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Introduction

In the long term, quantum computers promise a real advantage over classical comput-
ing machines for problems such as cryptography, drug design, and machine learning.
This advantage comes from genuinely quantum resources, such as superposition, in-
terference, and entanglement, which have no classical counterpart. The basic unit of
quantum information is the qubit (quantum bit of information), i.e., essentially a two-
level quantum system whose state can be visualized as a well defined point on the Bloch
sphere (see, e.g., Fig. 1.1 in the following Chapter) [1]. Any quantum algorithm can be
built from a small, universal set of elementary gates acting on one or two qubits at a
time; among these, entangling two-qubit gates such as the controlled-NOT (CNOT) are
essential, since no sequence of single-qubit operations alone can generate entanglement
between separate qubits.

Turning this abstract circuit model into a physical machine, however, is a hard task.
A good qubit platform must satisfy several conditions at once, informally summarized
by the so called “DiVincenzo criteria” [2]: 1) qubits must be well characterized and 2)
arbitrarily initialized; 3) they must keep their quantum coherence for much longer than
the time needed to perform a single quantum gate; 4) a universal gate set must be im-
plementable on the qubits register; 5) the result of a computation must be measurable
on each qubit individually.

These requirements pull in opposite directions: a qubit must be well isolated from its
environment to preserve coherence, yet accessible enough to be controlled and read
out. Different physical platforms strike this balance very differently, from nuclear and
electron spins to trapped ions and superconducting circuits, each with its own charac-
teristic coherence time and gate speed.

Among these platforms, photonic qubits occupy a distinctive position. Photons inter-
act only weakly with their environment, so, unlike matter-based qubits, they do not
really decohere during propagation: information is instead lost mainly through photon
loss in the optical components themselves. Photons (in the near-infrared band) are
also directly compatible with the optical-fibre infrastructure already used for classical
communication, making them a natural carrier for both quantum computation and
quantum communication on the same physical platform.

This same weak interaction with the environment is also the main problem, preventing
photonic qubits to be widespread among the possible candidates to practical quan-
tum information processing, yet. In fact, photons barely interact with each other, too.
Building a two-qubit gate, i.e., the basic tool needed for universal quantum compu-
tation, requires some kind of photon-photon interaction. No natural non-linearity is
strong enough to do this at the level of single photons [3, 4]. Linear optical quantum
computing (LOQC), proposed by Knill, Laflamme and Milburn [5], gets around this
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problem instead of solving it directly: two-qubit gates are built using only linear optical
elements, extra ancilla photons, and measurements that act as an effective, “hidden”
non-linearity. This paradigm works, but only in a probabilistic way. For a CNOT gate,
the most common two-qubit gate to be implemented, the maximum success probability
is fixed at 1/9 when no ancilla photons and no feed-forward are used [6, 7, 8]. This
bound was reached by beam-splitter schemes [9, 10] and confirmed experimentally, both
with bulk optics [11, 12, 13] and with integrated silica-on-silicon chips [14]. Alterna-
tive, measurement-based paradigms such as cluster-state computation offer a different
route to the same probabilistic gates, shifting the difficulty from building deterministic
entangling gates to preparing a large entangled resource state beforehand, at the cost
of a substantial photon-number overhead.

More recently, a simpler way to reach the same 1/9 bound was theoretically proposed
(and then experimentally realized). Instead of engineering many beam splitters, the
two logical qubits are encoded in the position of two identical photons moving through
a line of coupled waveguides: this is what is defined as a one-dimensional quantum
walk. Y. Lahini et al. [15] have theoretically shown a few years ago that the natu-
ral two-photon interference in such a one-dimensional waveguide lattice reproduces the
optimal linear-optical CNOT gate, using only six waveguides and no active control at
all. This result was later confirmed by experiments, after realization of the very same
quantum walk design in an integrated photonic platform [16], showing that the idea is
robust and not tied to one specific technology.

At the same time, a second and independent line of research asked a different question:
what happens if we add some photon-photon interaction? Within this context, a work
from the Department of Physics at the University of Pavia from F. Scala et al. [17] has
recently put forward the idea that a distributed self-Kerr non-linearity, spread across a
complex photonic interferometer, theoretically removes the 1/9 bound completely. In
this proposed scheme, the CNOT gate becomes fully deterministic, with fidelity as close
to 100% as desired, and no leakage of excitations out of the computational basis states,
whenever the system is initialized into one of them (or any arbitrary superposition).
The price to pay is a more complex interferometer design, built from several concate-
nated blocks, which seems currently out of reach from realization in a practical device.
In parallel, a quite similar picture has emerged in a related context: quantum optical
neural networks built from trainable linear nets and single-site Kerr non-linearities have
been shown to vastly outperform linear-optical bounds even when the non-linearity is
weak or imperfect, well below the ideal value [18, 19].

