
UNIVERSITÀ DEGLI STUDI DI PAVIA

DIPARTIMENTO DI FISICA

Corso di Laurea in Scienze Fisiche

Fermionic Euclidean Quantum Field Theory

Teoria Quantistica dei Campi Euclidea Fermionica

Tesi per la Laurea di:
Pietro Tullio Falzoni

Relatore:
Prof. Claudio Dappiaggi

Prof. Francesco De Vecchi

Correlatore:
Prof. Paolo Rinaldi

A.A. 2024-2025





A mio nonno Vincenzo,

che ha sempre creduto in me.



4

Abstract

Questa tesi propone una costruzione rigorosa di campi Fermionici in ambito Euclideo, basata
su strumenti di probabilità non-commutativa e analisi stocastica. Partendo dal teorema di
ricostruzione di Osterwalder–Schrader e dall’approccio probabilistico di Nelson per i campi
Bosonici, affrontiamo le difficoltà legate alle relazioni di anticommutazione, definendo i
campi Fermionici a tempo zero tramite un’aspettazione condizionata non-commutativa. La
costruzione ricostruisce la covarianza corretta dei campi Minkowskiani e garantisce una for-
mulazione Euclidea coerente, fornendo al contempo un quadro solido per possibili estensioni
a teorie interagenti e all’uso di metodi di quantizzazione stocastica.

This thesis proposes a rigorous construction of Fermionic fields in the Euclidean setting,
based on non-commutative probability and stochastic analysis. Building on the Oster-
walder–Schrader reconstruction theorem and Nelson’s probabilistic approach for Bosonic
fields, we address the challenges posed by anticommutation relations, defining time-zero
Fermionic fields through a non-commutative conditional expectation. The construction repro-
duces the correct Minkowskian covariance and ensures a consistent Euclidean formulation,
while providing a solid framework for potential extensions to interacting theories and the
application of stochastic quantization methods.
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Introduction

In physics one distinguishes between systems with finitely or infinitely many degrees of
freedom. To describe such systems one introduces the notion of a state: it is the assignment
of the physical quantities that fully characterize the system at a given instant, in such a
way that its future evolution can be determined once the dynamical laws are specified. In
classical mechanics, for example, a state is given by the position and velocity, or, equivalently,
generalized coordinates and conjugate momenta, of all the particles [1, Section 1.3]. In the
quantum setting, the state is typically represented by a vector in a Hilbert space, but more
generally it can be described by a density matrix, which accommodates both pure states and
statistical mixtures [2, Section 1.2]. When the number of degrees of freedom is finite, the
corresponding state space is finite-dimensional.

However, the assumption of a finite number of degrees of freedom is often an idealization.
Already in classical mechanics, an extended body without rigidity constraints requires a
continuous description of its configuration: one must specify the displacement of each of
its points, which amounts to infinitely many variables. Only by imposing the simplifying
constraint of rigidity can the dynamics be reduced to a finite set of collective parameters,
such as translations and rotations [1, Chapter 1 and Chapter 2]. This illustrates that the
need for infinite-dimensional systems arises naturally even in classical physics, whenever
one considers extended or deformable matter. Such systems are naturally described using
classical field theory, where the configuration of the system is represented by fields defined
continuously over space [3, Chapter 1 and Chapter 2].

Quantum field theory (QFT) can be understood as the quantum counterpart of classical
field systems. In its most general form, QFT provides a consistent framework to describe
states and observables in systems with an unbounded number of degrees of freedom. This
formalism applies both to relativistic systems, such as those studied in high-energy physics
[4, Chapter 2], and to condensed matter systems, such as spin lattices or Bose-Einstein
condensates [5, Chapter 8 and Chapter 10]. In the relativistic case, the geometric structure
of Minkowski spacetime enforces causal propagation of influences and ensures Lorentz
invariance, while in the non-relativistic case, the framework captures collective quantum
phenomena without requiring relativistic constraints [6, Chapter 2].

Another key feature of QFT is its ability to describe the creation and annihilation of
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INTRODUCTION

particles [7, Chapter 2]. In standard quantum mechanics, the number of particles is assumed
to be fixed, which limits the description of systems where particles can appear or disappear.
In contrast, QFT naturally accommodates systems with a variable number of particles, a fea-
ture that is relevant not only in relativistic high-energy processes but also in non-relativistic
many-body systems, such as condensed matter or quantum statistical mechanics [8, Chapter
3].

A fundamental approach to QFT is the path integral formulation, which generalizes the
principle of least action [9, Chapter 3]. In classical mechanics, this principle variationally
determines a single trajectory minimizing the action functional S. In quantum mechanics,
Feynman extended this idea: instead of a single trajectory, all possible paths connecting the
initial and final states contribute to the transition amplitude, each weighted by a phase factor
eiS/ℏ.

In quantum field theory, this generalizes to a formal functional integral over all field
configurations:

ïϕf , tf |ϕi, tið =

∫
Dϕ eiS[φ]/ℏ.

The integration runs over all histories ϕ(x) connecting the initial and final configurations. It
should be stressed that this path integral is not a standard integral in the usual sense. The
"measure" Dϕ is defined over an infinite-dimensional space of paths connecting the initial
and final states, and the integrand eiS[φ]/ℏ is highly oscillatory [10, Chapter 1]. As such, the
integral is generally treated as a formal object, requiring careful mathematical interpretation
in order to make sense of its values and properties [11, Chapter 2].

Correlation functions of the field can be systematically obtained by introducing a source
J(x) and by defining the generating functional

Z[J ] =

∫
Dϕ exp

[
iS[ϕ]/ℏ + i

∫

Rd
J(x)ϕ(x) ddx

]
.

The n-point correlation function is then given by functional derivatives with respect to the
source:

ïϕ(x1) · · ·ϕ(xn)ð =
1

Z[0]

¶nZ[J ]

¶J(x1) · · · ¶J(xn)

∣∣∣∣
J=0

.

A different, yet related, example of systems with infinitely many degrees of freedom
appears in statistical mechanics. Here, one deals with systems composed of an enormous
number of constituents, typically of the order of Avogadro’s number (1023). In such situa-
tions, a description in terms of individual particles is neither feasible nor meaningful, and one
resorts instead to an ensemble description based on probabilistic and statistical techniques.
The notion of infinitely many degrees of freedom arises in the thermodynamic limit, where
the number of particles is taken to infinity while macroscopic quantities such as density
remain finite [12, Chapter 2].
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INTRODUCTION

The natural setting for statistical mechanics is Euclidean, since the theory is intrinsi-
cally non-relativistic. Unlike quantum field theory, where relativistic invariance and causal
propagation play a central role, statistical mechanics is formulated in terms of equilibrium
distributions and averages over ensembles. The central object of the theory is the partition
function

Z = Tr e−βH ,

where H denotes the Hamiltonian of the system, representing the total energy of all its
constituents, and ´ = 1/(kBT ), with T being the temperature and kB being the Boltzmann
constant. The partition function encodes all statistical information of the system and it allows
the computation of macroscopic thermodynamic quantities such as energy, entropy, and free
energy [13, Chapter 2].

To extract correlation functions in a systematic way, one introduces a fictitious source
J(x), which serves purely as a mathematical device. One defines the source-dependent
partition function

Z[J ] = Tr exp
[
− ´(H −

∫

Ω
J(x)O(x) ddx

)]
,

where O(x) is an observable at point x in the spatial domain Ω, and the integral runs over
all points of the system. Correlation functions can then be obtained by taking functional
derivatives with respect to the source and setting J = 0. For example, the two-point
correlation function is

ïO(x)O(y)ð =
1

Z[0]

¶2Z[J ]

¶J(x) ¶J(y)

∣∣∣∣∣
J=0

.

This formalism highlights the analogy with the path integral in quantum field theory, where
correlation functions are similarly obtained as functional derivatives of the generating func-
tional.

This formal analogy between functional derivatives and correlation functions is made
particularly transparent once the Minkowski path integral is transformed to Euclidean space
via a Wick rotation. Indeed, in Minkowski space, the path integral involves the highly
oscillatory factor eiS[φ]/ℏ, which is problematic from a mathematical standpoint [11, Chapter
2]. By performing a rotation of the time variable t→ −iÄ , the integral is transformed from
Minkowski to Euclidean space [14, Chapter 2 and Chapter 3].
Under this rotation, the path integral takes the form

∫
Dϕ eiS[φ]/ℏ −→

∫
Dϕ e−SE [φ]/ℏ,

where SE [ϕ] denotes the Euclidean action. The resulting expression resembles the Boltz-
mann weight in statistical mechanics, e−βH , making the structural analogy between QFT
and statistical mechanics manifest. In this sense, techniques and intuitions developed for the

v



INTRODUCTION

partition function can often be adapted to the Euclidean path integral, providing a conceptual
bridge between the two frameworks.

From a practical point of view, the Wick rotation is far from being a purely formal
manipulation. Its main advantage is that, after the rotation to Euclidean space, the inte-
grand becomes exponentially damped, being the Hamiltonian positive, e−SE [φ]/ℏ, rather than
highly oscillatory as in Minkowski space, eiS[φ]/ℏ. This exponential damping makes the
integral much easier to handle both analytically and numerically [9, Chapter 2 and Chapter
3]. Moreover, several techniques are intrinsically Euclidean. A prominent example is lattice
quantum field theory, which is formulated in discrete Euclidean spacetime, where the func-
tional integral can be approximated by a finite-dimensional integral suitable for numerical
simulation [15, Chapter 1 and Chapter 2]. Another technique is stochastic quantization,
which also naturally exploits the Euclidean setting by interpreting the fields as random vari-
ables evolving along a fictitious time, providing an alternative route to compute correlation
functions [16, 17]. In addition, the Wick rotation has important applications in quantum field
theory on curved spacetimes. For instance, performing a Wick rotation on a thermal state in a
curved background leads to a periodicity in Euclidean time, which underlies the path-integral
derivation of thermal properties such as the Hawking temperature of black holes [27, Chapter
5 and Chapter 6]. In this way, the Wick rotation not only simplifies calculations, but it also
opens the door to entirely new methods that would not be available in Minkowski space.

However, this approach calls for a precise formalization. Indeed, a priori it is not clear
whether the quantities obtained in the Euclidean setting admit an interpretation in the original
Minkowskian theory. In other words, one needs conditions that guarantee the possibility
of analytically continuing the Euclidean results back to real time. This issue is particu-
larly relevant for correlation functions, which play a central role both in quantum field
theory and in a probabilistic framework. A rigorous solution to this problem is given by the
Osterwalder–Schrader reconstruction [18]. This theorem establishes a set of conditions under
which a collection of Euclidean correlation functions can be analytically continued to yield
the corresponding set of Minkowskian counterparts, thereby ensuring that the Euclidean
formulation faithfully encodes a relativistic quantum field theory [19, Section 2.4].

The Osterwalder–Schrader reconstruction theorem is part of a broader line of research
known as constructive quantum field theory, which developed extensively during the 1970s.
The central aim of this program was to estabilish a mathematically rigorous foundation for
quantum field theory by constructing explicit models that satisfy the axioms of the theory
[21, 22, 9]. Among the most influential contributions of this period is the work of Nelson
[20], who demonstrated the possibility of reconstructing a Minkowskian scalar field theory
starting from its Euclidean counterpart. His approach made essential use of probabilistic
techniques in the Euclidean framework, interpreting scalar fields as random variables. This
probabilistic perspective not only provided a rigorous setting for scalar field theories, but it
also highlighted the deep interplay between quantum field theory and the theory of stochastic
processes.
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INTRODUCTION

Building on Nelson’s work, Osterwalder and Schrader attempted to extend the reconstruc-
tion procedure to Fermionic fields [23]. This generalization, however, revealed substantial
difficulties. The first obstacle is of a fundamental nature: Fermionic fields cannot be treated
as classical random variables, since they are subject to anticommutation relations. As a
consequence, the probabilistic interpretation that worked for Bosonic fields breaks down
in the Fermionic setting. A second source of difficulty lies in the dynamical interpreta-
tion. Nelson’s method relied on the idea that Euclidean and Minkowskian fields could be
identified at time zero, and that different time evolutions could then be assigned to them
[20]. In the Minkowskian case, this evolution is the unitary dynamics of the Heisenberg
picture of quantum mechanics [24, Chapter 3]. For Fermionic fields, however, such an
identification at time zero is not possible, and hence there is no straightforward way to define
the corresponding time evolution [23]. These subtleties illustrate why the extension of the
Osterwalder–Schrader reconstruction to Fermionic theories is considerably more involved,
and why a complete rigorous analysis remains a challenging open problem in constructive
quantum field theory.

In this work we introduce a modern, probabilistic framework based on the concepts
of non-commutative probability and non-commutative stochastic calculus [25]. Within
this setting we address the problem of interpreting Fermionic fields as random variables,
replacing the classical notion of probability with a non-commutative one. More specifically,
we developed an ad hoc notion of non-commutative conditional expectation that allows
us to construct a restriction of Fermionic fields to time zero [26]. This construction is a
rigorous replacement for the identification at time zero that underlies Nelson’s approach in
the Bosonic case. On this basis, we were able to compute the covariance of the restricted
fields, and we verified that it coincides with the corresponding Minkowskian counterpart.
This result shows that non-commutative probabilistic techniques can successfully reproduce
key structural features of Fermionic quantum field theory, offering a promising framework
for extending constructive methods to the Fermionic setting.

The thesis is organized as follows:

Chapter 1 is devoted to the study of non-commutative probability. In Section 1.1, we
introduce the general framework with particular emphasis on Grassmann variables and the
notion of non-commutative white noise, which provide the algebraic and probabilistic foun-
dations of the setting. In Section 1.2 we focus on the construction of conditional expectation
within the non-commutative framework, specifically realized on Fock space, and discusses its
fundamental properties and applications. Finally, in Section 1.3 we present linear stochastic
equations in the non-commutative context, where the drift operator is identified with the
Helmholtz operator, highlighting the analytical structures that emerge from this formulation.

Chapter 2 is devoted to the geometric aspects underlying the spin structure. In Section
2.1, we recall fundamental notions from differential geometry, including the concepts of
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INTRODUCTION

manifolds and principal bundles, which provide the structural framework for the subsequent
discussion. In Section 2.2 we introduce the Clifford algebra together with its representations
through gamma matrices, the spin group, and the spin bundle, emphasizing their algebraic
and geometric interplay. In Section 2.3, we introduce the Dirac bundle and develop the
notions of spinors and cospinors, which play a central role in the analytical formulation of
spin geometry.

Chapter 3 addresses the problem of constructing Fermionic fields in the Euclidean setting.
Section 3.1 begins with a review of Algebraic Quantum Field Theory (AQFT), recalling the
construction of a scalar field in both Minkowskian and Euclidean frameworks, together with
the associated state and the notion of time-ordering derived from the scattering matrix. In
Section 3.2 we introduce the Wightman axioms and the reconstruction theorem, followed by
the Osterwalder–Schrader theorem and the correspondence between Wightman’s framework
and that of Osterwalder–Schrader. Some details on Nelson’s reconstruction of Bosonic fields
are also presented. Finally, in Section 3.3 we focus on Fermionic fields in the Minkowskian
setting, the reconstruction procedure proposed by Osterwalder–Schrader in the Euclidean
case, and its limitations. Building on this analysis, we introduce a novel construction of
Euclidean Fermionic fields based on non-commutative probability techniques.
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Chapter 1

PROBABILISTIC TOOLS

In this chapter we introduce some probabilistic tools which will be used for the construction
of the Fermionic free fields in the Euclidean framework. In particular, we will perform
stochastic calculus in a non-commutative setting, since Euclidean Fermionic fields, due their
anticommutative property, cannot be represented as ordinary commutative random variables.
For this reason, we need to give the basic definitions of non-commutative probability. The
first section will be devoted to the introduction of the latter, with particular emphasis on
the Grassmann Gaussian random variables. We will refer mostly to [25, Section 2]. In
the second section, we will analyze the construction of the conditional expectation in the
non-commutative setting, which is essential to model a physical system with increasing
information. For this section we will mainly refer to [26, Section 2 and appendix A]. In
the third section, we will study existence and uniqueness of the solution of a stochastic
differential equation in the non-commutative setting. In order to state the main theorem of
the section, we will need to introduce some functional spaces, the Besov spaces. For this
section, we will mainly refer to [25, Section 4].

1.1 Grassmann probability

In classical probability theory, a probability space is defined as a measure space equipped
with a probability measure, and random variables are modeled as measurable functions. This
framework is inherently commutative: the algebra of bounded measurable functions forms a
commutative C*-algebra.

In contrast, non-commutative probability theory generalizes this setting by replacing
the algebra of functions with a non-commutative algebra, typically an anticommutative
C*-algebra, and the probability measure with a positive linear functional, usually referred
to as a state. This allows for the probabilistic modeling of Fermionic fields, represented by
self-adjoint operators over a suitable Hilbert space.

In this section we introduce the concept of non-commutative probability, which is
instrumental for a probabilistic description of Fermionic fields, which are anticommutative.

1



PROBABILISTIC TOOLS

We will mainly draw inspiration from [25, Section 2]. In order to define the concept of
non-commutative probability we review a few key algebraic concepts.

1.1.1 Definition. Let A be a vector space over C equipped with an additional binary operation

· : A× A→ A. Then A is an associative algebra if, ∀x, y, z ∈ A and ∀¼, µ ∈ C,

• x · (y · z) = (x · y) · z (associativity),

• (x+ y) · z = x · z + y · z (right distributivity),

• z · (x+ y) = z · x+ z · y (left distributivity),

• (¼x) · (µy) = (¼µ)(x · y) (compatibility with scalars).

Furthermore, if there exists an element 1 ∈ A such that a · 1 = 1 · a = a, ∀a ∈ A, then A is

called a unital associative algebra.

A natural refinement of this structure arises when we introduce an involution, leading to
the notion of a ∗-algebra, which allows us to encode adjointness properties reminiscent of
operators on a Hilbert space.

1.1.2 Definition. If a unital associative algebra A, as per Definition 1.1.1, is endowed with

an involution, namely an antilinear map ∗ : A→ A such that

• (a+ ¼b)∗ = a∗ + ¼̄b∗ for all a, b ∈ A, ¼ ∈ C,

• (ab)∗ = b∗a∗ for all a, b ∈ A,

• a∗∗ = a for all a ∈ A,

it is called a unital associative *-algebra.

To study continuity and limits of operators within our algebraic framework, we introduce a
norm on the unital associative ∗-algebra. This norm is compatible with the algebraic opera-
tions and the involution, providing the necessary analytic structure to handle convergence of
sequences and series within the algebra.

1.1.3 Definition. A unital associative *-algebra, as per Definition 1.1.2, equipped with a

norm ∥ · ∥ : A → R such that A is complete with respect to ∥ · ∥ and, for all b ∈ A,

∥ab∥ f ∥a∥∥b∥ and ∥a∗a∥ = ||a||2, it is called a unital C*-algebra.

Let us give an example of unital C*-algebra, as per Definition 1.1.3.

1.1.4 Example. Let H be a Hilbert space and let ∥ · ∥H denote its associated norm induced
by the inner product (·, ·)H . Let A : H → H be a linear operator on H . Then, we call
operator norm of A

∥A∥B(H) := sup
v∈H,∥v∥H=1

∥A(v)∥H .

2
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We denote with B(H) the space of bounded linear operators on H , that is B(H) := {A :
H → H linear : ∥A∥B(H) < ∞}. Also, denote with A∗ the adjoint of A ∈ B(H), that
is (v,Aw)H = (A∗w, v)H , for all v, w ∈ H . Moreover, B(H) is equipped with a binary
operation, which is the composition between operators, that is (BA)(v) := B(A(v)). It is
straighforward to notice that B(H) endowed with the composition operation, the adjoint
operation and the operator norm is a unital C*-algebra, as per Definition 1.1.3. For more
details on the properties of bounded linear operators refer to [30, Chapter 2]

1.1.5 Remark. It is an easy exercise to prove that, in the setting of the previous example,
B(H) = {A : H → H linear : A is continuous}. For the proof, see [30, Proposition 2.17].

1.1.6 Definition. Let A be a C*-algebra, as per Definition 1.1.3 and letN ¢ A be a subspace.

We say that N is a sub-C*-algebra of A if N is itself a C*-algebra with respect to the same

norm.

Having equipped our algebra with the appropriate analytic structure, we now introduce the
notion of a state. A state is a linear functional that respects positivity and normalization,
providing a way to assign consistent expectation values to elements of the algebra.

1.1.7 Definition. We call state of a unital C*-algebra, as per Definition 1.1.3, a linear

functional É : A→ C such that

• É(1) = 1,

• É(a∗a) g 0,

where 1 is the unit element of the algebra.

1.1.8 Remark. Note that the positivity property ensures the continuity of a state. Indeed, for
any a ∈ A we have

|É(a)|2 f É(a∗a)É(1) = É(a∗a),

which implies
|É(a)| f ∥a∥.

Hence every state is a bounded linear functional of norm one.

We are now ready to introduce the concept of non-commutative probability.

1.1.9 Definition. The pair (A, É), where A is a unital C*-algebra, as per Definition 1.1.3,

and É is a state, as per Definition 1.1.7, is called non-commutative probability space.

We give an example of non-commutative space.

1.1.10 Example. Let h denote a separable Hilbert space. We proceed with the construction
of its associated Fock space, F(H). First we consider the algebraic tensor product of n copies

3
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of h, that is

h

⊗
alg

n := {Ψ(n) = È1 ¹ · · · ¹ Èn : Èi ∈ h,∀i = 1, . . . , n},
h

⊗
alg

0 := C.

The space h

⊗
alg

n can be equipped with a natural inner product

(Ψ(n),Φ(n))
h

⊗
n

:= (È1, ϕ1)h · (È2, ϕ2)h · · · (Èn, ϕn)h,

for any Ψ(n) = È1 ¹ · · · ¹ Èn, Φ(n) = ϕ1 ¹ · · · ¹ ϕn ∈ h

⊗
alg

n.
Then we consider the algebraic Fock space, that is

Falg(h) :=
∞⊕

n=0

h

⊗
alg

n
,

Falg(h) := {Ψ = (Ψ(0),Ψ(1), . . . ,Ψ(n), 0, 0, 0, . . . ) : Ψ(i) ∈ h

⊗
alg

i
,∀i = 0, . . . , n,∀n g 0}.

On Falg(h) we define a natural inner product:

(Ψ,Φ)F(h) :=
∞∑

n=0

(Ψ(n),Φ(n))
h

⊗
n
,

for any Ψ = (Ψ(0),Ψ(1),Ψ(2), . . . ), Φ = (Φ(0),Φ(1),Φ(2), . . . ) ∈ Falg(h).
We call Fock space, denoted by F(h), the completion of Falg(h) with respect to the norm
induced by the inner product on Falg(h). Observe that F(h) is again a Hilbert space. For
more details on this construction, refer to [30, Section 2.1.4]
Consider the algebra B(F(h)) of bounded linear operators on the Fock space F(h), as per
Example 1.1.4, together with the linear functional É given by

É(T ) = ïΩ, TΩðh, T ∈ B(F(h)),

where Ω ∈ F(h) is a distinguished unit vector called the vacuum. In particular, a canonical
choice of Ω is the vector (1, 0, 0, . . . ) ∈ F(H), which is called Fock vacuum, and it is
a cornerstone of Quantum Field Theory. It represents the state with no particles, serving
as the ground state from which all excitations are defined. Every particle state is built by
acting on the vacuum with creation operators, so it provides the reference point for the entire
Hilbert space of the theory. Its structure encodes physical properties, since expectation values
taken in the vacuum determine correlation functions and observable quantities. Moreover, in
interacting theories the vacuum is often nontrivial, and its nature can reveal phenomena such
as spontaneous symmetry breaking and phase transitions.

Since B(F(h)) is a unital C*-algebra, as per Definition 1.1.3, with respect to the operator
norm and É is a state, as per Definition 1.1.7, the pair (B(F(h)), É) is a non-commutative
probability space, as per Definition 1.1.9, for any separable Hilbert space h.

4
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1.1.11 Remark. In the previous example, we have recalled the construction of the tensor
product between Hilbert spaces. In what follows, the tensor product between Hilbert
spaces will be understood in this form, whereas the tensor product between generic infinite-
dimensional spaces will be purely algebraic.

In order to formalize the symmetry properties of states under particle exchange, we now
introduce two operators that project a tensor product onto its symmetric and antisymmetric
components. These will be the symmetrization and antisymmetrization operators.

1.1.12 Definition. Let H be a separable Hilbert space and let F(H) be its Fock space, as per

Example 1.1.10. We define operators P± on F(H) in the following way

P+ : D(P+) ¢F(H)→ F(H)

P+(f1 ¹ · · · ¹ fn) := (n!)−1
∑

π

fπ(1) ¹ · · · ¹ fπ(n),

P− : D(P−) ¢F(H)→ F(H),

P−(f1 ¹ · · · ¹ fn) := (n!)−1
∑

π

επfπ(1) ¹ · · · ¹ fπ(n),

for all f1, . . . , fn ∈ H , where the sum is taken over all the permutations of (1, . . . , n)
and επ is one if Ã is even and minus one if Ã is odd. P+ and P− are called respectively

symmetrization and antisymmetrization operators. Here D(P±) = {v1¹v2¹· · ·¹vn , vi ∈
H , i = 1, . . . , n , n <∞}, for any finite n ∈ N. Extension by linearity yields two densely

defined operators with ∥P±∥ = 1 and they extend by continuity to bounded operators on

F(H) of norm one. Then, we can define the Fermi-Fock space F−(H) as

F−(H) := P−(F(H)).

Let H be a finite dimensional or infinite dimensional and separable Hilbert space. Denote by
ΛH the exterior algebra generated by H , i.e.,

ΛH =
∞⊕

p=0

ΛpH, Λ1H ∼= H, Λ0H ≡ C.

We shall denote by ' its multiplication operation. We recall that ΛH is Z2-graded in the
sense that it splits into odd and even parts:

ΛH = ΛoddH · ΛevenH,

where ΛoddH :=
⊕∞

p=0 Λ2p+1H and ΛevenH :=
⊕∞

p=0 Λ2pH .

1.1.13 Remark. The Fermi-Fock space, as per Definition 1.1.12, is isomorphic to the Hilbert
space completion of ΛH , the exterior algebra over H , with respect to the natural inner
product. For more details on the construction of the exterior algebra refer to [31, Chapter
XIX]
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We now extend the framework of non-commutative probability by introducing Grassmann-
valued random variables. These variables take values in a Grassmann, or non-commutative,
algebra and provide a natural setting for modeling Fermionic degrees of freedom in quantum
theory.

1.1.14 Definition. Let (A, É) be a non-commutative probability space, as per Definition

1.1.9, and let H a separable Hilbert space. A Grassmann random variable X is an algebra

homomorphism from the exterior algebra ΛH into A. We denote by G(H) = Hom(ΛH,A)
the set of all such homomorphisms. We call the law of X ∈ G(H) the family of its moments

ÉX(F ) := É(X(F )), for all F ∈ ΛH .

In general, X cannot be assumed to be a *-algebra homomorphism since ΛH has no natural
* operation.

Let us give an example of a Grassmann random variable, as per Definition 1.1.14.

1.1.15 Example. Let H = C2, with orthonormal basis {e1, e2}. Then,

ΛH = Λ0H · Λ1H · Λ2H,

with Λ0H ≡ C, Λ1H = span{e1, e2}, Λ2(V ) = span{e1 ' e2}.
Let A = B(H), the algebra of linear bounded operators on H . We have that A ∼= M2(C),
the algebra of 2 × 2 matrices on C. We define a Grassmann random variable X , as per
Definition 1.1.14, in the following way:

• X(1) = I2×2,

• X(e1) = A, X(e2) = B, with A,B ∈M2(C).

• X(e1 ' e2) = AB, with the property that X(e2 ' e1) = BA = −AB.

As a consequence, A and B must anticommute, that is AB +BA = 0. A possible explicit
choice for A and B are the Pauli matrices, i.e.,

A = Ã1 =

[
0 1
1 0

]

B = Ã2 =

[
0 −i
i 0

]

Indeed,
Ã1Ã2 = iÃ3, Ã2Ã1 = −iÃ3 7−→ Ã1Ã2 + Ã2Ã1 = 0,

where Ã3 is the Pauli matrix

Ã3 =

[
1 0
0 −1

]
.

6
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We define the state É, as per Definition 1.1.7, by

É(C) :=
1

2
Tr(C), C ∈M2(C),

where Tr(C) is the standard trace in M2(C). It is a straightforward calculation to show that
É, defined in this way, is a state.

Another important notion in the study of Grassmann random variables is that of compatibility.
This concept captures when a family of such variables can be consistently considered together
within a common probabilistic framework

1.1.16 Definition. Let V and W be two separable Hilbert spaces and let X ∈ G(V ) and

Y ∈ G(W ), as per Definition 1.1.14. X and Y are said to be compatible if the linear map

Z : V ·W → A given by Z(v) = X(v) if v ∈ V and Z(w) = Y (w) if w ∈W , extends to

a homomorphism Z : Λ(V ·W )→ A. In this case we write Z ∈ G(V ·W ).

Compatibility can also be defined also for X1, . . . , Xn Grassmann random variables in a cor-
responding way. We shall express thatX1, . . . , Xn are compatible by writing (X1, . . . , Xn) ∈
G. In particular, Λ(V ·W ) ∼= ΛV ¹ ΛW , which is an exterior algebra satisfying

(f ¹ h) · (g ¹ k) = (−1)p
′q(f · g)¹ (h · k),

for all f ∈ ΛpV , g ∈ Λp
′

W and h ∈ ΛqW , k ∈ Λq
′

W .

The notion of compatibility provides the foundation for a central concept in stochastic
calculus: the independence of Grassmann random variables.

1.1.17 Definition. If (X1, . . . , Xn) ∈ G(V1·· · ··Vn) are compatible Grassmann variables,

as per Definition 1.1.16, with values in the non-commutative probability space (A, É), as per

Definition 1.1.9, then we say that X1, . . . , Xn are independent with respect to É if we have

that

É




k∏

j=1

Xj(Fj)


 =

k∏

j=1

É(Xj(Fj)), ∀Fj ∈ ΛVj , ∀k = 1, . . . , n.

We recall now the notion of coalgebra, which allows us to introduce two operators, the right

and the left derivative. These derivatives will play a crucial role later in the definition and
manipulation of Gaussian Grassmann random variables.

1.1.18 Definition. Let A a unital associative algebra, as per Definition 1.1.1. Let us define

two additional homomorphisms: ∆ : A→ A¹ A such that (∆¹ id) ◦∆ = (id¹∆) ◦∆
and ε : A→ C such that (ε¹ id) ◦∆ = id = (id¹ ε) ◦∆. Then (A,∆, ε) is a coalgebra.

In particular, we can define ∆ : ΛV → ΛV ¹ ΛV as the algebra homomorphism
such that ∆(v) = 1 ¹ v + v ¹ 1, for all v ∈ V ¢ ΛV and ε : ΛV → C as the algebra
homomorphism such that ε(v) = 1, for all v ∈ V ¢ ΛV . Then, (ΛV,∆, ε) is a coalgebra,
as per Definition 1.1.18.

7
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1.1.19 Definition. Let V be a separable Hilbert space and let ΛV be the exterior algebra

generated by V . We call right derivative the linear map ∂R : ΛV → ΛV ¹ V defined by

∂RG = (id¹ΠV ) ◦ (∆G), ∀G ∈ ΛV, (1.1)

where ΠV : ΛV → V is the projection from the exterior algebra ΛV to V .

We can define recursively the k + 1-th right derivative as

∂k+1
R =


∂R ¹ id¹ · · · ¹ id︸ ︷︷ ︸

k


 ∂kR : ΛV → ΛV ¹ V ¹ · · · ¹ V︸ ︷︷ ︸

k

.

1.1.20 Example. Let us apply Equation (1.1) in a few notable instances. Let v1, v2, v3 ∈ ΛV .
Then:

∂R(v1 ' v2 ' v3) = v2 ' v3 ¹ v1 − v1 ' v3 ¹ v2 + v1 ' v2 ¹ v3,

∂2
R(v1 ' v2 ' v3) = v2 ¹ v3 ¹ v1 − v3 ¹ v2 ¹ v1 − v1 ¹ v3 ¹ v2+

+ v3 ¹ v1 ¹ v2 + v1 ¹ v2 ¹ v3 − v2 ¹ v1 ¹ v3.

The left derivative is defined in an analogous way.

1.1.21 Definition. Let V be a separable Hilbert space and let ΛV be the exterior algebra

generated by V . We call left derivative the linear map ∂L : ΛV → V ¹ ΛV defined by

∂LG = (ΠV ¹ id) ◦ (∆G), ∀G ∈ ΛV,

where ΠV : ΛV → V is the projection from the exterior algebra ΛV to V .

1.1.22 Remark. In the previous definitions we have not used the fact that V is a Hilbert
space. Indeed, in the following we will require V to be a real separable pre-Hilbert vector
space and we will denote by (·, ·)V its inner product. For all v ∈ V , ∥v∥V := (v, v)V is the
norm induced by the inner product on V .

To manipulate elements of the Grassmann algebra in combination with vectors from V , it
is convenient to define a bilinear form that pairs an element of ΛV ¹ V with a vector in V .
This operation allows us to define natural actions of vectors on the algebra.

1.1.23 Definition. Given a pre-Hilbert vector space V , we can define a bilinear form ï·, ·ð :
(ΛV ¹ V )× V → ΛV by

ïG¹ v, wð := G(v, w)V ,

for all G ∈ ΛV , for all v, w ∈ V .

We introduce the norm of a Grassmann random variable, which induces a topology on G(V ),
the space of Grassmann random variables, as per Definition 1.1.14. This norm is compatible
with the algebraic structure, allowing us to discuss convergence of sequences, continuity of
operations, and to apply analytic techniques within the space of Grassmann variables.

8
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1.1.24 Definition. Let V be a separable pre-Hilbert vector space and let G(V ) be the space of

Grassmann random variables on the non-commutative probability space A, as per Definition

1.1.14. We can define a norm on G(V ) by

∥X∥G = sup
v∈V,∥v∥V =1

∥X(v)∥A.

Hence we can now introduce the concept of Gaussian random variable also in the non-
commutative setting. This extension is natural in our framework, as the algebraic and
topological structures introduced so far allow for a rigorous definition of Gaussian distri-
butions in the non-commutative context. Such variables play a central role in modeling
Fermionic degrees of freedom and in the development of stochastic calculus on Grassmann
algebras.

1.1.25 Definition. Let V be a real separable pre-Hilbert vector space and let C : V → V be

an antisymmetric bounded operator. Given a non-commutative probability space (A, É), as

per Definition 1.1.9, a Gaussian (centered) Grassmann variable with correlation C is a

Grassmann random variable X ∈ G(V ), as per Definition 1.1.14, such that

É(X(G)X(f)) = É (X(ï∂RG,Cfð)) , ∀G ∈ ΛV, f ∈ V, (1.2)

where ï·, ·ð is the bilinear form defined in 1.1.23. Moreover, we require that ∥X∥G <∞, i.e.

that the map X : V → A is continuous with respect to the topology induced on V by the

pre-Hilbert product structure and the norm topolgy of A.

For clarity and practical computations, we can rewrite Equation (1.2) in a more explicit
form. The resulting expression corresponds to the Wick product, making the combinatorial
structure of pairings and the associated signs in the expectation values of Grassmann Gaussian
random variables explicit.

1.1.26 Remark. Consider Definition 1.1.25 and let f1, . . . , f2n+1 ∈ V . Then:

É (X(f1) · · ·X(f2n)) =
∑

σ

(−1)σ
n∏

i=1

(fσ(2i−1), Cfσ(2i))V , (1.3)

É (X(f1) · · ·X(f2n+1)) = 0, (1.4)

where the sum runs over all the pairings

Ã{(i1, j1), . . . , (in, jn)}, i1 < i2 < · · · < in, jr ̸= jr′ ,

for all r, r′ = 1, . . . , n, with r ̸= r′, and where (−1)σ is a sign obtained in the following way:
we can identify the pairing Ã{(i1, j1), . . . , (in, jn)} with the ordered list (i1, j1, . . . , in, jn)
(where i1 < i2 < · · · < in). Then (−1)σ := (−1)Pσ denotes the sign of the permutation
Pσ ∈ S2n (of {1, . . . , 2n}) such that, for any r = 1, . . . , n, Pσ(2r − 1) = ir and Pσ(2r) =
jr.

9
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We next establish that Gaussian Grassmann variables, as per Definition 1.1.25, exist for a
wide class of correlation operators, which provides a rigorous basis for the constructions and
computations discussed above.

1.1.27 Proposition. For every antisymmetric and bounded C : V → V there exists a

Gaussian Grassmann variable X , as per Definition 1.1.25, with correlation C on a suitable

non-commutative probability space (A, É), as per Definition 1.1.9.

Proof. We give a sketch of the proof. For more details, refer to [25, Section 2].
Let us consider ΛV itself as a pre-Hilbert space with respect to the inner product (·, ·)ΛV

given by
(v1 ' · · · ' vn, w1 ' · · · ' wm)ΛV = ¶nm det

1fj,kfn
(vj , wk)V ,

for vj , wk ∈ V , j = 1, . . . , n, k = 1, . . . ,m, where (·, ·)V denotes the inner product on V .
Denote with ∥ · ∥ΛV the norm on ΛV induced by (·, ·)ΛV . LetH be the completion of ΛV
with respect to ∥ · ∥ΛV and denote by Ω the element of H which corresponds to 1 ∈ ΛV ,
often referred to as the vacuum vector, see Example 1.1.10. Denote by ¼ : ΛV → End(ΛV )
the left action of ΛV on itself given by ¼(H)G = H 'G, where H,G ∈ ΛV . Then, ¼(v),
v ∈ V , corresponds to a creation operator. Let us denote by ¼∗(v) the adjoint of the operator
¼ with respect to (·, ·)ΛV . A standard computation shows that ¼(v)x = ïv, ∂Lxð, where
ï·, ·ð is the bilinear form defined in Definition 1.1.23 while ∂L is the left derivative as per
Definition 1.1.21. In particular, we have

{¼(v), ¼(w)} = {¼∗(v), ¼∗(w)} = 0, {¼∗(v), ¼(w)} = (v, w)V , v, w ∈ V,
where {·, ·} denotes the anticommutator, that is {A,B} := AB + BA, for any A,B ∈
End(ΛV ) and the product AB denotes the composition of operators. As a consequence, for
any v ∈ V and x ∈ ΛV

∥¼(v)x∥ΛV + ∥¼∗(v)x∥ΛV = (x, {¼∗(v), ¼(v)}x)ΛV = (v, v)V ∥x∥ΛV .
In particular, ¼(v), ¼∗(v), v ∈ V , extend to bounded operators on H, still denoted by the
same symbols. We define X ∈ Hom(ΛV,B(H)) given on V by

X(v) := ¼(Cv) + ¼∗(v), v ∈ V. (1.5)

Then X is extended in a natural way to ΛV . Note that X(v), v ∈ ΛV , is a bounded operator
since it is the sum of products of bounded operators. Finally, we define É : B(H)→ C to be
the state on A = B(H), as per Definition 1.1.7, defined by Ω, that is

É(T ) = (Ω, TΩ)ΛV , T ∈ B(H).

We claim that X is a Gaussian random variable on (B(H, É), as per Definition 1.1.25. First
of all, we show that it is Grassmann: ∀v, w ∈ V

{X(v), X(w)} = {¼(Cv) + ¼∗(v), ¼(Cw) + ¼∗(w)} =

= {¼(Cv), ¼∗(w)}+ {¼∗(v), ¼(Cw)} =

= (Cv,w)V + (v, Cw)V = (v, C∗w)V + (v, Cw)V = 0,

10
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where the last equality descends since, by assumption, C∗ = −C, that is C is antisymmetric.
We also have that

É(X(v)X(w)) = (Ω, ¼∗(v)¼(Cw)Ω)ΛV =

= (¼(v)Ω, ¼(Cw)Ω)ΛV = (v, Cw)V ,

for v, w ∈ V , where the first equality follows from ¼∗(w)Ω = 0. The previous relation can
be generalized for G ∈ ΛV , f ∈ V , and we obtain

É(X(G)X(f)) = É (X(ï∂RG,Cfð)) .

■

Since in many applications we are dealing with complex vector spaces, we discuss how these
definitions modify in the case of V complex pre-Hilbert space. Recall that we require the
inner product (·, ·)V to be anti-linear in the first entry.

