) × R.
Then, for every x ∈ R, there exists a stochastic basis

(Ω,F , (Ft)0≤t≤T ,P),

a continuous (Ft)-adapted process ξ = (ξt)0≤t≤T , and a Wiener process W = (Wt)0≤t≤T

with respect to (Ft), such that

ξt = x+

∫ t

0
b(s, ξs) ds+Wt, 0 ≤ t ≤ T. (4.5)

In particular, equation (4.4) admits a weak solution.
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Proof. Let (Ω,F , P̃) be a complete probability space and let ξt be a Wiener process
defined on (Ω,F , P̃). Define, for x ∈ R:

Wt = ξt −
∫ t

0
b(s, ξs) ds − x

and on (Ω,F) introduce a new measure P by the formula

P(dω) = exp

Ç∫ T

0
b(s, ξs) dξs −

1

2

∫ T

0
|b(s, ξs)|2 ds

å
P̃(dω).

Take
Ft = σ(ξs : s ≤ t).

Then, by Lemma 3.1 (note that b is bounded) and Girsanov’s theorem (Ω,F ,P) is a
probability space, Wt is a Wiener process on (Ω,F ,P) for t ∈ [0, T ] with respect to
Ft, and, by definition, ξt solves (4.5). Since b is bounded, we also have

P
ï∫ t

0
|b(s, ξs)| ds < ∞

ò
= 1, 0 ≤ t ≤ T.

In conclusion, we have proved that (ξ,W ), (Ω,F ,P), (Ft) is a weak solution of
equation (4.5).

The solution given by Girsanov’s theorem is a weak solution. Girsanov gives: a
stochastic basis (Ω,F ,P,Ft), a Wiener process (Wt) on that stochastic basis, and a
(continuous) process ξ such that under P

ξt = x+

∫ t

0
b(s, ξs) ds+Wt a.s.

We proved that if b is bounded and Borel measurable, then Girsanov’s theorem
gives the existence of a weak solution to equation (4.4). More generally the existence
of a solution in the weak sense can be proved also if b grows at most linearly.

Proposition 4.1. Consider the stochastic differential equation

dXt = b(t,Xt) dt+ dWt; 0 ≤ t ≤ T, X0 = x. (4.6)

where T is a fixed positive number, x ∈ R, W is a Wiener process and b(t, x) is a
Borel measurable, R-valued function defined on [0, T ]×R satisfying

|b(t, x)| ≤ K (1 + |x|), 0 ≤ t ≤ T, x ∈ R;

for some K > 0. Then, for any x ∈ R equation (4.6) has a weak solution.

Proof. Let (Bt)t≥0 be a Wiener process on (Ω,F ,P). For any x ∈ R we define a
family

Xx = {x+Bt, 0 ≤ t ≤ T}.
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Xx − x is a Wiener process on (Ω,F ,P). As we did in the proof of Corollary 3.3, we
have b(s,Xs) ∈ S. Thus, by Corollary 3.3, the process

ρxt = exp

(∫ t

0
b(s,Xx

s ) dXs − 1

2

∫ t

0
|b(s,Xx

s )|2ds

)
, 0 ≤ t ≤ T,

is a martingale.
Thus, by Girsanov’s theorem, under the probability measure Qx defined by

dQx

dP
= ρT (b), 0 ≤ t ≤ T,

the process

W x
t := Xx

t − x−
∫ t

0
b(s,Xx

s ) ds, 0 ≤ t ≤ T

is a Wiener process with Qx[W x
0 = 0] = 1.

Rearranging gives

Xx
t = x+

∫ t

0
b(s,Xx) ds+W x

t , 0 ≤ t ≤ T.

Finally, with the filtration

Ft := σ(Xx
s , s ≤ t),

and since Xx is an Ft−adapted, continuous process and W x is a Wiener process; all
the conditions of Definition 4.1 are satisfied the triple

(Xx,W x), (Ω,F ,Qx), {Ft}

is a weak solution to (4.6) (equivalently of its integral form).