Now, the contribution of the present thesis sits between these two ideas. We ask a
simple question: can we keep the architectural simplicity of the quantum-walk CNOT
gate introduced by Y. Lahini et al., while still using a distributed self-Kerr non-linearity
to beat the theoretical 1/9 bound imposed by LOQC principles? And if so, how does
the gate behave as we move continuously from the purely linear case to a strongly non-
linear one? To answer these meaningful and still open questions, we study a system of
six straight, evanescently coupled waveguides, described by an Hamiltonian with a uni-
form self-Kerr non-linearity added at each site. We numerically optimize the couplings
between waveguides for several fixed values of the non-linearity strength, and we track
how the trade-off between fidelity and success probability changes as the non-linearity
is switched on and increased. As we will show, this simple picture already captures
a smooth crossover between the two regimes described above: a purely probabilistic
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gate at zero non-linearity, and a regime where fidelity and success probability can both
be made simultaneously large as the non-linearity is increased. This results, which is
the main outcome of the work, opens up new avanues for the optimization of two-qubit
gates in one-dimensional quantum walks, largely overcoming the difficulties of the KLM
paradigm, and thus constitutes a major theoretical result per se.

The presentation of this thesis is organized as follows.
First, Chapter 1 introduces the basic theory of quantum computation, from the circuit
model and elementary gates to the physical requirements a good platform must sat-
isfy, highlighting the DiVincenzo criteria, and then focuses on the photonic approach:
single-photon qubit encoding, the role of Kerr-type non-linearities, the KLM protocol,
and a brief overview of the current state of the art in photonic hardware and of alter-
native platforms and measurement-based paradigms.
Then, in Chapter 2 the theoretical bounds on postselected linear-optical gates are
worked out in detail, by explicitly presenting the specific six-waveguide CNOT con-
struction of Ralph et al. [10], which is the linear-optical benchmark used throughout
this work.
Chapter 3 introduces the already mentioned quantum-walk picture of Y. Lahini et al.,
as well as the deterministic non-linear interferometer of Scala et al., the two results this
thesis tries to connect.
Chapter 4 extensively presents the original contribution of this work: the physical
model, the optimization strategy, and the numerical results obtained for increasing val-
ues of the non-linearity, compared against both the linear-optical bound and the fully
deterministic non-linear gate. The main (and original) Python codes developed for the
extensive numerical work performed during the thesis are reported in the Appendices.



Chapter 1

Theoretical background

1.1 Introduction to Quantum Computing Theory

Quantum computation and quantum information deal with the study of the processing
tasks that can be accomplished using quantum mechanical systems. The emergence
of quantum information processing, as a theoretical framework, has sparked a wealth
of novel ideas, in a very practical sense, regarding the design of physical computing
systems that work by exploiting the use of quantum mechanical principles. The ongoing
aim is the development of operational laboratory systems capable of carrying out this
computational model and a new paradigm of information processing.

In this first chapter, we aim to introduce the reader to the fundamentals of quantum
computing theory, and the basic quantum mechanical tools that will be used in the
following. To do so, we will follow the structure of the standard textbook reference by
Nielsen and Chuang, Quantum Computation and Quantum Information([1]).

1.1.1 Qubits encoding

The bit is the fundamental concept of classical computation and classical information.
Quantum computation and quantum information are built upon an analogous concept,
the quantum bit, also called the qubit. Just as a classical bit can be in one of two
possible states (i.e., either 0 or 1), a qubit is also characterized by a pair of quantum
states, which can be |0), |1) or a linear combinations of these two, i.e., the generic
superposition:

0) = a o)+ 1) . (L.1)

The coefficients « and  are complex numbers. Qubits can be understood as unitary
vectors in a two-dimensional complex vector space. The special states |0) and |1) are
defined as the computational basis states, and form an orthonormal basis for this vector
space.

When we measure a qubit we get either the result 0, with probability |a|?, or the
result 1, with probability |3|2. It is important to remind, as a fundamental quantum
mechanical principle, that the measurement process changes the state of the qubit, by
collapsing it from its superposition of |0) and |1) to the specific state consistent with
the measurement result.