To handle complex pre-Hilbert spaces in a manner analogous to the real case, we introduce a
real structure, which allows us to relate the complex space to its underlying real form while
preserving the inner product.

1.1.28 Definition. A real structure Ç : V → V compatible with (·, ·)V is an anti-unitary

involution, i.e., a map such that, for all ³, ´ ∈ C, v, w ∈ V ,

Ç(³v + ´w) = ³̄Ç(v) + ¯́Ç(w), (Çv, Çw)V = (v, w)V , Ç ◦ Ç = id.

The form ïï·, ·ððχ, defined by

ïïv, wððχ := (Çv,w)V , ∀v, w ∈ V,

is bilinear, symmetric and non-degenerate.

1.1.29 Definition. For any linear operator A : V → V we define its Ç-transpose by

Aχ := ÇA∗Ç,

which satisfies ïïv,Awððχ = ïïAχv, wððχ, with A∗ the usual adjoint with respect to (·, ·)V .

Given a real structure Ç, as per Definition 1.1.28, it is natural to adapt the notion of adjoint
to the bilinear form ïï·, ·ððχ. This leads to the definition of the Ç-transpose of an operator.

1.1.30 Definition. A Ç-antisymmetric operator is a linear map B : V → V such that

Bχ = −B, where Bχ is the Ç-transpose, as per Definition 1.1.29.

We give an example of a real structure, as per Definition 1.1.28.

11
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1.1.31 Example. Let V = L(C,C), the linear functions from C to C. A real structure Ç is
defined by taking the complex conjugate of f ∈ V , that is Ç(f) = f̄ .

The generalization of the definition of Gaussian Grassmann variable in the case of V complex
pre-Hilbert space is straightforward.

1.1.32 Definition. Let V be a complex pre-Hilbert space, Ç a real structure over it and

C : V → V a Ç-antisymmetric, as per Definition 1.1.30, bounded linear operator. A Ç-

Grassmann centred Gaussian random variable with correlation C is a random variable

X ∈ G(V ), as per Definition 1.1.14, such that

É(X(G)X(h)) = É(X(ïï∂RG,Chððχ)), ∀G ∈ ΛV, h ∈ V,

where ∂RG is the right derivative of G, as per Definition 1.1.19. Moreover, we require that

∥X∥G <∞, i.e. that the mapX : V → A is continuous with respect to the topology induced

on V by the pre-Hilbert product structure and the norm topology of A.

1.1.33 Proposition. For every Ç-antisymmetric and bounded C : V → V there exists a

Ç-Grassmann Gaussian variableX , as per Definition 1.1.32, with correlation C, on a suitable

non-commutative probability space (A, É), as per Definition 1.1.9.

Proof. The proof is analogous to that of Proposition 1.1.27. For more details, refer to [25,
Section 2]. ■

We are now in a position to introduce one of the fundamental objects in stochastic analysis,
namely the notion of Gaussian white noise, formulated here in the setting of Grassmann-
valued random variables.

1.1.34 Definition. Let V be a real (complex) pre-Hilbert space. A V -valued d-dimensional

Gaussian white noise with correlation C : V → V is the centred (Ç-)Grassmann Gaussian

random variable Ξ ∈ G(L2(Rd)¹ V ) with correlation C̃ given by

(C̃f)(x) = Cf(x),

for all x ∈ Rd and f ∈ L2(Rd)¹ V ∼= L2(Rd, V ).

The previous definition recovers the standard notion of white noise in the one-dimensional
case. The following remark makes this connection explicit.

1.1.35 Remark. Let Ξ ∈ G(L2(R)¹V ) be a one-dimensional white noise, as per Definition
1.1.34, and let (A, É) its associated non-commutative probability space, as per Definition
1.1.9. LetBt(v) := Ξ(I[0,t]¹v), for v ∈ V . For fixed t g 0,Bt extends as an homomorphism
to all ΛV and therefore Bt ∈ G(V ). Note also that

∥Bt(v)−Bs(v)∥A f ∥Ξ∥G(L2(R)¹V )|t− s|
1
2 ∥v∥V , t, s g 0, v ∈ V,
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soB(v) ∈ C(R+,A), i.e., it is continuous from R+ to A. Note thatB ∈ Hom(ΛV,C(R+,A)).
This implies that (Bti)

n
i=1 is a family of compatible random variables, as per Definition

1.1.16, and that B = (Bt)tg0 is a Brownian motion with continuous trajectories. Indeed,
B0(v) = 0, for all v ∈ V and

É(Bt(v)) = 0, ∀v ∈ V, t ∈ R+,

É(Bt(v)Bs(w)) = (v, Cw)V (t ' s), ∀v, w ∈ V, s, t ∈ R+,

whereC is the correlation of the white noise Ξ. Note that the increments ofB are independent
and we have

sup
0ftfT

∥Bt∥G(v) <∞,

for all T g 0.

1.2 Conditional expectation

In classical probability theory, conditional expectation plays a fundamental role in both
theoretical developments and practical applications. It provides a way to incorporate partial
information into the evaluation of expected outcomes, and serves as the backbone of martin-
gale theory, stochastic processes, and Bayesian inference.

In the non-commutative setting, where probability spaces are replaced by unital C∗-algebras,
as per Definition 1.1.3, and random variables are modeled by anticommutant operators, as
per Definition 1.1.14, the notion of conditional expectation requires a careful reformulation.

In this section, we introduce the definition and main properties of the conditional expectation
in the context of non-commutative probability spaces, as per Definition 1.1.9. First of all, we
define a Grassmann random process.

1.2.1 Definition. Let (A, É) be a non-commutative probability space, as per Definition 1.1.9

and let I ¢ R. A filtration over I is a family (Mt)t∈I of sub-C*-algebras of A, as per

Definition 1.1.6, such thatMt ¢ Mt′ ¢ A for any t f t′. The triple (A, É, (Mt)t∈I) is

called a filtered non-commutative space.

This concept provides the temporal structure on which processes will be defined, playing the
same role as filtrations in classical probability theory.

1.2.2 Definition. Let (A, É, (Mt)t∈I) be a filtered non-commutative space, as per Definition

1.2.1, and let V be a real or complex vector space. A process is a family (Xt)t∈I ¢ G(V ) of

random variables indexed by V on (A, É, (Mt)t∈I). A process (Xt)t∈I is called adapted to

the filtration (Mt)t∈I if Xt ∈Mt for any t ∈ I .

In other words, the evolution of the process is compatible with the increasing information
encoded by the filtration.

13
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Within a filtered non-commutative space, we can now formalize the notion of stochastic
processes taking values in Grassmann algebras, leading to the definition of Grassmann

processes.

1.2.3 Definition. Let (A, É, (Mt)t∈I) be a filtered non-commutative space, as per Definition

1.2.1, and let V be a real or complex vector space. Let (Xt)t∈I be a process indexed by V , as

per Definition 1.2.2. We say that (Xt)t∈I is a Grassmann process indexed by V if for any

s, t ∈ I , Xs and Xt are compatible Grassmann fields, as per Definition 1.1.16. Moreover, a

Grassmann process is called adapted if Xt ∈Mt for any t ∈ I .

This compatibility ensures that the process evolves consistently within the algebraic structure
dictated by the filtration.

Once the concept of a Grassmann process has been established, we can introduce the key
definition of this section: the conditional expectation in the non-commutative framework.

1.2.4 Definition. Let (A, É, (Mt)t∈I) be a filtered non-commutative space, as per Definition

1.2.1, and let N ¢ A be a sub-C*-algebra of A, as per Definition 1.1.6. A linear mapping

φ : A→ N is a conditional expectation of A onto N with respect to É if it is positive and

it satisfies:

(i) φ(1A) = 1N , where 1A denotes the identity element of A and 1N denotes the identity

element of N .

(ii) φ(N1MN2) = N1φ(M)N2 for any N1, N2 ∈ N and for any M ∈ A.

(iii) É(M) = É(φ(M)) for any M ∈ A.

We say that (Ét)t∈I is a conditional expectation for (A, É, (Mt)t∈I) if for any t ∈ I , Ét is a

conditional expectation of A ontoMt with respect to É and if the tower property is satisfied,

that is, for any A ∈ A and for any s f t we have

És(Ét(A)) = És(A).

It is instructive to compare this construction with the classical setting, where the definition
of conditional expectation is more straightforward thanks to the Radon–Nikodým theorem.

1.2.5 Remark. The previous definition is an extension of the conditional expectation of stan-
dard commutative probability to the non commutative case. Indeed, in the non-commutative
setting the C∗-algebra A plays the role of L∞(Ω,F ,P) in the commutative case, where
we denote by (Ω,F ,P) a generic probability space given by a set Ω, a Ã-algebra F and a
probability P, and the state É(·) corresponds to the usual expectation E[·] on (Ω,F ,P).

Let us consider G ¢ F a sub-Ã-algebra ofF . A generic sub-C∗-algebra of A := L∞(Ω,F ,P),
as per Definition 1.1.6, is given by N := L∞(Ω,G,P) and the conditional expectation φ
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of A ≡ L∞(Ω,F ,P) onto N ≡ L∞(Ω,G,P), as per Definition 1.2.4, is is given by the
classical conditional expectation E[X|G], i.e.,

φ(X) = E[X|G] ∈ N ≡ L∞(Ω,G,P),

which satisfies ∫

G
E[X|G]dP =

∫

G
XdP,

for all G ∈ G and for any X ∈ L∞(Ω,F ,P).

The existence of such random variable is a consequence of the Radon-Nikodým theorem, see
[32, Chapter 34]. Observe that one can prove that the classical conditional expectation is
the unique conditional expectation in the commutative setting satisfying the requirements of
Definition 1.2.4.

In the generic non-commutative case, both the existence and the uniqueness of conditional
expectation, as per Definition 1.2.4, are not granted and strongly depend on the state É and
on the structure of the algebra A and of the sub-algebra N . Let us prove existence in a
specific non-commutative setting, which will be the one of interest for us. In the following,
we will adapt our conventions to [26, Appendix A]. In order to introduce such setting, we
give a few preliminary notions.

As a first step, we recall the definition of the number operator on Fock space, which will
serve as a fundamental building block in the forthcoming construction.

1.2.6 Definition. Let H a separable Hilbert space and let F(H) be its Fock space, as per

Example 1.1.10. For every n ∈ N, we define the number operator N by

N : D(N) ¢F(H)→ F(H),

N(f1 ¹ · · · ¹ fn) = n(f1 ¹ · · · ¹ fn),

NΩ = 0,

where f1, . . . , fn ∈ H , while Ω is the Fock vacuum, as per Example 1.1.10. Here, D(N)
denotes the set on which N is defined in the previous way, which is

D(N) = {f1 ¹ · · · ¹ fn |fi ∈ H , ∀i = 1, . . . , n , n <∞} ¢ F(H).

Extension by linearity yields a densely defined operator on F(H).

This operator essentially counts the number of particles in each state, making it a key observ-
able in the Fock space formalism.

Next, we introduce the annihilation and creation operators, which play a central role in the
algebraic structure of Fock space and will be essential for the probabilistic framework under
consideration.
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1.2.7 Definition. Let H be a separable Hilbert space and let F(H) its associated Fock space,

as per Example 1.1.10. For fixed f ∈ H , we define the annihilation operator a in the

following way

a(f) : D(a(f)) ¢F(H)→ F(H)

a(f)(f1 ¹ · · · ¹ fn) := n
1
2 (f, f1)H(f2 ¹ · · · ¹ fn),

a(f)Ω = 0,

where f1, . . . , fn ∈ H , (·, ·)H is the inner product in H and Ω is the Fock vacuum, as per

Example 1.1.10. Here, D(a(f)) denotes the domain on which a(f) is defined in the previous

way, which is

D(a(f)) = {f1 ¹ · · · ¹ fn |fi ∈ H , ∀i = 1, . . . , n , n <∞} ¢ F(H).

Analogously, for fixed f ∈ H , we define the creation operator a∗ in the following way

a∗(f) : D(a∗(f)) ¢F(H)→ F(H)

a∗(f)(f1 ¹ · · · ¹ fn) := (n+ 1)
1
2 (f ¹ f1 ¹ · · · ¹ fn),

a∗(f)Ω = f,

where f1, . . . , fn ∈ H . We denote with D(a∗(f)) the domain in which a∗(f) is defined in

the previous way, which is

D(a(f)) = {f1 ¹ · · · ¹ fn |fi ∈ H , ∀i = 1, . . . , n , n <∞} ¢ F(H).

For fixed f ∈ H , a(f) and a∗(f) can be extended by linearity to two densely defined

operators on F(H).

1.2.8 Remark. In the setting of Definition 1.2.7, we define a−(f) := P−a(f)P− and
a∗−(f) := P−a∗(f)P−, for all f ∈ H . Then, for all f, g ∈ H ,

{a−(f), a−(g)} =0 = {a∗−(f), a∗−(g)},
{a−(f),a∗−(g)} = I(f, g)H ,

where {·, ·} is the usual anticommutator between operators, that is {A,B} := AB + BA,
for any A,B ∈ L(F(H),F(H)), the space of linear operators from F(H) to F(H).

1.2.9 Remark. Observe that, for any but fixed f ∈ H , the operator a−(f), defined in
the Remark 1.2.8, is bounded. This follows from the anti-commutation relations for such
operator, which entail that a−(f)2 ≡ 0.

Such anti-commutation relations are characteristic of Fermionic systems and will be crucial
in the construction that follows.
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1.2.10 Definition. LetH be a separable Hilbert space. The unital *-algebra, as per Definition

1.1.2, generated by the identity operator I and by the operators {a−(f), a∗−(f) : f ∈ H},
as per Remark 1.2.8, is called CAR algebra over H , and denoted by CAR(H). For more

details, refer to [29, Chapter 5.2].

We emphasize that the procedure for constructing the conditional expectation is motivated
by the concrete example that follows.

1.2.11 Example. Let V a separable Hilbert space and let C : V → V be a bounded
antisymmetric operator on V . Consider a white noise Ξ ∈ G(L2(R+)¹ V ) with correlation
C, as per Definition 1.1.34, taking values in a non-commutative probability space (A, É),
as per Definition 1.1.9. The idea underlying the following construction is to capture the
information of the system at different points in time. For instance, one would like to be able
to perform the following decomposition

Pτ Ξ(f(t)¹ v) = Ξ(f(t)I[0,τ ](t)¹ v), ∀Ä ∈ R+, f ∈ L2(R+), v ∈ V,
where f(t) does not represent the function f evaluated at time t, but rather serves as a
notation to indicate the time dependence of f . Hence, the projection Pτ serves heuristically
as a way to construct a filtrationMt of the algebra A. This idea will be formalized by the
notion of net of orthogonal projections.

The purpose of constructing a conditional expectation Éτ with respect to the filtration
previously introduced is to show that the white noise Ξ possesses independent increments
over time. Heuristically speaking, we want a conditional expectation that behaves in this
way:

Éτ
(
Ξ(f ¹ v)

)
= Éτ

(
Ξ
(
(fI(−∞,τ ])¹ v

)
+ Ξ

(
(fI(τ,+∞))¹ v

))
=

= Ξ
(
(fI(−∞,τ ])¹ v

)
+ Éτ

(
Ξ
(
(fI(τ,+∞])¹ v

))
= Ξ

(
(f1(−∞,t])¹ v

)
,

for all Ä ∈ R+, f ∈ L2(R+) and v ∈ V . Moreover, for products of random variables we
have

Ét
(
Ξ(f1 ¹ v1) Ξ(f2 ¹ v2)

)
=

= Éτ [
(
Ξ
(
(f1I(−∞,τ ])¹ v1

)
+ Ξ

(
(f1I(τ,+∞))¹ v1

)) ·
(
Ξ
(
(f2I(−∞,τ ])¹ v2

)
+

+ Ξ
(
(f2I(τ,+∞))¹ v2

))
] = Éτ

(
Ξ
(
(f1I(−∞,τ ])¹ v1

)
Ξ
(
(f2I(−∞,τ ])¹ v2

)
+

+ Ξ
(
(f1I(−∞,τ ])¹ v1

)
Ξ
(
(f2I(τ,+∞))¹ v2

)
+ Ξ

(
(f1I(τ,+∞))¹ v1

)·
· Ξ((f2I(−∞,τ ])¹ v2

)
+ Ξ

(
(f1I(τ,+∞))¹ v1

)
Ξ
(
(f2I(τ,+∞))¹ v2

))
=

= Ξ
(
(f1I(−∞,τ ])¹ v1

)
Ξ
(
(f2I(−∞,τ ])¹ v2

)
+ Ξ

(
(f1I(−∞,τ ])¹ v1

)·
· É
(
Ξ
(
(f2I(τ,+∞))¹ v2

))− Ξ
(
(f2I(−∞,τ ])¹ v2

)
É
(
Ξ
(
(f1I(τ,+∞))¹ v1

))
+

+ É
(
Ξ
(
(f1I(τ,+∞))¹ v1

))
É
(
Ξ
(
(f2I(τ,+∞))¹ v2

))
,
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for all f1, f2 ∈ L2(R+), for all v1, v2 ∈ V , where in the last equality we made use of the
properties of the conditional expectation, as per Definition 1.2.4.

This example should be regarded as a guiding case, from which the general formalism will
later be derived.

We proceed now with the construction of the conditional expectation in this setting. In order
to encode the temporal structure of the system, we introduce the notion of an increasing

orthogonal net of projections, which provides a mathematical way to represent the restriction
of information to different time instants.

1.2.12 Definition. Let H be a separable Hilbert space. We call (Pt)tg0 an increasing

orthogonal net of projections on H if Pt is a projector on H for all s, t g 0 we have

PtPs = Pt's = PsPt.

Such projections can be interpreted as restricting the system to the information available up
to a given time.

Building on the notion of an increasing orthogonal net of projections, we can associate to it a
natural non-commutative probability space, which provides the canonical filtered framework
for our analysis.

1.2.13 Definition. Let H be a separable Hilbert space and let (Pt)tg0 be an increasing

orthogonal net of projections on H , as per Definition 1.2.12. The Fock construction

associated with the pair (H, (Pt)tg0) is the filtered non-commutative probability space

(A, É, (Mt)t∈I), as per Definition 1.2.1, where

(i) É(·) := (Ω, ·Ω)F(H), where Ω ∈ F(H) is the Fock vacuum, as per Example 1.1.10.

(ii) A := CAR(H), the CAR algebra over H , as per Definition 1.2.10.

(iii) Mt := CAR(PtH), for all t g 0.

Let us introduce a useful notation. For any s f t, we define:

• Ht := PtH .

• Hs,t := (I− Ps)PtH = (I− Ps)Ht.

• H>t := (I− Pt)H .

By Definition 1.2.12, we have that, for s f t, the subspaces Hs, Hs,t and H>t are orthogonal
and H = Hs ·Hs,t ·H>t = Ht ·H>t.

The exponential law for Fermions provides a canonical way to decompose the Fock space ac-
cording to the increasing orthogonal projections introduced above, allowing the creation and
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annihilation operators to be expressed in a tensor-product form that respects the underlying
filtration.

1.2.14 Definition. Let H be a separable Hilbert space and let (Pt)tg0 be a net of orthogonal

projections on H , as per Definition 1.2.12. The exponential law for Fermions is the unitary

operator Ut : F−(Ht ·H>t)→ F−(Ht)¹ F−(H>t), as per Definition 1.1.12, such that

Uta(f)U∗
t = a(Ptf)¹ I + (−1)Nt ¹ a((I− Pt)f), UtΩ = Ωt ¹ Ω>t.

Here Nt is the number operator over F(Ht) while Ω,Ωt,Ω>t are the Fock vacuum respec-

tively of F−(H),F−(Ht),F−(H>t), as per Example 1.1.10. Furthermore, for any s < t,
we can define the unitary operator Us,t : F−(Hs ·Hs,t ·H>t)→ F−(Hs)¹ F−(Hs,t)¹
F−(H>t) by

Us,ta(f)U∗
s,t = a(Psf)¹I¹I+(−1)Ns¹a(Ps,tf)¹I+(−1)Ns¹(−1)Ns,t¹a((I−Pt)f),

where Ps,t = Pt(I− Ps) = Pt − Ps, Ns and Ns,t are the numbers operator respectively on

F−(Hs), F(Hs,t), as per Definition 1.2.6, and

Us,tΩ = Ωs ¹ Ωs,t ¹ Ω>t.

Here Ω,Ωs,Ωs,t,Ω>t are the Fock vacuum respectively of F−(H),F−(Hs),F−(Hs,t),F−(H>t),

as per Example 1.1.10.

The exponential law provides a powerful decomposition of the Fock space into independent
temporal components, which will play a key role in defining conditional expectations.

1.2.15 Remark. For any s < t, there is an important relation between Us,t, Us and Ut, as
per Definition 1.2.14, namely, for any D ∈ CAR(H) we have

Us,tDU
∗
s,t = (Us ¹ I)(UtDU

∗
t )(U∗

s ¹ I) = (I¹ Ut)(UsDU∗
s )(U∗

t ¹ I). (1.6)

This relation captures the consistency between the two decompositions and will later be used
to prove key properties of conditional expectations.

1.2.16 Remark. Using the fact that Ut, as per Definition 1.2.14, is an isometry which sends
the Fock vacuum of F(H) into that of F(H)t, as per Example 1.1.10, we get the equality

É

(
U∗
t

(
n∑

i=1

Ai ¹Bi
)
Ut

)
=

n∑

i=1

É(Ai)É(Bi), (1.7)

for any t ∈ R+, Ai ∈ CAR(Ht), Bi ∈ CAR(H>t).

This factorization of the expectation reflects the statistical independence between the sub-
spaces associated with Ht and H>t.

In order to isolate the contribution of the future component H>t in the Fock space decompo-
sition, we introduce a projection map that traces out the degrees of freedom associated with
H>t, leaving operators acting solely on F−(H).
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1.2.17 Definition. Let H be a separable Hilbert space and let F−(H) be its associated Fermi-

Fock space, as per Definition 1.1.12. On the tensor product B(F−(Ht)) ¹ B(F−(H>t)),

we introduce the projection map Ω̃>t : B(F−(Ht)) ¹ B(F−(H>t)) → B(F−(Ht)) ¹
B(F−(H>t)) defined by

Ω̃>t(A¹B) := A¹ I(Ω>t, BΩ>t)F(H>t),

for any A ∈ B(F−(Ht)), B ∈ B(F−(H>t)), t g 0.

Intuitively, this projection acts by “freezing” the component associated with H>t into its
vacuum state, effectively removing any dependence on the future part of the system.

1.2.18 Proposition. The map Ω̃>t, as per Definition 1.2.17, is positive and continuous in the

operator norm.

Proof. Consider a generic element M =
∑
j Aj ¹ Bj ∈ B(F−(Ht))¹ B(F−(H>t)), the

sum being over a finite index set. Fix Ãj := Aj(Ω>t, BjΩ>t)F(H>t) and A :=
∑
j Ãj . To

prove positivity, we note that an operator of the form C ¹ I is positive provided that C is
positive. We have

(Ψ, AΨ)F(Ht) =
∑

j

(Ψ, AjΨ)F(Ht)(Ω>t, BjΩ>t)F(H>t) =

= (Ψ¹ Ω>t,MΨ¹ Ω>t)F(Ht)¹F(H>t) g 0,

for any Ψ ∈ F−(Ht). To prove continuity, we note that ∥A ¹ I∥B(F−(Ht)¹F−(H>t)) f
∥A∥B(F(Ht)), hence we have the bound

∥Ω̃t∥B(F−(Ht)¹F−(H>t)) = ∥A¹ I∥B(F−(Ht)¹F−(H>t)) f

f ∥A∥B(F(Ht)) = sup
Ψ:∥Ψ∥F(Ht)=1

∣∣∣∣∣∣
∑

j

(Ψ, AjΨ)F(Ht)(Ω>t, BjΩ>t)F(H>t)

∣∣∣∣∣∣
f

f ∥M∥B(F(Ht)¹F(H>t)).

■

These two properties guarantee that the projection behaves well both algebraically and
analytically, ensuring its compatibility with the structure of the CAR algebra. Indeed,
as a consequence of Proposition 1.2.18, we can extend Ω̃t to the whole CAR algebra of
F−(Ht)¹ F−(H>t), as per Definition 1.2.10.

Using the Fermionic exponential law and the projection onto the future component, we can
define a conditional expectation-like map Ét from the full algebra A onto the subalgebra Mt,
which will play a central role in the construction of non-commutative stochastic processes.
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1.2.19 Definition. Let (A, É, (Mt)tg0) be the Fock construction associated to the pair

(H, (Pt)tg0), as per Definition 1.2.13, where H is a separable Hilbert space while (Pt)tg0

is an increasing orthogonal net of projections on H , as per Definition 1.2.12. Let Ut be the

Fermionic exponential law, as per Definition 1.2.14, and let Ω̃>t be the extension of the

projection introduced in Definition 1.2.17. We define the map Ét : A→Mt by

Ét(·) := U∗
t Ω̃>t(Ut · U∗

t )Ut.

1.2.20 Remark. As a consequence of Equation (1.7), for any Ai ∈ CAR(Ht) and Bi ∈
CAR(H>t), as per Definition 1.2.10, it holds

Ét

(
U∗
t

(
n∑

i=1

Ai ¹Bi
)
Ut

)
= U∗

t Ω̃>t

(
n∑

i=1

Ai ¹Bi
)
Ut =

n∑

i=1

É(Bi)Ai. (1.8)

Now we prove the main result of this section, i.e., Ét satisfies all the properties of the
conditional expectation, as per Definition 1.2.4.

1.2.21 Proposition. The map Ét : A → Mt, as per Definition 1.2.19, is a conditional

expectation, as per Definition 1.2.4.

Proof. The property Ét(IA) = IMt is a straightforward consequence of the definition. The
positivity of Ét(·) follows since unitary conjugation preserves positivity and because the map
Ω̃>t is positive, as per Proposition 1.2.18. We are left with checking the property

Ét(N1MN2) = N1Ét(M)N2,

for any M ∈ A, N1, N2 ∈ Mt. To this end, it suffices to note that operators such as N1

and N2 are mapped to operators of the form UtNiU
∗
t = Ñi ¹ I, for some Ñi ∈ B(F−(Ht)).

Therefore, if UtMU∗
t =

∑
j Aj ¹Bj , the sum being over a finite index set, we have

Ét(N1MN2) = U∗
t Ω̃>t(UtN1MN2U

∗
t )Ut

= U∗
t (Ñ1 ¹ I)

∑

j

(Aj(Ω>t, BjΩ>t)F(H>t) ¹ I)(Ñ2 ¹ I)Ut

= N1Ét(M)N2.

By continuity of Ét(·) this extends to any M ∈ A.
The fact that É(Ét(D)) = É(D) for any D ∈ CAR(H), follows from the continuity of Ét
and from Equation (1.7). We have to prove the tower property, i.e., for any D ∈ CAR(H)
and s f t, we have És(Ét(D)) = És(D). By the continuity of És, Ét it is enough to prove
the tower property for D of the form

D = U∗
s,t

(
n∑

i=1

Ai ¹Bi ¹ Ci
)
Us,t,
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for n ∈ N and Ai ∈ CAR(Hs), Bi ∈ CAR(Hs,t) and Ci ∈ CAR(H>t). By Equations (1.6)
and (1.8) we have

Ét

(
U∗
s,t

(
n∑

i=1

Ai ¹Bi ¹ Ci
)
Us,t

)
= Ét

(
U∗
t

(
n∑

i=1

(U∗
s (Ai ¹Bi)Us ¹ Ci

)
Ut

)
=

(1.9)

=
n∑

i=1

É(Ci)U
∗
s (Ai ¹Bi)Us. (1.10)

Thus, again due to Equations (1.6), (1.8) and (1.9), we get

És

(
Ét

(
U∗
s,t

(
n∑

i=1

Ai ¹Bi ¹ Ci
)
Us,t

))
=És

(
n∑

i=1

É(Ci)U
∗
s (Ai ¹Bi)Us

)
=

=
n∑

i=1

É(Ci)És(U
∗
s (Ai ¹Bi)Us) =

=
n∑

i=1

AiÉ(Ci)É(Bi) =

=És

(
n∑

i=1

U∗
s [Ai ¹ {U∗

t (Bi ¹ Ci)Ut}]Us
)

=

=És

(
U∗
s,t

(
n∑

i=1

Ai ¹Bi ¹ Ci
)
Us,t

)
.

■

1.3 Non-commutative stochastic calculus

In this section we study Grassmann stochastic differential equations driven by an additive
Brownian motion, as per Remark 1.1.35. In particular, we are interested in equations of the
form:

dXt = AXtdt+ dBt, (1.11)

where Xt ∈ G(V ), with V = S(R)¹ Cd, with S(R) being the Schwartz space, and where
A is a possibly unbounded linear operator on V .

In the commutative case, namely when Xt is a standard stochastic process taking values in
S′(R)¹Cd ≡ S′(R,Cd), d > 0, the appropriate notion of solution to Equation (1.11) is the
mild solution, namely, Xt is the solution to the following integral equation

Xt = eAtX0 +

∫ t

0
eA(t−s)dBs, (1.12)
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where X0 ∈ S′(R,Cd) is the initial condition and the integral in Equation (1.12) is the
infinite-dimensional Itô integral. For the notion of mild solution in the infinite-dimensional
case and for the concept of infinite-dimensional Itô integration refer to [39, Chapter 4, Chap-
ter 7 and Chapter 9].

Heuristically, Equation (1.12), can be justified by an application of the variation of constants

formula, see [39, Chapter 7].

In this section, we develop and present the generalization of the notion of mild solution to
Equation (1.11) in the Grasmannian setting. In order to achieve this result, we first need to
specify a suitable topology on the space V . Being V an infinite-dimensional space, there is
no natural choice of a topology on it. We choose the Fréchet topology, which we introduce
in the following.

1.3.1 Definition. Let V be a vector space over C. A real-valued function p : V → R is

called a seminorm if it satisfies the following two conditions:

(i) p(x+ y) f p(x) + p(y), for all x, y ∈ V ,

(ii) p(sx) = |s|p(x) for all s ∈ C, x ∈ V .

1.3.2 Definition. A topological vector space V is a Fréchet space if it satisfies the following

three properties:

(i) It is a Hausdorff space.

(ii) Its topology is induced by a countable family of seminorms (∥ · ∥k)k∈N0 , as per

Definition 1.3.1, which means that a subset U ¢ V is open if and only if for every

u ∈ V there exists K g 0 and r > 0 such that {v ∈ V : ∥v−u∥k < r for all k < K}
is a subset of U .

(iii) It is complete with respect to the family of seminorms.

1.3.3 Remark. The space V = S(R)¹Cd ∼= S(R,Cd) is a Fréchet space, as per Definition
1.3.2, with respect to the family of seminorms (∥ · ∥α,β)α,β∈N0 , as per Definition 1.3.1,
defined in the following way:

∥f∥α,β := sup
x∈R
|(1 + |x|)α(Dβf)(x)|C,

where | · |C denotes the absolute value in C.

Now it is possible to introduce a notion of continuity with respect to the Fréchet topology on
V , as per Remark 1.3.3.

1.3.4 Definition. Let V = S(R) ¹ Cd and let G(V ) be the space of Grassmann random

variables over V , as per Definition 1.1.14. We denote by G−∞(V ) ¢ G(V ) the subspace
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of continuous Grassmann random variables with respect to the Fréchet topology on V , as

per Definition 1.3.2, i.e., G−∞(V ) := {X ∈ G(V ) : ∥X∥G(V ) <∞}, where ∥ · ∥G(V ) is the

norm as per Definition 1.1.24.

Since stochastic processes driven by white noise typically exhibit very low regularity, it is
natural to introduce functional spaces capable of capturing such irregular behavior. Among
the most flexible tools for this purpose are Besov spaces, which provide a scale of spaces
interpolating between smooth and distributional functions, and thus allow to quantify the
fine regularity properties of random fields. We now recall their definition.

Let Ç, φ be smooth non-negative functions from Rn to R such that

• supp(Ç) ¢ B 4
3
(0) and supp(φ) ¢ B 8

3
(0) \B 3

4
(0), where Br(0) is the ball of radius

r and center 0.

• Ç, φ f 1 and Ç(y) +
∑
jg0 φ(2−jy) = 1 for any y ∈ Rn.

• supp(Ç) ∩ supp(φ(2−j ·)) = ∅ for j ∈ N.

• supp(φ(2−i·)) ∩ supp(φ(2−j ·)) = ∅ if |i− j| > 1.

We introduce the following notation:

φ−1 := Ç, φj(·) := φ(2−j ·), j ∈ N.

1.3.5 Definition. Let u ∈ S′(Rn), S′(Rn) being the space of tempered distributions on Rn,

n ∈ N. We define the Littlewood-Paley block ∆j , j g −1, by

∆ju = F−1(φjF(u)), (1.13)

where F denotes the Fourier transform and F−1 its inverse.

1.3.6 Remark. We recall that the Fourier transform is well-defined on tempered distributions,
see [33, Chapter 8].

1.3.7 Definition. Let s ∈ R and p, q ∈ [1,∞). Let u ∈ S′(Rn). We define the norm

∥ · ∥Bs
p,q(Rn) by

∥u∥Bs
p,q(Rn) :=


∑

jg−1

2qsj∥∆ju∥Lp(Rd)




1
q

,

where ∆j is the Littlewood-Paley block, as per Equation (1.13). It is straightforward to

prove that ∥ · ∥Bs
p,q(Rn) is a norm.

The Besov space Bs
p,q(R

d) is the completion of S′(R)d with respect to ∥ · ∥Bp
p,q(Rd).

For q =∞, we define the Besov space Bs
p,∞(Rn) as the completion of S′(Rn) with respect

to the following norm:

∥u∥Bs
p,∞(Rn) := sup

jg−1

(
2js∥∆ju∥Lp(Rn)

)
, u ∈ S′(Rn).
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1.3.8 Remark. Let f be a function from an open set Ω ¢ Rn to R. We say that f is uniformly
Hölder continuous with exponent ³ ∈ [0, 1] if

|f |C0,α(Ω) := sup
x,y∈Ω,x ̸=y

|f(x)− f(y)|
||x− y||α

Rn

<∞,

where ∥ · ∥Rn denotes the standard norm in Rn. Moreover, if f ∈ Ck(Ω), i.e., f has
continuous derivatives until order k ∈ N, we can define the norm ∥ ·∥Ck,α(Rd), for ³ ∈ (0, 1),
by

∥f∥Ck,α(Ω) := ∥f∥Ck(Ω) + max
|β|=k

|Dβf |C0,α(Ω),

where ∥f∥Ck(Ω) denotes the ordinary norm in Ck(Ω) while ´ = (´1, . . . , ´n) is a multi-
index with |´| = ´1 + · · ·+ ´n, ´1, . . . , ´n ∈ N.
The Hölder space Ck,α(Ω) of index k + ³, k ∈ N, ³ ∈ (0, 1) is defined by

Ck,α(Ω) := {f ∈ Ck(Ω) : ∥f∥Ck,α(Ω) <∞}.

In the following, given R+ ∋ s = k + ³, k ∈ N, ³ ∈ (0, 1), we will denote by Cs(Ω) the
Hölder space of index s = k + ³.
In particular, for k ∈ N, ³ ∈ (0, 1), the following identification holds:

Bk+α
∞,∞(Rn) = Ck,α(Rn).

1.3.9 Remark. Let Cs(Rn), for some s ∈ R+, be the Hölder space of index s on Rn, as per
Remark 1.3.8. We define the Hölder space of index −s, C−s(Rn), by

C−s(Rn) := B−s
∞,∞(Rn),

where B−s
∞,∞(Rn) is the Besov space of Definition 1.3.7.

In order to deal with Gaussian Grassmann random variables on infinite-dimensional spaces,
it is useful to work within a framework that ensures good topological and measure-theoretic
properties. This is precisely the role of nuclear spaces, which provide the natural setting for
white noise analysis and for the construction of Gaussian measures in distribution spaces.
We now recall their definition.

1.3.10 Definition. Let E,F be two Banach spaces and let T : E → F be a linear and

continuous map. We say that T is nuclear if there exist (x′n)ng1 ¢ E′, where E′ denotes

the topological dual of E, and (yn)ng1 ¢ F such that, ∀v ∈ E,

T (v) =
∞∑

n=1

x′n(v)yn and
∞∑

n=1

∥x′n∥E′∥yn∥F <∞.

1.3.11 Definition. Let E be a topological vector space satisfying properties (i) and (ii) of

Definition 1.3.2 and we denote by (∥·∥k)k∈N the family of seminorms onE, as per Definition

1.3.1. Let Ep be the completion of E with respect to the semi-norm ∥ · ∥p, p ∈ N. Then, E
is said to be a nuclear space if there exists q ∈ N, q g p, such that the map Ãp,q : Ep → Eq,
the natural inclusion map, is nuclear, as per Definition 1.3.10.
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1.3.12 Remark. V = S(R)¹ Cd is a nuclear space, as per Definition 1.3.11. The proof of
this statement follows from the properties of tensor products between Banach spaces, see
[34]. Moreover, also S′(R)¹ Cd, the topological dual of V , is nuclear.

Since V = S(R)¹ Cd is a nuclear space whose dual is nuclear, the set of continuous linear
maps from V to A, which is a unital C*-algebra, as per Definition 1.1.3, can be identified
with the tensor product V ′¹̂A = (S′(R) ¹ Cd)¹̂A, see [35, Proposition 50.5]. Here the
symbol ¹̂ in the product V ′¹̂A means that we take the closure of V ′ ¹ A with respect to
any natural topology on V ′ ¹ A being all of them equivalent since V ′ is nuclear, see [35,
Theorem 50.1]. In other words, we can look upon G−∞(V ), as per Definition 1.3.4, as the
subset of elements of (S′(R)¹Cd)¹A that can be extended to a homomorphism from ΛV
to A.

However, working on G−∞(V ) is not so easy since (S′¹Cd)¹A is not even a Fréchet space.
For this reason we introduce other subsets of G−∞(V ) which admit a stronger topology,
making use of the notion of Besov regularity, as per Definition 1.3.7. In order to introduce
them, we need to define the Bochner integration.

1.3.13 Definition. Let (X,Σ, µ) be a measure space, where X is a Banach space, Σ is a

Ã-algebra and µ is a measure on Σ, and let B be a Banach space. On B we choose the Borel

Ã-algebra. Let s : X → B be a simple measurable function, that is

s(x) =
n∑

i=1

ÇEi
(x)bi,

for any but fixed bi ∈ B, Ei ∈ Σ such that Ei ∩ Ej = ∅ for i ̸= j, i, j = 1, . . . , n < ∞.

Here ÇEi
is the characteristic function of the set Ei, defined by

ÇEi
(x) :=

{
1 if x ∈ Ei,
0 if x /∈ Ei.

If µ(Ei) is finite whenever bi ̸= 0, then the simple function s is integrable and the integral is

defined by ∫

X
sndµ :=

∫

X

[
n∑

i=1

ÇEi
(x)bi

]
dµ =

n∑

i=1

biµ(Ei).

A measurable function f : X → B is Bochner integrable if there exists a sequence of

integrable simple functions (sn)ng0 such that

lim
n→∞

∫

X
∥f − sn∥B dµ = 0,

where the integral on the left-hand side is an ordinary Lebesgue integral. In this case, the

Bochner integral is defined by
∫

X
fdµ := lim

n→∞

∫

X
sndµ. (1.14)
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It can be shown that the sequence {∫X sndµ}∞n=0 is a Cauchy sequence in B, hence the limit

on the right hand side of Equation 1.14 exists. Furthermore, the limit is independent of the

approximating sequence of simple functions (sn)ng0.

1.3.14 Definition. Let (X,Σ, µ) be a measure space and let B be a Banach space. On B we

choose the Borel Ã-algebra. Let f : X → B be a measurable function. We introduce an Lp

norm in the following way:

∥f∥Lp(X,B) :=

∫

X
∥f∥pBdµ.

We say that f ∈ Lp(X,B) if ∥f∥Lp(X,B) <∞.

For more details on the construction and on the properties of the Bochner integral, as per
Definition 1.3.13, refer to [54, Chapter 3].

Now we are ready to generalize the notion of Besov spaces to this setting.

1.3.15 Remark. Let A a unital C*-algebra, as per Definition 1.1.3. Then, there exists a
natural topological isomorphism

S′(R)¹̂Cd¹̂A ∼= S′(R,Cd ¹ A),

where the the symbol ¹̂ in the product S′¹̂Cd¹̂A means that we take the closure of S′ ¹
Cd ¹ A with respect to any natural topology on S′ ¹ Cd ¹ A being all of them equivalent
since S′ ¹Cd is nuclear, see [35, Theorem 50.1]. For more details, refer to [25, appendix B].