Remark 4.1. Under the hypothesis of Proposition 4.1; if

(X,W ), (Ω,F ,P), (Ft)

is a weak solution of

dXt = b(t,Xt) dt+ dWt, X0 = x,

then the process Y defined by
Yt := Xt −Wt

satisfies

Yt = x+

∫ t

0
b(s, Ys +Ws) ds,

and therefore
(Y,W ), (Ω,F ,P), (Ft)

is a weak solution of equation (4.3)
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Once existence of a weak solution has been established, it is natural to ask
whether such a solution is unique. For weak solutions there are two important notion
of uniqueness. We treat now the weaker notion of uniqueness associated with weak
solutions, that is called uniqueness in the sense of probability law, or uniqueness in
law, or just weak uniqueness.

Recall what we mean when we talk about the law of a continuous process, that
is, the induced probability measure on the path space C[0, T ] = C([0, T ],R) (see
Section 2.1.1)

Definition 4.2. We say that uniqueness in the sense of probability law holds for
equation (4.3) if for any x ∈ R, for any two weak solutions

(X,W ), (Ω,F ,P), {Ft}, and (X̃, W̃ ), (Ω̃, F̃ , P̃), {F̃t}

with
X0 = X̃0 = x a.s.

the two processes X and X̃ have the same law on C[0, T ]

Girsanov’s theorem is also helpful in the study of uniqueness in law of weak
solutions.

Proposition 4.2 (Uniqueness in law for dXt = b(t,Xt) dt+dWt). Let b : [0, T ]×R →
R be Borel and bounded. Let x ∈ R and suppose (X(i),W (i),P(i)), i = 1, 2, are weak
solutions of

dXt = b(t,Xt) dt+ dWt, X0 = x a.s.

Then X(1) and X(2) have the same law.

Proof. Let (X,W ), (Ω,F ,P), (Ft) be a weak solution of

dXt = b(t,Xt) dt+ dWt, X0 = x a.s.

Set

Lt := Wt +

∫ t

0
b(s,Xs) ds, 0 ≤ t ≤ T.

Since

Xt = x+

∫ t

0
b(s,Xs) ds+Wt,

we have
Xt = x+ Lt, 0 ≤ t ≤ T.

Define

Zt := exp

Å
−
∫ t

0
b(s,Xs) dWs −

1

2

∫ t

0
|b(s,Xs)|2 ds

ã
, 0 ≤ t ≤ T.

Since b is bounded, (Zt)0≤t≤T is a martingale by Lemma 3.1. We define a probability
measure Q on (Ω,F) by

dQ
dP

= ZT .
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By Girsanov’s theorem, the process L = (Lt)0≤t≤T is a Wiener process under Q,
with Q[L0 = 0] = 1. Hence X = x+L is, under Q, a Brownian motion starting from
x.

Now observe that ZT > 0 P-a.s., so P ≪ Q. Moreover, dP
dQ = Z−1

T ,

Z−1
T = exp

Ç∫ T

0
b(s,Xs) dWs +

1

2

∫ T

0
|b(s,Xs)|2 ds

å
· 1{ZT>0}.

Note that EQ[Z−1
T ] = 1. Using

dXs = b(s,Xs) ds+ dWs,

we obtain ∫ T

0
b(s,Xs) dWs =

∫ T

0
b(s,Xs) dXs −

∫ T

0
|b(s,Xs)|2 ds,

and therefore

Z−1
T = exp

Ç∫ T

0
b(s,Xs) dXs −

1

2

∫ T

0
|b(s,Xs)|2 ds

å
· 1{ZT>0}.

In particular, Z−1
T is a measurable functional of the path of X up to time T . Let us

write

Z−1
T = F (X)

for a suitable Borel measurable functional F on C([0, T ]) (recall that we are seeing
X as a random variable with values in C[0, T ], see Remark 2.2).

Let A ∈ B(C[0, T ]). Then

P(X ∈ A) = EP[1{X∈A}] = EQ[1{X∈A} Z
−1
T ] =

= EQ[1A(X)F (X)] = Eµx [1A F ] .

Where µx is the law of X under Q and the last equality follows from Theorem 1.1.
The last expectation is done in the path space C[0, T ]. Since under Q the process X
is a Wiener process starting from x, its law under Q is the law of a Wiener process
starting from x. Hence the right-hand side depends only on the initial point x, on
the fixed functional F , and on A, but not on the particular weak solution chosen.