Naturally, |a|* + |3]> = 1, since the probabilities must sum to one. Geometrically, we
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0

Figure 1.1: Bloch sphere representation of a single qubit quantum state. Picture taken from
Ref. [1].

can interpret this as the condition that the qubit state be normalized to length 1.
Hence, we can rewrite 1.1, up to a phase factor, as:

0 . 0
|U) = cos 5 |0) 4 €™ sin§ 1), (1.2)

which is now parametrized by two real numbers, # and ¢, uniquely defining a single
point on the three-dimensional sphere with unit radius, called the Bloch sphere, as
schematically represented in Fig. 1.1.

We now suppose to have two qubits, whose Hilbert space is then spanned by four
computational basis states, typically denoted {|00),|01),|10),|11)}. The generic quan-
tum state of a pair of qubits can then exist in a given superposition of these four states,
ie.:

|\I/> = Qo |00> —+ ap1 |01> + 10 |10> + a1 |11> (13)

The measurement result, i.e., x € {00,01,10,11}, occurs with probability |a,|? , with
the state of the qubits after the measurement being defined with certainty as |x).
Furthermore, the condition that probabilities sum to one is now expressed by the nor-
malization condition:

Z | |? =1

z€{0,1}

The states |¥) can be entangled, meaning that they cannot be written as a tensor
product of the states of the two individual qubits. We remind that the tensor product
V @ W of two vector spaces V and W is the vector space spanned by elements v ® w
with dim(V @ W) = dim(V) dim(W), which satisfies the properties (v; + v3) ® w =
v @w~+ vy ®@w and a(v @ w) = () @ w = v (aw).

Generalizing the concepts above, we notice that the general state of m qubits is
specified by a 2"-dimensional complex vector. Quantum mechanics can be expressed in
two mathematically equivalent ways. The first relies on state vectors, while the second
makes use of a tool called the density operator (or density matrix). Although both
approaches lead to the same results, the density operator formulation is often more
convenient and elegant to describe certain situations that are commonly encountered in
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quantum mechanics. More precisely, suppose a quantum system is in one of a number
of states |1;), where 7 is an index, with respective probabilities p;. We identify {p;, [1;)}
as an ensamble of pure states. The density operator (or density matrix) for the system
is defined by the equation:

p= sz‘ i) (il
A density operator, defined like that, is characterized by the following conditions:
e Trace condition: p has trace equal to 1.
e Positivity condition: p is a positive operator.

From this view of quantum mechanics we can write a formulation of the probability
of a specific result. Quantum measurements are described by a collection {M,,} of
measurement operators, also known as Kraus operators'. These are operators acting
on the state space of the system being measured. The index m refers to the measurement
outcomes that may occur in the experiment. If the state of the quantum system is p
immediately before the measurement then the probability that result m occurs is given
by:

p(m) = Tr(M,My.p) (1.4)

The measurement operators satisfy the completeness equation:

> MM, =1 (1.5)

m

The density operator approach to quantum mechanics is really useful for two applica-
tions: the description of quantum systems whose state is not known, and the description
of subsystems of a composite quantum system.

1.1.2 Elementary quantum gates

In Quantum Computing theory, a quantum logic gate is a basic quantum circuit op-
erating on a small number of qubits. Quantum logic gates are the building blocks of
quantum circuits. Let us start from single qubit gates. It is possible to represent these
gates by a matrix, but only if the matrix U is unitary, i.e., satisfying UTU = I. The
latter is the only constraint on quantum gates. In fact, any unitary matrix acting on
a 2" dimensional Hilbert space defines a valid quantum gate acting on a system of n
qubits.
Here we list the most commonly employed single qubit gates:

e Identity gate(I): is basis independent and does not modify the quantum state.
The identity matrix is defined for a single qubit as

-1

! Another frequently used notation identifies O,,, = M,T,LM,,L as a measurement operator, but we will
not refer to this.
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o Pauli gates (X,Y,Z): are discrete rotations around the z,y, z axes of the Bloch
sphere by 7 radians. The Pauli matrix (o,,0,,0.) are defined for a single qubit
as

01 0 —i 1 0
Ux—X—NOT—{1 O} Uy_Y_[i O} aZ_Z_{O _J

e The Hadamard gate(H): is just a rotation of the sphere about the y axis by 90° |
followed by a rotation about the z axis by 180°. The Hadamard matrix is defined

for a single qubit as
111 1
=75l ]

e The phase shift: is a family of single-qubit gates that map the basis states
0) = 0) 1) = e 1)