1.3.16 Definition. Let s ∈ R and let p, q ∈ [1,∞). Let u ∈ S′(R,Cd ¹ A), d ∈ N. We

define the norm ∥ · ∥Bs
p,q(R,A) by

∥u∥Bs
p,q(R,A) :=


∑

jg−1

2qsj∥∆ju∥Lp(R,Cd¹A)




1
q

,

where ∆j is the Littlewood-Paley block, as per Equation 1.13 while ∥ · ∥Lp(R,Cd¹A) is the

Lp norm introduced in Definition 1.3.14.

The Besov space Bs
p,q(R,C

d ¹ A) is the completion of S′(R,Cd ¹ A) with respect to

∥ · ∥Bp
p,q(R,Cd¹A).

For q =∞, we define the Besov space Bs
p,∞(R,Cd¹A) as the completion of S′(R,Cd¹A)

with respect to the following norm:

∥u∥Bs
∞,∞(R,Cd¹A) := sup

jg−1

(
2js∥∆ju∥Lp(R,A)

)
, u ∈ S′(R,Cd ¹ A).

We now introduce the appropriate subsets of G−∞(V ) which will be used in the analysis of
Equation (1.11).

27



PROBABILISTIC TOOLS

1.3.17 Definition. Let V = S(R) ¹ Cd, d ∈ N, and let (A, É) be a non-commutative

probability space, as per Definition 1.1.9. Let X ∈ G−∞(V ), as per Definition 1.3.4,

taking values in A. Given s ∈ R, we say that X ∈ Gs(V ) when X ∈ G−∞(V ) and

∥X∥Bs
∞,∞(R,Cd¹A) <∞.

We revert to the analysis of Equation (1.11). We made the assumption that A was a possibly
unbounded linear operator on V = S(R)¹ Cd. Now we make a step further: we require A
to be the generator of a strongly continuous and exponentially contractive semigroup. We
introduce this concept.

1.3.18 Definition. Let (T (t))tg0 ¢ B(L2(R)) be a family of bounded linear operators

on L2(R). We say that (T (t))tg0 is a strongly continuous semigroup if it satisfies the

following properties:

• T (0) = I and T (t + s) = T (t)T (s), ∀t, s g 0, where the multiplication in the last

equality is the composition between operators, as per Example 1.1.4.

• limt→0+ T (t)f = f , ∀f ∈ L2(R).

Moreover, we say that the semigroup (T (t))tg0 is exponentially contractive if there exists

M g 1 and c < 0 such that

∥T (t)∥B(L2(R)) fMect, ∀t g 0,

where ∥ · ∥B(L2(R)) denotes the operator norm, as per Example 1.1.4.

1.3.19 Example. Let us consider the heat equation on R:
{
∂tu(t, x) = ∆u(t, x), t ∈ R+, x ∈ R,

u(0, x) = u0(x),

where ∆ ≡ ∂2

∂x2 is the Laplacian on R while u0(x) ∈ L2(R) represents the initial data. This
equation models the diffusion of the heat on a line and u(t, x) represents the temperature at
time t ∈ R+ at the position x ∈ R. Formally, the solution of this equation is given by

u(t, x) = T (t)u0(x), ∀x ∈ R,

where T (t) := e∆t is a strongly continuous and exponentially contractive semigroup, as per
Definition 1.3.18.

1.3.20 Definition. Let (T (t))tg0 ¢ B(L2(R)) be a strongly continuous and exponentially

contractive semigroup, as per Definition 1.3.18. Let A be a possibly unbounded operator on

L2(R). We say that A is the generator of the semigroup (T (t))tg0 if

Af := lim
t→0+

T (t)f − f
t

,

for those f ∈ L2(R) for which the limit exists. These elements of L2(R) constitute the

domain of the operator.
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1.3.21 Example. Let A : L2(R)→ L2(R) be a linear operator defined by

Af(x) := −¼f(x), ¼ > 0.

The domain of A is the whole L2(R) and A is the generator of a strongly continuous
exponentially contractive semigroup, as per Definition 1.3.20. Indeed, the family of bounded
linear operators (T (t))tg0 defined by

T (t)f := eAtf = e−λtf, ∀t g 0,

is shown to be a strongly continuous and exponentially contractive semigroup, as per
Definition 1.3.18. For the proof refer to [37, Chapter 1].

1.3.22 Example. Consider the Laplacian operator ∆ : D(∆) ¢ L2(R) → L2(R), as per
Example 1.3.19, with domain D(∆) = H2(R), where H2(R) denotes the Sobolev space of
square-integrable functions whose first and second weak derivatives also belong to L2(R).
Then ∆ is the generator of a strongly continuous semigroup (T (t))tg0 on L2(R), as per
Definition 1.3.20, defined by

T (t) := et∆, t g 0.

This semigroup, already introduced in Example 1.3.19, is contractive and satisfies

∥T (t)∥B(L2) f 1, ∀t g 0.

We require that the operator A in Equation (1.11) is the generator of a strongly continuous
and exponentially contractive semigroup, as per Definition 1.3.20.

Besides Brownian-type evolutions, an important example of Gaussian Grassmann processes
is provided by Ornstein–Uhlenbeck dynamics. These arise naturally when the free motion
is modified by the action of a contractive semigroup, leading to a stationary process. We
formalize this in the following definition.

1.3.23 Definition. Let Ξ be a two-dimensional Gaussian white noise on G(C∞(R+) ¹
L2(R) ¹ Cd), d ∈ N, as per Definition 1.1.34. Let A be the generator of a strongly

continuous and exponentially contractive semigroup on L2(R). We define the stationary

Ornstein-Uhlenbeck motion by

BA
t (v) := Ξ(I(−∞,t] ¹ eA(t−·)v, t ∈ R+, v ∈ S(R)¹ C

4.

1.3.24 Remark. In the previous definition we have considered Ξ ∈ G(C∞(R+)¹ L2(R)¹
Cd), while in the first definition of white noise we required Ξ ∈ G(L2(R+¹R)¹Cd). This
is not an issue since we can generalize our definition of white noise to this case. Indeed, we
consider on C∞(R+) ¹ L2(R) ¹ Cd the pre-Hilbert space structure given by the natural
inclusion of C∞(R+)¹ L2(R)¹ Cd in L2(R+ ¹ R)¹ Cd.

Having introduced the Ornstein–Uhlenbeck dynamics, we now turn to the notion of solution
to the stochastic differential equation (1.11) in the Grassmann setting.
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1.3.25 Definition. Let V = S(R ¹ Cd), d ∈ N. Let Gs(V ) be as per Definition 1.3.17

and let let Ξ be a white noise on G(C∞(R+) ∩ L2(R+) ¹ L2(R) ¹ Cd). We say that the

process X ∈ C0([0, T ],Gs(V )), as per Definition 1.2.3, is the solution of Equation (1.11)
with initial condition X0 ∈ Gs(V ) if X0 is independent of Ξ, as per Definition 1.1.17, and,

for any t ∈ [0, T ] and any v ∈ V , we have

Xt(v) = X0(eAtv) +BA
t (v)−BA

0 (eAtv).

We introduce suitable sufficient conditions on A and Ξ in order to prove a result on existence
and uniqueness of solutions to Equation (1.11).

1.3.26 Definition. Let V = S(R) ¹ Cd, d ∈ N and let Gs(V ), for a given s ∈ R, be

as per Definition 1.3.17. Let us denote by (A, É) the non-commutative probability space,

as per Definition 1.1.9, in which the Grassmann variables of Gs(V ) take values. We say

that the unbounded operator A on L2(R) and the Grassmann Gaussian white noise Ξ ∈
G(C∞(R+) ∩ L2(R+) ¹ L2(R) ¹ Cd), as per Definition 1.1.34, are adapted to the space

Gs(V ), as per Definition 1.2.2, if

(i) The operator A generates an exponentially contractive semigroup, as per Definition

1.3.18, on Cs(Rd), as per Remark 1.3.8, such that ∥eAt∥B(Cs(R),Cs(R)) ≲ e−λt, t g 0,

for some strictly positive constant ¼ > 0. Here ∥ · ∥B(Cs(R),Cs(R)) denotes the operator

norm on the space of linear operators from Cs(R) to itself.

(ii) The Ornstein-Uhlenbeck processBA, as per Definition 1.3.23, belongs toC(R+,Gs(V )),

the space of continuous functions from R+ to Gs(V ) and furthermore we have

supt∈R+
∥BA

t ∥Cs((R),Cd¹A) <∞.

We can now state the main theorem of this section.

1.3.27 Theorem. Let V = S(R) ¹ Cd, d ∈ N and let Gs(V ), for a given s ∈ R, be as

per Definition 1.3.17. Let A be a possibly unbounded operator on L2(R) which is adapted

to Gs(V ), as per Definition 1.3.26. Let Ξ ∈ G(C∞(R+) ∩ L2(R+) ¹ L2(R) ¹ Cd) be a

Grassmann Gaussian white noise, as per Definition 1.1.34. Let X0 ∈ Gs(V ) be independent

of Ξ, as per Definition 1.1.17. Then there exists T ∈ R+ such that there is a unique solution

X ∈ C0([0, T ],Gs(V ) to Equation (1.11), as per Definition 1.3.25. Furthermore, Xt is

compatible with (X0,Ξ, Xs), as per Definition 1.1.16, for any s, t ∈ [0, T ].

Proof. For the proof of this theorem refer to [25, Theorem 55]. ■
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Chapter 2

GEOMETRIC TOOLS

The aim of this chapter is to introduce the geometric framework as well as to present some
algebraic tools which will be instrumental the ensuing analysis. In the first section we recall
some basic notions of differential geometry, with particular focus on the construction of the
principal bundles over a smooth manifold. These will be crucial for presenting the notion
of spin bundle, which is essential in order to mathematically describe subatomic particles
like Fermions. For this section, we will mainly refer to [40, Chapters 1, 10]. In the second
section we present a construction of the spin structure associated to a given manifold. In
order to obtain it, we introduce the notion of Clifford algebra and the formulation of the Pin
and the Spin group. For this section, we will refer to [43, Chapter 6] and [42, Chapter 1 and
chapter 2]. In the third section, we will finally address the construction of the Dirac bundle,
which allows us to give a definition of the spinor and the cospinor field, which are essential
for Fermionic theories. For this section, we will mainly draw inspiration from [44, Chapter
2].

2.1 Geometric introduction

The goal of this section is to sketch the basic tools of differential geometry in order to keep
the work self-contained. The first concept we need to introduce before delving into the
analysis of more complex geometric structures is the notion of smooth manifold. As a matter
of fact, this represents the natural arena for the build-out of a field theory. In particular,
smooth manifolds are locally modelled on the Euclidean space Rd, d ∈ N, that is for every
point p on the manifold there exists an open neighbourhood of p which is homeomorphic to
an open subset of Rd. Let’s see the formal definition.

2.1.1 Definition. LetM be a topological vector space that is Hausdorff and second countable,

which means that there exists a countable family of sets B = (Bn)n∈N such that for every

open set X ¢ M we have that X can be written as the union of elements lying in B.

We say that M is a smooth manifold of dimension d, d ∈ N, if there exists an atlas

A = (Uα, φα)α∈A, where A is an index set, that is a collection of charts where
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• each Uα ¢M is open,

• φα : Uα → Vα ¢ Rd is an homeomorphism onto an open set Vα,

•
⋃
α∈A Uα = M .

In addition, we require that, given two charts (Uα, φα) and (Uβ, φβ) such that Uα ∩ Uβ ̸= ∅,
the transition maps

φβ ◦ φ−1
α : φα(Uα ∩ Uβ)→ φβ(Uα ∩ Uβ)

belong to C∞(φα(Uα ∩ Uβ), φβ(Uα ∩ Uβ)).

Let us give a simple example of smooth manifold.

2.1.2 Example. We define the circle S1 by

S1 := {(x, y) ∈ R
2 : x2 + y2 = 1}.

Let us consider two open sets, U1 and U2, defined by

U1 := S1 \ {(0, 1)}, the circle without the north pole,

U2 := S1 \ {(0,−1)}, the circle without the south pole.

Obviously, U1 ∪ U2 ≡ S1.

We build the charts making use of the stereographic projection. In particular,

φ1 : U1 → R, φ1(x, y) :=
x

1− y ,

φ2 : U2 → R, φ2(x, y) :=
x

1 + y
.

In particular, φ1 and φ2 are continuous and φ1(U1) = R \ {0} and φ2(U2) = R \ {0}.
On the overlap between U1 and U2 we compute the transition map

φ2 ◦ φ−1
1 : R \ {0} → R \ {0}, t 7−→ 1

t
.

Observe that φ2 ◦ φ−1
1 ∈ C∞(R \ {0},R \ {0}). This proves that S1 is a smooth manifold.

For more details on this example, see [40, Chapter 1].

To define smoothness on a manifold, we rely on local charts: a function is considered smooth
if it appears smooth in all coordinate representations. This leads to the following standard
definition.

32



GEOMETRIC TOOLS

2.1.3 Definition. Let M be a smooth manifold, as per Definition 2.1.1. We say that a

function f : M → R is smooth if ∀p ∈ M there exists an open neighbourhood V ¢ M
containing p and a chart (U,φ), V ¢ U , such that

f ◦ φ−1 : φ(V )→ R,

is smooth in the usual sense of calculus on open subsets of Rn. The set of all smooth

functions from M to R is denoted by C∞(M).

We can generalize this definition to the case where the codomain of the function f is a
generic manifold.

2.1.4 Definition. Let M and N be two smooth manifolds, as per Definition 2.1.1. We say

that the function f : M → N is smooth if ∀p ∈ M there exist an open neighbourhood

V ¢ M containing p, an open neighbourhood W ¢ N containing f(p), a chart (U,φ) in

M , V ¢ U , and a chart (S, ϕ) in N , W ¢ S such that

ϕ ◦ f ◦ φ−1 : φ(U)→ ϕ(S)

is smooth in the usual sense of calculus on open subsets of Rn. The set of all smooth

functions from M to N is denoted by C∞(M,N).

Despite its many remarkable properties, see [40, Chapter 1], the concept of a smooth
manifold, as per Definition 2.1.1, is still not sufficiently rich. For example, if we wish
to extend the geometric framework to also encode information about internal degrees of
freedom, like the particle’s velocity or spin, we must work with considerably richer structures.
This consideration naturally leads to the following definition.

2.1.5 Definition. Let us consider a smooth manifold M , as per Definition 2.1.1. We say that

E ≡ E[M,Ã,Rd] is a vector bundle of finite rank 0 < d <∞ over M if E is a topological

space endowed with a smooth projection map Ã ∈ C∞(E,M) satisfying the following

requirements

• ∀p ∈M , the fiber Ep := Ã−1(p) is a real d-dimensional vector space.

• ∀p ∈M , ∃U ¢M open with p ∈ U as well as a diffeomorphism, also called a local

trivialization of E over U , Φ : Ã−1(U)→ U × Rd such that

(i) denoting by ÃU : U × Rd → U the projection on the first factor of the Cartesian

product, it holds that ÃU ◦ Φ = Ã.

(ii) For fixed q ∈ U , the restriction Φ|q : Eq → {q} × Rd is an isomorphism of

vector spaces.

2.1.6 Example. Let us see a trivial example of vector bundle, as per Definition 2.1.5. Let
E = S1 × R2, where S1 is the smooth manifold of Example 2.1.2. We claim that E is a
vector bundle of rank 2, as per Definition 2.1.5. Indeed,
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• the map Ã : S1 × R2 is just the projection on the first factor of the Cartesian product
and it is clearly smooth.

• ∀p ∈ S1, the fiber Ep := Ã−1(p) = R2 a real two-dimensional vector space.

• Denoting by Φ the local trivialization ofE, it holds that Φ = I, the identity on S1×R2.
Properties (i) and (ii) of Definition 2.1.5 follow directly.

Vector bundles of the form E = M × Rn, for some n ∈ N, as the one of Example 2.1.2, are
called trivial vector bundles.

We remark that, in general, vector bundles are only locally trivial: around each point of
the base manifold there exists a neighborhood U such that the bundle restricted to U is
isomorphic to U × Rn. The example above is globally trivial, which makes it a particularly
simple case.

2.1.7 Example. Associated to each smooth manifold M of dimension 0 < d <∞, as per
Definition 2.1.1, there exists TM ≡ TM [M,Ã,Rd], the tangent bundle, a canonical vector
bundle of rank d, as per Definition 2.1.5, defined in the following way:

TM :=
⊔

p∈M
TpM,

where TpM denotes the tangent space at the point p ∈M :

TpM := {v : C∞(M)→ R linear : v(fh) = v(f)h(p) + f(p)v(h), ∀f, h ∈ C∞(M)}.

For any p ∈ M , TpM represents the fiber of the vector bundle at the point p ∈ M , i.e.,
TpM = Ã−1(p). Indeed, TpM is a real d-dimensional vector space which is isomorphic
to Rd. Given a local chart (U,φ) around p ∈ M with coordinates (x1, . . . , xd), for each
i = 1, . . . , d we define the derivation

∂

∂xi

∣∣∣∣
p

: C∞(M)→ R,
∂

∂xi

∣∣∣∣
p

(f) =
∂(f ◦ φ−1)

∂xi

∣∣∣∣∣
ϕ(p)

,

where C∞(M) is the space of smooth functions from M to R, as per Definition 2.1.3. These
d derivations form a basis of TpM .
It can be proven that TM meets all the requirements of Definition 2.1.5 and therefore it is a
vector bundle of dimension dim(TM) = 2d, see [40, Chapter 3].
Analogously, one can construct the cotangent bundle associated to a smooth manifold M

T ∗M :=
⊔

p∈M
T ∗
pM,

where T ∗
pM represents the cotangent space at the point p ∈M , which is the algebraic dual

of TpM , the tangent space at the point p ∈M .
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2.1.8 Remark. Consider a smooth manifold M , as per Definition 2.1.1. Let TM be its
associated tangent space, as per Example 2.1.7. For a given k ∈ N, we define the tensor
product of k tangent spaces on M by

TM¹k = TM ¹ · · · ¹ TM︸ ︷︷ ︸
k times

:=
⊔

p∈M
TpM ¹ · · · ¹ TpM︸ ︷︷ ︸

k times

.

Moreover, it can be proven that TM¹k is once more a vector bundle, as per Definition 2.1.5,
see [40, Exercise 12.18].
Analogously, the tensor product of k cotangent spaces, as per Example 2.1.7, defined by

T ∗M¹k = T ∗M ¹ · · · ¹ T ∗M︸ ︷︷ ︸
k times

:=
⊔

p∈M
T ∗
pM ¹ · · · ¹ T ∗

pM︸ ︷︷ ︸
k times

,

is again a vector bundle, see [40, Exercise 12.18].

A fundamental aspect in the study of manifolds is the ability to distinguish, consistently
across the whole space, between coordinate systems that preserve orientation and those that
reverse it. Whenever such a global choice is possible, the manifold is said to be orientable;
this notion plays a central role in geometry and physics, as it allows for the definition of
structures such as a volume form and the global formulation of integration and spinor fields.

2.1.9 Definition. Let E be a vector bundle of rank m ∈ N, over a smooth manifold M , as

per Definition 2.1.5. We call it orientable if there exists a collection of local trivializations

{Φi = Ã−1(Ui) → Ui × Rm}i=1,...,k such that
⋃k
i=1 Ui = M and, for each p ∈ Ui, the

linear isomorphism Φ|Ep : Ep ≡ Ã−1(p) → {p} × Rm is an orientation-preserving map

with respect to the standard orientation of Rm. We call a manifold orientable if such is its

tangent bundle.

For more details on the notion of orientability, refer to [40, Chapter 15].

Having established the main geometric structures, it is natural to inquire about the analogue,
in this abstract framework, of the space of kinematic configurations in classical field the-
ory. This consideration motivates the introduction of an additional geometric construct,
responsible for prescribing an internal degree of freedom at each spacetime point.

2.1.10 Definition. Let M be a smooth manifold, as per Definition 2.1.1, and let E ≡
E[M,Ã,Rd] be a vector bundle on M , as per Definition 2.1.5. Let Ã ∈ C∞(M,E) be a

smooth map, as per Definition 2.1.4, enjoying the property that

Ã ◦ Ã = IM ,

where IM is the identity map on M . This property is called compatibility condition.

Then, Ã is said to be a smooth global section of E and we denote their collection as

Γ(E) := {Ã ∈ C∞(M,E) : Ã ◦ Ã = IM}.
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2.1.11 Remark. Every vector bundle E, as per Definition 2.1.5, admits a smooth global
section, as per Definition 2.1.10, the so-called zero-section defined by

Ã0 ∈ Γ(E), p 7→ Ã0(p) := 0 ∈ Ep.

This guarantees that the space of smooth global sections of E, as per Definition 2.1.10, is
always non-empty.

Given a smooth manifold M and a vector bundle E on M , as per Definition 2.1.5, we note
that a global non-vanishing smooth section, as per Definition 2.1.10, does not necessarily
exist. However, it is always possible to define local smooth sections of E as smooth maps
Ã ∈ C∞(U,E) satisfying Ã ◦ Ã = IU , where U ¢ M is an open subset of the base space
for which a corresponding local trivialization exists, as per Definition 2.1.5, and where IU

denotes the identity on U . For more details on smooth sections, refer to [40, Chapter 10].

2.1.12 Remark. Let M be a smooth manifold, as per Definition 2.1.1 and let TM be its
associated tangent bundle, as per Example 2.1.7. We introduce the following nomenclature:

• X ∈ Γ(TM) is a vector field over M .

• ³ ∈ Γ(T ∗M) is a covector field over M , also called 1-form over M .

• T (k,0) ∈ Γ(TM¹k) is a controvariant (k, 0)-tensor field over M .

• T (0,k) ∈ Γ(T ∗M¹k) is a covariant (0, k)-tensor field over M .

It is now possible to recall the definition of Riemannian manifold, which heuristically is a
smooth manifold endowed with a smoothly varying choice of inner product on each tangent
space. This additional structure allows one to measure lengths of curves, angles between
vectors and volumes, thereby enabling the development of geometric concepts such as
geodesics and curvature.

2.1.13 Definition. A smooth Riemannian manifold is a pair (M, g), where M is a smooth

manifold, as per Definition 2.1.1, and g ∈ Γ(T ∗M¹2) is a covariant (0, 2)-tensor field which

satisfies, for all p ∈M ,

(i) gp(v, w) = gp(w, v), for all v, w ∈ TpM (symmetry),

(ii) gp(v, v) > 0, for all v ∈ TpM \ {0} (positive definiteness).

We refer to g as a Riemannian metric associated to the manifold M .

A generalization of the previous definition is the concept of pseudo-Riemannian manifold,
where we do not require the metric to be positive definite. Indeed, we only require it to be
symmetric and non-degenerate. In this case, the metric is said to be pseudo-Riemannian. A
special case is the notion of Lorentzian manifold.
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2.1.14 Definition. A smooth Lorentzian manifold is the pair (M,¿), where M is a smooth

manifold, as per Definition 2.1.1, while ¿ ∈ Γ(T ∗M¹2) is a covariant (0, 2)-tensor field

which satisfies, for all p ∈M ,

(i) ¿p(v, w) = ¿p(w, v), for all v, w ∈ TpM (symmetry),

(ii) ¿ has signature (−,+,+,+) (Lorentzian signature).

We refer to ¿ as a Lorentzian metric associated to the manifold M .

In order to discuss causality, it is necessary to consider manifolds that are not only Lorentzian
but also time-orientable, so that one can globally distinguish future and past directions.

2.1.15 Definition. A d-dimensional spacetime M , for d > 0, is a d-dimensional smooth

orientable Lorentzian manifold, as per Definition 2.1.9 and Definition 2.1.14.

In order to introduce a general notion of causal structure on Lorentzian manifolds, it is
convenient to first analyze the special case of Minkowski spacetime, where the metric is flat
and causal relations can be characterized in a concrete and explicit way.

2.1.16 Definition. Let (Rd, ¸) ≡ (R(1,d−1), ¸) be the Minkowski spacetime equipped with

the standard Lorentzian metric ¸, as per Definition 2.1.14. Given two points p, q ∈ Rd, we

say that the vector vpq = p − q is timelike if ¸(vpq, vpq) > 0, lightlike if ¸(vpq, vpq) = 0
and spacelike if ¸(vpq, vpq) > 0. In particular, we say that the vector vpq is causal if it is

either timelike or lightlike. By considering standard coordinates (t, x, y, z) on R4, where

t represents the physical time, we say that vpq is future-directed if it has strictly positive

time component. Conversely, we say that vpq is past-directed if it has strictly negative time

component.

For any point p ∈ R4, we define the future and past cones of p as

J+
Rd(p) := {q ∈ R

d | vpq = q − p is future-directed causal},
J−
Rd(p) := {q ∈ R

d | vpq = q − p is past-directed causal},

By convention, the point p itself is included in both J+
Rd(p) and J−

Rd(p).

The above definition provides a concrete characterization of causal relations in flat Minkowski
spacetime. In order to extend this notion to a generic Lorentzian manifold, one must replace
the role of Rd with the tangent space TpM at each point p ∈ M , and curves in Rd with
smooth curves on M . This leads to the following general definition.

2.1.17 Definition. Let (M,¿) be a Lorentzian manifold, as per Definition 2.1.14, where ¿ is

a Lorentzian metric. At each point p ∈M , the tangent space TpM , as per Definition 2.1.7,

can be decomposed into

• timelike vectors v ∈ TpM if ¿(v, v) < 0,
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• lightlike vectors if ¿(v, v) = 0,

• spacelike vectors if ¿(v, v) > 0.

The timelike and lightlike vectors form the two-folded light cone at p. If one can consistently

choose, in a smooth way, one of the two cones at each point as the future cone, then (M, g)
is said to be time-orientable. This is equivalent to the existence of a globally defined,

everywhere timelike vector field on M , as per Remark 2.1.12. In what follows, we assume

that (M,¿) is time-orientable and that a choice of time orientation has been fixed.

Given this, a piecewise smooth curve µ : I →M , I ¦ [0, 1], is called

• timelike (resp. lightlike, spacelike) if µ̇(t) is timelike (resp. lightlike, spacelike) for

all t ∈ I ,

• causal if it is nowhere spacelike,

• future-directed (resp. past-directed) if, for all t ∈ I , the tangent vector µ̇(t) lies in the

future (resp. past) cone at µ(t).

For p ∈M , we define:

J+
M (p) := {q ∈M | ∃ a future-directed causal curve from p to q},
J−
M (p) := {q ∈M | ∃ a past-directed causal curve from p to q},
I+
M (p) := {q ∈M | ∃ a future-directed timelike curve from p to q},
I−M (p) := {q ∈M | ∃ a past-directed timelike curve from p to q}.

The sets J±
M (p) are called the causal future/past of p, while I±M (p) are called the chronologi-

cal future/past. By convention, p ∈ J+
M (p) ∩ J−

M (p), but p /∈ I+
M (p) ∪ I−M (p).

In this way, the notions of causal and chronological future and past extend the familiar
light-cone structure of Minkowski spacetime to the setting of a generic time-orientable
Lorentzian manifold.

2.1.18 Remark. In the setting of Definition 2.1.17, consider a subset Ω ¢M . We set

J±(Ω) :=
⋃

p∈Ω

J±
M (p), I±(Ω) :=

⋃

p∈Ω

I±M (p).

For more details, refer to [38, Section 2].

Since our focus in the following discussion will be on trivial vector bundles, we state the
following result.

2.1.19 Proposition. Let M be a smooth d-dimensional manifold, as per Definition 2.1.1,

and consider the trivial vector bundle E = M × Rd. Then, there exists an isomorphism of

vector spaces I : C∞(M,Rd)→ Γ(E).
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For the proof of the previous definition, refer to [40, Example 10.10].

The advantages of working with vector bundles are twofold. First, they provide a coherent
framework for combining the information encoded in the spacetime data with that associated
to additional degrees of freedom. Second, since the fiber is a finite-dimensional linear
vector space, the superposition principle, fundamental to most field theories, naturally holds.
Nonetheless, in several physical models, such as gauge theories, the linear structure of the
fiber is insufficient to capture the full physical content of the theory, for instance the presence
of a distinguished symmetry group. In such cases, it is useful to generalize the notion of
bundle to encompass a wider range of structures.

2.1.20 Definition. Let M and P be two smooth manifolds, as per Definition 2.1.1, and

let Ã : P → M be a smooth surjection. We consider a Lie group G with a right action

φ : G× P → P , (g, x) 7−→ φ(g, x) = xg−1 enjoying the following properties

• ∀x ∈ P and ∀g, h ∈ G, it holds that

(i) φ(e, x) = x,

(ii) φ(g, φ(h, x)) = φ(gh, x),

(iii) φ(g, ·) ∈ Diff(P ),

where e is the identity element of G while Diff(P ) denotes the collection of all

diffeomorphisms of P in itself.

• ∀x ∈ P , φ(g, x) = xô g = e (free action).

• ∀x, y ∈ P with Ã(x) = Ã(y), ∃g ∈ G satisfying y = φ(g, x) (transitive action).

• ∀g ∈ G, Ã ◦ φ(g, ·) = Ã (fiber preserving action).

G is called the structure group of P . In addition, we require that ∀p ∈M , ∃U ¢M open

with p ∈ U as well as a diffeomorphism, also called a local trivialization of P over U ,

Φ : Ã−1(U)→ U ×G such that

Φ(pg) = (Ã(p), hg),

whenever Φ(p) = (Ã(p), h).

Then, we say that P ≡ P [M,Ã,G] is a principal (G-)bundle.

2.1.21 Example. Let M be a d-dimensional smooth manifold, as per Definition 2.1.1. Let
us define

F [M ] :=
⊔

p∈M
FpM,

where we denote by FpM the collection of all ordered basis of the tangent space TpM . It
can be shown that F [M ] is a principal (G-)bundle, as per Definition 2.1.20, with structure
group given by G ≡ Gl(d;R), see [41, Chapter III, exercise 5.2]. F [M ] is called the frame
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bundle of M .
Furthermore, if we assume that the manifold M is endowed with a Riemannian metric, as
per Definition 2.1.13, or with a Lorentzian one, as per Definition 2.1.14, it is possible to
naturally define a notion of orthogonality. Exploiting this property, one can build the bundle

of orthonormal frames D[M ] where the rôle of G is played by the orthogonal groups O(d)
and O(d− 1, 1) respectively. If in addition M is oriented, as per Definition 2.1.9, we denote
by D[M ] the bundle of oriented orthonormal frames, whose structure group is the restriction
of SO(d) or SO(d− 1, 1) to their respective components connected to the identity, namely
SO+(d) and SO+(d− 1, 1).

In many mathematical and physical contexts, principal bundles provide a natural way to
encode the symmetries of a system, represented by a structure group G. However, the objects
of interest in physical applications often take values in linear spaces. To reconcile these
two aspects, we aim to construct a vector bundle whose fibers are linear spaces while still
reflecting the underlying symmetry encoded by the principal bundle. This is achieved by
combining the principal bundle P , as per Definition 2.1.20, with a smooth left action of G
on a vector space N , leading to an associated vector bundle.

The resulting construction preserves the action of the symmetry group on the fibers and
allows operations like the superposition principle to hold, which is fundamental in many
field-theoretic applications. By formalizing this association, we obtain a systematic way
to translate the geometric and group-theoretic structure of P into a framework suitable for
linear objects, providing a bridge between abstract symmetry and concrete linear spaces.

2.1.22 Definition. Let M be a smooth manifold, as per Definition 2.1.1, and let P ≡
P [M,Ã,G] be a principal bundle on M with structure group G, as per Definition 2.1.20.

Consider a smooth manifold N and a smooth left action on N given by Ä : G ×N → N ,

Ä(g, x) := gx, ∀(g, x) ∈ G×N . We define the vector bundle associated to P via Ä as

E := P ×ρ N,

where E ≡ E[M, Ã̂,N, Ä] is the set of all equivalence classes [(p, x)] with the equivalence

relation (p′, x′) ∼ (p, x) if and only if ∃g ∈ G such that p′ = φ(g, p) := pg−1, being φ the

right action of G on P , and x′ = Ä(g, x) := gx. The projection map of this bundle is given

by Ã̂ ∈ C∞(E,M), Ã̂[(p, x)] = Ã(p), for all p ∈ P and x ∈ N .

2.2 Spin structure

This section addresses the conditions under which a smooth manifold M , as per Definition
2.1.1, admits a spin structure. We begin with the concept of Clifford algebra, outlining a few
key examples of central relevance in various physical applications. After briefly reviewing its
main properties, we introduce the Pin and Spin groups and examine their relations with the
pseudo-orthogonal groups. Subsequently we estabilish a topological criterion for determining
whether a smooth manifold can carry a spin structure. For this purpose, we will draw on
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basic notions of cohomology, with particular attention to the first and second Stiefel–Whitney
classes. In the following, we will mainly refer to [42, Chapter 1 and Chapter 2] and [43,
Chapter 6].

2.2.1 Clifford algebra

Clifford algebras provide a natural language to describe geometric and algebraic structures
arising from a vector space equipped with a quadratic form. It plays a central role in
the mathematical formulation of spinors and in various applications to theoretical physics,
such as the description of Fermionic systems in quantum mechanics, the Dirac equation in
relativistic quantum theory, the study of spin and angular momentum and the classification
of topological phases in condensed matter physics.

2.2.1 Definition. Let V be a finite dimensional vector space over a field K (R or C) and let

Q : V × V → K be a map enjoying the following properties

• bilinearity: ∀v, w ∈ V , ∀¼, µ ∈ K,

Q(¼v + µw) = ¼Q(v) + µQ(w),

• symmetry: ∀v, w ∈ V ,

Q(v, w) = Q(w, v).

A quadratic form on V is a map q : V → K such that q(v) := Q(v, v).

2.2.2 Example. Let V be a d-dimensional vector space over R and let (·, ·)V be the inner
product defined, ∀v, w ∈ V , as

v =
d∑

i=1

viei, w =
d∑

i=1

wiei,

(v, w)V :=
n∑

i=1

viwi,

where (ei)
n
i=1 is an arbitrary but fixed basis in V . It turns out that (·, ·)V meets both the

bilinearity and the symmetry requirement. Then, q : V → R, v 7−→ q(v) := (v, v)V is a
quadratic form, as per Definition 2.2.1.

2.2.3 Remark. Observe that the inner product (·, ·)V defined in Example 2.2.2, does not
depend on the basis of V chosen.

2.2.4 Definition. Let V be a finite dimensional vector space over a field K (R or C) and

consider a quadratic form q on V , as per Definition 2.2.1. A Clifford algebra Cl(V, q) is up

to isomorphism the unique, unital associative algebra over K endowed with a product ·, such

that
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• there exists a natural embedding µ : V → Cl(V, q) satisfying

µ(v)2 := µ(v) · µ(v) = −q(v)1, ∀v ∈ V,

where 1 denotes the identity element of the algebra,

• given an associative algebra A over K and a linear map f : V → A such that

f(v) ·A f(v) = −q(v)1, where ·A denotes the product of the algebra A, there exists a

unique algebra homomorphism f̃ : Cl(V, q)→ A that makes the following diagram

commutative

V Cl(V,Q)

A

γ

f
f̃

i.e., f̃(µ(v)) = f(v), for all v ∈ V .

These are known as the universal properties of a Clifford algebra.

2.2.5 Remark. Observe that the condition µ(v) · µ(v) = −q(v)1 can be reformulated by
exploiting a polarization identity in terms of the bilinear, symmetric formQ, as per Definition
2.2.1:

µ(v) · µ(w) = −Q(v, w)1,

µ(w) · µ(v) = −Q(w, v)1 = −Q(v, w)1.

Therefore, we can write

{µ(v), µ(w)} := µ(v)µ(w) + µ(w)µ(v) = −2Q(v, w)1,

where {·, ·} denotes the anticommutator.

Definition 2.2.4 guarantees only the uniqueness up to isomorphisms of a Clifford algebra,
without asserting its existence. To address the question of existence, we now give an explicit
construction that matches the previous requirements.

We recall the standard definition of the tensor algebra T (V ) of a finite-dimensional vector
space V over a field K, obtained by taking the direct sum over all tensor powers of V of
arbitrary degree. Consider

V ¹k :=
k⊗

i=1

V = V ¹ · · · ¹ V︸ ︷︷ ︸
k times

.
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Then, the tensor product algebra is

T alg(V ) :=
∞⊕

k=0

V ¹k, V ¹0 ≡ K,

where the tensor product is algebraic. Explicitly,

T alg(V ) = span{v1 ¹ v2 ¹ · · · ¹ vn | vi ∈ V , ∀i = 1, . . . , n , ∀n <∞}.

We can endow T alg(V ) with a suitable topology and then define T (V ) as the closure of
T alg(V ) with respect to such topology. Being V finite-dimensional, all the choices are
equivalent: hence, we will omit to specify the topology chosen and we will just denote
T alg(V ) by T (V ).

This is an algebra with respect to the following product

v1 ¹ · · · ¹ vk ∈ V ¹k, w1 ¹ · · · ¹ wl ∈ V ¹l,

(v1 ¹ · · · ¹ vk) · (w1 ¹ · · · ¹ wl) = v1 ¹ · · · ¹ vk ¹ w1 ¹ · · · ¹ wl ∈ V ¹(k+l),

and extended by linearity to all T (V ).

2.2.6 Definition. We define the degree map by

deg :
k⊗

i=1

V → N,

v := v1 ¹ · · · ¹ vk 7−→ k,

which assigns to every element of the tensor product space its degree k g 0.

Any element of the form v = v1 ¹ · · · ¹ vk ∈
⊗k

i=1 V ¢ T (V ) is called of pure degree

k. Moreover, we say that v is even if its degree k is even, while we say that it is odd if k
is an odd number. A generic element of the tensor algebra v ∈ T (V ) is said to be of even

degree if it can be written as a linear combination of pure degree elements each of even
degree. Analogously, w ∈ T (V ) is said to be of odd degree if it can be written as a linear
combination of pure degree elements each of odd degree.

We can now state an existence result for Clifford algebras.

2.2.7 Theorem. For every finite-dimensional vector space V over the field K (R or C)

equipped with a quadratic form q, as per Definition 2.2.1, there exists a Clifford algebra

(Cl(V, q), µ), as per Definition 2.2.4.

Proof. For a detailed proof, refer to [43, theorem 6.2.8].
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We only observe that the Clifford algebra is proven to be defined as

Cl(V, q) :=
T (V )

I(q)
,

where I(q) is the two-sided ideal generated by the set

{v ¹ v + q(v)1 : v ∈ V }.
Here, 1 denotes the identity element of the tensor product algebra. ■

2.2.8 Corollary. If the associative algebras (Cl(V, q), µ) and (Cl′(V, q), µ′) are both Clif-

ford algebras for the same finite-dimensional vector space V equipped with a quadratic form

q, as per Definition 2.2.1, then there exists a unique algebra isomorphism

f̃ : Cl(V, q)→ Cl′(V, q)

so that f̃ ◦ µ = µ′.

Proof. This follows from the universal property of Clifford algebras. ■

2.2.9 Remark. As a consequence of Corollary 2.2.8, given a finite-dimensional vector space
V equipped with a quadratic form q, we can think of its associated Clifford algebra as

Cl(V, q) =
T (V )

I(q)
,

where I(q) has been introduced in the proof of Theorem 2.2.7.

2.2.10 Example. The simplest non-trivial example of a Clifford algebra is that over a 1-
dimensional vector space K (R or C) equipped with a quadratic form q. Let e be a non-zero
element of K. Then Cl(K, q) is 2-dimensional and it is spanned as a K-vector space by
{1, µ(e)} with

µ(e) · µ(e) = −q(v)1.

2.2.11 Definition. Let V be a finite-dimensional vector space over the field K equipped

with a quadratic form q, as per Definition 2.2.1. We denote by T 0(V ) and T 1(V ) the vector

subspaces of T (V ) consisting of elements of the universal tensor algebra of even and odd

degree, respectively, as per Definition 2.2.6.

2.2.12 Corollary. Under the same hypotheses of Theorem 2.2.7, it is possible to prove

existence and uniqueness also for the even and odd parts of the Clifford algebra, as per

Definition 2.2.11, as

Cl0(V, q) :=
T 0(V )

I(q)
,

Cl1(V, q) :=
T 1(V )

I(q)
,
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the following decomposition holds true

Cl(V, q) = Cl0(V, q)· Cl1(V, q).