Therefore the law of X is uniquely determined. In particular, X(1) and X(2) have
the same law.

Uniqueness in the sense of probability law for the shifted equation follows imme-
diately.
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4.2 Pathwise uniqueness

Another form of uniqueness that can be related to weak solution is pathwise unique-
ness.

Definition 4.3. Suppose that whenever (X,W ), (Ω,F ,P), {Ft} and (X̃,W ), (Ω,F ,P), {Ft}
are weak solutions to equation (4.3) with common Wiener process W on a common
probability space (Ω,F ,P) and with common deterministic initial value, i.e.,

P[X0 = X̃0 = x] = 1,

the two processes X and X̃ are indistinguishable:

P[Xt = X̃t, ∀ 0 ≤ t ≤ T ] = 1.

We say then that pathwise uniqueness holds for equation (4.3).

This theorem highlights how uniqueness in law is a weaker property than pathwise
uniqueness. The reader can find it proved in [13] Section 5.3.

Proposition 4.3. Pathwise uniqueness implies uniqueness is the sense of probability
law

Conversely, uniqueness in the sense of probability law does not imply pathwise
uniqueness. The following example illustrates this point.

Example 1 (H.Tanaka, 1974). This classical example, illustrating uniqueness in law
without pathwise uniqueness, can be found for instance in [13] chapter 5. We provide
additional details for completeness.

Consider the one-dimensional equation

Xt =

∫ t

0
sgn(Xs) dWs, 0 ≤ t ≤ T, (4.7)

where

sgn(x) =

®
1, x > 0,

−1, x ≤ 0.

If (X,W ), (Ω,F ,P), {Ft} is a weak solution, then the process X = {Xt,Ft; 0 ≤ t ≤
T} is a continuous, square-integrable martingale with quadratic variation process

⟨X⟩t =
∫ t

0
sgn2(Xs) ds = t.

Therefore, X is a Brownian motion (see Theorem 2.15), and uniqueness in the sense
of probability law holds. On the other hand, (−X,W ), (Ω,F ,P), {Ft} is also a weak
solution, since

−Xt = −
∫ t

0
sgn(Xs) dWs =

∫ t

0
sgn((−X)s) dWs,

So pathwise uniqueness can not hold for the equation.
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4.2.1 Strong solutions

We saw that Girsanov’s theorem can give us weak solutions, now we want to explore
the notion of strong solution. In order to develop the concept of strong solution,
we choose a probability space (Ω,F ,P) as well as a one-dimensional Wiener process
W = {Wt}t∈[0,T ] on it.

Definition 4.4 (Strong solution). Let b : [0,∞) × R → R be a Borel-measurable
function, and let T > 0. Fix a probability space (Ω,F ,P) and a Wiener process
W = {Wt}t∈[0,T ] defined on (Ω,F ,P). Let x ∈ R. A process X = {Xt : 0 ≤ t ≤ T}
is called a strong solution of

dXt = b(t,Xt) dt+ dWt, X0 = x, (4.8)

if X has continuous sample paths and the following properties hold:

(i) X is adapted to the filtration FW
t = σ(Ws, s ≤ t);

(ii) P[X0 = x] = 1;

(iii) for every t ∈ [0, T ],

P
ï∫ t

0
|b(s,Xs)| ds < ∞

ò
= 1;

(iv) the integral form of (4.8) holds almost surely for all t ∈ [0, T ]:

Xt = x +

∫ t

0
b(s,Xs) ds + Wt. (4.9)

We conclude this section by recalling the Yamada–Watanabe principle, which
clarifies the relation between weak and strong solutions. We only state the result
and refer to the literature for the proof and for a more precise formulation; see in
particular Karatzas and Shreve [13].

Theorem 4.2 (Yamada–Watanabe). Assume that for every initial condition x ∈ R
the SDE (4.8) admits a weak solution, and that pathwise uniqueness holds for every
initial condition x ∈ R. Then, for every x ∈ R, the SDE admits a strong solution.