The probability of measuring |0) or |1) is unchanged after applying this gate,
however it modifies the phase of the quantum state. The most important gates
from this family are:

— /8 gate(T):
— phase gate(S):

In addition to single-qubit operations, there are a few elementary multi-qubit oper-
ations that are essential. In fact, it is possible to show that any quantum computation
acting on an arbitrary number of qubits can be implemented through a finite set of
gates, known as a universal set for quantum computation [1]. In particular, a universal
set is given by arbitrary two qubits rotations and at least one of the following entangling
multi-qubit gates.

e The CNOT gate: The controlled-NOT or CNOT gate acts between two qubits,
known as the control and the target qubit, respectively. The circuit representation
is shown in the following figure:

|A4) |4)
1B) |A® B)

The top line represents the control qubit, while the bottom line represents the
target qubit. Where @ represent a bit-wise sum.
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We can describe the action of the gate as follows: if the control qubit is set to 0,
then the target qubit is left unchanged; if the control qubit is set to 1, then the
target qubit is flipped. In equations:

|00) — ]00) |01) — |01) |10) — |11) |11) — |10)

The CNOT matrix is

1000
0100

Uoy =CNOT = | oy | (1.6)
0010

The requirement that probability be conserved is expressed in the fact that Ugy
is a unitary matrix, that is, UgNUCN = 1.

The CNOT gate is capable of generating entanglement between qubits, but this
does not happen unconditionally: it depends on the input state. The key is to
have the control qubit in a superposition. For instance, applying a Hadamard gate
to the control qubit and then a CNOT with the state initialised in |00) yields one
of the Bell states:

1
V2

which cannot be written as a tensor product of two individual qubit states, which
is the definition of entangled.

CONOT(H ® 1) 00) = —(]00) + [11))

This works because the CNOT introduces a conditional correlation and when
the control is in superposition, this conditional logic extends across the entire
superposition, binding the two qubits in an inseparable way. No sequence of
single-qubit gates can achieve this, since they act on each qubit independently
and are therefore unable to create correlations between distinct qubits.

e The CZ gate: This gate flips the phase of the target qubit if the control qubit is
in the |1) states. The CZ matrix is

100 0
010 0

Uz =CZ= |y o 1 o|=U®HCNOT(I® H) (1.7)
000 —1

The circuital representation is:

|4) |4)
1B) (~1)*|B)
o The Toffoli gate: The Toffoli gate, also known as the controlled-controlled-NOT

(CCNOT) gate, is a three-qubit gate with two control qubits and one target qubit.
The circuit representation is shown below:
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|A) |A)

|B) |B)

C)—&— |(A-B)&C)

The gate flips the target qubit if and only if both control qubits are set to |1);
otherwise, all qubits are left unchanged. In equations:

000) — |000)  |001) — |001)  [010) — |010)  [011) — |011)

1100) — [100)  [101) — [101)  [110) — [111)  [111) — |110)

The Toffoli matrix, acting on the computational basis ordered as
{000) , |001), |010) ,[011) , [100) , [101) , 110}, [111)}

is:

UCCN = Toffoli =

S OO OO OO
SO OO o oo

OO OO o oo
S = OO O o oo

OO OO O oo
sl eBaloBaoNoeol =
OO o oo~k oo
[N ool o o Ne)

1

As with the CNOT and CZ gates, Uccn is unitary, satisfying UgCNUCCN =1

The Toffoli gate is the quantum analog of the classical AND gate (with an ancilla
qubit), making it a key primitive for implementing classical logic reversibly within
a quantum circuit.

1.2 Quantum computing platforms

Building a quantum computer requires not only finding a stable physical substrate for
qubits — i.e., one that preserves their quantum nature — but also identifying a system
in which their evolution can be precisely controlled. In addition, one needs the ability
to initialize qubits in well-defined starting configurations, and to extract the final state
of the system through measurement.

Hence, a fundamental tension lies at the heart of quantum computing: on one side the
system must be sufficiently shielded from its environment to maintain quantum coher-
ence, on the other, though, its qubits must remain accessible enough to be manipulated
during computation and final read out.