Observe that the associative Clifford algebra Cl(V, q) has a Z2-graded structure.

With the main properties of the Clifford algebras now established, we are in a position to
discuss the gamma matrices from a rigorous mathematical standpoint.

Let R(s,t) ≡ Rs+t denote the s+ t-dimensional real vector space equipped with the standard
symmetric bilinear form ¸ with signature (s, t) which satisfies

¸(ei, ei) = +1, ∀1 f i f s,
¸(ej , ej) = −1, ∀s+ 1 f j f s+ t,

¸(ei, ej) = 0, ∀ej ̸= ej ,

where (ei)
s+t
i=1 is the standard basis of Rs+t. In particular, if t = 0, we get the usual Euclidean

space Rs with the standard Euclidean form ¶ ≡ ¸ given by

¶(ei, ej) = ¶ij , ∀i = 1, . . . , s.

Moreover, if s = 1, we obtain the Lorentizan t+1-dimensional space R(1,t) with the standard
form ¸ of signature (1, t).

Observe that ¸, a bilinear and symmetric form on V , induces a quadratic form q on V defined
by

q(v) := ¸(v, v), ∀v ∈ V.
In order to connect the abstract structure of the Clifford algebra with concrete linear op-
erators on a vector space, it is useful to introduce a representation of the algebra on a
finite-dimensional vector space Kd, where K is a field (R or C). This allows us to define
the so-called gamma matrices, which provide an explicit realization of the Clifford generators.

The mathematical gamma matrices encode the algebraic relations of the Clifford algebra,
while the physical gamma matrices include a conventional factor (−i) to match the standard
conventions used in physics. Introducing these matrices makes it possible to work concretely
with Clifford algebras in calculations involving spinorial fields and Dirac operators.

2.2.13 Definition. Consider the vector space (R(s,t), ¸), with s+ t = d, endowed with the

standard basis (ei)
s+t
i=1. Let (Cl(R(s,t), ¸), µ) be the Clifford algebra associated to (R(s,t), ¸),

as per Definition 2.2.4. A representation of the Clifford algebra on Kd is denoted by

Ä : (Cl(R(s,d), ¸)→ End(Kd),

where End(Kd) is the collection of all endomorphisms of the vector space Kd. Then, the

mathematical gamma matrices are defined as

Γk = Ä ◦ µ(ek), for k = 1, . . . , d,

45



GEOMETRIC TOOLS

while the physical gamma matrices are

µk = (−i)Γk, for k = 1, . . . , d.

2.2.14 Remark. The Gamma matrices on Kd, as per Definition 2.2.13, satisfy the following
relations

{Γk,Γk′} = −2¸k,k′Id,

{µk, µk′} = 2¸k,k′Id,

where {·, ·} denotes the usual anticommutator between d-dimensional matrices while Id

denotes the identity operator on Kd.

2.2.15 Remark. Before constructing the gamma matrices in the physically interesting cases,
it is useful to recall the 2 × 2 Pauli matrices, which will serve as building blocks for
constructing the gamma matrices. They are defined as

Ã1 =

(
0 1
1 0

)
, Ã2 =

(
0 −i
i 0

)
, Ã3 =

(
1 0
0 −1

)
.

It is straightforward to prove that the Pauli matrices satisfy the relations

{Ãi, Ãj} = 2 ¶ij I2,

[Ãi, Ãj ] = 2i εijkÃk,

where ¶ij is the Kronecker delta, while εijk is the Levi-Civita symbol. The Pauli matrices
play a central role in quantum mechanics, where they represent the spin operators of a spin-1

2
particle, and their algebra underlies the description of spin and angular momentum in the
theory.

2.2.16 Example. We show the explicit construction of the gamma matrices in the three main
cases we will deal with.

(i) The first is the four-dimensional case: consider (R4, ¸), where ¸ is the bilinear and
symmetric form on R4 with signature (+,−,−,−). A possible choice for writing the
physical gamma matrices is

µ0 =

(
I2 0
0 −I2

)
, µi =

(
0 Ãi
−Ãi 0

)
, i = 1, 2, 3,

where (Ãi)i=1,2,3 are the Pauli matrices, as per Remark 2.2.15, while I2 denotes the
identity operator in the R2. These satisfy

(µ0)2 = +I4, (µi)2 = −I4, i = 1, 2, 3,

and
{µµ, µν} = 0, µ, ¿ = 0, 1, 2, 3, µ ̸= ¿,

46



GEOMETRIC TOOLS

which can be summarized as

{µµ, µν} = 2 ¸µν I4, µ, ¿ = 0, 1, 2, 3,

where I4 denotes the identity operator on R4 and {·, ·} denotes the usual anticommuta-
tor between 4 × 4 matrices. This particular choice of a basis is not unique and it is
called Dirac representation.

(ii) The second case we consider is the two-dimensional vector space R2 equipped with a
bilinear symmetric form ˜̧ with signature (+,−). A possible choice for writing the
physical gamma matrices is

µ0 = Ã3 =

(
1 0
0 −1

)
, µ1 = iÃ2 =

(
0 1
−1 0

)
.

They satisfy
(µ0)2 = +I2, (µ1)2 = −I2,

and
{µµ, µν} = 2 ˜̧µ,ν I2, µ, ¿ = 0, 1.

(iii) We finally consider the third example, which is the two-dimensional Euclidean case,
i.e., (R2, ¶), where ¶ is a bilinear, symmetric and positive definite form on R2. A
possible choice for writing the physical gamma matrices in this case is

µ0 = Ã3 =

(
1 0
0 −1

)
, µ1 = Ã2 =

(
0 −i
i 0

)
.

These satisfy
(µ0)2 = +I2, (µ1)2 = +I2,

and
{µµ, µν} = 2 ¶µν I2, µ, ¿ = 0, 1.

2.2.17 Remark. While the Dirac representation, as per Example 2.2.16, is convenient for
certain models, it is often useful to work in a basis where the chirality matrix, defined as

µ5 ≡ iµ0µ1µ2µ3,

is diagonal. This choice, known as the Weyl or chiral representation, makes it straightforward
to separate spinors into left-handed and right-handed components, each transforming under
inequivalent irreducible representations of the Lorentz group. Such a basis is particularly
convenient in the study of massless fermions and in formulating the Standard Model, where
the weak interaction couples only to left-handed particles and right-handed antiparticles, see
[7, Chapter 3].
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Using the Pauli matrices (Ãi)i=1,2,3, as per Remark 2.2.15, and the identity operator I2,
we define

µ0 =

(
0 I2

I2 0

)
, µi =

(
0 Ãi
−Ãi 0

)
, i = 1, 2, 3.

The chirality matrix is then

µ5 =

(
−I2 0
0 I2

)
.

These matrices satisfy
(µ0)2 = +14, (µi)

2 = −14,

and
{µµ, µν} = 2 ¸µν 14.

2.2.2 Pin and Spin groups

After reviewing the most relevant properties of Clifford algebras, we now turn to another
structure that will play a central role in the forthcoming analysis: the Spin group, which
plays a central role in physics, as it encodes the symmetries of spinor fields. In this section,
we study the Spin group associated with a vector space equipped with a quadratic form. Our
goal is to understand its construction from the Clifford algebra, its relation to the special
orthogonal group, and to provide explicit low-dimensional examples.

Before, it is however necessary to introduce some preliminary concepts. We will refer mainly
to [43, Chapter 6, Section 5] and to [42, Chapter 1, Section 2].

We first consider the subset of invertible elements in a Clifford algebra. These elements form
a group under the algebra multiplication, which provides the natural setting for constructing
the physically relevant groups that encode geometric symmetries.

2.2.18 Definition. Let V be a finite-dimensional vector space equipped with a quadratic

form q, as per Definition 2.2.1. We define the group of invertible elements Cl×(V, q) as

the subset of the Clifford algebra Cl(V, q), as per Definition 2.2.4, defined by

Cl×(V, q) := {x ∈ Cl(V, q) : ∃ y ∈ Cl(V, q) such that x · y = y · x = 1},

where · denotes the multiplication operation of the Clifford algebra Cl(V, q).

2.2.19 Remark. Observe that the group Cl×(V, q), as per Definition 2.2.18, is a Lie group.
For the proof of this statement, refer to [43, Lemma 6.5.2].

Having identified the group of invertible elements in a Clifford algebra, we now focus on a
subgroup generated by the images of vectors with non-zero quadratic norm. This subgroup
captures the essential geometric structure of the space, since its elements correspond to
reflections and rotations associated with non-degenerate vectors. Formally, we define it as
follows.
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2.2.20 Definition. Let V be a finite-dimensional vector space over a field K and let q be a

quadratic form on V , as per Definition 2.2.1. We call P (V, q) the subgroup of Cl×(V, q), as

per Definition 2.2.18, generated by the vectors v ∈ V such that q(v) ̸= 0.

We are now ready to define the Pin group, which is a key subgroup of the Clifford algebra
encoding fundamental geometric symmetries. Starting from the subgroup generated by all
non-null vectors, we further restrict to vectors of unit norm with respect to the quadratic
form. These elements, forming the so-called generalized unit sphere, generate the Pin group
under Clifford multiplication. This group will later serve as the foundation for defining the
Spin group.

2.2.21 Definition. Let V be a finite-dimensional vector space over a field K and let q be a

quadratic form on V , as per Definition 2.2.1. Consider (Cl(V, q), µ), the Clifford algebra

associated to (V, q). Let P (V, q) be as per Definition 2.2.20. We define the Pin group as

the subgroup of P (V, q) which is generated by the generalized unit sphere S1 := {v ∈ V :
q(v) = ±1}, i.e.,

Pin(V, q) := {x1 · · ·xn ∈ Cl(V, q) |xi = µ(vi) : q(vi) = ±1, i = 1, . . . , n, ∀n ∈ N}.

Having defined the Pin group as generated by vectors of unit norm, we now introduce the
Spin group. This group is obtained by restricting to the even sub-algebra of the Clifford
algebra, i.e., products of an even number of unit vectors. The Spin group plays a central role
in geometry and physics, as it provides a double cover of the special orthogonal group, as we
will discuss in the following, encoding rotations in a way that allows the consistent treatment
of spinors. Formally, we define it as follows.

2.2.22 Definition. Under the same hypotheses of Definition 2.2.21, we define the Spin

group Spin(V, q) by

Spin(V, q) := Pin(V, q) ∩ Cl0(V, q),

where Cl0(V, q) has been introduced in Definition 2.2.11. In other words, Spin(V, q) is the

subgroup of Pin(V, q) defined by

Spin(V, q) := {x1 · · ·x2n ∈ Cl(V, q) |xi = µ(vi) : q(vi) = ±1, i = 1, . . . , 2n, ∀n ∈ N}.

However, we are not interested in a generic vector space V , but rather in R(s,t) equipped with
a bilinear symmetric form ¸ of signature (s, t). Let us therefore examine how the definition
of Spin group takes shape in this specific case.

2.2.23 Remark. We define the following subsets of R(s,t):

S+(R(s,t), ¸) := {v ∈ R
(s,t) : ¸(v, v) = +1},

S−(R(s,t), ¸) := {v ∈ R
(s,t) : ¸(v, v) = −1},

S± := S+(R(s,t), ¸) ∪ S−(R(s,t), ¸).

49



GEOMETRIC TOOLS

We define the Pin and the Spin group as

Pin(R(s,t), ¸) := {x1 · x2 · · ·xn ∈ Cl(R(s,t), ¸) such that

xi = µ(vi) : vi ∈ S±(R(s,t), ¸), i = 1, . . . , n, ∀n ∈ N},
Spin(R(s,t), ¸) := {x1 · x2 · · ·x2n ∈ Cl(R(s,t), ¸) such that

xi = µ(vi) : vi ∈ S±(R(s,t), ¸), i = 1, . . . , 2n, ∀n ∈ N}.

These definitions specialize the general constructions of the Pin and Spin groups to the case
of R(s,t) with standard bilinear form ¸. Note that the formulas are essentially the same as in
the abstract definitions: the Pin group consists of products of an arbitrary number n of unit
vectors, while the Spin group is restricted to products of an even number 2n of unit vectors.
This restriction ensures that Spin(R(s,t), ¸) lies within the even subalgebra Cl0(R(s,t), ¸), in
accordance with the general definition of the Spin group, as per Definition 2.2.22.

Furthermore, we introduce the orthochronous Spin group defined as

Spin+(R(s,t), ¸) := {x1 · · ·x2k · y1 · · · y2l ∈ Cl(R(s,t), ¸) such that

xi = µ(vi) : vi ∈ S+(R(s,t), ¸), i = 1, . . . , 2k, ∀k ∈ N and

yi = µ(wj) : wj ∈ S−(R(s,t), ¸), j = 1, . . . , 2l, ∀l ∈ N}.

Observe that if (R(s,t), ¸) = (Rd, ¶), the Euclidean d-dimensional space equipped with the
Euclidean positive definite form ¶, as per Definition 2.1.13, we can write

S+(Rd, ¶) = {v ∈ R
d : ¶(v, v) = +1} ≡ Sd−1,

where Sd−1 is the unit sphere in d dimensions.

The previous remark suggests a strong connection between the Pin group and the pseudo-
orthogonal group. The following theorem makes this correspondence precise. In order to
introduce the statement of the theorem, we recall the definition of short exact sequence. In
particular, this notion allows us to formalize the idea of a group being a double cover of
another.

2.2.24 Definition. Let A,B,C be three groups and let f1, f2, f3, f4 be homomorphisms.

We say that the sequence

0
f1−→ A

f2−→ B
f3−→ C

f4−→ 0

is a short exact sequence if ker(fi+1) = Im(fi), i = 1, 2, 3, 4. Here we denote with 0 the

trivial group, i.e., the group which contains only the identity element. In particular, this

entails that f2 is injective and f3 is surjective.

Observe that in general we do not write explicitly f1 and f2 since their meaning is clear from
the context.
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2.2.25 Theorem. For fixed s, t ∈ N, consider R(s,t) equipped with the standard bilinear

symmetric form ¸ with signature (s, t). Then, there exists a short exact sequence, as per

Definition 2.2.24,

0 −→ Z2
ι−→ Spin(R(s,t), ¸)

Λ−→ SO+(R(s,t), ¸) −→ 0,

where SO+(R(s,t), ¸) is the component of the special pseudo-orthogonal group connected

to the identity, while Λ : Spin(R(s,t), ¸)→ SO+(R(s,t), ¸) is the group covering homomor-

phism while º denotes the embedding of Z2 in Spin(R(s,t), ¸).

In particular, in the special case t = 0 , s = d, we have

0 −→ Z2
ι−→ Spin(Rd, ¶)

Λ−→ SO(Rd, ¶) −→ 0,

where ¶ denotes the standard bilinear, symmetric and positive definite form on Rd.

Proof. For the proof, refer to [42, Theorem 2.10]. ■

2.2.26 Remark. Observe that Theorem 2.2.25 is just a particular case of a more general
scenario. Let V be a finite-dimensional real vector space equipped with a quadratic form q,
as per Definition 2.2.1. Then, there exists a short exact sequence

0 −→ Z2
ι−→ Spin(V, q)

Λ−→ SO(V, q) −→ 0,

where SO(V, q) is the special orthogonal group. For more details on this result and for the
proof of this statement, refer to [42, Theorem 2.9].

As a first example, let us explicitly construct the spin group in the one-dimensional case.

2.2.27 Example. Consider R endowed with the standard bilinear, symmetric, positive definite
form ¶. Let (Cl(R, ¶), µ) be the Clifford algebra associated to (R, ¶), as per Definition 2.2.4,
and let e0 be a basis ofCl(R, ¶) such that e2

0 := e0·e0 = −1. Then, we have SO(R, ¶) ≡ {1}
and

Spin(R, ¶) = {x1 · x2 · · ·x2n ∈ Cl(R, ¶) such that

xi = µ(vi) : ¶(vi, vi) = ±1, i = 1, . . . , 2n, ∀n ∈ N} =

= {ε1e0 · ε2e0 · · · ε2ne0 | εi = ±1, n ∈ N} =

= {(−1)n |n ∈ N} = {±1} ∼= Z2.

In view of the following discussion, we show now the explicit construction of the Spin group
in three physically relevant cases.

2.2.28 Example. Consider the following cases:
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(i) Let R(1,1) be equipped with the standard bilinear symmetric form ˜̧ with signature
(+,−). Then, there exists an isomorphism between the group Spin(R(1,1), ˜̧) and
(R,+)× Z2. Indeed,

SO+(1, 1) ∼=
{(

cosh Ä sinh Ä
sinh Ä cosh Ä

)∣∣∣∣∣ Ä ∈ R

}
.

In particular, this entails that

SO+(1, 1) ∼= (R,+).

Consider now Cl(R(1,1), ˜̧) and introduce the generators {1, e0, e1, e0 · e1} such that

e2
0 = −1, e2

1 = +1, e0 · e1 = −e1 · e0

and therefore

(e0 · e1)2 = e0 · e1 · e0 · e1 = −e0 · e2
1 · e0 = −e2

0 = +1.

By definition, it holds

Spin(R(1,1), ˜̧) := {x1 · x2 · · ·x2n ∈ Cl(R(1,1), ˜̧) such that

xi = µ(vi) : ˜̧(vi, vi) = ±1, i = 1, . . . , 2n, ∀n ∈ N} =

= {(coshϑ1e0+ sinhϑ1e1) · (coshϑ2e0 + sinhϑ2e1) · · · (coshϑ2ne0 + sinhϑ2ne1)|
ϑj ∈ R , ∀j = 1, . . . , 2n , ∀n ∈ N}.

By computing explicitly the products appearing in the previous equation we obtain

(coshϑ1e0 + sinhϑ1e1) · (coshϑ2e0 + sinhϑ2e1) =

= − coshϑ1 coshϑ2 + sinhϑ1 sinhϑ2+

+ (coshϑ1 sinhϑ2 − coshϑ2 sinhϑ1)e0 · e1 =

= − cosh (ϑ1 − ϑ2)− sinh (ϑ1 − ϑ2)e0 · e1,

and analogously for all the other pairs (ϑ2i+1, ϑ2i+2) , i = 1, . . . , n − 1. Calling
ϑ12 := ϑ1 − ϑ2 and ϑ34 := ϑ3 − ϑ4, we obtain that the product of the first two factors
can be expressed in the form

(coshϑ12 + sinhϑ12e0 · e1) · (coshϑ34 + sinhϑ34e0 · e1) =

= coshϑ12 coshϑ34 + sinhϑ12 sinhϑ34+

+ (coshϑ12 sinhϑ34 + coshϑ34 sinhϑ12)e0 · e1 =

= cosh (ϑ12 + ϑ34) + sinh (ϑ12 + ϑ34)e0 · e1.
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Thus,

Spin(R(1,1), ˜̧) = {(−1)n(cosh (ϑ1 − ϑ2) + sinh (ϑ1 − ϑ2)e0 · e1) · · ·
(cosh (ϑ2n−1 − ϑ2n) + sinh (ϑ2n−1 − ϑ2n)e0 · e1) |ϑj ∈ R ,

∀j = 1, . . . , 2n , ∀n ∈ N} =

={(−1)n(cosh (ϑ1 − ϑ2 + · · ·+ ϑ2n−1 − ϑ2n)+

+ sinh (ϑ1 − ϑ2 + · · ·+ ϑ2n−1 − ϑ2n)e0 · e1) |ϑj ∈ R,

∀j = 1, . . . , 2n , ∀n ∈ N} =

= {(cosh (³) + sinh (³)e0 · e1) |³ ∈ R} =
∼= R.

Here, we have ignored the overall factor of (−1)n, since we could equally have chosen
e1 · e0 instead of e0 · e1 as a basis element, which would have introduced the opposite
sign in the expression above.

(ii) Let R2 be equipped with the standard bilinear symmetric form ¶ with signature (+,+).
Then, there exists an isomorphism between the group Spin(R2, ¶) and U(1), the
double cover of SO(2,R). The proof is analogous to the previous example. Indeed,
the Clifford algebra Cl(R2, ¶) is generated by {1, e0, e1, e0 · e1}, with

e2
0 = −1, e2

1 = −1, e0 · e1 = −e1 · e0

and therefore

(e0 · e1)2 = e0 · e1 · e0 · e1 = −e0 · e2
1 · e0 = e2

0 = −1.

By definition, it holds

Spin(R2, ¶) := {x1 · x2 · · ·x2n ∈ Cl(R2, ¶) such that

xi = µ(vi) : ¶(vi, vi) = ±1, i = 1, . . . , 2n, ∀n ∈ N} =

= {(cosϑ1e0+ sinϑ1e1) · (cosϑ2e0 + sinϑ2e1) · · · (cosϑ2ne0 + sinϑ2ne1)|
ϑj ∈ R , ∀j = 1, . . . , 2n , ∀n ∈ N}.

Performing calculations like in the previous example, we get

Spin(R2, ¶) = {(−1)n(cos (ϑ1 − ϑ2) + sin (ϑ1 − ϑ2)e0 · e1) · · ·
(cos (ϑ2n−1 − ϑ2n) + sin (ϑ2n−1 − ϑ2n)e0 · e1) |ϑj ∈ R ,

∀j = 1, . . . , 2n , ∀n ∈ N} =

= {(−1)n(cos (ϑ1 − ϑ2 + · · ·+ ϑ2n−1 − ϑ2n)+

+ sin (ϑ1 − ϑ2 + · · ·+ ϑ2n−1 − ϑ2n)e0 · e1) |ϑj ∈ R,

∀j = 1, . . . , 2n , ∀n ∈ N} =

= {±(cos (³) + sin (³)e0 · e1) |³ ∈ R} =

= {cos (³) + sin (³)e0 · e1 |³ ∈ R} =
∼= U(1).

For more details on this case, refer to [44, Example 2.2.8].
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(iii) Let R(1,3) be equipped with the standard bilinear symmetric form ¸ with signature
(+,−,−,−). Then, there exists an isomorphism between the group Spin(R(1,3), ¸)
and SL(2,C), which is the double cover of the component of the Lorentz group
connected to the identity SO+(1, 3), see [43, Example 6.5.17].

2.2.3 Spin structure

At this point, we have introduced all the mathematical machinery necessary to discuss the
notion of a spin structure. From the standpoint of physics, the relevance of this geometric con-
struction is deep: it estabilishes the essential framework that makes it possible to rigorously
define spinor fields on a manifold. More precisely, the spin structure equips the underlying
space with a double covering of the frame bundle, thereby allowing the introduction of
spinor bundles. In this way, spinor fields naturally appear as smooth global sections of these
bundles, generalizing the concept of spinor wavefunctions from flat spacetime to non-trivial
geometries. Without such a structure, the definition of spinors would remain purely local
and it could not be consistently extended over the whole manifold. For this subsection, we
will mainly draw inspiration from [42, Chapter 2, Section 1] and [43, Chapter 6.9].

2.2.29 Definition. Consider a smooth, orientable manifold M , as per Definition 2.1.9,

equipped with a pseudo-Riemannian metric g ∈ Γ(T ∗M ¹ T ∗M) of signature (s, t) ≡
(+, . . . ,+,︸ ︷︷ ︸

s

−, . . . ,−)︸ ︷︷ ︸
t

.

A spin structure on M is a pair (SM, Ã), where SM is called the Spin bundle, characterized

by the following properties

• SM is a principal bundle over M , as per Definition 2.1.20, with structure group given

by the orthochronous Spin group Spin+(R(s,t), g), as per Definition 2.2.23, where g
plays the role of the bilinear, symmetric form on R(s,t), and projection map denoted

by Ã′ : SM →M

• Let φSM denote the right action of Spin+(R(s,t), g) on the principal bundle SM and

let φD[M ] denote the left action of Spin+(R(s,t), g) on the bundle of orthonormal

frames, as per Example 2.1.21. Then, there exists a morphism of principal bundles

covering the identity, i.e.,

SM D[M ]

M

π

π
′

π̃
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such that it holds

Ã(φSM (x, S)) = φD[M ](Ã(x),Λ(S)), ∀x ∈ SM,S ∈ Spin+(R(s,t), g),

where Λ : Spin+(R(s,t), g)→ SO+(R(s,t), g) is the group covering homomorphism,

as per Theorem 2.2.25.

2.2.30 Remark. Once a smooth and orientable manifold M , as per Definition 2.1.9, is
endowed with a non-degenerate symmetric bilinear form g, it is always possible to construct
the trivial spin bundle over M in the form of the product bundle M × Spin+(R(s,t), g).
However, the existence of a non-trivial spin structure, as per Definition 2.2.29, is more subtle:
if the tangent bundle TM , as per Example 2.1.7, is trivial, then defining a spin structure is
straightforward, see [43, Remark 6.9.5].

In the general case, when TM is non-trivial, topological obstructions may arise, and the
manifold can either fail to admit a spin structure or admit several inequivalent ones depending
on its topology. These obstructions are not related to the Spin bundle SM itself, but rather
to the existence of a projection map Ã : SM → D[M ]. From a cohomological perspective,
the obstruction is encoded in the second Stiefel–Whitney class É2(M) ∈ H2(M,Z2); if
É2(M) = 0, the manifold is said to be spin and it admits a spin structure. However, as we
said, different inequivalent spin structures may arise, and their classification is governed by
the first Stiefel–Whitney class É1(M) ∈ H1(M,Z2). For more details on these results, refer
to [43, theorem 6.9.7]. Thus, the interplay between topology and geometry plays a central
role in determining both the existence and the uniqueness of spin structures.

2.2.31 Example. To gain a clearer understanding of the abstract definition of spin structures,
as per Definition 2.2.29, it is useful to examine some concrete examples of manifolds that do
or do not admit such a structure.

• The manifold R(s,t) admits for all s, t g 0 a unique spin structure, see [43, Corollary
6.9.8].

• All smooth manifolds M with trivial tangent bundle TM admit a spin structure. In
general, it is not unique. In particular, all tori Tn, n ∈ N.

• Sn is spin, as per Remark 2.2.23, for all n ∈ N.

• All orientable two-dimensional manifolds, as per Definition 2.1.9.

2.3 Dirac bundle

Having established the concepts of Clifford algebra, spin group, and spin structures, we are
now ready to introduce the Dirac bundle. This vector bundle, associated to a spin structure,
provides the natural geometric setting to construct spinor fields. More precisely, sections of
the Dirac bundle correspond to spinor fields on the manifold.
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Before delving into the analysis of this geometric construct, it is necessary to introduce
another fundamental structure: the spinor space associated with a given Clifford algebra in d
dimensions. In doing so, we distinguish between the cases where d is even and where it is
odd. Moreover, the notion of spinor representations on this space will be outlined. The first
step is thus the explicit construction of the spinor space associated with a Clifford algebra
Cl(Rd, ¶), for d > 0, where ¶ is the standard Riemannian metric on Rd, as per Definition
2.1.13, discussing separately the cases of even and odd dimension as previously indicated.

2.3.1 Definition. Let d = 2n, n ∈ N and let (ei)
d
i=1 be an orthonormal basis of the Euclidean

space (Rd, ¶). Denote with Cl(Rd, ¶) the Clifford algebra associated with (Rd, ¶), as per

Definition 2.2.4. We define the associated complexified Clifford algebra Cl(Rd, ¶) by

Cl(Rd, ¶) := Cl(Rd, ¶)¹R C.

2.3.2 Remark. Let R(s,t) be the real (s + t)-dimensional vector space equipped with the
standard bilinear, symmetric form ¸ with signature (s, t) and let Cs+t be the complex (s+ t)-
dimensional vector space endowed with the standard non-degenerate complex bilinear form
q. Then, it is possible to prove that Cl(Cs+t, q) ∼= Cl(R(s,t), ¸), i.e. complex representations
of Cl(R(s,t), ¸) are equivalent to the Clifford algebra over (Cs+t, q), see [43, lemma 6.3.2].

We define, ∀ j = 1, . . . , n,

zj :=
1

2
(e2j−1 − ie2j) ∈ Cl(Rd, ¶),

z̄j :=
1

2
(e2j−1 + ie2j) ∈ Cl(Rd, ¶),

i.e., z̄j is the complex conjugate of zj . Then, a basis for the vector space Cl(Rd, ¶), as per
Definition 2.3.1, consists of products of the form

zi1 · · · zil · z̄j1 · · · z̄jm ,

with l,m = 1, . . . , n, 1 f i1 f · · · f il f n, 1 f j1 f · · · f jm f n.

We can now give the following definition.

2.3.3 Definition. Let (Rd, ¶), d = 2n, be the Euclidean space equipped with the standard

Riemannian metric ¶, as per Definition 2.1.13. Denote with Cl(Rd, ¶) the Clifford algebra

associated with (Rd, ¶), as per Definition 2.2.4. Let Σd be the complex vector subspace of

the complexified Clifford algebra Cl(Rd, ¶), as per Definition 2.3.1, given by

Σd := span{zi1 · · · zil · z̄1 · · · z̄n | l = 0, . . . , n, 1 f i1 f · · · f il f n}.

Then, Σd is called the spinor space in d even dimensions. Elements of the spinor space Σd

are called spinors.
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Observe that Σd, as per Definition 2.3.3, is a complex vector subspace of Cl(Rd, ¶), as per
Definition 2.3.1, of dimension 2n.

2.3.4 Remark. The spinor space Σd, as per Definition 2.3.3, admits the following decompo-
sition

Σd = Σ0
d · Σ1

d,

where we defined

Σ0
d := span{zi1 · · · zil · z̄1 · · · z̄n | l = 0, . . . , n, l even , 1 f i1 f · · · f il f n},

Σ1
d := span{zi1 · · · zil · z̄1 · · · z̄n | l = 1, . . . , n, l odd , 1 f i1 f · · · f il f n}.

The elements of Σ0
d are called spinors of positive chirality, while those of Σ1

d are called
spinors of negative chirality.

For more details on the properties of the spinor space Σd, as per Definition 2.3.3, refer to
[44, Chapter 2.3].

2.3.5 Definition. Let (Rd, ¶), d = 2n, be the Euclidean space equipped with the standard

Riemannian metric ¶, as per Definition 2.1.13. Denote by Cl(Rd, ¶) the Clifford algebra

associated with (Rd, ¶), as per Definition 2.2.4, and let Spin(Rd, ¶) be the Spin group

associated to (Rd, ¶), as per Definition 2.2.22. Denote with Σd the spinor space in dimension

d even, as per Definition 2.3.3. We define the spinor representation as

Ãd : Spin(Rd, ¶)→ GL(Σd),

where GL(Σd) is the group of invertible linear transformations over Σd. Moreover, we call

Ã0
d : Spin(Rd, ¶)→ GL(Σ0

d),

Ã1
d : Spin(Rd, ¶)→ GL(Σ1

d)

respectively the positive and the negative spinor representations, where Σ0
d and Σ1

d are defined

as per Remark 2.3.4.

Let us construct explicitely the spinor representation for the two-dimensional Euclidean
space, which will be the focus of the following discussion.

2.3.6 Example. Under the same hypotheses of Definition 2.3.5, consider d = 2, that is
n = 1. According to the notation used in Definition 2.3.3 and in Definition 2.3.1, we have
that the index l can assume only two admissible values

{
l = 0 → z(0) := z̄1,

l = 1 → z(1) := z1z̄1.

Therefore,

Σ0
2 = C · z(0),

Σ1
2 = C · z(1).
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It follows that e0 acts on Σ2
∼= C2 as

(
0 −1
1 0

)
,

while e1 acts on Σ2
∼= C2 as (

0 i
i 0

)
,

see [44, Example 2.3.8]. Furthermore, from Example 2.2.28, we have the isomorphism

Spin(R2, ¶)→ U(1),

cos (È) + sin (È)e0 · e1 7−→ cos (È) + i sin (È) = eiψ.

The element cos (È) + sin (È)e0 · e1 ∈ Spin(R2, ¶) acts on Σ2 as

cos (È)

(
1 0
0 1

)
+ sin (È)

(
0 −1
1 0

)(
0 i
i 0

)
=

=

(
cos (È) 0

0 cos (È)

)
+ sin (È)

(
−i 0
0 i

)
=

=

(
cos (È)− i sin (È) 0

0 cos (È) + i sin (È)

)
=

=

(
e−iψ 0

0 eiψ

)
.

Therefore, the action of Spin(R2, ¶) on Σ1
2 is given by the standard representation of U(1)

on C, that is, C ∋ z 7−→ eiψz, while the action of Spin(R2, ¶) on Σ0
2 is given by the dual of

the standard representation of U(1) on C, namely, C ∋ z 7−→ e−iψz. For more details, see
[44, Example 2.3.8].

We focus now on the odd dimensional case, namely for d = 2n− 1.

2.3.7 Proposition. Let (Rd, ¶), d = 2n − 1, be the Euclidean space equipped with the

standard Riemannian metric ¶, as per Definition 2.1.13. Denote with Cl(Rd, ¶) the Clifford

algebra associated with (Rd, ¶), as per Definition 2.2.4. Then, there exists an algebra isomor-

phism ³ : Cl(Rd, ¶)→ Cl0(Rd+1, ¶), the even part of the Clifford algebra Cl(Rd+1, ¶), as

per Definition 2.2.11, induced by the linear map

i : Rd → Cl0(Rd+1, ¶),

X 7−→ i(X) := X · ed+1,

where ed+1 is an element of the basis (ei)i=1,...,d+1 of Cl0(Rd+1, ¶).

For the proof of the previous proposition, refer to [44, lemma 2.3.12].
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2.3.8 Remark. Proposition 2.3.7 entails that, in the odd-dimensional case, the spinor space
Σd, as per Definition 2.3.3, can be defined as

Σd := Σ0
d+1,

where Σ0
d+1 is defined as per Remark 2.3.4. The spinor representation Ãd : Spin(Rd, ¶)→

GL(Σd) in odd dimension is the restriction to the Spin group Spin(Rd, ¶) ¢ Cl(Rd, ¶) ¢
Cl(Rd, ¶) of the action of the Clifford algebra Cl(Rd, ¶) on Σd, specified by

φ ⋄ z := ³(φ) · z ∈ Σ0
d+1, ∀φ ∈ Cl(Rd, ¶), z ∈ Σd,

where ³ is the algebra isomorphism as per Proposition 2.3.7.

Observe that Σd, for d odd, as per Remark 2.3.8, has dimension 2
d−1

2 .

After introducing the notion of the spinor representation of a Clifford algebra on the spinor
space, we can give the central definition of this section.

2.3.9 Definition. Let (M, g) be a d-dimensional Riemannian smooth manifold, as per

Definition 2.1.13 and let (SM, Ã) be a spin structure on M , as per Definition 2.2.29. The

Dirac bundle, or spinor bundle, of M is the associated vector bundle, as per Definition

2.1.22, specified by

DM := SM ×σd
Σd,

where Ãd is the spinor representation, as per Definition 2.3.5.

Once the Dirac bundle is defined, the natural next step is to consider its smooth sections,
which correspond to the spinor fields of physical and geometric interest.

2.3.10 Definition. Let (M, g) be a d-dimensional Riemannian smooth manifold, as per

Definition 2.1.13 and let (SM, Ã) be a spin structure on M , as per Definition 2.2.29. We call

spinor field onM a smooth section of the Dirac bundle, as per Definition 2.3.9, È ∈ Γ(DM),

while we call cospinor field a smooth section of the dual dirac bundle È̄ ∈ Γ(D∗M).

The cospinor field È̄ is naturally interpreted as the charge-conjugate of the spinor field
È, corresponding physically to the antiparticle associated with È. Mathematically, this
correspondence is formalized by the charge conjugation map, an antilinear transformation
from the space of spinor fields to the space of cospinor fields, which preserves the underlying
geometric and algebraic structures. Introducing this concept allows us to treat spinors and
cospinors on an equal footing and to formulate interactions and bilinear forms in a coherent
framework.

2.3.11 Definition. Let (M, g) be a d-dimensional Riemannian smooth manifold, as per

Definition 2.1.13, and let DM be the Dirac bundle over M , as per Definition 2.3.9. The

charge conjugation is an antilinear map

C : Γ(DM) −→ Γ(D∗M), È 7−→ È̄ := C(È),
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satisfying the following properties:

1. Antilinearity: C(¼È + ϕ) = ¼̄C(È) + C(ϕ) for all ¼ ∈ C and È, ϕ ∈ Γ(DM).

2. Compatibility with the Clifford action: for all v ∈ Γ(TM),

C(µ(v)È) = µ(v)C(È),

where µ(v) denotes the Clifford multiplication on spinors on DM .

The image È̄ = C(È) ∈ Γ(D∗M) is called the cospinor field associated to È, and corre-

sponds physically to the antiparticle of È.

2.3.12 Remark. All previous definitions and results can be generalized also to the pseudo-
Riemannian case, see [44, Chapter 6].

This concludes our overview of Clifford algebras, spin groups and spinor bundles, which
together provide the natural mathematical framework to describe spinorial structures on
manifolds. These constructions are not only of intrinsic geometric interest, but also constitute
the foundation for the formulation of spinor fields in theoretical physics, most notably in the
Dirac theory. In the following chapters, we shall build on these notions to study differential
operators acting on spinors and to investigate their role in physical models.
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Chapter 3

Fermionic Euclidean QFT

In this chapter we shall focus on the construction of Fermionic fields in the Euclidean
framework. Our presentation will follow the Osterwalder–Schrader approach, see [23], but
we shall reformulate it within a more modern perspective, taking inspiration from algebraic
quantum field theory as well as from recent developments in non-commutative probability,
see Chapter 1.

In order to reach this goal, a number of preliminary steps are required. The relation
between Minkowskian and Euclidean formulations is by now well understood in the Bosonic
setting, where the causal propagator in Minkowski spacetime and reflection positivity in
Euclidean space provide two complementary ways of encoding the dynamics. For this
reason, we begin our analysis with the Bosonic case, introducing the algebra of fields and
the corresponding GNS representation. We then present the Osterwalder–Schrader theorem,
which establishes a rigorous correspondence between Euclidean Schwinger functions and
Minkowskian Wightman functions, and we discuss Nelson’s analytic approach to the recon-
struction problem.

With this background in place, we turn to the Fermionic theory. We first describe the
Minkowskian case, where fields satisfy the canonical anticommutation relations (CAR) and
the algebraic structure is dictated by the underlying causal geometry. Finally, we move to
the Euclidean formulation, where the introduction of Grassmann-valued variables requires
a reformulation of the algebra, and where non-commutative probability offers a natural
language to interpret Euclidean Fermionic fields.

3.1 Introduction to Algebraic Quantum Field Theory

In this section we give an introduction to the algebraic formulation of Quantum Field Theory
(AQFT). This is a mathematically rigorous framework in which the key structures are nets
of operator algebras associated with regions of spacetime, see [61, Chapter II]. Instead of
starting from a specific Lagrangian or Hamiltonian, the algebraic formulation emphasizes
general structural principles such as locality, causality, and covariance. This perspective not
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only offers conceptual clarity but also enables the analysis of quantum field theories in a
highly abstract and model-independent way, see [56, Chapter III].

In the following, we shall analyze the construction of an Algebraic Quantum Field
Theory for a real scalar field, both in the Minkowskian and in the Euclidean setting. The
comparison between these two formulations is usually described in heuristic terms through
the so-called Wick rotation, namely the analytic continuation of time to imaginary values.
However, such a procedure lacks mathematical precision and it requires a more rigorous
justification. This is precisely the role of the Osterwalder–Schrader theorem, see [18, Section
4 and Section 5], which establishes the exact conditions under which a Euclidean field theory
can be continued to a consistent Minkowskian quantum counterpart. Stating this theorem
will therefore allow us to build a solid conceptual bridge between the two perspectives and
to clarify the interplay between locality, covariance, and reflection positivity.

We shall first consider the Minkowskian case, as it represents the physical spacetime
formulation of quantum field theory. In constructing the field algebra, we take as our starting
point the space of smooth, compactly supported test functionsC∞

0 (M). The compact support
ensures that observables are localized in finite space–time regions, thereby encoding the
principle of locality at the algebraic level. Smoothness, on the other hand, is not meant to
restrict the physical content but rather to guarantee that all singular features, such as shock
waves, corners, or interfaces, are encoded in the states, which belong to the dual space. In
this way, differential operators like the Klein–Gordon operator act consistently on the test
functions, while the full singular structure of the theory is captured by the states. Most
importantly, this framework admits a natural extension beyond Minkowski spacetime on
globally hyperbolic spacetimes. We define them in the following way.