Thus, under these assumptions, weak existence together with pathwise uniqueness
give strong existence.

It is important to stress that the condition on the initial date x is essential. In
general, it is not enough to know weak existence and pathwise uniqueness only for
one fixed initial condition x; this does not by itself imply strong existence for that
particular x.

4.3 Path-by-path uniqueness for additive-noise SDEs

Up to now we have considered two notions of existence and uniqueness for the
additive-noise SDE

dXt = b(t,Xt) dt+ dWt, X0 = x, (4.10)
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under some assumptions on b. These types of uniqueness do not address whether,
for a fixed realization of the driving Brownian motion, the solution path is uniquely
determined. As already posed by Krylov (see [2] p.29), one may ask:

Does the SDE (4.10) with bounded (Borel) drift b admit a unique solution
for almost every realization of the driving Brownian path?

This is the path-by-path uniqueness problem. In what follows we introduce the
notions needed to state and discuss results at this level, and we outline the Davie’s
theorem, which shows that SDEs with bounded measurable drifts indeed enjoy this
uniqueness property. In the following formulation for the notion of path-by-path
uniqueness, we follow the approach introduced by Flandoli in [11]. This requires
recalling the notion of Wiener measure.

4.3.1 Set-up and path by path equation

Fix T > 0. Let CT = C([0, T ];R) be the space of real valued continuous functions on
[0, T ]. Let b : [0, T ]× R → R be a measurable function. For x0 ∈ R and a fixed path
γ ∈ CT , consider the deterministic, pathwise integral equation

xt = x0 +

∫ t

0
b(s, xs) ds + γt, t ∈ [0, T ]. (4.11)

We denote by

C(γ, x0) :=
{
x ∈ C([0, T ];R) : x satisfies (4.11)

}
the (possibly empty) set of path by path solutions associated with (γ, x0).

Definition 4.5 (Path-by-path uniqueness). We recall that W denotes the Wiener
measure (see Definition 2.7). We say that (4.10) enjoys path-by-path uniqueness if
for W− a.e. γ ∈ CT the set C(γ, x0) is a singleton.

Indeed we are interested in knowing when C(γ, x0) is a singleton. A first basic
result about this singleton property is the following.

Proposition 4.4. Assume b is globally Lipschitz in x, uniformly in t, and that there
exists C > 0 satisfying the condition

|b(t, x)| ≤ C(1 + |x|), ∀ t ∈ [0, T ], ∀x ∈ R.

Then for every γ ∈ CT and every x0 ∈ R, the set C(γ, x0) is a singleton.

Proof. Define yt := xt − γt. Then (4.11) is equivalent to

yt = x0 +

∫ t

0
b(s, ys + γs) ds. (4.12)

By Cauchy–Lipschitz theorem, this ODE has a unique continuous solution y; setting
x := y + γ yields the unique pathwise solution.
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Under certain assumptions, C(γ, x0) is non-empty, this happens for instance when
b is continuous with linear growth conditions in x uniformly in t, by Peano’s theorem
for the auxiliary Eq. (4.12)

With the following proposition we now introduce a consequence of the theory of
strong solutions, see [20, 21] for more details.

Proposition 4.5. Under the same assumptions of Proposition 4.1, namely b Borel
and satisfies the linear growth condition, given x0 ∈ R, for W− a.e. γ ∈ CT , the set
C(γ, x0) is non-empty.

Proposition 4.5 admits important extensions to less regular drift, due to Krylov
and Röckner; we do not enter into the details and refer the reader to [16]. However,
it must be clear that this does not answer our question about the singleton property
of C(γ, x0).

4.3.2 Davie’s theorem

We now state the first result on the singleton property of C(γ, x0) or path-by-path
uniqueness. The proof is highly nontrivial; see [10] and the overview in [11]). Further
remarks and refinements can be found in [19].

Theorem 4.3 (Davie). Let b ∈ L∞([0, T ]× R). Then, for every x0 ∈ R,

C(γ, x0) is a singleton for W− a.e. γ ∈ CT .