In this respect, a central figure of merit when evaluating any candidate implementa-
tion is quantum noise, also referred to as decoherence. The main reason is that the
maximum feasible length of a quantum computation is approximately determined by
the ratio between 7¢, the timescale over which the system sustains quantum-mechanical
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System 70 Top Nop = TQ/ Top
Nuclear spin (P in Si) 10°-10% s 107°-107° s 107-10°
Electron spin (Si quantum dot) 107-10's  107-10"% s 105-108
Ion trap 101103 s 107%-107* s 105-10°
Superconducting (transmon) 1071073 s 10781077 s 10%-10°
Photonic (linear optics) > Top 10710712 5 > 107

Table 1.1: Decoherence times 7¢g, operation times 7,,, and estimated number of coherent
operations n,, for the main quantum computing platforms as of 2025. Values for nuclear
spins from [20]; electron spins from [21]; ions in trapped potentials from [22]; superconducting
transmon qubits from [23]; photonic qubits from [24].

coherence, and 7,,, the time required to carry out elementary unitary operations, which
must involve at least two qubits. In many physical systems these two timescales are
not independent, as they are both governed by how strongly the system couples to its
surroundings. Nonetheless, the ratio n,, = 7¢/7,, turns out to span a remarkably broad
range of values across different platforms. A brief summary is provided in Table 1.1,
with values taken from the recent literature.

Among all the different platforms, we specifically notice that the photonic platform
requires special consideration. In fact, single photons do not undergo decoherence in
the traditional sense, because they do not interact with a thermal environment during
propagation. This is a potentially key advantage of photonic qubits with respect to other
degrees of freedom. In this case, 7¢ is not limited by coupling to external degrees of
freedom, but rather by photon loss in the optical components (such as, e.g., waveguides,
beam splitters, single-photon detectors), which sets an effective fidelity ceiling on the
computation. The operation time, 7,,, is instead set by the speed of light through the
circuit, making n,, formally very large. For this reason, the figure of merit that best
characterizes photonic platforms is not the ratio 74 /7,, but rather the total transmission
efficiency of the optical circuit, sometimes defined 7 [25, 5].

1.2.1 DiVincenzo Criteria

To outline which types of physical platforms are promising for practical quantum in-
formation processing, it is necessary to briefly mention the famous set of DiVincenzo
Criteria [2]. These are five fundamental requirements formulated by physicist David
DiVincenzo in 2000, which define the necessary conditions for building a functional
quantum computer. Moreover, there are two additional Criteria for Quantum Com-
munication (i.e., meant to transfer quantum information between different computers).
Here is the list of criteria as originally formulated:

1. Well-defined qubits: A scalable physical system containing a collection of qubits
is needed, in particular, the quantum system must have well-characterized qubits. To
say a qubit is 'well-characterized” means we have a complete and precise map of how it
behaves. Specifically, we need to know its internal energy levels (which define the |0)
and |1) states), whether it accidentally interacts with other nearby states or qubits and
exactly how it responds to the external signals we use to control it.
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2. Qubit initialization: The ability to initialize the state of the qubits to a simple
reference state. This is necessary for two reasons. First, you need to set your system
to a starting value (like |0)) before you begin any calculation. Second, for quantum
error correction to work, you need a steady stream of 'fresh’ qubits in a clean state (like
the |0) state) to keep the process running smoothly. There are two main ways to reset
qubits to a starting state. You can either cool the system down until it naturally settles
into its lowest energy state (the ground state), or you can measure the qubit forcing it
into a specific state.

3. Long coherence times: Quantum coherence times need to be substantially longer
than gate operation times. Qubits must maintain their quantum state long enough
to complete calculations before decoherence occurs. Decoherence is very dangerous
for quantum computing, since if it acts for very long, the capability of the quantum
computer will not be so different from that of a classical machine.

4. Universal gates set: A “universal” set of quantum gates that can implement any
quantum algorithm through their combinations. In simple terms, this means having
the tools to manipulate qubits individually and make them interact in pairs (like the
CNOT gate). If you have these basic building blocks, you can perform any complex
quantum algorithm.

5. Qubit-specific measurement: The result of a computation must be read out, so
it is necessary to have the ability to measure specific qubits without disturbing others.

6. Interconversion between stationary and flying qubits: The ability to con-
vert between qubits used for computation and qubits used for transmitting quantum
information.

7. Faithful transmission of flying qubits: The ability to transmit qubits between
specific locations with high fidelity. This means ensuring that the quantum information
stays intact as it travels.