3.1.1 Definition. A time-oriented Lorentzian manifold, as per Definition 2.1.14, (M, g) is

said to be globally hyperbolic if the following conditions hold:

1. M is strongly causal, i.e. it admits no almost closed causal curves.

2. For any two points p, q ∈M , the causal diamond

J+(p) ∩ J−(q)

is compact in M , where J+(p) and J−(p) have been defined in Definition 2.1.17.

For more details on globally hyperbolic spacetimes, refer to [57, Chapter 8].

From a physical perspective, this ensures that quantum field theories can be consistently
formulated also in the presence of non-trivial gravitational backgrounds, for instance in
cosmological models or in the study of Hawking radiation in black hole geometries, see
[58, Chapter 7]. Although in the following we shall restrict ourselves to flat spacetime, it is
worth emphasizing that the algebraic framework naturally accommodates these physically
significant scenarios.
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3.1.1 Minkowskian framework

Since our aim is to discuss the physical formulation of quantum field theory, it will be
sufficient to restrict our attention to flat spacetime. We shall therefore work throughout on
the d-dimensional Minkowskian spacetime R(1,d−1), endowed with the standard Lorentzian
metric ¸ of signature (+,−, . . . ,−︸ ︷︷ ︸

d−1

). On R(1,d−1), we use the standard Euclidean coordinates

(x0, x1, . . . , xd−1), with x0 ≡ t, which represents the physical time, while (x1, . . . , xd−1)
represent the spatial coordinates with respect to a given reference frame. For brevity’s sake,
in the following we will write (t, x) for (t, x1, . . . , xd−1) while we will denote (R(1,d−1), ¸)
by (M, g).

Let us fix some notations. Let C∞
0 (M ;R) denote the space of smooth, compactly supported,

real-valued functions on M , as per Definition 2.1.3. Its complexification is defined as

C∞
0 (M ;C) := C∞

0 (M ;R)¹R C,

that is, the space of smooth, compactly supported, complex-valued functions on M . We
denote C∞

0 (M,C) by C∞
0 (M).

We define the complexification of the functional spaces S(M,R), the Schwarz space of
rapidly decreasing real-valued functions on M , as per Definition A.1.14, and C∞(M,R) in
an analogous way. We denote by S(M) the complexified Schwartz space S(M,C), while
we denote by C∞(M) the complexified space of smooth functions C∞(M,C).

In Appendix A we recall standard notions on distributions which will be useful in the fol-
lowing discussion. We refer to D′(M) as the space of distributions on M , as per Definition
A.1.3, while we denote by S′(M) the space of tempered distributions onM , as per Definition
A.1.15.

In Quantum Field Theory, the dynamics of a quantum system can be understood as the
possible ways in which the system evolves over time. Even before introducing the formal
algebraic structures, one can ask which evolutions are physically meaningful. Admissible
dynamics are those that respect the fundamental principles of locality, causality, and space-
time symmetries, and that allow for the existence of physically relevant states such as the
vacuum or thermal equilibrium states. Classifying these dynamics amounts to identifying all
evolutions that are consistent with these core physical requirements.

To formalize these admissible dynamics, one considers linear hyperbolic operators acting
on the fields. Their hyperbolic nature ensures a well-defined causal propagation, providing
a precise mathematical framework for the evolution of observables in accordance with the
principles outlined above. In the case of a real scalar field, this operator is the Klein–Gordon
operator, a prototypical example of a second-order hyperbolic operator on Minkowski
spacetime. More generally, it is useful to consider the broader class of differential operators
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whose principal part coincides with that of the d’Alembertian. These are the so-called
Minkowskian normally hyperbolic operators, which provide the natural analytic framework
for the study of wave-like equations and their associated Green’s operators.

3.1.2 Definition. A differential operator P : C∞(M)→ C∞(M) is called Minkowskian

normally hyperbolic if, using the standard Euclidean coordinates (x0, x1, . . . , xd−1), it

reads

P = ¸µν∂µ∂ν +Aρ∂ρ +B,

where Aρ, B ∈ C∞(M) and where we have used Einstein’s summation convention for

repeated indices. The term ¸µν∂µ∂ν is called the principal part of the operator; it consists

of the highest-order derivatives and determines the operator’s characteristic structure and

causal properties.

3.1.3 Remark. The action of a Minkowskian normally hyperbolic operator P , as per
Definition 3.1.2, can be extended to D′(M), the space of distributions over M . Indeed,
derivatives can be interpreted in the sense of distributions, as per Definition A.1.13, and by
linearity this extends to the whole operator.

As we said above, among the class of Minkowskian normally hyperbolic operators, the most
relevant example for quantum field theory is the Klein-Gordon operator, which encodes the
dynamics of a free real scalar particle. We introduce it explicitly below.

3.1.4 Example. The Klein–Gordon operator P : C∞(M)→ C∞(M) is defined by

P := □ +m2 = ∂2
t −

d−1∑

i=1

∂2
i +m2,

where □ denotes the d’Alembertian associated with ¸, while m g 0 is the mass of the
particle. Observe that P is a Minkowskian normally hyperbolic operator in the sense of
Definition 3.1.2.

The corresponding equation

Pφ = 0 ô (□ +m2)φ = 0 (3.1)

is the Klein–Gordon equation, which describes the dynamics of a free neutral scalar particle
in relativistic quantum theory. It can be viewed as a relativistic analogue of the Schrödinger
equation, since it arises from the relativistic dispersion relation

E2 = p2 +m2,

where p is the momentum of the particle.

In order to analyze the solutions of hyperbolic equations ruled by a Minkowskian normally
hyperbolic operator P , such as Equation (3.1), it is useful to introduce the notion of Green’s

operators. These are a distributional inverse to the differential operator P . Their existence
and properties will play a central role in the construction of the quantum theory.
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3.1.5 Definition. Let P be a Minkowskian normally hyperbolic operator on C∞(M), as per

Definition 3.1.2. A continuous linear map G : C∞
0 (M)→ D′(M) satisfying

• P ◦G = IC∞
0 (M),

• G ◦ P |C∞
0 (M) = IC∞

0 (M),

where IC∞
0 (M) denotes the identity operator over C∞

0 (M), is called Green’s operator for

P .

In the Lorentzian setting, one can further refine the notion of Green’s operator by imposing
support conditions dictated by the causal structure of the metric. This leads to the retarded

and advanced Green’s operators, characterized by the requirement that the support of the
solution lies, respectively, in the causal future or in the causal past of the support of the
source term.

3.1.6 Definition. Let P be a Minkowskian normally hyperbolic operator on C∞(M). An

operator

Gadv/ret : C∞
0 (M) −→ D′(M)

is called the advanced (resp. retarded) Green’s operator for P if the following conditions

hold:

1. P ◦Gadv/ret = idC∞
0 (M),

2. Gadv/ret ◦ P |C∞
0 (M) = idC∞

0 (M),

3. for all f ∈ C∞
0 (M),

supp(Gadvf) ¦ J−(supp(f)), supp(Gretf) ¦ J+(supp(f)),

where J± denote the causal future (+) and past (−) of the support of f , defined as in

Definition 2.1.17.

The previous definition raises the natural question whether advanced and retarded Green’s
operators actually exist for a given normally hyperbolic operator, as per Definition 3.1.2, and
if so, whether they are uniquely determined. The following result provides an affirmative
answer.

3.1.7 Proposition. Let P be a Minkowskian normally hyperbolic operator on C∞(M), as

per Definition 3.1.2. Then there exist unique advanced and retarded Green’s operators

Gadv/ret : C∞
0 (M)→ C∞(M), as per Definition 3.1.6.

The proof of the previous proposition can be found in [45, Corollary 3.4.3].
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Observe that the Schwarz’s kernel theorem, see [48, Theorem 5.2.1], entails the Green’s
operators Gadv/ret : C∞

0 (M) → C∞(M), as per Proposition 3.1.7, can be associated with
the bidistributions Gadv/ret ∈ D′(M ×M) such that

Gadv/ret(f)(h) = Gadv/ret(f ¹ h),

for all f, h ∈ C∞
0 (M). We call Gadv/ret the fundamental advanced/retarded kernels for the

Minkowskian normally hyperbolic operator P . See Appendix A, Theorem A.2.1 for more
details on the statement of the Schwarz’s kernel theorem.

3.1.8 Remark. We can formulate the defining equations for the Green’s operatorG associated
to the Klein-Gordon operator P , as per Definition 3.1.5, that is

P ◦G = IC∞
0 (M) = G ◦ P |C∞

0 (M),

by means of the associated fundamental kernel, i.e.,

(
P ¹ IC∞

0 (M)

)G =
(
IC∞

0 (M) ¹ P
)G = ¶, (3.2)

where ¶ ∈ D′(M ×M) is the delta distribution on M ×M , as per Example A.1.11. Indeed,
for all f, h ∈ C∞

0 (M),

(
P ¹ IC∞

0 (M)

)G (f ¹ h) = G (P ¹ IC∞
0 (M)

)
(f ¹ h) = G (Pf ¹ h) =

= G(Pf)(h) ≡ [(G ◦ P )(f)
]
(h) = IC∞

0 (M)(f)(h) = ¶(f ¹ h),

where we made use of the properties of the distributional derivative, as per Definition A.1.13,
and of the ¶ function on the diagonal, as per Exercise A.1.11. The same calculations hold
also for the other equality.

The distributional formulation of Equation (3.2) can be equivalently expressed at the level of
integral kernels, as per Definition A.1.7. This point of view is particularly useful in order to
derive explicit formulas for the fundamental kernels of the Klein-Gordon operator. We now
make this connection precise.

3.1.9 Remark. At the level of integral kernels, as per Remark A.1.7, we can write Equation
(3.2) as

Px G(x, y) = Py G(x, y) = ¶(x− y), (3.3)

where ¶(x − y) is the integral kernel of the delta distribution on the diagonal, which is
translation invariant. Here we have used the notation x, y ∈M ≡ R(1,d−1).

Observe that the fundamental advanced and retarded kernels for the Klein-Gordon operator
P , respectively Gadv and retarded Gret, whose existence is guaranteed by Proposition 3.1.7,
are tempered distributions, as per Definition A.1.15. This result follows from the standard
Fourier-transform construction of the retarded and advanced fundamental solutions for the
Klein–Gordon operator on Minkowski spacetime. For more details on this construction, refer
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to [45, Chapter 3] and [50, Section IX, Chapter 6]. Being Gadv/ret ∈ S′(M ×M), we can
make use of the Fourier transform, see Definition A.1.16, in order to compute their explicit
expression.

Indeed, their integral kernels, as per Remark A.1.7, can be written as

Gret(t, x; t′, x′) = Θ(t− t′)
∫

Rd−1
dd−1k

e−ik·(x−x
′)

2
√
|k|2 +m2

(
ei
√

|k|2+m2(t−t′)+

− e−i
√

|k|2+m2(t−t′)
)
,

Gadv(t, x; t′, x′) = −Θ(t′ − t)
∫

Rd−1
dd−1k

e−ik·(x−x
′)

2
√
|k|2 +m2

(
ei
√

|k|2+m2(t−t′)+

− e−i
√

|k|2+m2(t−t′)
)
,

where t, t′ ∈ R and x, x′ ∈ Rd−1, while k ∈ Rd−1.

In particular, in the four-dimensional case, that is d = 4, the integral kernels of the retarded
and the advanced fundamental solutions for the Klein-Gordon operator assume respectively
the following form:

Gret(t, x; t′, x′) =
Θ(t− t′)

2Ã

(
¶((t− t′)2 − (x− x′)2)+

−Θ((t− t′)2 − (x− x′)2)
m

2
√

(t− t′)2 − (x− x′)2
J1
(
m
√

(t− t′)2 − (x− x′)2
))
,

Gadv(t, x; t′, x′) = −Θ(t′ − t)
2Ã

(
¶((t− t′)2 − (x− x′)2)+

−Θ((t− t′)2 − (x− x′)2)
m

2
√

(t− t′)2 − (x− x′)2
J1
(
m
√

(t− t′)2 − (x− x′)2
))

Here J1 denotes the Bessel function of first kind of order 1, while ¶ is the delta distribution,
as per Example A.1.5. We can find the explicit calculation of these propagators in [46,
Example 4.2].

3.1.10 Remark. In the case where P is the Klein–Gordon operator, as per Example 3.1.4,
we have two other distinguished associated fundamental kernels. Indeed, we can introduce
the Feynman propagator GF ∈ S′(M ×M) and the anti-Feynman propagator GF̄ ∈
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S′(M ×M), defined respectively as

GF = Θ(t− t′)
∫

Rd−1
dd−1k

e−ik·(x−x
′)

2
√
|k|2 +m2

e i
√

|k|2+m2 (t−t′) +

+ Θ(t′ − t)
∫

Rd−1
dd−1k

e−ik·(x−x
′)

2
√
|k|2 +m2

e−i
√

|k|2+m2 (t−t′),

GF̄ = Θ(t′ − t)
∫

Rd−1
dd−1k

e−ik·(x−x
′)

2
√
|k|2 +m2

e i
√

|k|2+m2 (t−t′) +

+ Θ(t− t′)
∫

Rd−1
dd−1k

e−ik·(x−x
′)

2
√
|k|2 +m2

e−i
√

|k|2+m2 (t−t′).

One can prove that they satisfy Equation (3.2), i.e.,

(P ¹ I)GF = (I¹ P )GF = ¶,

(P ¹ I)GF̄ = (I¹ P )GF̄ = ¶.

In quantum field theory, the Feynman propagator plays a central role not only as the Green’s
fundamental kernel associated with the Klein–Gordon operator in Minkowski spacetime, but
also as a bridge to the Euclidean framework, where it corresponds to the fundamental solution
of the Euclidean Klein–Gordon operator. This connection is crucial for techniques such as
Wick rotation and path integral formulations. Furthermore, the Feynman propagator provides
the foundation for the construction of the algebra of observables in interacting theories,
see [46, Chapter 6]. In particular, it governs the way fields are contracted in perturbative
expansions, thereby encoding how interactions are consistently organized and renormalized.

The advanced and retarded fundamental kernels associated to the Klein-Gordon operator,
as per Example 3.1.4, allow us to construct a distinguished bidistribution by taking their
difference. This object, called the causal propagator, encodes the fundamental causal
structure of the theory and, more importantly, it is the distribution that governs the canonical
commutation relations of the quantized field. This motivates the following definition.

3.1.11 Definition. Let P be the Klein-Gordon operator, as per Example 3.1.4, and denote by

Gadv and Gret its unique advanced and retarded fundamental kernel, as per Proposition 3.1.7.

We call causal propagator

Gcaus := Gret − Gadv.
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The integral kernel of the causal propagator can be written as

Gcaus(t, x; t′, x′) = Gret(t, x; t′, x′)− Gadv(t, x; t′, x′) =

= Θ(t− t′)
∫

Rd−1
dd−1k

e−ik·(x−x
′)

2
√
|k|2 +m2

(
ei
√

|k|2+m2(t−t′) − e−i
√

|k|2+m2(t−t′)
)
+

+ Θ(t′ − t)
∫

Rd−1
dd−1k

e−ik·(x−x
′)

2
√
|k|2 +m2

(
ei
√

|k|2+m2(t−t′) − e−i
√

|k|2+m2(t−t′)
)

=

=

∫

Rd−1
dd−1k

e−ik·(x−x
′)

2
√
|k|2 +m2

(
ei
√

|k|2+m2(t−t′) − e−i
√

|k|2+m2(t−t′)
)
.

Observe that the causal propagator satisfies

(P ¹ I)Gcaus = (I¹ P )Gcaus = 0.

3.1.12 Remark. The causal propagator G := Gret − Gadv associated with the Klein-Gordon
operator, as per Definition 3.1.11, can equivalently be characterized as the unique solution of
the Cauchy problem

(□ +m2)G(x, x′) = 0 for t ̸= t′,

subject to the initial conditions at t = t′

G|t=t′ = 0, ∂tG|t=t′ = −∂t′G|t=t′ = ¶(x− x′).

The causal propagator, as per Definition 3.1.11, encodes both the equations of motion and
the canonical commutation relations of the field, thereby providing the fundamental structure
underlying the quantization of the Klein–Gordon field. This motivates the introduction of
the following algebra of fields.

3.1.13 Definition. Let P be the Klein-Gordon operator, as per Example 3.1.4. We call

Bosonic Lorentzian field algebra the unital *-algebra A, as per Definition 1.1.2, freely

generated by a unit 1 and by symbols ϕ(f), f ∈ C∞
0 (M), from which we single out the

ideal generated by the following relations:

• Linerarity: ϕ(¼f+µh) = ¼ϕ(f)+µϕ(h), for all ¼, µ ∈ C and for all f, h ∈ C∞
0 (M);

• Equations of motion: ϕ(Pf) = 0, for all f ∈ C∞
0 (M), where 0 ∈ A is the multiplica-

tive absorbing element of the algebra A;

• Reality condition: ϕ(f)∗ = ϕ(f̄), for all f ∈ C∞
0 (M), where f̄ denotes the complex

conjugate of f .

• Canonical Commutation Relations (CCRs):

[ϕ(f), ϕ(h)] := ϕ(f) · ϕ(h)− ϕ(h) · ϕ(f) = i ℏGcaus(f, h)1,

for all f, h ∈ C∞
0 (M). Here Gcaus is the causal propagator, as per Definition 3.1.11,

while · denotes the multiplication of the algebra A and ℏ is the reduced Planck

constant.
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We call ϕ : C∞
0 (M)→ A real scalar Bosonic field associated to the algebra A.

In the following, we will refer to A, as per Definition 3.1.13, as the algebra of fields for the
real scalar field ϕ.

Since the algebra of fields has now been introduced, it is convenient to recall the notion of a
state. Although this concept has already been discussed in Chapter 1, due to its central role
in the algebraic formulation of quantum field theory we restate the definition here.

3.1.14 Definition. In the setting of Definition 3.1.13, we call state a linear functional

É : A → C such that

• É(1) = 1,

• É(a∗a) g 0, for all a ∈ A,

where 1 is the unit element of the algebra.

3.1.15 Remark. Observe that given a unital *-algebra A, a state on A, as per Definition
3.1.14, is Hermitian, that is

É(a) = É(a∗), ∀a ∈ A.

This descends from the positivity property of a state, i.e.,

É(a∗a) g 0, ∀a ∈ A.

Indeed, given b = 1 + ¼a ∈ A, for a ∈ A and ¼ ∈ C, where 1 denotes the unity element of
A, we have

0 f É(b∗b) = 1 + ¼É(a) + ¼̄É(a∗) + |¼|2É(a∗a).

Since this is true for any ¼ ∈ C, it follows

É(a) = É(a∗).

The n-point correlation functions play a central role in quantum field theory. From a physical
perspective, they encode the joint probability amplitudes for detecting field excitations at
different space–time points, and thus they capture the full statistical content of the theory in a
given state É, as per Definition 3.1.14. In the algebraic framework, they provide a systematic
way of organizing the expectation values of products of field operators, and, taken together,
they determine the state completely. This makes them the natural objects through which the
structure of a quantum field can be analyzed.

3.1.16 Definition. Let É : A → C be a state, as per Definition 3.1.14, whereA is the algebra

of observables for the neutral scalar field ϕ, introduced in Definition 3.1.13. We call the

n-point correlation functions, for n g 1, the maps

Én : C∞
0 (M)× · · · × C∞

0 (M)︸ ︷︷ ︸
n times

→ C,
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defined, for all f1, . . . , fn ∈ C∞
0 (M), by

Én(f1, . . . , fn) ≡ Én(f1 ¹ · · · ¹ fn) := É
(
ϕ(f1) · · ·ϕ(fn)

)
.

The following proposition summarizes the key properties of the two-point correlation function
É2. It encodes the equations of motion, the canonical commutation relations, the causal
structure, and the positivity constraints that are essential for controlling field correlations.
These results form the foundation for many further developments in the algebraic formulation
of the scalar quantum field.

3.1.17 Proposition. Let P be the Klein-Gordon operator on C∞(M), as per Example 3.1.4.

Let É : A → C be a state, as per Definition 3.1.14, where A is the Bosonic algebra for the

neutral scalar field, introduced in Definition 3.1.13, and let É2 : C∞
0 (M)× C∞

0 (M)→ C

be the associated two-point correlation function, as per Definition 3.1.16. Then, for all

f, h ∈ C∞
0 (M), it holds that:

1. É2(Pf, h) = É2(f, Ph) = 0;

2. É2(f, h) − É2(h, f) = iℏGcaus(f, h), where Gcaus is the causal propagator, as per

Definition 3.1.11;

3. Im
(
É2(f, h)

)
= ℏ

2 Gcaus(f, h);

4. ℏ2

4 |Gcaus(f, h)|2 f É2(f̄ , f)É2(h̄, h).

Proof. We prove the proposition by addressing each statement separately.

1. É2(Pf, h) = É
(
ϕ(Pf) ·ϕ(h)

)
= É(0 ·h) = É(0) = 0, for all f, h ∈ C∞

0 (M), due to
the properties both of the Bosonic algebraA, as per Definition 3.1.13, and the linearity
of the state É, as per Definition 3.1.14.

2. For all f, h ∈ C∞
0 (M),

É2(f, h)− É2(h, f) = É
(
ϕ(f) · ϕ(h)

)− É(ϕ(h) · ϕ(f)
)

=

= É
(
ϕ(f) · ϕ(h)− ϕ(h) · ϕ(f)

)
= É

(
[ϕ(f), ϕ(h)]

)
=

= É(iℏGcaus(f, h)1) = iℏGcaus(f, h)É(1) = iℏGcaus(f, h),

due to both the canonical commutation relations property of the algebra A and the
linearity of state É, as per Definition 3.1.14.

3. Let f, h ∈ C∞
0 (M) be real functions. From Remark 3.1.15, it descends that

É2(f, h) = É
(
ϕ(f) · ϕ(h)

)
= É

((
ϕ(f) · ϕ(h)

)∗)
=

= É
(
ϕ(h̄) · ϕ(f̄)

)
= É

(
ϕ(h) · ϕ(f)

)
= É2(h, f).
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By definition of imaginary part of a complex number and by Property 2. of Proposition
3.1.17, we have that

Im É2(f, h) =
É2(f, h)− (É2(f, h)

)

2i
=
É2(f, h)− É2(h, f)

2i
=

=
iℏGcaus(f, h)

2i
=

ℏ

2
Gcaus(f, h).

Now let f, h ∈ C∞
0 (M) be complex functions, i.e.,

f = fR + ifI , fR, fI real functions,

h = hR + ihI , hR, hI real functions.

The map (f, h) 7−→ Im É2(f, h) is bilinear by definition, therefore

Im É2(f, h) = Im É2(fR + ifI , hR + ihI) =

= Im É2(fR, hR) + i Im É2(fR, hI) + i É2(fI , hR)− É2(fI , hI) =

=
ℏ

2
Gcaus(fR, hR) + i

ℏ

2
Gcaus(fR, hI) + i

ℏ

2
Gcaus(fI , hR)− ℏ

2
Gcaus(fI , hI) =

=
ℏ

2
Gcaus(f, h).

4. Let f, h ∈ C∞
0 (M). From Property 3. of Proposition 3.1.17,

ℏ

2
|Gcaus(f, h)| = |Im É2(f, h)| f |É2(f, h)|.

ℏ2

4
|Gcaus(f, h)|2 f |É2(f, h)|2.

From the properties of the state É, as per Definition 3.1.14, the form

ïf, hðω := É2(f̄ , h), ∀f, h ∈ C∞
0 (M),

is a positive semidefinite sesquilinear form. Thus, the Cauchy-Schwarz inequality
holds and we have

|É2(f̄ , h)|2 f É2(f̄ , f)É2(h̄, h).

Therefore,
ℏ2

4
|Gcaus(f, h)|2 f |É2(f, h)|2 f É2(f̄ , f)É2(h̄, h).

■

3.1.18 Remark. Let A be the algebra of fields, as per Definition 3.1.13, and let É2 ∈
D′(M ×M) be the two-point correlation function. One can prove that

É̃2(f, h) :=
1

2

(
É2(f̄ , h) + É2(h̄, f)

)
, ∀f, h ∈ C∞

0 (M),
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defines a sesquilinear, symmetric, positive semi-definite form in C∞
0 (M). Indeed, sesquilin-

earity and symmetry properties follow from the definition of É̃2. Positivity, instead, follows
from the positivity property of the state É, see Definition 3.1.14, and from the property of
reality condition of the algebraA, see Definition 3.1.13. However, Property 1. of Proposition
3.1.17, entails that É̃2 is degenerate, hence it does not define a scalar product in C∞

0 (M).

Among the wide range of possible states on the algebra of fields, as per Definition 3.1.13,
a notable class is that of quasi-free states. These states are entirely determined by their
two-point correlation function, while all higher n-point functions follow from Wick’s theorem.
From the physical viewpoint, quasi-free states play a distinguished role, with the vacuum
state and the thermal equilibrium states of free quantum fields providing the most prominent
examples.. They thus provide the basic building blocks for perturbative constructions:
interacting theories are usually described as deformations of quasi-free states. In addition,
quasi-free states are mathematically tractable, since the Gaussian structure ensures that the
corresponding GNS representation is a Fock space representation, as we will see in the
following, making them a cornerstone in the rigorous formulation of AQFT.

3.1.19 Definition. LetA be the algebra of fields, as per Definition 3.1.13. A state É : A → C,

as per Definition 3.1.14, is called quasi-free, or Gaussian, if the n-point correlation functions,

as per Definition 3.1.16,

Én ∈ D′(Rd × · · · × R
d)

are such that, for all n ∈ N,

É2n+1 = 0,

while, for all f1, . . . , f2n ∈ C∞
0 (Rd),

É2n(f1, . . . , f2n) ≡ É2n(f1 ¹ · · · ¹ f2n) =
∑

σ2n∈S′
2n

n∏

i=1

É2(fσ2n(2i−1) ¹ fσ2n(2i)),

where S′
2n denotes the set of ordered permutations of 2n elements.

In other words, a quasi-free, or Gaussian, state on the Bosonic algebra is completely deter-
mined by its two-point function. All higher n-point correlation functions are obtained via the
Wick theorem, which expresses them in terms of sums over products of two-point functions.
In particular, all odd-order correlations vanish, reflecting the Gaussian nature of the state.

3.1.20 Remark. Given an algebra of fields A over M , as introduced in Definition 3.1.13,
there is no canonical way to select an associated state. Nevertheless, if we want to select
a state which is physically admissible, Radzikowski’s theorem, see [59], ensures that the
singular part of the two-point correlation function is uniquely determined: its wavefront set,
as per Definition A.2.4, must necessarily be of the form

WF(É2) =
{

(x, kx; y,−ky) ∈ T ∗(M ×M) \ {0}
∣∣∣ (x, kx) ∼ (y, ky), (x, kx) ∈ N+

}
,
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where ∼ means that there exists a null geodesic connecting x and y whose tangent vectors at
x and y are kx and ky, respectively, with ky obtained from kx by parallel transport along the
geodesic and where

N+ .
= {(x, kx) ∈ N | kx ▷ 0}.

A 1-form kx ∈ T ∗
xM is said to be future-directed, denoted kx▷0, if it is null, ¸−1(kx, kx) = 0,

and satisfies

kx(v) > 0 for every future-directed timelike vector v ∈ TxM.

A two-point function É2 satisfying this condition is called a Hadamard two-point func-
tion. The freedom to add smooth functions remains, corresponding to different physically
admissible states.

Radzikowski’s theorem singles out “well-behaved” states: two-point functions of Hadamard
form have singularities only along future-directed null directions, while the smooth part
remains unconstrained and can vary without affecting this singular structure. We will not go
into the details of this issue since the topic is extensive and rich in subtleties and contributions.
Further details can be found in [59].

3.1.21 Example. A possible choice for the two-point correlation function associated with
the Bosonic algebra defined in Definition 3.1.13 is given by

i É2 = Gadv − GF ,

where GF is the Feynman propagator, as per Remark 3.1.10, while Gadv is the advanced
fundamental kernel associated to the Klein-Gordon propagator, as per Definition 3.1.6. This
choice of the two-point correlation function satisfies the conditions of the Radzikowski’s
theorem and therefore constitutes a physically admissible choice. In the following, we will
consider É2 of this form.

The notion of state, as per Definition 3.1.14, is particularly powerful once combined with
the Gelfand-Naimark-Segal construction (GNS construction), which allows us to associate
to any pair (A, É), made of a unital *-algebra A and of a state É, a concrete Hilbert space
representation. This implements the abstract algebra of observables as operators on a
Hilbert space, thereby recovering the usual Hilbert-space formulation of quantum mechanics.
Accordingly, we introduce the GNS theorem.

3.1.22 Theorem. Let É be a state, as per Definition 3.1.14, on a unital ∗-algebra A, as per

Definition 1.1.2. Then there exist a dense subspace Dω of a Hilbert space Hω with inner

product (·, ·)Hω , a representation

Ãω : A → L(Dω),

and a norm one vector Ωω ∈ Dω, such that

É(a) =
(
Ωω, Ãω(a) Ωω

)
Hω
, ∀a ∈ A,
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and

Dω = {Ãω(a) Ωω | a ∈ A}.
The triple (Dω, Ãω,Ωω) is called the GNS triple associated with É, and is uniquely deter-

mined up to unitary equivalence.

For the proof of the GNS theorem in the context of C∗-algebras, see [28, Section 2.3],
whereas that in the form presented here can be found in [38, Theorem 4.4].

Given the abstract algebra of fieldsA for the real scalar field, as in Definition 3.1.13, the GNS
theorem ensures that any state É on A gives rise to a concrete Hilbert space representation.
In this setting, the abstract generators ϕ(f) ∈ A, with f ∈ C∞

0 (M), are represented as
densely defined operators Ãω(ϕ(f)) onHω. It is therefore natural to interpret the assignment

f 7−→ Ãω(ϕ(f))

as an operator-valued distribution, consistently with the following definition.

3.1.23 Definition. LetH be a Hilbert space andD ¢ H a dense domain. An operator-valued
distribution on Rd is a linear map

ϕ : C∞
0 (Rd)→ L(D),

from the space of test functions C∞
0 (Rd) to the space of linear operators on D, such that for

every È,φ ∈ D the map

f 7→ (
È, ϕ(f)φ

)
H,

where (·, ·)H denotes the inner product inH, is a (scalar) distribution on Rd.

We are now ready to introduce the notion of a quantum field as an operator-valued distribution
within the GNS representation associated with the state É.

3.1.24 Definition. Let A be the algebra of observables, as per Definition 3.1.13, and let

É : A → C be a state thereon, as per Definition 3.1.14. Denoting by (Dω, Ãω,Ωω) the

associated GNS triple, as per Theorem 3.1.22, we say that a quantum field is the operator-

valued distribution, as per Definition 3.1.23,

Φω : C∞
0 (M)→ L(Hω), f 7→ Φω(f) := Ãω(ϕ(f)),

where Hω is the Hilbert space built out of Dω while Φω(f) is a densely defined operator

whose domain of definition is D(Φω(f)) = Dω.

If Φω(f) is essentially self-adjoint for all f ∈ C∞
0 (M), we say that the state É is regular.

3.1.25 Remark. Being Φω an operator-valued distribution, we define its associated integral
kernel by

(
Φω, f

) ≡
∫

M
dx Φω(x) · f(x), ∀f ∈ C∞

0 (M).
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The following theorem establishes a fundamental link between quasi-free states on the
algebra of fields, as per Definition 3.1.19, and the Fock space structure commonly used
in quantum field theory, as per Example 1.1.10. In particular, it shows that any quasi-free
state induces a GNS representation in which the Hilbert space takes the form of a Bosonic
(symmetric) Fock space, with creation and annihilation operators implementing the field
algebra. This construction provides a concrete realization of the abstract algebraic framework
and allows one to recover the usual operator formalism of free quantum fields.

3.1.26 Theorem. Let A be the algebra of fields for a real scalar field ϕ, as per Definition

3.1.13, and let É : A → C be a quasi-free state, as per Definition 3.1.19. Then the following

statements hold true:

1. The two-point correlation function É2 ∈ D′(M ×M) is such that, for all f, h ∈
C∞

0 (M),

É2(f̄ , h) = É̃2(f̄ , h) + iℏ
2 G(f̄ , h),

where É̃2 is the sesquilinear form defined in Remark 3.1.18, while G is the causal

propagator, as per Definition 3.1.11.

2. The GNS triple (Dω, Ãω,Ωω) associated to (A, É), as per Theorem 3.1.22, is such

that:

(a) Hω = Ãω[A]Ωω is a Bosonic (symmetric) Fock space, as per Example 1.1.10,

Hω =
∞⊕

k=0

H¹k, H¹0 = C,

where the 1-particle Hilbert space H is the closure K[A] + iK[A], and K :
A → H is such that, for all f, h ∈ C∞

0 (M),

(
K
(
ϕ(f)

)
,K
(
ϕ(h)

))
H

= É2(f̄ , h).

(b) Ωω is the vacuum ofHω and it can be denoted by |0ðω.

(c) Dω is the vector space built out of all finite complex linear combinations of Ωω

and of all vectors of the form

a 
(
ϕ(f1)

) · · · a (ϕ(fn)
)
Ωω, f1, . . . , fn ∈ C∞

0 (M),

where n ∈ N. Here a : A → L(Hω) is the creation operator with domain Dω,

such that its restriction toH¹k is

a 
∣∣
H¹k(ϕ(f))

(
K
(
ϕ(f1)

)¹ · · · ¹K(ϕ(fk)
))

=

=
√
k + 1K

(
ϕ(f)

)¹K(ϕ(f1)
)¹ · · · ¹K(ϕ(fk)

)
,
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while the annihilation operator with domain Dω is a : SP0(Rd) → L(Hω)
whose restriction toH¹k is

a
∣∣
H¹k(ϕ(f))

(
K
(
ϕ(f1)

)¹ · · · ¹K(ϕ(fk)
))

=

=
√
k
(
K
(
ϕ(f)

)
,K
(
ϕ(f1)

))
H
K
(
ϕ(f1)

)¹ · · · ¹K(ϕ(fk)
)
.

3. The homomorphism Ãω is completely determined by the creation and annihilation

operators via the defining relation

Φω(f) ≡ Ãω(ϕ(f)) = a(ϕ(f)) + a (ϕ(f)).

In addition, D(Φω) = Dω and thereon Φω is essentially self-adjoint.

For the proof of this theorem, refer to [55, Proposition 3.1].

Having defined quantum fields as an operator-valued distribution in the GNS representation,
we can now construct the associated n-point correlation functions. These are known as
Wightman distributions and capture the vacuum expectation values of products of smeared
field operators.

3.1.27 Definition. Let us consider the context of Definition 3.1.24. For every n ∈ N, we

call Wightman distributions the maps Wn : C∞
0 (M)× · · · × C∞

0 (M)︸ ︷︷ ︸
n times

→ C defined by

Wn(f1, . . . , fn) ≡Wn(f1 ¹ · · · ¹ fn) :=
(
Ωω,Φω(f1) · · ·Φω(fn)Ωω

)
Hω
,

for all f1, . . . , fn ∈ C∞
0 (M).

3.1.2 Time-ordered product

Up to this point, we have constructed the Bosonic field algebra, their associated states, and
their GNS representations, obtaining a concrete Hilbert space realization of free quantum
fields in the Minkowskian setting. In this framework, the dynamics of the field is encoded
in the algebraic structure, and no explicit notion of time evolution has been introduced. To
describe how states and observables evolve in time, especially when considering interactions
or external perturbations, it is necessary to introduce a framework for time evolution. Let us
briefly recall how it works in quantum mechanics.

In quantum mechanics, the time evolution of a closed system is described by {U(t1, t2)}t1,t2∈R,
a one-parameter family of unitary operators generated by the system Hamiltonian acting on
the Hilbert space of states. This family encodes the evolution from a time t1 to a final time t2
and it satisfies natural consistency conditions such as being the identity at coinciding times,
composition over intermediate times, and unitarity. The following axioms formalize these
properties rigorously, see [60, Section 13.1.1].
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3.1.28 Axiom. Given a quantum system described on a separable Hilbert space H, there

exists a family

{U(t1, t2)}t1,t2∈R
of unitary operators onH, called evolution operators from t1 to t2, such that for all t, t′, t′′ ∈
R, the map

R
2 ∋ (t, t′) 7→ U(t, t′) ∈ B(H)

is strongly continuous and:

(i) U(t, t) = I , where I denotes the identity operator onH;

(ii) U(t′′, t′)U(t′, t) = U(t′′, t);

(iii) U(t′, t) = U(t, t′)∗ = U(t, t′)−1.

Here B(H) denotes the space of bounded linear operators onH.

The set of quantum states on a Hilbert spaceH is defined as

S(H) := {Ä ∈ B(H) | Ä g 0, Tr(Ä) = 1} .

We call S(H) the set of density operators. The time evolution of a quantum system is then
described by a one parameter family (Ät)t∈R+ ¢ S(H) of quantum states.

For any state Ät ∈ S(H), the corresponding state at time t′ ∈ R is

Ät′ = U(t′, t) Ät U∗(t′, t).

The evolution operators are solutions of the following ordinary differential equation (with
ℏ = 1):

d

dÄ
U(Ä, t) = −iH(Ä)U(Ä, t), U(t, t) = I, (3.4)

where I denotes the identity operator onH.

The next proposition serves to properly define the meaning of this equation.

3.1.29 Proposition. LetH be a separable Hilbert space and let R ∋ t 7→ H(t) ∈ B(H) be a

strongly continuous map such that, for all t ∈ R, H(t) = H(t)∗. Consider the Dyson series

U(t, s) = I +
∞∑

n=1

(−i)n
∫ t

s
dt1H(t1)

∫ t1

s
dt2H(t2) · · ·

∫ tn−1

s
dtnH(tn). (3.5)

Then the following holds true:

1. The right hand side in Equation (3.5) is uniformly convergent in t and in the operator

topology in B(H). Moreover, for all t, s ∈ R, U(t, s) is a unitary operator satisfying

the requirements of the generalized time-evolution axiom.
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2. Equation (3.5) is a solution of the generalized Schrödinger Equation (3.4).

3. Equation (3.5) can be rewritten as

U(t, s) =
∞∑

n=0

(−i)n
n!

∫ t

s
· · ·
∫ t

s
dt1 · · · dtn T [H(t1)H(t2) · · ·H(tn)] , (3.6)

where T denotes the time-ordering (chronological) operator, namely

T [H(t1)H(t2) · · ·H(tn)] = H(Än)H(Än−1) · · ·H(Ä1),

with Än = max{t1, . . . , tn}.

For the proof of this proposition refer to [60, Proposition 13.19].

To study interacting quantum systems within perturbation theory, it is convenient to decom-
pose the total Hamiltonian H(t) into a time-independent free part H0, whose dynamics can
be solved exactly, and a time-dependent interaction part V (t). This decomposition naturally
leads to the interaction picture, where operators evolve according to the free Hamiltonian,
while states under the interaction. Within this framework, the time-evolution operator can be
factorized, and the interaction-picture operator UI(t, s) obeys the Dyson equation, which
provides a systematic expansion in powers of the interaction potential.

Hence, we split the Hamiltonian as H(t) = H0 + V (t), with H0 time-independent. The
interaction-picture evolution operator is defined by

U(t, s) = e−iH0(t−s) UI(t, s),

where UI(t, s) satisfies the Dyson equation (3.5) with VI(t) := eiH0tV (t)e−iH0t.

To describe scattering processes, one needs to formalize the notion that, at very large
positive or negative times, the evolution of a quantum system can be approximated by the
free dynamics. The Møller operators implement this idea by comparing the full and free
evolutions in the asymptotic limits.

3.1.30 Definition. We define the Møller operators as the strong limits

Ω± := s-lim
t→±∞

U(0, t) eiH0t = s-lim
t→±∞

UI(0, t),

whenever these limits exist. The scattering operator (S-matrix) is then

S = Ω∗
+ Ω−.

Formally, one writes the scattering operator in the interaction picture as the Dyson series

S =
∞∑

n=0

(−i)n
n!

∫ +∞

−∞
dt1 · · ·

∫ +∞

−∞
dtn T

[
VI(t1) · · ·VI(tn)

]
.
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This expression is formal, since convergence is not guaranteed. It provides the starting point
for perturbative computations, where the series is truncated at finite order in the interaction.

In quantum field theory, it is often convenient to work directly with the Lagrangian rather
than with a Hamiltonian, in order to preserve manifest Lorentz covariance. Nonetheless,
the fundamental concept of time evolution remains analogous to quantum mechanics. Our
aim is to construct evolution operators that describe how states and observables change over
time. In this framework, the interaction is described by a Lagrangian density Lint(x), and
the perturbative S-matrix can be formally written as

Sλ =
∞∑

k=0

(i¼)k

k!