Chapter 5

An application to mathematical
finance

5.1 Modeling of Financial Markets

As discussed in the first chapter, stochastic processes provide a natural framework
for modeling phenomena that evolve randomly over time. An important class of
applications arises in the context of financial markets, where quantities such as stock
prices, bond values, and exchange rates are subject to uncertainty and are influenced
by the continuous arrival of information. For this part our main reference is Baldi
[3].

In this section, we introduce a probabilistic model for the time evolution of fi-
nancial assets prices and establish the basic setting for the valuation of derivative
securities. In particular, we begin by describing the price dynamics of the underlying
asset through a stochastic differential equation. We then introduce, in Section 5.1.1,
the class of derivative securities that will be considered, with particular attention to
European options and their payoff. In Section 5.1.2 we present the financial market in
which these claims are traded, together with the notion of portfolio and self–financing
strategy. This will allow us, in the following sections, to pass to discounted prices,
apply Girsanov’s theorem, and derive the valuation formula under the risk–neutral
measure.

We denote by St, for t ≥ 0, the price at time t of a financial or monetary quantity.
More precisely, St may represent the value of a stock, a bond, or the exchange rate
of a currency with respect to another.

We first observe that the price of a financial asset must remain non–negative
and, under normal market conditions, strictly positive. Moreover, price variations
are naturally considered in relative rather than absolute terms: when it is said that
between time s and time t there has been an increase in percentage of p%, this means
St
Ss

= 1 + p
100. . Thus, it is more convenient to model the logarithm of the price that

the price itself. For this reason, it is natural to describe the evolution of the asset
price St by means of a stochastic differential equation of the form

dSt

St
= b(St, t) dt+ σ(St, t) dBt, (5.1)

76
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where (Bt)t≥0 is a Brownian motion defined on a suitable filtered probability space,
and the functions b and σ represent the drift and diffusion coefficients, respectively.
These functions are assumed to be measurable and to satisfy appropriate regularity
conditions such as boundedness and local Lipschitz continuity. Throughout this work
we shall mainly consider the case in which the coefficients b and σ are constant. In
this case, the equation becomes

dSt

St
= b dt+ σ dBt,

and by Itô formula, one can see that its solution with initial condition Ss = x is
given by

Ss,x
t = x exp

ÅÅ
b− σ2

2

ã
(t− s) + σ(Bt −Bs)

ã
.

Introducing the logarithmic variable ξt = logSt and applying Itô formula, one
obtains an additive stochastic differential equation for ξt.

5.1.1 Derivative Securities

A derivative is a financial contract whose value depends on the value of another
financial quantity, called the underlying asset. One of the most common derivatives
is an option. Now we focus on European options.

A European call option is a contract that grants its holder the right, but not the
obligation, to purchase a given asset (such as a stock, a currency, or a commodity),
called the underlying asset, at a fixed time T (the maturity) and at a predetermined
price K (the strike price). If, at maturity, the price of the underlying asset is greater
than K, the holder will exercise the option and purchase the asset at price K. Oth-
erwise, the holder will buy the asset directly on the market at a lower price and the
option will not be exercised. In any case, this type of contract guarantees that the
holder can acquire the underlying asset at a price not exceeding K, thus providing
protection against unfavorable market movements.

Similarly, a European put option grants its holder the right, but not the obliga-
tion, to sell the underlying asset at time T for the fixed price K.

Other types of derivatives exist, characterized by different exercise rules, such as
American options, which allow the holder to exercise the option at any time prior to
maturity. In the following, we shall restrict our attention to European options.

The main problem we address is the determination of the fair price of an option.
Indeed, the seller of the option is exposed to risk: if at time T the price of the
underlying asset exceeds the strike price K, the seller of a call option must purchase
the asset on the market and deliver it to the buyer at price K. If ST denotes the
price of the underlying asset at maturity, the loss incurred by the seller in this case
is (ST −K)+.

This suggests that the price of a European call option at the initial time should
be related to the expected value of its payoff,

E
[
(Ss,x

T −K)+
]
. (5.2)
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In the case of constant coefficients b and σ, the expectation above is easy to compute,
since the law of Ss,x

T is explicitly known. Indeed, from

Ss,x
t = x exp

ÅÅ
b− σ2

2

ã
(t− s) + σ(Bt −Bs)

ã
,

it follows that

logSs,x
T ∼ N

Å
log x+

Å
b− σ2

2

ã
(T − s), σ2(T − s)

ã
,

and therefore Ss,x
T is lognormally distributed. However, as we shall see later, this

quantity does not provide the correct price of the option.