∫

Rdk
dx1 · · · dxk T

(Lint(x1) · · · Lint(xk)
)
,

where T denotes time-ordering.

Interaction Lagrangians in quantum field theory often involve potentials that are polynomial
in the fields, for example ¼ϕ4, see [4, Chapter 6]. This structure requires a precise definition
of time-ordered products of field operators in order to consistently formulate the perturbative
expansion of the S-matrix.

3.1.31 Definition. Let P be a Minkowskian normally hyperbolic operator, as per Definition

3.1.2, and let É be a quasi-free state on the Bosonic algebra A, as per Definition 3.1.13 and

Definition 3.1.19. Let Φω(x) be the integral kernel of the Bosonic quantum field Φω, as

per Definition 3.1.24. We define the time-ordered product between two quantum fields

Φω ·T Φω ∈ D′(Rd × Rd;L(Hω)) whose integral kernel is given by

(Φω ·T Φω)(x, y) =





Φω(x)Φω(y), if x lies in the future of y,

Φω(y)Φω(x), if x lies in the past of y.

where x, y ∈ Rd.

By evaluating such product of operator-valued distributions with respect to the Fock vacuum
Ωω we obtain the following bidistribution:

(
Ωω, (Φω ·T Φω)Ωω

)
(x, y) = ϑ(t− t′)É2(x, y) + ϑ(t′ − t)É2(y, x).

Item 2. of Proposition 3.1.17 entails that

É2(y, x) = É2(x, y)− iG(x, y),

where we have used the convention ℏ ≡ 1. By Definition 3.1.11,

G(x, y) = Gret(x, y)− Gadv(x, y).
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It descends,
(
Ωω, (Φω ·T Φω)Ωω

)
(x, y) = É2(x, y)− iϑ(t′ − t)G(x, y) = iGF (x, y),

where the last equality follows by direct inspection considering a two-point correlation
function of the form of Example 3.1.21. Thus, we obtain the Feynman propagator, as per
Remark 3.1.10.

This calculation highlights the central role of the Feynman propagator in quantum field
theory: the vacuum expectation value of the time-ordered product of two fields coincides
with GF (x, y), showing that the Feynman propagator naturally arises as the kernel of the
time-ordered two-point function.

3.1.3 Euclidean framework

While the Minkowskian formulation is the physical geometric arena of quantum field theory,
it is often convenient to consider the Euclidean version of the theory, still focusing on the
case of a free real scalar field. In this approach, the spacetime metric is replaced by a positive-
definite metric, effectively performing a Wick rotation t 7→ −iÄ of the time coordinate.

The Euclidean formulation provides a natural bridge between quantum field theory and
statistical mechanics. By replacing the Minkowskian time coordinate with an imaginary time,
correlation functions in the Euclidean theory take the form of expectation values in a classical
statistical system at finite temperature. This correspondence allows one to apply powerful
tools from statistical mechanics and probability theory, such as the theory of Gibbs measures
and functional integration techniques, to rigorously construct and analyze quantum fields.
Moreover, many structural features of the theory, including locality and positivity properties,
become more transparent in the Euclidean setting before being analytically continued back
to Minkowski spacetime.

We shall work on the d-dimensional Euclidean spacetime Rd, endowed with the standard
Riemannian metric ¶, as per Definition 2.1.13. On Rd, we use the standard Euclidean
coordinates (x0, x1, . . . , xd), with x0 ≡ t, which represents the imaginary time, while
(x1, . . . , xd−1) represent the spatial coordinates with respect to a given reference frame. For
the sake of breivty, in the following we will write (t, x) for (t, x1, . . . , xd−1) while we will
denote (Rd, ¶) by (N, g).

As in the Minkowskian case, we denote by C∞
0 (N) the complexified space of smooth

functions C∞(N,C), while C∞(N) denotes C∞(N,C) and S(N) stands for S(N,C).

3.1.32 Remark. In the Euclidean formulation of quantum field theory, the role of hyperbolic
operators is taken over by elliptic operators on C∞(N). For a free real scalar field, the
dynamics in Euclidean space is encoded in the Laplace-type operator

E = ¶ij∂i∂j +Ak∂k +B,
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where Ak, B ∈ C∞(N) and Einstein’s summation convention for repeated indices is used.
The term ¶ij∂i∂j is called the principal part of the operator. Heuristically, it consists
of the highest-order derivatives and it determines the analytic properties of its associated
fundamental solutions. Using a notation similar to the Minkowski case, operators of this
form will be called Euclidean elliptic operators.

3.1.33 Example. The Helmholtz operator naturally arises in the study of the diffusion (or
heat) equation through the Laplace transform in time. Consider the diffusion equation in Rd,

∂tu(t, x) = D∆u(t, x), u(0, x) = u0(x),

where D > 0 is the diffusion coefficient. Let us assume that the solution u is regular enough
to apply the Laplace transform in time, as per Definition A.3.1,

ũ(s, x) =

∫ ∞

0
e−stu(t, x) dt,

we obtain
sũ(s, x)− u0(x) = D∆ũ(s, x),

which can be rewritten as
(D∆− s) ũ(s, x) = −u0(x).

This equation takes the form of a Helmholtz-type equation,

(−∆ +m2)ϕ(x) = f(x), (3.7)

upon the identification

m2 ←→ s

D
, ϕ(x) ←→ ũ(s, x), f(x) ←→ u0(x)

D
.

In this sense, the Helmholtz operator can be interpreted as the stationary counterpart of the
diffusion operator: while the diffusion equation describes the time evolution of fluctuations
towards equilibrium, the Helmholtz equation governs the spatial structure of these fluctuations
once a Laplace transform in time has been performed. This connection is particularly useful
in statistical mechanics, where the Helmholtz operator determines the correlation structure of
Gaussian fields, and the diffusion equation describes the relaxation dynamics of these fields.

3.1.34 Remark. The Helmholtz operator

−∆d +m2 : C∞(N)→ C∞(N), m > 0,

is an elliptic operator and can be interpreted as the Wick-rotated version of the Klein–Gordon
operator, as per Example 3.1.4,

□ +m2 = ∂2
t −∆d−1 +m2,

under the substitution t 7→ −iÄ . In this sense, the Helmholtz equation, see Equation (3.7),
provides the Euclidean analogue of the Klein–Gordon equation, see Equation (3.1), encoding
the spatial structure of the field in the Euclidean setting.
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As in the Minkowskian case, we look for fundamental solutions of Euclidean elliptic opera-
tors, as per Remark 3.1.32. Their existence follows from the Malgrange-Ehrenpreis theorem,
which is stated in the following. Its formulation will be adapted here to the case of Euclidean
elliptic operators, as per Remark 3.1.32, although in general it applies to a much broader
class of constant-coefficient differential operators. For the original statement of the theorem
and for the proof, see [52, Theorem 1] and [53, Theorem 6].

3.1.35 Theorem. Let E : C∞(N) → C∞(N) be an Euclidean elliptic operator, as per

Remark 3.1.32, with constant coefficients. Then, there exists a continuous linear operator

GE : C∞
0 (N)→ C∞(N) such that

• P ◦G = IC∞
0 (N),

• G ◦ P |C∞
0 (N) = IC∞

0 (N),

where IC∞
0 (N) denotes the identity operator over C∞

0 (N). GE is called Green’s operator for

E.

We give an explicit construction of the Green’s operator GE for the Helmholtz operator E,
as per Example 3.1.33. Let GE ∈ D′(N ×N) denote the fundamental kernel associated to
E via the Schwarz’s kernel theorem, see A.2.1, which solves

(
E ¹ IC∞

0 (N)

)GE =
(
IC∞

0 (N) ¹ E
)GE = ¶, (3.8)

the analogous of Equation (3.2) in the Euclidean setting, where ¶ is the delta distribution on
the diagonal, as per Example A.1.11. We recall that Equation (3.8) can be written by means
of integral kernels as

Ex GE(x− y) = Ey GE(x− y) = ¶(x− y), (3.9)

where we have used translational invariance of the Euclidean space and of the Helmholtz
operator to infer that GE(x, y) ≡ GE(x − y), while ¶(x − y) is the integral kernel of the
delta distribution on the diagonal, as per Definition A.1.7. Here we have used the notation
x, y ∈ N ≡ Rd.

We assume now that GE ∈ S′(N × N), in order to use Fourier transform techniques.
This assumption is not limiting, as a direct application of the Hörmander-Łojasiewicz the-
orem, see Theorem A.2.2, entails that there exists at least a solution of Equation (3.9) in
S′(N×N). Moreover, observe that, due to translational invariance, we can perform a change
of coordinates x−y 7−→ z ∈ N . Hence, GE can be regarded as a distribution lying in S′(N).

Hence, considering GE ∈ S′(N) and denoting by (É, k) ≡ (É, k1, . . . , kd−1) the compo-
nents in momentum space, Equation (3.9) becomes

(É2 + |k|2 +m2) ĜE = 1, (3.10)
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where we have applied the Fourier transform to both sides of Equation (3.9), using the
convention that the Fourier transform of the delta distribution is 1. A solution to Equation
(3.10) is

ĜE =
1

É2 + |k|2 +m2
. (3.11)

This is a well-defined function and it belongs to L1
loc(N), as per Example A.1.4, provided

that m > 0. Therefore, it is also a well-defined distribution, as per Definition A.1.3, and one
can prove that it belongs to S′(N).

We compute the inverse Fourier transform of GE :

GE(t, x) =
1

(2Ã)d

∫

R

dÉ

∫

Rd−1
dd−1k ĜE e−i

(
ωt+k·x

)
=

=
1

(2Ã)d

∫

R

dÉ

∫

Rd−1
dd−1k

1

w2 + |k|2 +m2
e−i
(
ωt+k·x

)
,

where k · x denotes the usual Euclidean inner product in Rd−1.
We make use of techniques of complex analysis in order to perform the integral in É. Indeed,
to evaluate it, it is convenient to promote the real variable É to a complex variable z ∈ C and
regard the integrand as an analytic function of z in C \ {±i

√
|k|2 +m2}. We introduce the

following contours in the complex plane along which the integration is performed.

Re z

Im z

µ1

µ2

+i
√
|k|2 +m2

−i
√
|k|2 +m2

t < 0

t > 0

R−R

We distinguish between two cases, for negative and positive values of t. In the first one,
we consider Γ< : µ1 ∪ [−R,R], where µ1 := {z ∈ C | |z| = R, Im (z) > 0}. The path is
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oriented counterclockwise. Standard techniques of integration in the complex plane, see [54,
Chapter 11], entail that

lim
R→+∞

∫

Γ<

dz

Ã

1

z2 + |k|2 +m2
e−i
(
zt+k·x

)
=

∫

R

dÉ

Ã

1

w2 + |k|2 +m2
e−i
(
ωt+k·x

)
=

= Ã i Res
z=+i
√

|k|2+m2

1

Ã

1

z2 + |k|2 +m2
e−i
(
zt+k·x

)
=

e−ik·x

2
√
|k|2 +m2

e
√

|k|2+m2t.

In the second case, for positive values of t, we consider the contour Γ> : µ2 ∪ [−R,R],
where µ1 := {z ∈ C | |z| = R, Im (z) > 0}. The semicircular path is oriented clockwise.
As in the previous case, we have that

lim
R→+∞

∫

Γ>

dz

Ã

1

z2 + |k|2 +m2
e−i
(
zt+k·x

)
=

∫

R

dÉ

Ã

1

w2 + |k|2 +m2
e−i
(
ωt+k·x

)
=

= −Ã i Res
z=−i
√

|k|2+m2

1

Ã

1

z2 + |k|2 +m2
e−i
(
zt+k·x

)
=

e−ik·x

2
√
|k|2 +m2

e−
√

|k|2+m2t.

Finally, the result of the integration can be expressed as follows:

GE(t, x) =
1

(2Ã)d

∫

R

dÉ

∫

Rd−1
dd−1k ĜE e−i

(
ωt+k·x

)
=

=
1

(2Ã)d−1

∫

Rd−1
dd−1k

e−ik·x

2
√
|k|2 +m2

[
ϑ(t) e−

√
|k|2+m2t + ϑ(−t) e

√
|k|2+m2t

]
.

Here, ϑ denotes the Heaviside step function. We do not perform the integral in k for brevity’s
sake, but we outline that it can be computed in every dimension d. We call GE the Euclidean

propagator.

3.1.36 Remark. Observe that GE is formally equal to GF , defined in Remark 3.1.10, under
the substitution (t− t′) 7−→ i(t− t′), which essentially corresponds to the Wick rotation.
This fact suggests a correspondence between the Euclidean theory and the Minkowskian
theory via the Wick rotation. This observation, which is currently purely heuristic, will be
formalized by means of the Osterwalder–Schrader theorem in the next section.

3.1.37 Remark. Observe that the fundamental kernel associated with the Helmholtz operator
is unique in the space of tempered distributions S ′(N). Indeed, the Fourier transform is
an isomorphism on S ′(N), as per Theorem A.1.20. Hence, there exists a unique tempered
distribution GE ∈ S ′(N) corresponding to 1

w2+|k|2+m2 in Fourier space.

This is not true, however, if we are looking for solutions in D′(N). We must impose further
requirements in order to obtain uniqueness. We give an example of non-uniqueness for the
fundamental kernel associated to the Helmholtz operator in the one-dimensional case.

3.1.38 Example. In the space of general distributions D′(R), the fundamental kernel associ-
ated to the Helmholtz operator

L := − d2

dx2
+m2
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is not unique. Indeed, consider a fundamental solution G0 ∈ S′(R), defined by

G0(x) =
1

2m
e−m|x|.

Any solution of the homogeneous equation

LH =

(
− d2

dx2
+m2

)
H = 0

can be added to G0 to produce another solution:

G(x) = G0(x) +H(x), H(x) = Aemx +Be−mx, A,B ∈ C.

SinceH satisfies LH = 0, it follows that

LG = L(G0 +H) = LG0 + LH = ¶.

Hence, without further restrictions, such as decay at infinity, there are infinitely many funda-
mental kernels for the Helmholtz operator in D′(R), obtained by adding arbitrary solutions
of the homogeneous equation.

The Euclidean propagator, however, does not play a role in the explicit construction of the
field algebra in the Euclidean case. Nevertheless, it will enter the picture when dealing with
the construction of the field moments.

In the Euclidean setting, the algebraic structure of fields is simplified compared to the
Lorentzian case. Since there is no causal structure in Euclidean space, the canonical commu-
tation relations are replaced by ordinary commutativity. For this reason, the Euclidean field
algebra is naturally defined as a commutative *-algebra generated by smeared field symbols.
In contrast to the Minkowskian setting, in the Euclidean framework we do not impose the
equations of motion at the algebraic level; instead, they are encoded in the choice of the
two-point function GE , which already reflects the dynamics of the free field.

3.1.39 Definition. Let E be the Helmholtz operator, as per Example 3.1.33. We call Bosonic

Euclidean field algebra the unital *-algebraAE , as per Definition 1.1.2, freely generated by

a unit 1 and by symbols ϕE(f), f ∈ C∞
0 (N), from which we single out the ideal generated

by the following relations:

• Linerarity: ϕE(¼f + µh) = ¼ϕE(f) + µϕE(h), for all ¼, µ ∈ C and for all f, h ∈
C∞

0 (N);

• Reality condition: ϕE(f)∗ = ϕE(f̄), for all f ∈ C∞
0 (N), where f̄ denotes the

complex conjugate of f .

• Commutativity:

[ϕE(f), ϕE(h)] := ϕE(f) · ϕE(h)− ϕE(h) · ϕE(f) = 0,

for all f, h ∈ C∞
0 (N). Here · denotes the multiplication of the algebra.
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We call ϕE : C∞
0 (N) → AE a real scalar Euclidean Bosonic field associated to the

Euclidean algebra AE .

The notions of state, quasi-free state, and n-point correlation functions naturally extend from
the Minkowskian to the Euclidean framework with only minor modifications. In this setting,
correlation functions are usually referred to as Schwinger functions, and they play a central
role in Euclidean quantum field theory as the analogue of Wightman distributions in the
Lorentzian case.

3.1.40 Definition. Let AE be the algebra of observables, as per Definition 3.1.39, and let

É : AE → C be a state thereon, as per Definition 3.1.14. Denoting by (Dω, Ãω,Ωω) the

associated GNS triple, as per Theorem 3.1.22, we say that an Euclidean quantum field is

the operator-valued distribution, as per Definition 3.1.23,

ΦE
ω : C∞

0 (N)→ L(Hω), f 7→ ΦE
ω (f) := Ãω(ϕE(f)),

where Hω is the Hilbert space built out of Dω while ΦE
ω (f) is a densely defined operator

whose domain of definition is D(ΦE
ω (f)) = Dω.

If ΦE
ω (f) is essentially self-adjoint for all f ∈ C∞

0 (N), we say that the state É is regular.

3.1.41 Definition. Let us consider the context of Definition 3.1.40. For every n ∈ N, we

call Schwinger distributions the maps Sn : C∞
0 (N)× · · · × C∞

0 (N)︸ ︷︷ ︸
n times

→ C defined by

Sn(f1, . . . , fn) ≡ Sn(f1 ¹ · · · ¹ fn) :=
(
Ωω,Φ

E
ω (f1) · · ·ΦE

ω (fn)Ωω
)
Hω
,

for all f1, . . . , fn ∈ C∞
0 (N).

Once Schwinger functions have been introduced, the next natural step is to clarify their
relation with the original Minkowskian theory. In particular, the Osterwalder–Schrader

reconstruction theorem is the rigorous bridge between the Euclidean and the Lorentzian
formulations of quantum field theory. Within this framework, the Euclidean propagator
appears as the covariance of the Gaussian measure underlying quasi-free Euclidean states.
Its connection with the Minkowskian two-point function and hence with the Feynman propa-
gator is made precise through analytic continuation, a relation that will be discussed in detail
after presenting the Osterwalder–Schrader theorem.

Indeed, a natural choice for the two-point correlation function in the Euclidean setting is the
following:

É2 ≡ GE ,
where GE is the Euclidean propagator. The dynamics of the field are encoded at the level
of the state: this choice of two-point function determines all correlations of the free field
and effectively incorporates the Euclidean equations of motion, without imposing them as
algebraic relations in the underlying field algebra.
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3.2 Axioms for quantum field theories

In this section we introduce the axiomatic formulation of quantum field theory according
to Wightman and the complementary Euclidean counterpart developed by Osterwalder and
Schrader. The purpose of these schemes is to estabilish a rigorous framework for the descrip-
tion of quantum fields, clarifying the underlying mathematical structures and identifying the
minimal conditions that any model must satisfy in order to qualify as a consistent relativistic
quantum theory.

The Wightman approach is based on axioms that formalize locality, relativistic invari-
ance, and the Hilbert space structure of fields, see [21, Section 3]. It is formulated directly
in Minkowski space and it is a powerful tool for translating physical requirements into
precise mathematical statements. The Osterwalder–Schrader formulation, at the same time,
is Euclidean in nature: it specifies the conditions that correlation functions, the so-called
Schwinger functions, must satisfy in order to be analytically continued to a field theory
obeying the Wightman axioms, see [18].

The connection between these two perspectives is one of the most remarkable achieve-
ments of axiomatic quantum field theory, since it allows the use of probabilistic and Euclidean
methods, more tractable from a constructive viewpoint, while maintaining a rigorous link
to the relativistic setting. In what follows, we shall outline the essentials of the Wightman
formulation and of the reconstruction theorem, before turning to the basic ideas behind the
Osterwalder–Schrader axioms and their role in establishing the correspondence between
Euclidean and Minkowskian field theories.

For clarity, our discussion will be restricted to the case of the real scalar field, without
entering into the technical details of generalizations to other spins and statistics or to more
general spaces of test functions. The emphasis will instead be placed on the conceptual
framework and on the role these formulations play within constructive quantum field theory.
The treatment of Fermionic fields will be taken up in a later section.

3.2.1 The Wightman Reconstruction Theorem

The Wightman axioms are the first rigorous formulation of relativistic quantum field theory.
They encode the essential physical requirements, such as relativistic invariance, locality and
the existence of a vacuum, into a precise mathematical framework based on Hilbert space
and operator-valued distributions. In the following we recall their standard formulation for
the case of a real scalar field.

In what follows, we will frequently encounter the notion of Wightman theory. This
refers to a framework based on a set of axioms, known as the Gårding–Wightman axioms,
see [68], which establish the minimal mathematical requirements for a model to qualify as
a relativistic quantum field theory. These axioms were formulated in the 1950s, with the
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goal of estabilishing a rigorous foundation for quantum field theory and a bridge between
physics and functional analysis. They encode general principles such as locality, relativistic
invariance, positivity of the Hilbert space inner product, and the spectral condition. For a
detailed discussion, refer to [21, Chapter 3].

Although historically developed several decades ago, the Wightman axioms remain
relevant, as they capture essential structural aspects of quantum fields and they are largely
consistent with later approaches, such as the Haag–Kastler framework of algebraic quantum
field theory, see [61]. In fact, many of their ingredients resonate with constructions already
discussed in the previous sections, highlighting their robustness and foundational role in the
mathematical formulation of quantum field theory.

We consider the setting introduced in Section 3.1.1. Let (Rd, ¸) be the d-dimensional
Minkowski space endowed with the standard bilinear form ¸. Given z = (t, x), t ∈ R,
x ∈ Rd−1, we denote by z2 ≡ t2 − |x|2. Let A be the Bosonic algebra of fields, as per
Definition 3.1.13 and let É be a state thereon, as per Definition 3.1.14. We call (Wn)n∈N the
n-point Wightman distributions associated to (A, É), as per Definition 3.1.27 and we denote
by Wn(x1, . . . , xn), xi ∈ Rd for all i = 1, . . . , n, their integral kernels, as per Definition
A.1.7.

3.2.1 Theorem. The Wightman distributions associated with a theory satisfying the Gård-

ing–Wightman axioms obey the following properties:

(W1) Temperedness. For each n, Wn is a tempered distribution, i.e.,

Wn ∈ S′(Rdn),

which is real in the sense that

Wn(x1, . . . , xn) = Wn(xn, . . . , x1). (3.12)

Moreover, W0 ≡ 1.

(W2) Covariance. Each Wn is Poincaré invariant, i.e.

Wn(Λx1 + a, . . . ,Λxn + a) = Wn(x1, . . . , xn),

for all (Λ, a) ∈ P↑
+, the proper orthochronous Poincaré group in d dimensions.

(W3) Positive Definiteness. Given test functions f1 ∈ S(Rd), f2 ∈ S(R2d), . . . , fm ∈
S(Rmd), it holds

m∑

i,j=1

Wi+j
(
fi ¹ fj

) g 0,

with conjugation taken as in Equation (3.12) and where

fi ¹ f̄j(x1, . . . , xi+j) := fi(x1, . . . , xi)f̄j(xi+1, . . . , xi+j),

for all i, j = 1, . . . ,m.
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(W4) Spectrum Condition. For each n, there exists a distribution W̃n ∈ S′(Rd(n−1)

supported in

V + = {p ∈ R
d | p0 g 0, p2 g 0},

the closed forward light cone, such that

Wn(x1, . . . , xn) =

∫

Rd(n−1)
e
i
∑n−1

j=1
pj ·(xj+1−xj)

W̃n(p1, . . . , pn−1) dd(n−1)p.

(W5) Locality For any n and j = 1, . . . , n− 1,

Wn(x1, . . . , xj , xj+1, . . . , xn) = Wn(x1, . . . , xj+1, xj , . . . , xn),

if (xj+1 − xj)2 < 0.

(W6) Cluster Property. If a is spacelike, that is a2 < 0, then

lim
λ→∞

Wm+n(x1, . . . , xm, xm+1 + ¼a, . . . , xm+n + ¼a) =

= Wm(x1, . . . , xm)Wn(xm+1, . . . , xm+n).

For the proof of this theorem, refer to [21, Section 3].

The Wightman distributions are a way of encoding the full content of a quantum field theory
in terms of tempered distributions satisfying a small set of general conditions (W1)–(W6)
of Theorem 3.2.1. A natural question is whether these are sufficient to reconstruct the
underlying Hilbert space, field operators, and Poincaré representation that characterize a
Wightman theory. The following key result answers this question in an affirmative way.

3.2.2 Theorem (Wightman reconstruction theorem). Given a family of distributions

{Wn}∞n=0 obeying axioms (W1)–(W6) of Theorem 3.2.1, there exists a quantum field theory,

which is unique up to unitary equivalence, satisfying the Gårding–Wightman axioms and for

which the Wn are the corresponding Wightman distributions.

For the proof of this theorem, refer to [21, Theorem 3.7].

3.2.3 Remark. In the GNS formalism, the triple (Dω, Ãω,Ωω) associated with a state É on
the Bosonic field algebra A, as per Definition 3.1.13, plays the role of the Hilbert space,
representation, and vacuum vector in the Wightman reconstruction theorem.
The statement that the reconstructed quantum field theory is unique up to unitary equivalence

means the following: if (Dω, Ãω,Ωω) and (D′
ω, Ã

′
ω,Ω

′
ω) are two GNS realizations giving

rise to the same Wightman distributions {Wn}ng0, then there exists a unitary operator

V : Hω → H′
ω

such that
V Ωω = Ω′

ω, V Ãω(a)V −1 = Ã′
ω(a), ∀a ∈ A.

In other words, the physical content of the theory (expectation values, n-point functions, and
field relations) is preserved under the unitary map V .
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3.2.2 The Osterwalder-Schrader Reconstruction theorem

Just as the Wightman reconstruction theorem ensures that a family of distributions satisfying
the Wightman axioms gives rise to a relativistic quantum field theory, an analogous result
holds in the Euclidean framework. The usefulness of this formulation lies in the possibility of
applying probabilistic and constructive methods, as we will see in the last part of this chapter.
However, to guarantee that a Euclidean theory corresponds to a genuine relativistic quantum
field theory, one needs a reconstruction theorem paralleling the Wightman case. This is
precisely what is the Osterwalder–Schrader theorem, which characterizes those Schwinger
functions that can be analytically continued to the correlation functions of a Wightman theory.

We consider the setting introduced in Section 3.1.3. Let (Rd, ¶) be the d-dimensional
Euclidean space endowed with the standard bilinear form ¶. Given x = (t, z), t ∈ R,
z ∈ Rd−1, we denote by x2 ≡ t2 + |z|2. Let AE be the Euclidean Bosonic algebra of
fields, as per Definition 3.1.39 and let É be a state thereon, as per Definition 3.1.14. We call
(Sn)n∈N the n-point Schwinger distributions associated to (AE , É), as per Definition 3.1.41
and we denote by Sn(x1, . . . , xn), xi ∈ Rd for all i = 1, . . . , n, their integral kernels, as per
Definition A.1.7.

In this section, we will make use of the following notations:

• S ̸=(Rnd) :=
{
f ∈ S(Rnd)

∣∣ supp(f) ∩∆n = ∅
}
, where

∆n := {(x1, . . . , xn) ∈ R
nd | x1 = x2 = · · · = xn}.

• S+(Rnd) :=
{
f ∈ S(Rnd)

∣∣ supp(f) ¦ Tn
}

, where

Tn :=
{
(t1, z1; . . . ; tn, zn) ∈ R

nd
∣∣ 0 < t1 < t2 < · · · < tn

}
.

The same notations hold also for their topological duals, namely S′
̸=(Rnd) and S′

+(Rnd).

We say that a collection of Schwinger functions {Sn}n∈N, as per Definition 3.1.41, is
associated with a given Wightman quantum field theory if it arises from the corresponding
Wightman distributions {Wn}n∈N first by analytic continuation in the time variables to
imaginary values and then by restriction to the imaginary time axis. More precisely, if Wn

are the Wightman n-point functions of the theory, then the Schwinger ones are obtained as

Sn(x1, . . . , xn) = Wn(y1, . . . , yn)
∣∣
yj=(itj ,zj)

, xj = (tj , zj) ∈ R
nd,∀j = 1, . . . , n,

where the Wn have been first analytically continued to a suitable domain in Cnd and then
restricted to purely imaginary time arguments.

It is a key result due to Osterwalder and Schrader that the Schwinger distributions
associated with any scalar Wightman theory obey a distinguished set of structural conditions.
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These, known as the Osterwalder–Schrader axioms, express temperedness, Euclidean co-
variance, reflection positivity, permutation symmetry, and clustering. We collect them in the
following theorem.

3.2.4 Theorem. The Schwinger distributions, as per Definition 3.1.41, associated to any

scalar Wightman theory obey:

(OS1) Temperedness. For each n,

Sn ∈ S′
̸=(Rdn),

with S0 ≡ 1. Moreover, they obey the following reality property:

Sn(f) = Sn(Θf), ∀f ∈ S(Rnd),

where

(Θf)(x1, . . . , xn) = (Θf)(t1, z1; . . . ; tn, xn) = f(−t1, z1; . . . ;−tn, zn),

and where f̄ is the complex conjugate of f .

(OS2) Covariance. Each Sn is Euclidean invariant, i.e.,

Sn(¼x1 + a, . . . , ¼xn + a) = Sn(x1, . . . , xn),

for all (¼, a) ∈ E+
d , the proper Euclidean group in d dimensions.

(OS3) Reflection positivity. Let f1 ∈ S+(Rd), f2 ∈ S+(R2d), . . . , fn ∈ S+(Rnd). Then,

n∑

i,j

Si+j(Θfi ¹ fj) g 0.

(OS4) Symmetry. Sn(xπ(1), . . . , xπ(n)) = Sn(x1, . . . , xn), for all Ã ∈ Σn, the group of

permutations of n elements.

(OS5) Cluster property. For any f ∈ S ̸=(Rnd)∩C∞
0 (Rnd) and h ∈ S ̸=(Rmd)∩C∞

0 (Rmd),

lim
τ→+∞

Sn+m(f ¹ Tτh) = Sn(f)Sm(h),

where, for Ä ∈ R,

Tτh(x1, . . . , xm) = Tτh(t1, z1; . . . ; tm, zm) = h(t1 + Ä, z1; . . . ; tm + Ä, zm).

For the proof of this theorem, refer to [19, Theorem II.12].

3.2.5 Remark. Observe that from the proof of the previous theorem it follows the fact that
the Schwinger distributions (Sn)n∈N are actually functions on the set of non-coinciding
points Ed, i.e.,

En := {(x1, . . . , xn) ∈ R
nd : x1 ̸= x2 ̸= . . . ̸= xn}.

The importance of this stems from the fact that singularities, unlike in the Minkowskian case,
are localized in the thin diagonal.

92



Fermionic Euclidean QFT

The original formulation of the axiom (OS1), as per Theorem 3.2.4, is not sufficient to ensure
the validity of the Osterwalder-Schrader reconstruction theorem, see Theorem 3.2.6. In order
to guarantee that a set of Schwinger distributions can be associated to a Wightman theory,
we adopt the strengthened version of this axiom, which we denote by (OS1’).

(OS1’) For each n, Sn is a tempered distribution, i.e.,

Sn ∈ S′
̸=(Rdn),

with S0 ≡ 1. Moreover, they obey the following reality property:

Sn(f) = Sn(Θf), ∀f ∈ S(Rnd),

where

(Θf)(x1, . . . , xn) = (Θf)(t1, z1; . . . ; tn, xn) = f(−t1, z1; . . . ;−tn, zn),

and where f̄ is the complex conjugate of f . Furthermore, for any h ∈ S(R
d(n−1)
+ ),

|Sn
(
h(x2 − x1, . . . , xn − xn−1)

)| f ∥h̃∥,

for a suitable norm ∥ · ∥ on S(R
d(n−1)
+ ), where h̃ is the Laplace transform of h, as per

Definition A.3.1.

Having established the strengthened axiom (OS1’) together with the axioms (OS2)–(OS5),
as per Theorem 3.2.4, we are now in a position to state the fundamental reconstruction result.
The following theorem, originally due to Osterwalder and Schrader, asserts that any set of
Schwinger distributions satisfying these axioms can be used to reconstruct a scalar Wightman
quantum field theory.

3.2.6 Theorem (Osterwalder-Schrader reconstruction theorem). A set of Schwinger

distributions obeying axioms (OS1’)-(OS5) is associated to a Wightman theory, which is

unique up to unitary equivalence.

We give a sketch of the proof. For further details, refer to [19, II.13].

Proof. The idea behind the proof of this theorem is to connect the set of Osterwlader-
Schrader axioms (OS1’-OS5) to the Wightman ones (W1-W6), which determine a unique
Wightman theory, up to unitary equivalence, as per Theorem 3.2.2.

Let S+ consists of finite sequences (fi)
n
i=0, where f0 ∈ C, fj ∈ S+(Rdj), for j = 1, . . . , n,

where n ∈ N is arbitrary. We can think of S+ as a vector space by considering the element
(fi)

j
i=0 as the infinite sequence (f0, f1, . . . , fn, 0, 0, . . . ) with fi = 0 if i g n + 1. Given

f, h ∈ S+, let
(f, h)+ :=

∑

n,m

Sn+m(Θfn ¹ hm),
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where Θ has been defined in Theorem 3.2.4. From (OS3) it follows that (·, ·)+ is a positive
semi-definite inner product. We can identify a Hilbert space, denoted byH, by quotienting
out the elements of zero norm and by completing with respect to the inner product introduced
above. We will denote by Ω the equivalence class defined by (1, 0, 0, . . . ) ∈ S+.

We define the operator Tt : S+ → S+, for t g 0, by

Tt[fn(t1, x1; . . . ; tn, xn)] := fn(t1 − t, x1; . . . ; tn − t, xn),

where t1, . . . , tn ∈ R and x1, . . . , xn ∈ Rd−1. Extension by linearity provides a well-defined
operator on S+. It is possible to prove that the operator Tt is continuous in t, contractive and
self-adjoint. Therefore, it forms a continuous contractive semigroup, as per Definition 1.3.18.
Hence, by the Hille-Yosida theorem, see [66, Chapter 7],

Tt ≡ e−tH , t g 0,

where H is a positive, self-adjoint operator onH. Moreover, HΩ = Ω.

Fix f1, . . . , fn−1 ∈ S(Rd−1). Consider the distribution defined by

T (u1, . . . , un−1; f1, . . . , fn−1) :=

:=

∫

R(d−1)(n−1)
Sn(0, 0;u1, y1;u1 + u2, y1 + y2; . . . ;

n−1∑

j=1

uj ,
n−1∑

j=1

yj)

f1(y1) . . . fn−1(yn−1)dd−1y1 · · · dd−1yn−1,

where u1, . . . , un−1 ∈ R, y1, . . . , yn−1 ∈ Rd−1.
By (OS1’) and [19, Theorem II.8], it follows that T is the Laplace transform, as per Definition
A.3.1, of some Fn(Ä1, . . . , tn−1; f1, . . . , fn−1). Thus, at the level of integral kernels, we
write

Sn(s1, x1; . . . ; sn, xn) =

∫

Rd(n−1)
Mn(p1, . . . , pn−1) exp

(n−1∑

j=1

i pj · (zj+1 − zj)
)
dd(n−1)p

where zj = (isj , xj), sj ∈ R, xj ∈ Rd−1, for all j = 1, . . . , n − 1. We can define the
Wightman distributions as

Wn(x1, . . . , xn) :=

∫

d(n−1)
Mn(p1, . . . , pn−1) exp

(n−1∑

j=1

i pj · (xj+1 − xj)
)
dd(n−1)p,

(3.13)

where x1, . . . , xn ∈ Rd. We are now in the position to prove that the distributions defined in
this way satisfy the Wightman axioms, as per Theorem 3.2.1.

(W1) By construction and the reality condition follows from (OS1’).
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(W2) Translation invariance follows from Equation (3.13). Lorentz invariance follows from
the properties of the Laplace and Fourier transforms.

(W3) By construction, Mn has support in the region

E+ := {(p1, . . . , pn−1) ≡ (E1, k1; . . . ;En−1, kn−1) |E1 g 0, . . . , En−1 g 0}.

This fact and the invariance under the action of the Lorentz group implies that the
support is in a product of light cones.

(W4) Positivity follows from the one of the Schwinger distributions and the definition of the
Wightman distributions.

(W5) Locality follows from the symmetry of the Schwinger distributions and the definition
of the Wightman distributions via the Fourier transform.

(W6) We can now identifyH as the physical Hilbert space and H as the Hamiltonian. By
(OS5),

lim
t→+∞

e−tHÈ = (È,Ω)Ω,

for a dense set of elements È ∈ H. Hence Ω is the only vector with HΩ = Ω. This
makes contact with the sixth of the Gårding–Wightman axioms, which, in turn, implies
(W6), see [19, p.51].

■

To summarize, the Osterwalder–Schrader Reconstruction theorem establishes a rigorous
equivalence between the Euclidean and Minkowskian formulations of scalar quantum field
theories. Although our discussion has been restricted to the case of a real scalar field, the
results presented above hold in a more general context. In particular, the Osterwalder-
Schrader Reconstruction theorem and the associated axioms apply to quantum field theories
with fields of arbitrary spin and to interacting models, provided the corresponding Schwinger
functions satisfy suitable generalizations of axioms (OS1’)–(OS5). For example, one can
consider vector or spinor fields, or systems with internal symmetries, where the Euclidean
framework must be adapted to take into account the transformation properties under the
appropriate symmetry groups. In all these cases, the structural properties, temperedness,
covariance, reflection positivity, symmetry, and clustering, remain the cornerstone of the
reconstruction procedure, ensuring that the Euclidean theory corresponds to a well-defined
Wightman theory in Minkowski space.

3.2.3 Reconstruction of Bosonic fields

The general framework based on the Osterwalder–Schrader axioms sets the stage for recon-
structing a Wightman theory from Euclidean correlation functions. To illustrate these ideas,
we follow Nelson approach, see [20], which gives a concrete reconstruction of Minkowskian
fields from the Euclidean framework. Nelson focuses on Bosonic fields and makes essential
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use of probabilistic techniques, in particular the theory of Markov processes, see [63].

His approach is to consider Bosonic fields as random distributions, see Definition ??,
with covariance determined by the fundamental kernel of the Helmholtz operator, which
formally corresponds to the Klein–Gordon propagator after Wick rotation. By employing the
notion of conditional expectation, he gives a rigorous meaning to the idea of restricting a
field to a fixed time, typically zero. Starting from this well-defined "time-zero field", Nelson
constructs an Hamiltonian and the associated time evolution, thereby defining a Minkowskian
field from its Euclidean counterpart. This construction is consistent with the principles of
quantum mechanics and it yields Wightman distributions that satisfy all the axioms.

In order to rigorously construct Euclidean quantum fields, we first introduce the underlying
probabilistic and functional analytic framework. Let Rd denote the standard Euclidean
d-dimensional space, endowed with its canonical metric, and let C∞

0 (Rd) denote the space
of smooth functions with compact support on Rd. We use the Cartesian coordinates (t, x) on
Rd, where t ∈ R and x ∈ Rd−1. Let (Ω,F , µ) be a probability space, where Ω is a set, F
is a Ã-algebra and µ a probability on F . We denote byMF the set of all random variables
from Ω to C which are measurable with respect to F .

Let B be a sub-Ã-algebra of F . We denote byMB ¢ MF the space of random variables
which are measurable with respect to B. If u ∈MF is a positive integrable random variable,
the Radon–Nikodym theorem, see [32, Chapter 34], ensures the existence of a unique positive
random variable v ∈MB which is called the conditional expectation of u and it is denoted
by É′[u | B ]. The conditional expectation of integrable but not necessarily positive random
variables is defined by linearity. This notion of conditional expectation satisfies the properties
of Definition 1.2.4.

3.2.7 Definition. A random field is defined as a stochastic process indexed by C∞
0 (Rd),

i.e.,

ϕ : C∞
0 (Rd)→MF ,

f 7−→ ϕ(f),

which is linear and such that if (fn)n∈N ¢ C∞
0 (Rd) is a sequence converging to 0, then(

ϕ(fn)
)
n∈N converges to ϕ(0) in measure.

In what follows, however, we will consider random fields indexed by elements ofH−1(Rd),
which is the closure of C∞

0 (Rd) with respect to the norm induced by the inner product

ï·, ·ð : C∞
0 (Rd)× C∞

0 (Rd)→ C, ïf, hð :=

∫

Rd
f(x)(−∆x + 1)−1h(x) dx,

where (−∆x+1)−1 is the Green’s operator associated to the Helmholtz operator (−∆x+1),
as per Definition 3.1.5. The choice of this space is dictated by the fact that the Euclidean
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two-point function coincides with the Euclidean propagator associated with the Helmholtz
operator (−∆ + m2), with m2 > 0, while the associated inner product on test functions
yields upon completion H−1(Rd).