5.1.2 Financial Markets and Portfolios

We consider a financial market on a filtered probability space (Ω,F , (Ft)t≥0,P) sup-
porting a Brownian motion.

The market consists of one risk–free asset S0 and m risky assets S1, . . . , Sm.
The price of the risk–free asset satisfies

dS0
t = rtS

0
t dt, (5.3)

where (rt)t≥0 is an adapted process representing the instantaneous interest rate. If
S0
s = x, then

S0
t = x exp

Å∫ t

s
ru du

ã
(5.4)

Typically, S0
t corresponds to a bank account or a money market account. For this

reason, it is also called the risk–free asset, although its evolution may still be random
through the process (rt).

For i = 1, . . . ,m, the prices of the risky assets follow stochastic differential equa-
tions of the form (5.1).

Definition 5.1. The value of the portfolio at time t is

Vt =

m∑
i=0

H i
tS

i
t .

where H0
t , . . . ,H

m
t denote respectively the number of units of the risk–free and risky

assets held at time t. More precisely H0
t , . . . ,H

m
t are real numbers, in particular they

are allowed to take negative values. A negative position corresponds to a short sale
of the corresponding asset. In particular, holding Hj

t < 0 means that the investor
has sold short shares of the risky asset, while H0

t < 0 represents borrowing at the
risk–free rate.

Definition 5.2. The portfolio is said to be self–financing if its value satisfies

dVt =
m∑
i=0

H i
t dS

i
t . (5.5)
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Equation (5.5) means that changes in portfolio value are solely due to price
variations of the assets and not to external cash flows. In the remainder of this
chapter we restrict our attention to a market with one risky asset and one risk–free
asset.

5.1.3 Discounted Prices

In order to compare cash flows occurring at different times, it is convenient to work
with discounted quantities. Fix s ≥ 0 and define the discount factor from s to t ≥ s
by

Rs,t := exp

Å
−
∫ t

s
ru du

ã
. (5.6)

Differentiating we get
dRs,t = −rtRs,t dt (5.7)

For any asset price process St, we define the corresponding discounted price by

S̃t := R0,t St. (5.8)

It represents the value at time 0 of the asset price at time t, since equation (5.8) can
be rewritten as S̃t =

St

S0
t
. In fact (take s = 0 in equation (5.4))

S0
t = S0

0 exp

Å∫ t

0
ru du

ã
.

This also leads to the observation that for the risk–free asset S0
t we have

S̃0
t = R0,t S

0
t = S0

0 . (5.9)

More generally, using multidimensional Itô formula (see Theorem 2.14), the dis-
counted risky asset price S̃t = R0,tSt satisfies

dS̃t = R0,t dSt + St dR0,t = R0,tSt

(
(bt − rt) dt+ σt dBt

)
= S̃t

(
(bt − rt) dt+ σt dBt

)
,

(5.10)
where we used (5.1) and (5.7).

Finally, if Vt denotes the value of a self–financing portfolio, we define its dis-
counted value by

Ṽt := R0,t Vt. (5.11)

Although we have restricted attention to a market with one risky asset and one risk–
free asset, this definition of discounted value is completely general and applies to any
portfolio value process. Discounted asset and portfolio values will play a central role
in the pricing problem, since under a suitable change of probability measure they
become martingales.
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5.1.4 Market Price of Risk and Change of Measure

Recall that the discounted risky asset price satisfies

dS̃t = S̃t

(
(bt − rt) dt+ σt dBt

)
.

We introduce the market price of risk process

θt :=
bt − rt
σt

.

Define the stochastic exponential

Zt := exp

Å
−
∫ t

0
θu dBu − 1

2

∫ t

0
θ2u du

ã
.

We assume that (Zt)t≥0 is a martingale. A sufficient condition for this is given,
for instance, by Novikov’s condition (see Section 3.1).

We define a new probability measure Q on (Ω,F) by

dQ
dP

= ZT . (5.12)

By Girsanov’s theorem, the process

Wt := Bt +

∫ t

0
θu du

is a Brownian motion under Q.
Differentiating we obtain

dBt = dWt − θt dt (5.13)

and substituting into (5.10), we obtain

dS̃t = σtS̃t dWt.

Therefore, under the assumptions on the coefficients, and by Theorem 8.10 in [3],
S̃ = (S̃t)t≥0 is a process of class H (see Definition 2.10), and since σ is bounded,
(S̃t)t≥0 is the integral of a process of class H, thus a martingale under the probability
measure Q by Theorem 2.9. In particular, since the mean of the prices of S̃t is constant
in time with respect to Q, the latter is called a risk-neutral probability.

Consider a strategy Ht = (H0
t , H

1
t ) and let

Vt = H0
t S

0
t +H1

t St

be the corresponding self financing portfolio value.
Under the probability measure P, the risky asset satisfies

dSt = btSt dt+ σtSt dBt, (5.14)
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while the risk–free asset satisfies

dS0
t = rtS

0
t dt. (5.15)

Using the self–financing condition

dVt = H0
t dS

0
t +H1

t dSt.

and substituting with equations (5.14) and (5.15) we obtain

dVt = H0
t rtS

0
t dt+H1

t

(
btSt dt+ σtSt dBt

)
.

Since H0
t S

0
t = Vt −H1

t St, we rewrite it in terms of Vt:

dVt = rtVt dt+H1
t St(bt − rt) dt+H1

t σtSt dBt.

Now note that bt − rt = σt θt, and we arrive to the equation

dVt = rtVt dt+H1
t σtSt

(
θt dt+ dBt

)
. (5.16)

Now consider the discounted wealth process

Ṽt := R0,tVt.

By Itô’s formula and the self–financing property, we obtain

dṼt = H1
t σtS̃t

(
θt dt+ dBt

)
.

Under the risk–neutral probability measure Q constructed via Girsanov’s theo-
rem, the process

Wt := Bt +

∫ t

0
θu du

is a Wiener process and
dṼt = H1

t σtS̃t dWt.

Hence, Ṽt is a stochastic integral with respect to the Q–Brownian motion Wt.
Under suitable integrability conditions on the strategy, it follows that (Ṽt)t∈[0,T ] is a
Q–martingale. This property is crucial for the valuation problem, which we treat in
the following section.

5.1.5 Valuation of European options

A European option with maturity T is a nonnegative random variable Ψ, which is
also FT−measurable.

In the case of a European call option with strike price K > 0, obviously

Ψ = (ST −K)+.

A hedging portfolio for an option Ψ is a self–financing portfolio with Vt ≥ 0 for all
t ≥ 0 whose value process Vt satisfies

VT = Ψ.
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If such a portfolio exists, the option is said to be replicable.
Suppose we have a replicable European option and let Vt be the hedging portfolio.

Then VT = Ψ, and since Ṽt is a Q–martingale, we obtain

Ṽt = EQ
î
ṼT | Ft

ó
.

In particular, at time t = 0,

V0 = EQ[R0,T Ψ | F0] .

Since the initial sigma–algebra F0 is assumed to be trivial, the conditional expecta-
tion reduces to an ordinary expectation, and therefore

V0 = EQ[R0,T (ST −K)+
]

That is the fair price of the option, in fact it is the minimal initial capital needed to
construct a self-financing portfolio that replicates the option. We see here what was
wrong in formula (5.2): it is not only that we forgot the discount factor, but also the
expectation must be taken with respect to the risk neutral probability Q.

5.2 The Black–Scholes Formula

We now specialize the general model to the Black–Scholes model [7].
We assume that the interest rate r ∈ R and the volatility σ > 0 are constant.