Thus, working with fields indexed by H−1(Rd) is not merely a matter of convenience: it is
the natural framework that allows us to compute the Euclidean two-point function as the
covariance kernel. In this setting, the field is well-defined as a Gaussian process whose
covariance structure is exactly given by the Green’s operator (−∆ + 1)−1, see [67].

Let E ¢ Rd and let O(E) ¢ F be the sub-Ã-algebra generated by the set of random fields
{ϕ(f) | f ∈ H−1(Rd) and supp(f) ¢ E}. We say that ϕ : H−1(Rd)→MF is a Markov

field if it is a random field and, for all open sets U ¦ Rd,

É′[u | O(U ′)] = É′[u | O(∂U)],

where we have denoted by U ′ the exterior of U and by ∂U its boundary. This condition,
known as the Markov property, encodes a form of locality: the field inside a region depends
only on its behaviour at the boundary.

3.2.8 Remark. Observe that Markov property implies reflection positivity (OS3), as per
Theorem 3.2.4. For the proof, see [64].

3.2.9 Definition. Let E(d) by the Euclidean group in d dimensions. A representation of the

Euclidean group on a probability space we mean a homomorphism

E(d) ∋ ¸ 7→ Tη,

where Tη belongs to the group of measure-preserving transformations on Ω which is con-

tinuous in the sense that if ¸n → ¸ in the Euclidean group and u is a random variable, then

Tηnu→ Tηu in measure.

A Euclidean field over H−1(Rd) is a Markov field ϕ over H−1(Rd) such that, for every
representation T of the Euclidean group E(d) on Ω and for all f ∈ H−1(Rd), ¸ in E(d),

Tηϕ(f) = ϕ(f ◦ ¸−1),

where the action of Tη is given by

Tηu(É) = u(T−1
η É),

for all u ∈MF and for all É ∈ Ω. This property is called Euclidean covariance.

Finally, we say that an Euclidean field ϕ is real if

ϕ(f) = ϕ(f̄), ∀f ∈ H−1(Rd).
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Let H :=MO(Rd) ∩ L2(Ω,F , µ) be the Hilbert space of square-integrable random fields
and let K := MO(Rd−1) ∩ L2(Ω,F , µ) be the Hilbert space of square-integrable random

fields generated by functions with support in Rd−1. For every u ∈ H, we denote by
É′

0u := É′[u | O(Rd−1)].

The probabilistic framework described above allows us to interpret Euclidean fields as ran-
dom variables equipped with a Markov property and Euclidean covariance. This framework
corresponds to the algebric one introduced in Section 3.1.3. Indeed, we can interpret the
random variables ϕ(f), for f ∈ H−1(Rd) as the elements of a Bosonic Euclidean field
algebra, as per Definition 3.1.39, with GE as two-point function.

In this setting, time translations act naturally through measure-preserving transformations,
leading to a family of operators (P t)tg0. The following theorem shows that this family
defines a strongly continuous contractive semigroup on K, whose generator can be identified
with the Hamiltonian of the reconstructed Minkowskian theory.

3.2.10 Theorem. Let ϕ be a Euclidean field overH−1(Rd) and let P t, for t g 0, be defined

as

P tu = É′
0Tρ(t)u,

for every u ∈ K, where Ä(t) is the translation (s, x) 7−→ (s + t, x). Then, there exists a

unique positive self-adjoint operator H on K such that

P t = e−tH , 0 f t < +∞.

This is a key result because it provides a rigorous link between Euclidean time translations
and the Hamiltonian dynamics of the reconstructed Minkowskian theory. In particular, the
existence of a unique positive self-adjoint operator H ensures that the semigroup (P t)tg0

can be interpreted as the Euclidean counterpart of the time evolution generated by the
Hamiltonian. This allows us to recover the physical dynamics of the field once the analytic
continuation to Minkowski space is performed.

We give a sketch of the proof. For more details, see [20, Theorem 1].
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Proof. For u ∈ K and s, t g 0, we have

P sP tu = É′[Tρ(s)P
tu | O(Rd−1)] = (3.14)

= É′[Tρ(s)É
′
0Tρ(t)u | O(Rd−1)] = (3.15)

= É′[Tρ(s)É
′[Tρ(t)u | O(Rd−1)] | O(Rd−1)] = (3.16)

= É′[É′[Tρ(t+s)u | O(Rd−1)] | O(Rd−1)] = (3.17)

= É′[É′[Tρ(t+s)u | O(Rd−1)] | O(Rf0 × R
d−1)] = (3.18)

= É′[É′[Tρ(t+s)u | O(Rfs × R
d−1)] | O(Rf0 × R

d−1)] = (3.19)

= É′[Tρ(t+s)u | O(Rf0 × R
d−1)] = (3.20)

= É′[Tρ(t+s)u | O(Rd−1)] = (3.21)

= P s+tu. (3.22)

Here Equations (3.14), (3.15) and (3.16) follow from the definition of the operators P t and
P s and from the definition of É′

0. Equation (3.17) holds by Euclidean covariance, while
Equations (3.18) and (3.19) hold by the Markov property. Equation (3.20) follows from
the tower property, since O(Rf0 × Rd−1) ¢ O(Rfs × Rd−1), for s g 0. Equation (3.21)
holds by the Markov property and Equation (3.22) follows from the definition of the operator
P s+t.
Let u ∈ K. As t → 0+, Tρ(t)u → u in measure and the unitarity of Tρ(t) implies that
Tρ(t)u→ u in K. As a consequence, for all u ∈ K, P tu ≡ É′

0Tρ(t)u→ u in K as t→ 0+.
Observe that the norm of P t is f 1, for all t g 0. Therefore, (P t)tg0 defines a strongly
continuous contractive semigroup on K, as per Definition 1.3.18. To conclude, we must
show that P t is self-adjoint on K.
Let º be the reflection in the hyperplane Rd−1. Let f ∈ H−1(Rd) with supp(f) ¢ Rd−1.
It is a standard result that f may be approximated arbitrarily closely inH−1(Rd) norm by
finite linear combinations of positive elements h in H−1(Rd), see [65, 1, p.143]. From a
series of reflection properties, it can be deduced that Tι is the identity operator on K.
For u, v ∈ K,

(v, P tu)L2 = (v, É′
0Tρ(t)u)L2 = (v, Tρ(t)u)L2 = É′[v̄Tρ(t)u].

From the properties of the reflection in Rd−1, the previous equation implies

(v, P tu)L2 = (P tv, u)L2 ,

so P t is self-adjoint in K.
Thus, the Hille-Yosida theorem, see [66, Chapter 7], allows us to conclude. ■

The relevance of the previous theorem stems from the possibility to describe the time
evolution of a Bosonic field. Indeed, we define the field at time zero by

ϕ0(f) := ϕ(f ¹ ¶), f ∈ S(Rd−1),

since f ¹ ¶ ∈ H−1(Rd), as the following lemma shows.
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3.2.11 Lemma. Let f ∈ S(Rd−1) be a Schwartz function and define

h(x, t) := (f ¹ ¶)(x, t) = f(x) ¶(t) ∈ S ′(Rd),

where ¶ denotes the Dirac distribution. Then h ∈ H−1(Rd).

Proof. Recall the Fourier characterization of H−1(Rn+1):

∥u∥2H−1 =

∫

Rd−1

∫

R

|û(À, Ä)|2
1 + |À|2 + Ä2

dÄ dÀ.

Since ¶̂(Ä) = 1, we obtain

û(À, Ä) = f̂(À), ∀ (À, Ä) ∈ R
d−1 × R.

Therefore,

∥u∥2H−1 =

∫

Rd−1
|f̂(À)|2

(∫

R

dÄ

1 + |À|2 + Ä2

)
dÀ.

The inner integral can be computed explicitly:
∫

R

dÄ

1 + |À|2 + Ä2
=

Ã√
1 + |À|2 .

Hence

∥u∥2H−1 = Ã

∫

Rd−1

|f̂(À)|2√
1 + |À|2 dÀ.

Since f̂ ∈ S(Rd−1) is rapidly decreasing, the integral is finite. It follows that

f ¹ ¶ ∈ H−1(Rd).

■

This shows that fields localized at a fixed Euclidean time are still admissible elements of the
Hilbert space H−1(Rd), making the restriction at time zero mathematically meaningful.
Having established the existence of the Hamiltonian and the admissibility of time-zero fields,
we are now in a position to reconstruct the corresponding Minkowskian field ϑ starting from
the Euclidean counterpart ϕ evaluated at time zero, that is,

ϑ0(f) := ϕ0(f), f ∈ S(Rd−1).

The time evolution is given by the Heisenberg picture via the operator H , which corresponds
to the Hamiltonian of the system, introduced in Theorem 3.2.10. Indeed, we define

ϑt(f) := eitHϑ0(f)e−itH , f ∈ S(Rd−1).

It is possible to associate to the Minkowskian field ϑ, through the GNS representation, a
Hilbert space together with vacuum vector and a set of Wightman distributions, as per Defi-
nition 3.1.27. Nelson showed in [20, Theorem 3] that the Wightman distributions obtained
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in this way satisfy the Gårding–Wightman axioms, thereby completing the reconstruction.

This reconstruction result highlights the power of the Euclidean approach: probabilistic
methods and semigroup techniques in Euclidean space estabilish a rigorous foundation for
the Hamiltonian dynamics and Wightman framework of Minkowskian quantum fields. In
this way, the passage from Euclidean covariance and the Markov property to the full set of
axioms of relativistic QFT becomes mathematically transparent.

3.3 Fermionic fields

In this section, we construct the algebra of fields for Fermionic quantum fields. These
describe particles such as electrons and quarks and they obey Fermi-Dirac statistics and
the Pauli exclusion principle. Consequently, their algebra of observables is governed by
canonical anticommutation relations (CAR) rather than the commutation relations typical of
Bosonic fields. The CAR algebra provides a rigorous mathematical structure for defining
physically meaningful observables and for constructing the Hilbert space of states.

In what follows, we present the formal construction of this algebra in Minkowski space-
time, highlighting how the algebraic approach ensures consistency with relativistic structure
and Fermionic statistics, and how it lays the foundation for the subsequent Euclidean for-
mulation via the Osterwalder–Schrader framework. We focus on the construction of the
Fermionic algebra of observables in the two-dimensional case. Restricting to d = 2 provides
a simpler setting that still captures the essential features of Fermionic quantum fields, and it
will facilitate the construction of the Euclidean version of the theory.

3.3.1 Fermionic Minkowskian QFT

We shall therefore work on the 2-dimensional Minkowskian spacetime R(1,1), endowed
with the standard Lorentzian metric ¸ of signature (+,−). On R(1,1), we use the standard
Euclidean coordinates (x0, x1), with x0 ≡ t representing the physical time, while x1 ≡ x
represent the spatial coordinates with respect to a given reference frame. For the sake of
brevity, in the following we will denote (R(1,1), ¸) by (R2, g).

Workin on R2 entails that the Spin bundle associated to M ≡ R2, as per Definition
2.2.29, is trivial, i.e. SM ≃M×Spin(1, 1) ≃M×R, see Example 2.2.28. In this setting, a
spinor is a smooth section of the Dirac bundle DM associated to M ≡ R2, as per Definition
2.3.10, namely Èρ : R2 → C2, where Ä ∈ {0, 1} labels the spinor components. A cospinor
is a section of the dual Dirac bundle D∗M on M , i.e. È̄ρ : R2 → C2. We will always denote
the components of a spinor field by upper Greek indices and those of a cospinor field by
lower ones.
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In the Fermionic case, the role played by the Klein–Gordon operator for scalar fields is taken
over by the Dirac operator D. In two-dimensional Minkowski spacetime, this operator is
given by

D := iµµ∂µ −m, µ = 0, 1,

where m g 0 denotes the mass parameter while the µµ are Dirac matrices in the two-
dimensional case. We have already estabilished their explicit form in Exercise 2.2.16, which
we recall here for the reader convenience:

µ0 = Ã3 =

(
1 0
0 −1

)
, µ1 = iÃ2 =

(
0 1
−1 0

)
.

They satisfy
(µ0)2 = +I2, (µ1)2 = −I2,

and
{µµ, µν} = 2 gµν I2, µ, ¿ = 0, 1.

By computing explicitly the Dirac operator D, we obtain

D = iµµ∂µ −m = iµ0∂t − iµ1∂x =

= i∂t

(
1 0
0 −1

)
− i∂x

(
0 1
−1 0

)
−m

(
1 0
0 1

)
=

=

(
i∂t −m −i∂x
i∂x −i∂t −m

)
.

We can compute also the adjoint of D, which is denoted by D∗:

D∗ :=

(
−i∂t −m i∂x
−i∂x i∂t −m

)
.

The following property holds:

D ·D∗ =

(
i∂t −m −i∂x
i∂x −i∂t −m

)
·
(
−i∂t −m i∂x
−i∂x i∂t −m

)
= (3.23)

=

(
∂2
t − ∂2

x +m2 0
0 ∂2

t − ∂2
x +m2

)
= P · I2×2 = D∗ ·D, (3.24)

where we denote by P the Klein-Gordon operator, as per Example 3.1.4.

The previous calculation is a particular instance of a more general result, known as Lichnerowicz-

Weitzenböck formula, proven in [62].

Equation (3.23) entails that, given a fundamental kernel G ∈ S′(R2 × R2) associated with
the Klein-Gordon operator P , i.e.,

Px G(x− y) = ¶(x− y),
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where the previous equation has been written in terms of integral kernels, as per Definition
A.1.7, a counterpart GD ∈ S′(R2×R2) associated with the Dirac operatorD can be obtained
via

GD(x− y) = D∗
x G(x− y).

The previous equation is meant in a distributional sense, as per Definition A.1.13, namely

Dx GD(x− y) = Dx ·D∗
x G(x− y) = Px G(x− y) = ¶(x− y).

Having constructed the fundamental kernel GD associated with the Dirac operator D in
terms of a Klein-Gordon fundamental kernel G, as per Definition 3.1.11, we can define the
Fermionic causal propagator S, which encodes the propagation in Minkowski spacetime.

3.3.1 Definition. The Fermionic causal propagator S is defined as the difference between

the advanced and retarded fundamental solutions of the Dirac operator:

S(x− y) := Gadv
D (x− y)− Gret

D (x− y),

where Gadv/ret
D := D∗Gadv/ret, as per Definition 3.1.6, satisfy

DxGadv/ret
D (x− y) = ¶(x− y),

with support restricted to the past/future light cone, as per Definition 2.1.17, respectively.

By construction, S is supported on the set of points (x, y) ∈ R2 × R2 that are causally
connected, ensuring that the propagation of Fermionic fields respects causality.

Unlike the Bosonic case, where the algebra is encoded through the causal propagator and
canonical commutation relations, see Definition 3.1.13, the Fermionic algebra is governed
by the canonical anticommutation relations (CAR). These relations reflect the fundamental
Fermi–Dirac statistics and ensure that two Fermions cannot occupy the same quantum state.

3.3.2 Remark. In the Fermionic case, the field È is a spinor, i.e. it takes values in C2. To
define the algebra of observables, we consider the smeared fields

È(f) =

∫

R2
d2xÈα(x) fα(x), f ∈ C∞

0 (R2;C2),

where summation over the spinor index ³ = 0, 1 is understood. Similarly, the cospinor field
È̄ is smeared with test functions in C∞

0 (R2;C2):

È̄(f) =

∫

R2
d2x È̄α(x) fα(x).

3.3.3 Definition. Let D be the Dirac operator on R2. We call Fermionic Lorentzian field

algebra the unital *-algebra AF , freely generated by a unit 1 and by the symbols È(f),

È̄(f) with f ∈ C∞
0 (R2;C2), from which we single out the ideal generated by the following

relations:
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• Linearity: È(¼f + µh) = ¼È(f) + µÈ(h), È̄(¼f + µh) = ¼ È̄(f) + µ È̄(h), for all

¼, µ ∈ C;

• Equations of motion: È(Df) = 0, È̄(D∗f) = 0 for all f ∈ C∞
0 (R2;C2);

• Reality condition: È(f)∗ = È̄(f̄), È̄(f)∗ = È(f̄);

• Canonical Anticommutation Relations (CARs):

{È(f), È(h)} := È(f) · È(h) + È(h) · È(f) = 0,

{È̄(f), È̄(h)} = 0,

{È(f), È̄(h)} = i ℏS(f, h) 1,

where S is the Fermionic causal propagator, as per Definition 3.3.1.

We call È : C∞
0 (R2;C2) → AF spinor field and È̄ : C∞

0 (R2;C2) → AF cospinor field

associated to the algebra AF .

Having constructed the Fermionic algebra of fields using the causal propagator, we can now
introduce the Fermionic Feynman propagator SF , which will play a central role in defining
time-ordered products of Fermionic fields. As in the previous cases, the Fermionic Feynman
propagator is built starting from the Bosonic Feynman propagator GF , as per Remark 3.1.10,
by

SF = D∗ GF .
Its momentum-space representation reads

SF (t, x) =

∫

R2
dÉ dp

−e i(ωt−px)

p2 −m2 + iε

(
−É −m p
−p É −m

)
=

=

∫

R2
dÉ dp

−e i(ωt−px)

p2 −m2 + iε
(µ0É − µ1p) =

∫

R2
dÉ dp

−e i(ωt−px)

p2 −m2 + iε
(/p+m).

We will show in the following that SF corresponds to the vacuum expectation value of the
time-ordered product of Fermionic fields.

The notions of a state on the Fermionic algebra, as well as of two-point functions and of
higher n-point correlation functions, are entirely analogous to the Bosonic case. In particular,
the construction of states as positive, normalized linear functionals on the algebra, and the
identification of correlation functions via these states, follow the same formal structure.

Consequently, the GNS theorem, see Theorem 3.1.22, applies to the Fermionic algebra,
providing a Hilbert space representation in which the state is realized as a vector state.
This guarantees that all standard constructions from algebraic quantum field theory carry
over to the Fermionic case, with the main difference being the implementation of the
anticommutation relations.
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3.3.4 Definition. Let AF be the Fermionic algebra of observables, as per Definition 3.3.3,

and let É : AF → C be a state thereon, as per Definition 3.1.14. Denoting by (Dω, Ãω,Ωω)
the associated GNS triple, as per Theorem 3.1.22, we say that a spinor quantum field is the

operator-valued spinor distribution, as per Definition 3.1.23,

Ψω : C∞
0 (R2,C2)→ L(Hω), f 7→ Ψω(f) := Ãω(È(f)),

where Hω is the Hilbert space built out of Dω, while Ψω(f) is a densely defined operator

whose domain is D(Ψω(f)) = Dω.

We define Fermionic cospinor quantum field the operator-valued distribution

Ψ̄ω : C∞
0 (M, (C2)∗)→ L(Hω), f̄ 7→ Ψ̄ω(f̄) := Ãω(È̄(f̄)),

where Ψ̄ω(f̄) is densely defined on Dω.

3.3.5 Definition. Under the assumptions of Definition 3.3.4, for every n ∈ N, we call

Fermionic Wightman distributions

Wn : C∞
0 (R2,C2)× · · · × C∞

0 (R2,C2)︸ ︷︷ ︸
k spinors

×C∞
0 (R2,C2)× · · · × C∞

0 (R2,C2)︸ ︷︷ ︸
n−k cospinors

→ C

defined by

Wn(f1, . . . , fk; fk+1, . . . , fn) :=
(
Ωω,Ψω(f1) · · ·Ψω(fk)Ψ̄ω(fk+1) · · · Ψ̄ω(fn) Ωω

)
Hω
,

for all f1, . . . , fn ∈ C∞
0 (M,C2).

As in the Bosonic case, time-ordering, introduced in Section 3.1.2, encodes the causal
evolution of fields in Minkowski spacetime, but in the Fermionic case it must also account
for the anticommutation relations.

3.3.6 Definition. Let Ψω and Ψ̄ω be the operator-valued spinor and cospinor distributions

associated with a GNS representation of a Fermionic algebra AF , as per Definition 3.3.3.

We define the time-ordered product between two quantum fields Ψω ·T Ψ̄ω ∈ D′(Rd ×
Rd;L(Hω)) whose integral kernel is given by

(Ψω ·T Ψ̄ω)(x, y) =





Ψω(x)Ψ̄ω(y), if x lies in the future of y,

−Ψ̄ω(y)Ψω(x), if x lies in the past of y.

where x, y ∈ Rd. Here the sign accounts for the Fermionic anticommutation relations.

Working as in the Bosonic case and evaluating this product on the vacuum Ωω give the
corresponding integral kernel of the two-point time-ordered correlation function:

(
Ωω, (Ψω ·T Ψ̄ω)Ωω

)
(x, y) = iSF (x, y),
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showing that the Feynman propagator SF naturally arises as the kernel of the time-ordered
two-point function of Fermionic fields. This generalizes to higher-order correlation functions,
where the time-ordered product of n fields can be expressed in terms of SF using Wick’s

theorem for Fermions, taking into account the appropriate sign factors from the permutations
of operators.

3.3.2 Fermionic Euclidean QFT

Having discussed Fermionic fields in the Minkowskian setting, we now turn to their Eu-
clidean formulation. Compared with the Bosonic case treated by Nelson, the Fermionic
framework exhibits structural differences that are essential for the Euclidean approach. First,
the algebra of observables is intrinsically non-commutative, being governed by canonical
anticommutation relations (CAR). This implies that Fermionic fields cannot be realized
as standard random variables, but must instead be treated within the framework of non-
commutative (Grassmannian) probability.

A second crucial difference concerns the underlying Euclidean space. In order to ensure
consistency between Euclidean covariance, the CAR, and the correct form of the two-point
function, Fermionic fields must be doubled: two independent anticommuting Euclidean
fields are introduced. This doubling, absent in the Bosonic case, represents a key novelty of
the Fermionic framework and underlies the Osterwalder–Schrader construction.

In order to construct the Euclidean formulation of Fermionic fields, we will partially
follow the approach proposed by Osterwalder and Schrader [23]. Unlike the Bosonic case,
a straightforward Wick rotation from the Minkowskian theory is not sufficient: the non-
commutative nature of the CAR algebra and the structure of the two-point functions impose
constraints on the construction. In particular, one must ensure that the Euclidean correla-
tion functions correctly encode the Minkowskian-time-zero covariance while respecting the
anticommutation relations. This necessitates technical subtleties such as introducing two
independent, anticommuting Euclidean fields and carefully defining the initial-time field
configurations.

These issues are naturally addressed by defining the Euclidean Fermionic fields within
a non-commutative probability framework. The use of conditional expectation provides a
systematic way to select the correct initial-time fields, reproducing the covariance structure
predicted by the Osterwalder–Schrader construction. This sets the stage for a rigorous deriva-
tion of the Euclidean two-point functions and a consistent bridge between Minkowskian and
Euclidean formulations.

We shall therefore work on the 2-dimensional Euclidean spacetime R2, endowed with
the standard Euclidean metric ¶ of signature (+,+). On R2, we use the standard Cartesian
coordinates (x0, x1).
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Working on the Euclidean space R2 entails that the Spin bundle associated to M ≡ R2,
as per Definition 2.2.29, is trivial, i.e. SM ≃ M × Spin(2) ≃ M × U(1), see Example
2.2.28. In this setting, a spinor is a smooth section of the Dirac bundle DM associated
to M ≡ R2, as per Definition 2.3.10, namely Ψ

(1)
i : R2 → C2, where i ∈ {0, 1} labels

the spinor components. A cospinor is a section of the dual Dirac bundle D∗M on M , i.e.,
Ψ

(2)
i : R2 → C2.

In the Fermionic case, the role played by the Klein–Gordon operator for scalar fields is taken
over by the Euclidean Dirac operator DE , namely on R2

DE := iµµ∂µ +m, µ = 0, 1,

where m g 0 denotes the mass parameter while the µµ are Euclidean Dirac matrices in two
dimensions, satisfying

{µµ, µν} = 2¶µν I2, µ, ¿ = 0, 1.

One possible choice for the Euclidean µ-matrices is

µ0 = Ã1 =

(
0 1
1 0

)
, µ1 = Ã2 =

(
0 −i
i 0

)
.

Explicitly, the Euclidean Dirac operator reads

DE = iµ0∂0 + iµ1∂1 +m =

(
m i∂0 + ∂1

i∂0 − ∂1 m

)
.

Its adjoint D∗
E is given by

D∗
E =

(
m −i∂0 − ∂1

−i∂0 + ∂1 m

)
.

The following property holds also in the Euclidean case:

DE ·D∗
E =

(
m i∂0 + ∂1

i∂0 − ∂1 m

)
·
(

m −i∂0 − ∂1

−i∂0 + ∂1 m

)
(3.25)

=

(
−∂2

0 − ∂2
1 +m2 0

0 −∂2
0 − ∂2

1 +m2

)
= E · I2×2 = D∗

E ·DE , (3.26)

where E denotes the Helmholtz operator,

E = −∂2
0 − ∂2

1 +m2.

Equation (3.25) entails that, given a fundamental kernel GE ∈ S′(R2 × R2) associated with
E, i.e.,

Ex GE(x− y) = ¶(x− y),
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where the previous equation has been written in terms of integral kernels, as per Definition
A.1.7, a fundamental kernel SE ∈ S′(R2×R2) associated with the Euclidean Dirac operator
DE is

SE(x− y) = D∗
Ex GE(x− y).

The previous equation is meant in a distributional sense, as per Definition A.1.13, namely

DEx SE(x− y) = DEx ·D∗
Ex GE(x− y) = Ex GE(x− y) = ¶(x− y).

We recall that the integral kernel of GE reads

GE(t, x) =
1

(2Ã)2

∫

R

dÉ

∫

R

dk ĜE e−i
(
ωt+k·x

)
=

=
1

(2Ã)

∫

R

dk
e−ik·x

2
√
k2 +m2

[
ϑ(t) e−

√
k2+m2t + ϑ(−t) e

√
k2+m2t

]
.

We consider also its expression in momentum space, since it will be useful for calculations.

ĜE(É, k) =
1

É2 + k2 +m2
.

By applying the adjoint of the Euclidean Dirac operator D∗
E we obtain an expression for SE .

In Fourier space this reads

ŜE(É, k) = (−µµkµ +m) ĜE(É, k) =
−µ0 É − µ1 k +m

É2 + k2 +m2
.

Using the explicit representation

µ0 = Ã1 =

(
0 1
1 0

)
, µ1 = Ã2 =

(
0 −i
i 0

)
,

we can write the propagator as a 2× 2 matrix:

ŜE(É, k) =
1

É2 + k2 +m2

(
m É + ik

É − ik m

)
.

As in Nelson’s work, we introduce an algebra of fields. However, in the Fermionic Euclidean
case we must work in a non-commutative setting, since Fermionic fields satisfy anticommu-
tation relations rather than commuting ones like classical random variables. Moreover, it is
necessary to introduce two independent sets of fields, Ψ(1) and Ψ(2), so that the algebra can
consistently encode the *-structure and the Hermiticity conditions. At this stage, the two sets
of fields are considered independent; their mutual relations will later be fixed through the
choice of the Euclidean two-point function, which determines the correlations and effectively
encodes the Euclidean analogue of the equations of motion.

3.3.7 Definition. Let V = S(R2)¹C2, where S(R2) denotes the Schwartz space of rapidly

decreasing functions over R2, as per Definition A.1.14. We call Fermionic Euclidean field

algebra the unital *-algebra AFE freely generated by a unit 1 and by the symbols Ψ(1)(f),

Ψ(2)(f) with f ∈ V , from which we single out the ideal generated by the following relations:
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• Linearity: Ψ(i)(¼f+µh) = ¼Ψ(i)(f)+µΨ(i)(h), for all f, h ∈ V , ¼, µ ∈ C, i = 1, 2;

• Reality condition: Ψ(1)(f)∗ = Ψ(2)(f̄), Ψ(2)(f)∗ = Ψ(1)(f̄), for all f ∈ V ;

• Anticommutativity: for all f, h ∈ V ,

{Ψ(1)(f),Ψ(1)(h)} := Ψ(1)(f) ·Ψ(1)(h) + Ψ(1)(h) ·Ψ(1)(f) = 0,

{Ψ(2)(f),Ψ(2)(h)} = 0,

{Ψ(1)(f),Ψ(2)(h)} = 2SE(f, h)1,

where SE is the Fermionic Euclidean propagator.

3.3.8 Remark. We choose a state ÉE on AFE , as per Definition 3.1.14, such that

ÉE
(
Ψ(1)(f) ·Ψ(2)(h)

)
:= SE(f, h),

ÉE
(
Ψ(2)(f) ·Ψ(1)(h)

)
:= −SE(f, h).

Observe that this prescription is in agreement with anticommutativity in Definition 3.3.7,
since SE is antisymmetric:

SE(f, h) = −SE(h, f), ∀f, h ∈ V.

In this way, the two–point function of the chosen state is fixed to be the Euclidean propagator
of the Dirac operator. Higher n–point functions are then determined, in the free case, by
Wick’s theorem, so that ÉE identifies a quasi–free state.

This should be compared with the Lorentzian setting, where the causal propagator already
encodes the dynamics at the algebraic level, see Definition 3.3.3. Indeed, the causal propaga-
tor is obtained starting from the advanced and retarded inverse of the Dirac operator and thus
the equations of motions are built into the very structure of the Minkowskian algebra. In the
Euclidean case instead, the algebra is defined abstractly by the CAR (canonical anticommu-
tation relations), and the information about the dynamics is fully implemented through the
choice of ÉE , which selects the correct correlations and enforces the underlying Euclidean
field equations.

3.3.9 Remark. Unlike the Bosonic case, which in the Euclidean setting yields a commutative
algebra, the Fermionic construction leads to an algebra which is neither commutative nor
anticommutative. However, in order to implement the idea of random Grassmann variables, as
per Definition 1.1.14, we need to work with a genuinely anticommutative algebra. Therefore,
we introduce the following notation:

Ψ :=

(
Ψ(1)

Ψ(2)

)
.

Thus Ψ collects the two previously introduced families of generators in a single column field.
Concretely, Ψ is indexed by

V ¹ V ∼= S(R2)¹ C
4,
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so that a generic test element for Ψ can be written as f̃ = f ¹ v with f ∈ S(R2) and v ∈ C4.
Linearity in the test-function argument is meant with respect to this tensor product structure.

The reality condition of the original formulation can be rephrased in matrix form. We choose
the involution to act as

Ψ(f̃)∗ = Ã1 Ψ(f̃) = Ã1 Ψ(f̄ ¹ v̄) =

(
0 1

1 0

)
Ψ(f̄ ¹ v̄), ∀f̃ = f ¹ v ∈ V ¹ V,

where Ã1 implements the exchange between the two families Ψ(1) and Ψ(2). This formula
makes explicit that Ψ(2) plays the role of the adjoint, in the sense of the *-structure, of Ψ(1)

once complex conjugation on the test function is taken into account.

By construction the algebra A generated by the entries of Ψ is fully anticommutative:

{Ψ(f̃),Ψ(h̃)} = 0, ∀f̃ , h̃ ∈ V ¹ V.

This relation concisely encodes the three CARs in Definition 3.3.7.

Next we discuss the state we will use on this algebra. For factorized test elements f̃ = f ¹ v
and h̃ = h¹ w, with f, h ∈ S(R2) and v, w ∈ C4, we set

É
(
Ψ(f̃) Ψ(h̃)

)
:= SE(f, h)

(
v, C w

)
C4 ,

where SE is the Fermionic Euclidean propagator while C is an antisymmetric 4× 4 matrix
defining the antisymmetric pairing on the internal indices of Ψ. In the simplest block form
one can choose

C=

(
0 1
−1 0

)
.

Here we use the shorthand (
v, Cw

)
C4 = v¦(Cw),

that is the standard inner product on C4 weighted by the antisymmetric matrix C.

The assignment above is consistent with the antisymmetric nature of Fermionic fields: since
SE(f, h) = −SE(h, f) and C is antisymmetric, one has

É
(
Ψ(f̃)Ψ(h̃)

)
= −É(Ψ(h̃)Ψ(f̃)

)
,

as required for a Fermionic two-point function. Moreover, this definition is compatible with
the CARs of Definition 3.3.7: choosing basis vectors v, w selecting the first or second block
reproduces the nonzero component of the anticommutator {Ψ(1)(f),Ψ(2)(h)}, and the nor-
malization of the internal pairing matches the assignment É(Ψ(1)(f)Ψ(2)(h)) = SE(f, h).
Eventually, the state É defined in this way is quasi-free: it is completely determined by its
two-point function, and higher-order correlations are given by the Fermionic Wick rule.
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The doubled field Ψ and the antisymmetric structure allows us to view the Euclidean
Fermionic algebra in a non-commutative probabilistic framework, in close analogy with
Nelson’s construction for Bosonic fields. In this setting, the anticommutative algebra plays
the role of a random field algebra, and the two-point function defines a Fermionic covariance
suitable for a Grassmann probability interpretation. This formulation makes it possible to
apply Nelson-type probabilistic techniques to Fermionic fields in the Euclidean context.

As in the Minkowskian setting, also in the present Euclidean formulation the GNS theorem,
see Theorem 3.1.22, applies. Given a state É on the Fermionic algebra A, one obtains a GNS
triple (Dω, Ãω,Ωω), where Ãω is a *-representation of A as operators on a Hilbert spaceHω,
and Ωω is the vacuum vector implementing the state.

Since we are dealing with a Fermionic algebra, the GNS construction yields bounded
operators, see [29, Chapter 2]. This contrasts with the Bosonic case, where the field operators
are typically unbounded. Hence, in the Fermionic setting, the algebra A is realized concretely
as a C∗-algebra of bounded operators onHω.

3.3.10 Definition. Let A be the Euclidean Fermionic algebra, as defined above, and let

É : A→ C be a state thereon, as defined above. Denoting by (Dω, Ãω,Ωω) the associated

GNS triple, as per Theorem 3.1.22, we say that a Euclidean Fermionic quantum field is

the operator-valued distribution

Ψω : S(R2)¹ C
4 → L(Hω), f̃ 7→ Ψω(f̃) := Ãω(Ψ(f̃)),

where Hω is the Hilbert space built out of Dω, while Ψω(f̃) is a bounded operator whose

domain contains Dω.

Moreover, the state É is realized in this representation as the vacuum expectation value

É(A) = (Ωω, Ãω(A) Ωω)Hω , ∀A ∈ A,

so that all correlation functions are computed as vacuum expectations in the GNS Hilbert

space.

We keep the same notation A for the C*-algebra of bounded operators obtained via the GNS
construction. The pair (A, É) is then a non-commutative probability space, as in Definition
1.1.9.

Our aim is to adapt Nelson’s reconstruction scheme to the Fermionic setting, in order to
recover Minkowskian Fermionic fields from their Euclidean counterparts. In Nelson’s work,
a crucial step is the identification of Minkowskian and Euclidean fields at a fixed time, say
t = 0, followed by the implementation of quantum mechanical time evolution. For this
procedure to make sense, one needs to evaluate Euclidean fields at fixed time, i.e., on "test
functions" of the form

f(x)¹ ¶(t)¹ v, x ∈ R, t ∈ R, v ∈ C
4.
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This is a formal way to say that we are extending Schwinger distributions to R2, including
coinciding points. In the Bosonic case this was possible, since, as shown in Lemma 3.2.11,
they belong to H−1(R2), the natural domain of definition of the fields.

In the Fermionic case, however, the situation is different. While S(R2) is dense in H−1(R2)
and one could in principle attempt an analogous extension, the Euclidean Fermionic prop-
agator SE diverges when evaluated on distributions of the form f ¹ ¶. The obstruction to
defining Euclidean Fermionic fields at a fixed time can be directly traced back to the choice
of state É. Indeed, for a test element f̃ = f ¹ ¶ ¹ v ∈ S(R)¹ S ′(R)¹ C4, the two-point
function computed via É reads

É
(
Ψ(f̃) Ψ(f̃)

)
= SE(f ¹ ¶, f ¹ ¶) (v, Cv)C4 .

However, SE(f ¹ ¶, f ¹ ¶) diverges, as it can be seen by writing it in Fourier space

SE(f ¹ ¶, f ¹ ¶) =

∫

R

dÉ

∫

R

dk
−iµ0É − iµ1k +m

É2 + k2 +m2
|f̂(k)|2,

where the integral over É does not converge. In other words, the vacuum expectation value
of the field at fixed time is ill-defined.

As a consequence, fields at fixed time cannot be defined in the same way as in the Bosonic
framework. This marks a structural difference between the two settings, and it calls for a
different strategy in order to carry out Nelson’s program in the Fermionic case.

Let H be a separable Hilbert space and let F(H) denote its associated Fock space, as in
Example 1.1.10. Consider the non-commutative probability space (A′, É′), as per Definition
1.1.9, where A

′ = B(F(H)) is the C*-algebra of bounded linear operators on F(H) and
where the state É′ : A′ → C is

É′(A) := (Ω, AΩ)F(H), ∀A ∈ A
′,

with Ω ∈ F(H) a distinguished unit vector.

We introduce this general setting to emphasize that our construction is completely general,
but our main goal is to apply it to the Fock space obtained via the GNS construction associ-
ated with a quasi-free state.

Our strategy is to construct the Fermionic field through a non-commutative stochastic dif-
ferential equation, as outlined in Section 1.3. In this framework, the stochastic dynamics is
driven by two key ingredients. Firstly, one needs a suitable notion of Brownian motion in
the non-commutative setting, which provides the source of randomness and it models the
fluctuations of the system. Secondly, the evolution is determined by a drift operator acting
on the algebra, encoding the deterministic part of the dynamics.
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In symbolic form, the process (Xt)tg0 we aim to construct can be thought of as a solution of
an equation of the form

dXt = AXt dt+ dBt, (3.27)

where Xt takes values in A
′, A is a fixed linear operator, while Bt denotes the Fermionic

Brownian motion, which will be defined in the following. The differential dBt is understood
in the sense of Itô stochastic calculus. It represents the stochastic increment of Bt, with
covariance structure determined by the state É′. The meaning of this equation has been
specified in the non-commutative setting in Section 1.3. We recall the fact that this equation
is formulated in a distributional sense.

In order to analyse the stochastic equation (3.27), we need to identify the operator playing
the role of the drift term A. For the massive free field this is naturally given by the square
root of the shifted Laplacian, A = (−∆x +m2)1/2. The following lemma shows that −A
generates a strongly continuous and exponentially contractive semigroup on L2(R), which
provides the deterministic part of the dynamics.

3.3.11 Lemma. Let m > 0 and consider the self-adjoint, positive operator

A := (−∆x +m2)1/2 = (−∂2
x +m2)1/2

on L2(R) defined via the functional calculus. Then −A generates a strongly continuous,

exponentially contractive semigroup

T (t) = e−At, t g 0,

on L2(R). More precisely, for every f ∈ L2(R) and t g 0 one has

∥T (t)f∥L2 f e−mt∥f∥L2 ,

and T (t)f → f in L2(R) as t ³ 0.

Proof. Define T (t) by the spectral Fourier multiplier

T̂ (t)f(À) = e−
√
ξ2+m2 t f̂(À), À ∈ R,

so that T (t) = e−At on L2(R). By Plancherel,

∥T (t)f∥2L2 =

∫

R

∣∣e−
√
ξ2+m2 t f̂(À)

∣∣2dÀ =

∫

R

e−2
√
ξ2+m2 t |f̂(À)|2dÀ.

Since
√
À2 +m2 g 0, we have e−2

√
ξ2+m2 t f 1 for all t g 0, hence

∥T (t)f∥L2 f ∥f∥L2 ,

so T (t) is contractive. Moreover
√
À2 +m2 g m, therefore

e−2
√
ξ2+m2 t f e−2mt,
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and from the Plancherel identity it follows that

∥T (t)f∥L2 f e−mt∥f∥L2 ,

which proves exponential contractivity with rate m.

To prove strong continuity at t = 0, note that for each fixed À, e−
√
ξ2+m2 t → 1 as t ³ 0,

and the integrand
∣∣e−
√
ξ2+m2 t − 1

∣∣2|f̂(À)|2

is dominated by C |f̂(À)|2 for some constant C (for instance C = 4), which is integrable
because f ∈ L2. By the dominated convergence theorem (or direct Plancherel arguments)
we get ∥T (t)f − f∥L2 → 0 as t ³ 0. Strong continuity for all t g 0 follows from the
semigroup property.