Under the risk–neutral probability measure the drift of the risky asset coincides with
the interest rate. Therefore, the risky asset satisfies

dSt

St
= r dt+ σ dWt, (5.17)

where W is a Brownian motion under Q. To show this, it is sufficient to substitute
equation 5.13 in equation 5.1 and use the definition of θt (in the case of constant
coefficients)

Let s < T and suppose that Ss = x. We already treated the case of constant coef-
ficients, showing that the solution is lognormally distributed, the only difference with
the previous case is that the drift is now given by the interest rate r. In particular,
we recall that the solution of (5.17) is given by

Ss,x
t = x exp

ÅÅ
r − 1

2
σ2

ã
(t− s) + σ(Wt −Ws)

ã
. (5.18)

In particular,

logSs,x
t = log x+

Å
r − 1

2
σ2

ã
(t− s) + σ(Wt −Ws).

Since Wt −Ws ∼ N (0, t− s), it follows that

logSs,x
t ∼ N

Å
log x+

Å
r − 1

2
σ2

ã
(t− s), σ2(t− s)

ã
.
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Hence St has a lognormal distribution under Q.

Consider now a European call option with payoff

Ψ = (ST −K)+.

Denote with C(s, x) the price of the option at time s with the condition Ss = x.
Therefore

C(s, x) = e−r(T−s)EQ[(Ss,x
T −K)+

]
. (5.19)

Using (5.18), we write

Ss,x
T = x exp

ÅÅ
r − 1

2
σ2

ã
(T − s) + σ(WT −Ws)

ã
.

Let Z ∼ N (0, 1) and note that

WT −Ws ∼
√
T − sZ.

Thus
Ss,x
T ∼ x exp

ÅÅ
r − 1

2
σ2

ã
(T − s) + σ

√
T − sZ

ã
.

Substituting into (5.19), we obtain

C(s, x) = e−r(T−s)E
ï(

xe(r−
1
2
σ2)(T−s)+σ

√
T−sZ −K

)+ò
= e−r(T−s) 1√

2π

∫ +∞

−∞

(
xe(r−

1
2
σ2)(T−s)+σ

√
T−sz −K

)+
e−z2/2dz. (5.20)

It is easy to see that the integrand is zero for z ≤ ξs, where

ξs =
1

σ
√
T − s

Å
log

K

x
−
Å
r − σ2

2

ã
(T − s)

ã
. (5.21)

Let Φ denote the distribution function of the standard normal law N(0, 1),

Φ(y) =
1√
2π

∫ y

−∞
e−z2/2 dz =

1√
2π

∫ +∞

−y
e−z2/2 dz. (5.22)

Therefore,

C(s, x) =
e−r(T−s)

√
2π

∫ +∞

ξs

Å
xe

(
r−σ2

2

)
(T−s)+σ

√
T−s z −K

ã
e−z2/2 dz (5.23)

=
x√
2π

∫ +∞

ξs

exp

Å
−1

2

(
z − σ

√
T − s

)2ã
dz −Ke−r(T−s)Φ(−ξs) (5.24)

=
x√
2π

∫ +∞

ξs−σ
√
T−s

e−z2/2 dz −Ke−r(T−s)Φ(−ξs) (5.25)

= xΦ
Ä
−ξs + σ

√
T − s

ä
−Ke−r(T−s)Φ(−ξs). (5.26)
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In conclusion, we obtain the Black–Scholes formula

C(s, x) = xΦ
Ä
−ξs + σ

√
T − s

ä
−Ke−r(T−s)Φ(−ξs), (5.27)

where ξs is given by (5.21).

Concluding remarks. The derivation of the Black–Scholes formula illustrates con-
cretely the role of Girsanov’s theorem in financial modeling. By a change of prob-
ability measure, the drift of the risky asset is replaced by the interest rate and the
discounted price process becomes a martingale. As a consequence, the valuation of a
European option reduces to the computation of a conditional expectation under the
risk–neutral measure Q.

In Black–Scholes, where the coefficients are constant, the distribution of the asset
price at maturity can be determined explicitly, and the pricing formula follows from
an elementary computation involving the normal distribution. It is worth observing
that the original drift of the asset under the physical probability measure does not
appear in the final expression of the price. The price depends only on the volatility
σ and on the interest rate r.

The Black–Scholes formula therefore provides a concrete example of the general
risk–neutral valuation principle developed in the previous section and shows how the
abstract probabilistic framework with Girsanov’s theorem leads to explicit pricing
results in a specific model.
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