Finally, the Hille–Yosida theorem applied to the self-adjoint positive generator A implies
that −A indeed generates the C0-semigroup (T (t))tg0 defined above. ■

It is worth stressing that (−∆x +m2)1/2 admits a natural physical interpretation: it corre-
sponds to the Euclidean free Hamiltonian for a relativistic Fermionic particle of mass m. The
associated semigroup (T (t))tg0 therefore describes the dissipative Euclidean time evolution,
in which high–frequency modes are exponentially suppressed with rate

√
À2 +m2. This

makes the identification of the drift operator A with −(−∆x +m2)1/2 particularly natural
in the framework of non–commutative stochastic dynamics.

We consider a white noise Ξ ∈ G(L2(R2) ¹ C4) taking values in B(F(H)) and with
covariance C : C4 → C4 given by

C :=

(
0 I2×2

−I2×2 0

)
.

Observe that the definition of white noise we give here is in agreement with Definition 1.1.34.
For test elements f̃ = f ¹ v ∈ L2(R2)¹C4 and h̃ = h¹w ∈ L2(R2)¹C4, the two point
function is expressed by

É′
2(f̃ , g̃) := É′(Ξ(f̃) · Ξ(g̃)

)
=
(
f, h

)
L2 ·

(
v, Cw)C4 ,

where (
f, h

)
L2 :=

∫

R2
f(t, x) · h(t, x) dt dx.

Since Ξ ∈ G−∞(L2(R2)¹ C4) is a continuous Grassmann random variable, we can write
its expression in a distributional way

Ξ(h) =

∫

R2
Ξi(t, x)hi(t, x) dt dx,

where h ∈ L2(R2)¹ C4, i = 1, . . . , 4, where the summation is implicit.
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By denoting as Ξ(1) and Ξ(2) respectively the first two and the last two components of Ξ, we
can express the two-point function in a distributional way as

É(Ξ(i)(f),Ξ(i)(h)) = 0, ∀f, h ∈ L2(R2)¹ C
2, i = 1, 2.

And, for all f, h ∈ S(R2)¹ C2,

É(Ξ(1)(f),Ξ(2)(h)) = É
(∫

R2
dt dxΞ

(1)
i (t, x)fi(t, x)

∫

R2
dt′ dx′ Ξ(2)

j (t′, x′)hj(t′, x′)
)

=

=

∫

R2
dt dx (t, x)fi(t, x)

∫

R2
dt′ dx′ ¶ij ¶(t− t′, x− x′)hj(t′, x′) =

=

∫

R2
dt dx (t, x)fi(t, x)hi(t, x) = −É(Ξ(2)(f),Ξ(1)(h)),

where ¶i,j is the Kronecker delta and ¶(t− t′, x− x′) is the delta on the diagonal of R2, as
per Example A.1.11.

The above computation shows that the covariance structure of the white noise Ξ is completely
determined by the antisymmetric matrix C, ensuring that É′

2 satisfies the canonical anti-
commutation relations. In particular, the vanishing of the autocorrelations of Ξ(1) and Ξ(2),
together with the antisymmetry of the mixed two–point function, encodes the Fermionic
nature of the noise. This construction is the Fermionic analogue of the classical Gaussian
white noise, with the essential difference that the two–point function is antisymmetric rather
than symmetric. As a consequence, all higher order moments of Ξ can be recovered from É′

2

via Wick’s rule for Grassmann random variables.

We introduce a Brownian motion (Bt)t∈R+ ∈ G(S(R)¹ C4) in the following way:

Bt(f ¹ v) = Ξ
(
I[0,t] ¹ f ¹ v

)
,

for all t ∈ R+ and for all f ∈ S(R), v ∈ C4, where I[0,t] is the characteristic function
over the interval [0, t] ¢ R. Observe that the Brownian motion we define here satisfies the
properties of Remark 1.1.35. In particular, for all T > 0,

sup
0ftfT

∥Bt∥G(S(R)¹C4) <∞,

where ∥ · ∥G(S(R)¹C4) is the norm introduced in Definition 1.1.24. This boundedness entails
that Bt ∈ G−∞(S(R)¹ C4), for all t g 0. Equivalently, one may view Bt as an element of
S′(R)¹ C4 ¹ A

′. For details on the construction of this space, we refer to Section 1.3. In
view of this last property, we can define two components of the Brownian motion, that is

Bt(h) =

(
B

(1)
t (h)

B
(2)
t (h)

)
∈ C

4 ¹ A
′, h ∈ S(R).

Moreover, since the parameter t acts linearly and continuously, we can reinterpret B as an
operator-valued distribution in both time and space, i.e., as an element of

S′(R2)¹ C
4 ¹ A

′.
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In this case, we can write its integral kernel as

B(i)(f) =

∫

R2
dt dx f(t, x)

∫

R

dsΞ(i)(s, x) I[0,t](s), f ∈ S(R2).

The process (Bt)tg0 satisfies the fundamental properties of a non–commutative Brownian
motion. Indeed, its increments over disjoint intervals are independent in the Grassmann
sense, see Definition 1.1.17, and the covariance of the process is given by

É′(Bt(f ¹ v)Bs(g ¹ w)
)

=
(
I[0,t], I[0,s]

)
L2(R)

(f, g)L2(R) (v, Cw)C4 .

This expression highlights the Fermionic nature of the process, since the antisymmetry of
the covariance is encoded in the matrix C. As a consequence, the Brownian motion (Bt)tg0

is the canonical stochastic building block for the construction of Euclidean Fermionic fields,
in the same way as the classical Brownian motion underlies the construction of the Gaussian
free field.

We define the non-commutative stationary Ornstein-Uhlenbeck motion (Ot)t∈R+ ∈ G(S(R)¹
C4) by

Ot(f ¹ v) = Ξ
(
I(−∞,t]e

−(−∆x+m2)
1
2 (t−·) ¹ f ¹ v),

for all t ∈ R+ and for all f ∈ S(R), v ∈ C4, where I(−∞,t] is the step function over the
interval (−∞, t] ¢ R. This formulation is in agreement with Definition 1.3.23. It follows
from the properties of the Brownian motion thatOt ∈ G−∞(S(R)¹C4) ≡ S′(R)¹C4¹A

′,
for all t g 0. Once more, as for the Brownian motion, we can interpret O as a distribution in
both time and space, i.e., as an element of

S′(R2)¹ C
4 ¹ A

′,

with integral kernel given by
O(t, x) ≡ Ot(x).

Thus, for all t g 0, we make use of the following formal notation:

Ot(x) =

(
O(1)
t (x)

O(2)
t (x)

)
,

where O(i)
t (x) ∈ S′(R2)¹ C2 ¹ A

′, for i = 1, 2.

The process (Ot)tg0 satisfies the stochastic differential equation

dOt = −(−∆x +m2)1/2Ot dt+ dBt,

and it can be regarded therefore as the Fermionic analogue of the classical Ornstein–Uhlenbeck
process. In particular, the exponential damping induced by the operator (−∆x + m2)1/2

ensures that the process is stationary.
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A direct computation shows that its covariance is given, for test functions f, h ∈ S(R2), by

É′(O(f)O(h)
)

=

∫

R2
dx

∫

R2
dy f(x)GE(x− y)C h(y),

where GE is the Euclidean propagator for the Helmholtz operator while C is the symplectic
matrix introduced in the covariance of the white noise. This characterization will be essential
for the stochastic construction of Euclidean Fermionic fields.

Equation (3.27) takes the distributional form

dXt(x) = −(−∆x +m2)
1
2Xt(x) dt+ dBt(x),

with Xt ∈ S′(R)¹ C4 ¹ A
′. A distributional solution is given by the Ornstein–Uhlenbeck

process introduced above, namely

Xt(x) = Ot(x), ∀t g 0,

so that, in components, (
X

(1)
t (x)

X
(2)
t (x)

)
=

(
O(1)
t (x)

O(2)
t (x)

)
.

We now introduce the operator

D :=

(
1 0
0 D∗

E

)
=

(
1 0
0 −iµ0∂t − iµ1∂x +m

)
,

and we define the Fermionic field as

Ψt(x) = DOt(x) =

(
1 0
0 −iµ0∂t − iµ1∂x +m

)(
O(1)
t (x)

O(2)
t (x)

)
,

where the adjoint Dirac operator is applied in a distributional sense.

The operator-valued field Ψt(x) defined above generates a Fermionic algebra of fields, as
per Definition 3.3.7. Indeed, the algebra is linear, it satisfies the canonical anticommutation
relations (CAR), and it is intrinsically non-commutative. A direct computation of the two-
point function confirms this structure: the covariance of the field coincides with the Euclidean
Fermionic propagator:

É′(Ψ(f)Ψ(h)
)

= É′((DO)(f) (DO)(h)
)

=

∫

R2
dx

∫

R2
dy f(x)Dx GE(x− y)C Dy g(y),

where the complex conjugate acts on the first argument.
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Since the simplectic matrix C encodes the CAR and D∗
EGE = SE by construction, we

immediately obtain

É′(Ψ(f)Ψ(g)
)

=

∫
dx dy f(x)SE(x− y) g(y),

which shows that the two-point function of the Euclidean Fermionic field coincides with the
Euclidean Fermionic propagator SE .

In order to properly define the Fermionic field at a fixed time, we introduce a conditional

expectation in this non-commutative probability setting, as in Definition 1.2.4.

The role of such an expectation is to project Grassmann random variables onto the sub-
algebra generated by the past of the process, in complete analogy with the classical theory
of stochastic processes. In our case, the past is determined by the natural time–filtration
associated with the Fermionic Brownian motion and the Ornstein–Uhlenbeck process.

Concretely, since we are working with a Fock space and a CAR algebra of operators, we
can make use of the conditional expectation É′

t constructed in Definition 1.2.19. This map
projects Grassmann random variables onto the subalgebra associated with the information
available up to time t, providing with a concrete realization of the abstract notion introduced
in Definition 1.2.4.

This conditional expectation allows us to define the field at time zero as the projection of the
full Ornstein–Uhlenbeck process onto the subalgebra A0 associated with random variables
measurable at t = 0. Concretely, using the Fock-space conditional expectation É0 from
Definition 1.2.19, we set

È̃(f) := É0
(
Ψt(f)

)
, , f ∈ S(R2)¹ C

4,

where Ot(f) denotes the OU process smeared with a test function f . By construction, È̃ de-
pends only on the information contained in A0 and it is independent of the future increments
of the process, ensuring consistency with the non-commutative filtration.

To summarize, the conditional expectation is the correct noncommutative analogue of restrict-
ing a stochastic process to its value at time zero, selecting the appropriate temporal filtration
and ensuring compatibility with the dynamics generated by the semigroup e−(−∆x+m2)1/2t.
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Let t0 g 0 and f ∈ S(R2)¹ C2. Then, for the first component of the field, we have

É′
t0 [Ψ(1)(f)] = É′

t0

[∫

R

dx

∫

R

dtΨ
(1)
i (t, x) fi(t, x)

]
=

= É′
t0

[∫

R

dx

∫

R

dt

∫ t

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ

(1)
i (s, x) fi(t, x)

]
=

= É′
t0

[∫

R

dx

∫ t0

−∞
dt

∫ t

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ

(1)
i (s, x) fi(t, x)

]
+

+ É′
t0

[∫

R

dx

∫ +∞

t0
dt

∫ t

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ

(1)
i (s, x) fi(t, x)

]
=

=

∫

R

dx

∫ t0

−∞
dt

∫ t

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ

(1)
i (s, x) fi(t, x)+

+

∫

R

dx

∫ +∞

t0
dt

∫ t0

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ

(1)
i (s, x) fi(t, x),

Here, we have used the properties of the conditional expectation in the Fermionic Fock
space:

• The first integral over t f t0 is entirely determined by the past relative to t0, so the
conditional expectation É′

t0 acts trivially.

• The second integral over t > t0 contains contributions from both the past (s f t0) and
the future (s > t0). The conditional expectation removes the dependence on the future
increments s > t0, leaving only the part with s f t0.

In this way, É′
t0 [Ψ(1)(f)] depends solely on the information available up to time t0, consis-

tently with the noncommutative filtration induced by the Grassmann white noise Ξ.

By evaluating the conditional expectation at time zero, one has, for f ∈ S(R2)¹ C2,

É′
0[Ψ(1)(f)] =

∫

R

dx

∫ 0

−∞
dt

∫ t

−∞
ds e−(−∆+m2)1/2(t−s) Ξ

(1)
i (s, x) fi(t, x)

+

∫

R

dx

∫ +∞

0
dt

∫ 0

−∞
ds e−(−∆+m2)1/2(t−s) Ξ

(1)
i (s, x) fi(t, x).

We can define the field at time zero as

È̃(1)(f) := É′
0[Ψ(1)(f)],

which depends only on the information available up to t = 0, consistently with the noncom-
mutative filtration induced by the Grassmann noise.
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Analogously, for h ∈ S(R2)¹ C2,

É′
t0 [Ψ(2)(h)] = É′

t0

[∫

R

dx

∫

R

dtΨ
(2)
j (t, x)hj(t, x)

]
=

= É′
t0

[∫

R

dx

∫

R

dt

∫ t

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ

(2)
j (s, x) (iµ0∂t + iµ1∂x +m)jk·

· hk(t, x)
]

= É′
t0

[∫

R

dx

∫ t0

−∞
dt

∫ t

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ

(2)
j (s, x)·

· (iµ0∂t + iµ1∂x +m)jkhk(t, x)
]

+ É′
t0

[∫

R

dx

∫ +∞

t0
dt

∫ t

−∞
ds e−(−∆+m2)

1
2 (t−s)·

· Ξ(2)
j (s, x) (iµ0∂t + iµ1∂x +m)jkhk(t, x)

]
=

∫

R

dx

∫ t0

−∞
dt

∫ t

−∞
ds e−(−∆+m2)

1
2 (t−s)·

· Ξ(2)(s, x) (iµ0∂t + iµ1∂x +m)jkhk(t, x) +

∫

R

dx

∫ +∞

t0
dt

∫ t0

−∞
ds e−(−∆+m2)

1
2 (t−s)·

· Ξ(2)(s, x) (iµ0∂t + iµ1∂x +m)jkhk(t, x).

By evaluating the conditional expectation at time zero, one has, for all h ∈ S(R2)¹ C2,

É′
0[Ψ(2)(h)] =

∫

R

dx

∫ 0

−∞
dt

∫ t

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ

(2)
j (s, x)·

· (iµ0∂t + iµ1∂x +m)jk hk(t, x) +

∫

R

dx

∫ +∞

0
dt

∫ t0

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ(2)(s, x)·

· (iµ0∂t + iµ1∂x +m)jk hk(t, x).

As in the first component, this defines the field at time zero È̃(2)(h), which depends only on
the information available up to t = 0 and it is consistent with the noncommutative filtration
induced by the Grassmann white noise.

In the context of the Osterwalder–Schrader construction of Euclidean quantum field theory,
see [23], the two-point correlation function, i.e., the covariance, plays a central role. For the
Fermionic field defined via the conditional expectation at time zero, computing

É′[È̃(1)(f)È̃(2)(h)]

allows us to verify that the ensuing covariance is consistent with the expected dynamics
dictated by the semigroup e−(−∆+m2)1/2t and with the standard Fermionic propagator.

Once the covariance is fixed, one can consistently construct all higher-order correlation
functions via the Fermionic analogue of Wick’s theorem, thereby establishing a complete
Euclidean framework compatible with the OS axioms, as per Theorem 3.2.4.

We compute the expectation of the product of the initial fields. Let f, h ∈ S(R2)¹ C2 be
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test functions. Then,

É′
[
É′

0[Ψ(1)(f)]É′
0[Ψ(2)(h)]

]
=

=É′
{[∫

R

dx

∫ 0

−∞
dt

∫ t

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ

(1)
i (s, x) fi(t, x)+

+

∫

R

dx

∫ +∞

0
dt

∫ 0

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ

(1)
i (s, x) fi(t, x)

]
·

·
[∫

R

dx′
∫ 0

−∞
dt′
∫ t′

−∞
ds′ e−(−∆+m2)

1
2 (t′−s′) Ξ

(2)
j (s′, x′) (iµ0∂t′ + iµ1∂x′ +m)jk·

·hk(t′, x′) +

∫

R

dx′
∫ +∞

0
dt′

∫ 0

−∞
ds′ e−(−∆+m2)

1
2 (t′−s′) Ξ

(2)
j (s′, x′) (iµ0∂t′ + iµ1∂x′ +m)jk

hk(t
′, x′)

]
= É′

{[∫

R

dx

∫

R

dx′
∫ 0

−∞
dt

∫ 0

−∞
dt′
∫ t

−∞
ds

∫ t′

−∞
ds′ e−(−∆+m2)

1
2 (t−s)

Ξ
(1)
i (s, x) fi(t, x) e−(−∆+m2)

1
2 (t′−s′) Ξ

(2)
j (s′, x′) (iµ0∂t′ + iµ1∂x′ +m)jk hk(t

′, x′)
]
+

+
[∫

R

dx

∫

R

dx′
∫ 0

−∞
dt

∫ +∞

0
dt′
∫ t

−∞
ds

∫ 0

−∞
ds′ e−(−∆+m2)

1
2 (t−s) Ξ

(1)
i (s, x)

fi(t, x) e−(−∆+m2)
1
2 (t′−s′) Ξ

(2)
j (s′, x′)(iµ0∂t′ + iµ1∂x′ +m)jk hk(t

′, x′)
]
+

+
[∫

R

dx

∫

R

dx′
∫ 0

−∞
dt′
∫ +∞

0
dt

∫ t′

−∞
ds′
∫ 0

−∞
ds e−(−∆+m2)

1
2 (t−s) Ξ

(1)
i (s, x)

fi(t, x) e−(−∆+m2)
1
2 (t′−s′) Ξ

(2)
j (s′, x′)(iµ0∂t′ + iµ1∂x′ +m)jk hk(t

′, x′)
]
+

+
[∫

R

dx

∫ +∞

0
dt

∫ 0

−∞
ds

∫

R

dx′
∫ +∞

0
dt′

∫ 0

−∞
ds′ e−(−∆+m2)

1
2 (t−s) Ξ

(1)
i (s, x)

fi(t, x) e−(−∆+m2)
1
2 (t′−s′) Ξ

(2)
j (s′, x′)(iµ0∂t′ + iµ1∂x′ +m)jk hk(t

′, x′)
]}

We choose f, h ∈ S(R2)¹C2 such that supp(f) ¢ [0,+∞)×R and supp(h) ¢ [0,+∞)×
R. With this choice, several simplifications occur:

• The first term vanishes because the support of both f and h lies entirely in t g 0,
while the integration in the first term is over t, t′ < 0.

• The second and third terms vanish due to the properties of the conditional expectation,
which removes contributions depending on "future" increments outside the allowed
support.

• Therefore, only the last term contributes to the expectation, and this is the one we need
to evaluate explicitly.

This reasoning allows us to significantly simplify the calculation of the covariance by
restricting attention to the relevant integration region determined by the supports of f and h.
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É′
[
É′

0[Ψ(1)(f)]É′
0[Ψ(2)(h)]

]
=

É′
{[∫

R

dx

∫ +∞

0
dt

∫ 0

−∞
ds

∫

R

dx′
∫ +∞

0
dt′

∫ 0

−∞
ds′ e−(−∆+m2)

1
2 (t−s) Ξ

(1)
i (s, x)

fi(t, x) e−(−∆+m2)
1
2 (t′−s′) Ξ

(2)
j (s′, x′)(iµ0∂t′ + iµ1∂x′ +m)jk hk(t

′, x′)
]}

=

=

∫

R

dx

∫ +∞

0
dt

∫ 0

−∞
ds

∫ +∞

0
dt′ e−(−∆+m2)

1
2 (t−s)

fi(t, x) e−(−∆+m2)
1
2 (t′−s) (iµ0∂t′ + iµ1∂x +m)ikhk(t

′, x) =

=
1

2Ã

∫

R

dÀ

∫ +∞

0
dt

∫ 0

−∞
ds

∫ +∞

0
dt′ e−(ξ2+m2)

1
2 (t−s)

f̂i(t, À) e
−(−ξ2+m2)

1
2 (t′−s) (iµ0∂t′ + µ1À +m)ikĥk(t

′, À)

We compute the integrals in the time variables.

∫ ∞

0
dt e−(ξ2+m2)

1
2 tf̂i(t, À) =

=
1

2Ã

∫

R

dw
f̂i(w, À)

(À2 +m2)
1
2 − iw

= −i f̂i(−i(À2 +m2)
1
2 , À).

∫ +∞

0
dt′ e−(−ξ2+m2)

1
2 t′ (iµ0∂t′ + µ1À +m)ik ĥk(t

′, À) =

=
1

2Ã

∫

R

dw

(
µ0É + µ1À +m

)
ik
ĥk(w, À)

(À2 +m2)
1
2 + iw

=

= i
(
iµ0(À2 +m2)

1
2 + µ1À +m

)
ik
ĥk(i(À

2 +m2)
1
2 , À).

As a consequence, we obtain:

É′
[
É′

0[Ψ(1)(f)]É′
0[Ψ(2)(h)]

]
=

1

2Ã

∫

R

dÀ

∫ 0

−∞
ds e2(ξ2+m2)

1
2 s·

·f̂i(−i(À2 +m2)
1
2 , À)

(
iµ0(À2 +m2)

1
2 + µ1À +m

)
ik
ĥk(i(À

2 +m2)
1
2 , À) =

=
1

2Ã

∫

R

dÀ f̂i(−i(À2 +m2)
1
2 , À)

(
iµ0(À2 +m2)

1
2 + µ1À +m

)
ik

2(À2 +m2)
1
2

ĥk(i(À
2 +m2)

1
2 , À) =

=
1

(2Ã)2

∫

R

dÀ

∫

R

dÅ f̂i(−Å, À)
(
µ0Å + µ1À +m

)
ik

Å2 + À2 +m2
ĥk(Å, À)

This computation shows that the expectation of the product of the initial fields coincides with
the two-point function obtained in the Osterwalder–Schrader construction of free Fermionic
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fields at time zero. More precisely, the final expression

1

(2Ã)2

∫

R

dÀ

∫

R

dÅ f̂i(−Å, À)
(µ0Å + µ1À +m)ik
Å2 + À2 +m2

ĥk(Å, À)

matches exactly the Euclidean propagator restricted to t = 0. This confirms that the
definition of the initial field via the conditional expectation is fully consistent with the
standard Minkowskian-time-zero construction, and it ensures the correct covariance structure
for the Fermionic field.
In particular, the result reproduces exactly the covariance obtained from the approach of
Osterwalder–Schrader Fermionic fields, showing that the conditional expectation method in
the Fock space correctly encodes the initial-time correlations. We refer specifically to the
expression in [23, p. 292], which can be verified by a direct computation and it serves as a
bridge connecting our construction to the Osterwalder–Schrader framework.
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Chapter 4

Conclusions

In this thesis we have investigated the problem of giving a rigorous Euclidean construc-
tion of Fermionic fields by combining tools from non-commutative probability, stochastic
analysis, and spin geometry. In particular, we examined the Osterwalder–Schrader recon-
struction theorem and Nelson’s probabilistic approach to Bosonic fields, highlighting both
their achievements and their limitations when extended to the Fermionic setting.

Our analysis began with the Bosonic case, where the relation between Minkowskian and
Euclidean formulations is by now well understood. We recalled how the causal propagator
in Minkowski spacetime and reflection positivity in Euclidean space provided two comple-
mentary ways of encoding the dynamics. Under these premises, we introduced the algebra
of fields and the corresponding GNS representation, presented the Osterwalder–Schrader
theorem, and discussed Nelson’s analytic approach to the reconstruction problem.

Focusing on Fermions, we emphasized key structural differences that make the Euclidean
formulation more subtle. The algebra of observables is intrinsically non-commutative, gov-
erned by canonical anticommutation relations, which prevent Fermionic fields from being
analyzed as standard random variables and require a formulation within non-commutative
(Grassmannian) probability. To ensure consistency between Euclidean covariance, the CAR
algebra, and the two-point function, a doubling of fields—two independent anticommuting
Euclidean fields—was introduced, a feature absent in the Bosonic case.

Constructing Euclidean Fermionic fields therefore required a careful adaptation of the
Osterwalder–Schrader approach [23]. A straightforward Wick rotation from Minkowski
space was insufficient, and the Euclidean correlation functions had to correctly reproduce the
time-zero Minkowskian covariance while respecting the anticommutation relations. By using
a non-commutative probabilistic framework and a suitably defined conditional expectation,
we were able to select the correct time-zero fields, reproduce the expected covariance, and
estabilish a rigorous construction of Euclidean Fermionic fields, establishing a consistent
bridge between Euclidean and Minkowskian formulations.
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Conclusions

Building on the results of this thesis, a natural direction for future research is the extension
of the probabilistic reconstruction framework to more complex settings, particularly interact-
ing Fermionic quantum field theories, such as the Thirring model [69]. Interactions introduce
nonlinearities and require renormalization, making the analysis significantly more challeng-
ing than in the free case [46]. The Euclidean formulation gives better analytic control and a
natural framework for defining path integrals, which can be used non-perturbatively [11].
Extending the non-commutative probabilistic approach to interacting models could therefore
offer a conceptually clear and computationally viable method for studying Fermionic fields
beyond the free case.

Moreover, the techniques developed here connect naturally with stochastic quantization,
where the path integral emerges as the stationary solution of an auxiliary stochastic equation
[16, 17]. While traditionally applied to Bosonic theories, this perspective aligns with the
non-commutative stochastic framework introduced for Fermionic fields. Modeling the time
evolution of spinors and cospinors via stochastic processes opens the possibility of adapting
Langevin-type dynamics to Fermionic systems, potentially providing new analytical and
numerical tools similar to those successfully used in Bosonic lattice field theory [15].
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Appendix A

Appendix: Microlocal Analysis

A.1 A review on the theory of distributions

This section provides an overview of the main definitions and properties in distribution
theory, including test function spaces, distributions, tempered distributions, and the Fourier
transform, illustrated with classical examples such as the Dirac delta and the Heaviside
function. For more details and for the proof of the following statements, we refer to [33,
Chapters 1,2 and 8].

A.1.1 Definition. Let Ω ¢ Rn open. We call test function space on Ω the set

D(Ω) = C∞
0 (Ω) := {f ∈ C∞(Ω) | supp(f) is compact}.

The elements of D(Ω) are called test functions.

A.1.2 Remark. Let Ω ¦ Rn open. It is possible to define a natural dual pairing between
C∞(Ω) and C∞

0 (Ω) as follows:

(·, ·) : C∞(Ω)× C∞
0 (Ω)→ C, (f, h) 7−→ (f, h) :=

∫

Ω
f(x) · h(x)dx.

A.1.3 Definition. Let Ω ¦ Rn open. A linear map u : D(Ω)→ C is called a distribution
if, for every compact set K ¢ Ω, there exist a constant CK ∈ [0,∞) and an integer

N ∈ N ∪ {0} such that

|u(f)| ≡ |(u, f)| f CK sup
|α|fN

sup
x∈K

∣∣∂αf(x)
∣∣, (A.1)

∀f ∈ D(Ω) with supp(f) ¦ K. The vector space of all distributions on Ω is denoted by

D′(Ω).

A.1.4 Example. Let L1
loc(Ω) be the space of locally integrable functions on Ω ¦ Rn, that is,

È ∈ L1
loc(Ω) if È is measurable and

∫

K
dnx |È(x)| <∞, for all compact sets K ¢ Ω.
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Every È ∈ L1
loc(Ω) identifies a distribution uψ ∈ D′(Ω), as per Definition A.1.3, defined as

uψ(f)
def
=

∫

Rn
dnxÈ(x)f(x), ∀f ∈ D(Ω).

A.1.5 Example. Let Ω ¦ Rn and let x0 ∈ Ω. We call delta distribution (or Dirac delta)
centered in x0 the linear functional

¶x0 : D(Ω)→ C, f 7→ ¶x0(f) := f(x0).

We show that ¶x0 ∈ D′(Ω). Let K be any compact subset of Ω. Suppose x0 /∈ K. Then
Equation (A.1) is automatically satisfied, since the left-hand side vanishes once f is extended
by 0 outside its support. Conversely, if x0 ∈ K, Equation (A.1) reads

|¶x0(f)| = |f(x0)| f CK
∑

|α|fN
sup |∂αf |.

This is automatically verified by choosing N = 0 and CK = 1.

We simply denote the delta distribution in 0 ∈ Ω by ¶0 ≡ ¶.

A.1.6 Example. We define the Heaviside distribution ϑ ∈ D′(R) by

(
ϑ, f

) ≡
∫

R

dxϑ(x)f(x) :=

∫

R+

dx f(x),

for all f ∈ D(R).

We show that ϑ ∈ D′(R). Let K ¢ R be any compact set. Since f has compact support, the
integral is finite and we can estimate

|(ϑ, f)| =
∣∣∣∣
∫

K
dxϑ(x) f(x)

∣∣∣∣ f
∫

K
dx |f(x)| f Vol(K) sup

x∈K
|f(x)|.

Hence, Equation (A.1) is satisfied with N = 0 and CK = Vol(K), proving that ϑ is indeed
a distribution.

A.1.7 Remark. Let Ω ¦ Rn open and let u ∈ D′(Ω), as per Definition A.1.3. There is a
standard representation of the action of u over D(Ω), that is

(
u, f

) ≡
∫

Ω
u(x)f(x)dx.

Such identity holds if u ∈ C∞(Ω), while for u ∈ D′(Ω) \ C∞(Ω) it is purely formal. We
call u(x) the integral kernel of u ∈ D′(Ω).

A.1.8 Definition. Let Ω ¦ Rn be an open subset of Rn. A sequence {fj}j∈N, with

fj ∈ D(Ω) for all j, is said to converge to f ∈ D(Ω), i.e.

lim
j→∞

fj = f,

if the following conditions hold:
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1. there exists a compact set K ¢ Ω such that supp(fj) ¦ K for all j ∈ N,

2. for every multi-index ³, the sequence ∂αfj converges uniformly to ∂αf .

A.1.9 Theorem. Let Ω ¦ Rn and let u : D(Ω)→ C be a linear map. Then u is a distribution

if and only if it is sequentially continuous, namely

lim
j→∞

u(fj) = 0

for all sequences {fj}j∈N ¢ D(Ω) such that

lim
j→∞

fj = 0

in the sense of Definition A.1.8.

A.1.10 Definition. Let Ω ¢ Rn and let u ∈ D′(Ω). We call the support of u the set

supp(u) := Ω \ {x ∈ Ω | ∃O ¢ R
n open such that x ∈ O and u|O = 0}.

A.1.11 Example. Let Ω ¢ Rn and consider a bidistribution

¶diag ∈ D′(Ω× Ω),

which is supported on the diagonal

∆ = {(x, y) ∈ Ω× Ω |x = y}.

For test functions f, h ∈ C∞
0 (Ω), we define

(
¶diag, f ¹ h

)
:=

∫

Ω

∫

Ω
¶(x− y)f(x)h(y) dx dy :=

∫

Ω
f(x)h(x)dx,

where the mid integral is purely formal. Hence, ¶diag acts as the distribution implementing
the pairing between f and h via integration over the diagonal ∆.

We will simply denote ¶diag by ¶ whenever it is clear from the context.

A.1.12 Definition. Let u ∈ D′(Ω) and let φ ∈ C∞(Ω). We call product between φ and u
the distribution φu ∈ D′(Ω) defined via

(φu, f)
.
= (u, φf), ∀f ∈ D(Ω).

A.1.13 Definition. Let Ω ¦ Rn and let u ∈ D′(Ω). We call distributional derivative of u
along the (Euclidean) xi–direction

∂u

∂xi
≡ ∂iu ∈ D′(Ω)
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the distribution defined by

(∂iu, f) := −(u, ∂if), ∀f ∈ D(Ω).

Equivalently, for any multi-index ³ we define higher order derivatives as

(∂αu, f) := (−1)|α|(u, ∂αf), ∀f ∈ D(Ω).

A.1.14 Definition. A function φ ∈ C∞(Rn) is called rapidly decreasing if, for all pairs of

multi-indices ³, ´,

∥φ∥α,β = sup
x∈Rn

∣∣xα ∂βφ(x)
∣∣ < ∞. (60)

The space of all such functions is denoted by S(Rn).

A.1.15 Definition. We call tempered distributions the linear functionals

u : S(Rn)→ C

such that there exist a constant C g 0 and an integer N ∈ N ∪ {0} with

|(u, φ)| f C
∑

|α|, |β|fN
sup
x∈Rn

∣∣xα ∂βφ(x)
∣∣,

for all φ ∈ S(Rn), where ³, ´ are multi-indices. The collection of all tempered distributions

is denoted by S ′(Rn).

A.1.16 Definition. Let φ ∈ S(Rn). The Fourier transform of φ is the function φ̂ : Rn → C

defined by

φ̂(k) :=

∫

Rn
dnx eik·x φ(x),

where k · x denotes the Euclidean inner product on Rn.

A.1.17 Proposition. The Fourier transform is a continuous map

F : S(Rn) −→ S(Rn).

A.1.18 Proposition. Let φ ∈ S(Rn). It holds

φ(x) =

∫

Rn

dnk

(2Ã)n
φ̂(k) e−ix·k. (61)

In other words, there exists the inverse of F , namely

F−1 : S(Rn)→ S(Rn),

and it is a continuous isomorphism of topological vector spaces.

Conventionally, we write

F−1(φ) = φ̌,
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and
̂̂φ = (2Ã)n º− ◦ φ̌, ̂̌φ = ˇ̂φ = φ,

where º− : Rn → Rn is the map º−(x) = −x.

A.1.19 Definition. Let u ∈ S ′(Rn) be a tempered distribution. The Fourier transform of u
is the tempered distribution û ∈ S ′(Rn) defined by

(û, φ) = (u, φ̂), ∀φ ∈ S(Rn), (A.2)

where φ̂ denotes the Fourier transform of the Schwartz function φ.

A.1.20 Theorem. Let

F : S ′(Rn) −→ S ′(Rn),

u 7−→ û,

be the map defined via Equation (A.2). Then F is a sequentially continuous map with

sequentially continuous inverse.

A.1.21 Proposition. The Fourier transform on S ′(Rn) satisfies the following properties: for

all u ∈ S ′(Rn),

1. ∂̂αu = (ik)α û,

2. x̂αu = i|α| ∂αû,

where ³ is a multi-index, ∂α = ∂α1
1 . . . ∂αn

n , and kα = kα1
1 . . . kαn

n .

A.2 Results on distributions

This section collects several fundamental results on distributions, ranging from the abstract
mapping properties of Schwartz’s kernel theorem to existence results for tempered distribu-
tions under constant-coefficient differential operators (Hörmander–Lojasiewicz theorem),
and the microlocal analysis of singularities via wavefront sets.

A.2.1 Theorem. Let K ∈ D′(Ω× Ω′) where Ω ¦ Rd and Ω′ ¦ Rd
′

, with d, d′ g 1. Then

K identifies a linear map

K : D(Ω) −→ D′(Ω′)

which is sequentially continuous in the sense that, if {fj}j∈N is a sequence such that

limj→∞ fj = 0 with respect to the topology of D(Ω), then

lim
j→∞

K(fj) = 0

with respect to the topology of D′(Ω′).
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The map K is completely determined by the defining identity

K(f)(h)
.
= K(f ¹ h), ∀f ∈ D(Ω), ∀h ∈ D(Ω′). (A.3)

Conversely, for every linear map

K : D(Ω) −→ D′(Ω′)

which is sequentially continuous, there exists one and only one K ∈ D′(Ω× Ω′) such that

Equation (A.3) holds true.

This result is known as Schwarz’s kernel theorem. For the proof of this theorem, refer to [48,
Theorem 5.2.1].

A.2.2 Theorem. Let

P : D′(Rd) → D′(Rd)

be a differential operator with constant coefficients. Then, for every f ∈ S ′(Rd), there exists

u ∈ S ′(Rd) such that

Pu = f.

This result is know as Hörmander- Lojasiewicz theorem. For the proof of this theorem, refer
to [47, Theorem 5].

A.2.3 Definition. Let u ∈ D′(Ω), where Ω ¢ Rd. A pair (x, k) ∈ R2d with k = 0 is called

a regular direction of u if there exists φ ∈ C∞
0 (Ω) with φ(x) ̸= 0, a conic neighborhood Γ

of k, and a constant Cn for all n ∈ N such that

|φ̂u(k)| f Cn(1 + |k|)−n, ∀k ∈ Γ, ∀n ∈ N,

where | · | denotes the Euclidean length in Rd. In other words, φu is rapidly decreasing along

k in the conic region Γ.

A.2.4 Definition. Let u ∈ D′(Ω), with Ω ¢ Rd.

1. The wavefront set of u is

WF(u) = {(x, k) ∈ Ω× (Rd \ {0}) | (x, k) is not a regular direction of u}.

2. The singular support of u is

sing supp(u) = {x ∈ Ω | ∃k ∈ R
d such that (x, k) ∈WF(u)}.

A.2.5 Example. Consider the Dirac delta distribution ¶ ∈ D′(R). Following Definition A.2.3,
we analyze φ¶ for all φ ∈ C∞

0 (R).

• If 0 /∈ supp(φ), then φ¶ = 0.
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• If 0 ∈ supp(φ), then φ¶ = φ(0) ¶.

In this second case, φ¶ = φ(0) is constant and thus nowhere rapidly decreasing. Hence,
according to Definition A.2.4, we find

WF(¶) = {(0, k) ∈ R
2 | k ̸= 0}.

A.3 The Laplace transform

In this section we collect basic definitions and properties of the Laplace transform, including
its extension to distributions, which is useful for the treatment of initial value problems in
statistical mechanics and quantum field theory.

On Rd ∼= R× Rd−1 we use the standard Euclidean coordinates (x0, x1, . . . , xd−1) and we
denote x0 ≡ t and (x1, . . . , xd−1) ≡ x. We perform the Laplace transform with respect to
the time coordinate t.

A.3.1 Definition. Let f ∈ C∞
0 (Rd). The Laplace transform of f is the function L{f} :

C× Rd−1 → C defined by

f̃(s, x) := L{f}(s, x) :=

∫ ∞

0
e−stf(t, x) dt.

In standard analysis, the Laplace transform is defined for a broader class of functions. Here,
however, we restrict attention to test functions for the sake of brevity. The definition can of
course be extended, but in general one must take into account smaller domains of definition
in C for the time coordinate, typically half-planes determined by the growth of the original
function.

A.3.2 Remark. The Laplace transform, as per Definition A.3.1 converts differentiation with
respect to t into multiplication by s:

L{∂tf}(s, x) = sf̃(s, x)− f(0, x),

which is the basic property used to solve initial value problems.

A.3.3 Proposition. Let φ ∈ C∞
0 (Rd) be a smooth function with compact support. Then its

Laplace transform

L{φ}(s, x) =

∫ ∞

0
φ(t, x) e−st dt

is an entire function, i.e., it is analytic for all s ∈ C.

Proof. Since φ has compact support, there exists T > 0 such that φ(t) = 0 for t > T .
Therefore,

L{φ}(s, x) =

∫ T

0
φ(t, x) e−st dt,
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which is an integral over a finite interval of a function that is entire in s. Differentiation under
the integral sign is allowed, and one can compute

dn

dsn
L{φ}(s, x) = (−1)n

∫ T

0
tnφ(t, x) e−st dt,

which exists and is finite for all n ∈ N and all s ∈ C. Hence L{φ} is analytic everywhere
on C. ■

A.3.4 Remark. If F is an analytic function on C, then its restriction to the real axis,

F |R : x 7→ F (x),

is a smooth function, i.e., F |R ∈ C∞(R). Indeed, all derivatives along the real axis exist and
are given by the usual complex derivative evaluated at real points:

dn

dxn
F (x) = F (n)(x), x ∈ R, n ∈ N.

This entails that the Laplace transform of a smooth function with compact support f ∈
C∞

0 (Rd) is again a smooth function, i.e. L{f} ∈ C∞(Rd). However, its support may not be
smooth, so in general L{f} /∈ C∞

0 (Rd). That is the reason why in the following definition
we require u to be a distribution with compact support.

A.3.5 Definition. Let u ∈ D′(Rd) with compact support, as per Definition A.1.10. Its

Laplace transform ũ is defined by duality via

(
ũ, φ

)
:=
(
u, φ̃

)
,

for all test functions φ ∈ C∞
0 (Rd).

Also in this case, we can define Laplace transform for a broader class of distributions.
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