Universal gates set for Quantum Computation

As already outlined in the 4" DiVincenzo criterion, the existence of a universal set of
elementary quantum gates is a fundamental requirement for Quantum Computation
(QC), as it ensures that the hardware can execute any possible quantum algorithm.
To understand the importance of this concept, and specifically the crucial role of the
CNOT gate, we must start with a key decomposition theorem: any unitary operator
acting on a d-dimensional Hilbert space can be written as a product of two-level unitary
matrices. These are operations that act non-trivially only on a two-dimensional sub-
space spanned by two computational basis states, leaving all others unchanged.
Building on this, it can be proven that any such two-level unitary operation on the state
space of n qubits can be implemented exactly using a combination of single-qubit gates
and the CNOT gate. This highlights the indispensable role of the CNOT: it provides
the entangling power needed to couple different qubits, a task that no single-qubit gate
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can achieve on its own.

The final ingredient concerns the single-qubit gates themselves. A fundamental result,
known as the Z —Y decomposition, guarantees that any unitary operation U on a single
qubit can be written, up to a global phase, as a sequence of rotations around the axes
of the Bloch sphere:

U000 = | o o eiire| = RO RAORN)

This means that single-qubit gates are entirely characterized by continuous rotation

angles, defined by the equation R;(#) = exp(—igﬁ . 6), where 7 is a real unit vector

representing the rotation axis and sigma is the vector of the Pauli’s matrices, that is:
-0 = NgOy + NyOy + N30,

However, in practical physical realizations, implementing exact continuous angles is
technically challenging and prone to noise. To address this, another theorem guar-
antees that any such single-qubit unitary can be approximated to arbitrary accuracy
using only a finite and discrete set of gates, most commonly the Hadamard gate (H),
the phase gate (5), and the 7/8 gate (7).

By concatenating these results together, we can move from an abstract unitary opera-
tion to a sequence of discrete, implementable gates: {H,S,T, CNOT}. This transition
to a discrete gate set has profound practical implications for quantum error correction.
As DiVincenzo notes, working with a limited repertoire of operations allows errors to
be discretized and corrected, which is essential for building a fault-tolerant quantum
computer. In this framework, the CNOT gate remains the vital link; it is the only ele-
ment capable of generating the entanglement required to make quantum computation
truly universal and fundamentally more powerful than its classical counterpart.

1.3 Photonic Quantum Computing

It is well established that quantum computers can be built using a variety of platforms,
each relying on different underlying physical systems. Among the most promising ap-
proaches, optical quantum systems are attractive ones for quantum computing, because
of their inherent quantum properties and the minimal decoherence exhibited by pho-
tons, as already mentioned. Therefore, the aim of this section is to introduce the field of
photonic quantum computing (PQC). We will rely on [1], as elsewhere in this Chapter,
but we will also make use of material reported in Ref. [26].

Photons are chargeless particles, they can be guided through long propagation dis-
tances with low loss in optical fibers, efficiently delayed by using phase shifters, and
easily combined by using directional couplers and beam splitters. Their resistance to
decoherence tends to keep the stored quantum information stable.

However, photons do not naturally interact with each other, or even with most matter.
This is the main drawback preventing photonic qubits to be immediately of interest
to realize quantum computing platforms. In fact, sizeable photon-photon interactions
would be essential for implementing two-qubit quantum gates. In principle, photons can
be made to interact with each other by using non-linear optical media which mediate
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interactions. Typically, though, such non-linearities are too weak to be of practical rel-
evance to this purpose, for what we have been knowing so far. Here we will expose the
basic principles of optical quantum computing, without being worried about the way
sizeable photon-photon interactions are actually produced, which will be mentioned in
the following.

1.3.1 Single-photon qubit encoding

In optical quantum computing, qubits can be encoded by exploiting either polarization
or spatial degrees of freedom [27]:

e In the case of a polarization qubit, the two modes correspond to the internal
polarization state of the photon, where

0)p=1H)  [L)p=1|V)
with only a single spatial mode being involved.

e For a spatial qubit, the single-rail encoding represents the qubit as
1), =a'0)  [0),, =all)

respectively the first one represents a photon that occupies the waveguide, the
second one represents the waveguide contains no photon.

e Spatial modes can further be employed to define the so-called dual-rail qubit,
where the logical states are encoded in a single photon distributed across two
distinct waveguides:

0 = al ) = 1) @0) = [1,0)  [1),, =a}|2) =10) ®[1) =10,1)
where |Q2) = |0,0) is the vacum state.

e There is another way to encode a qubit, which is putting a single photon in a
superposition state of two time slots, called time bins. This is the so called time-
bin encoding, which is mostly used for quantum communications applications, in
particular for quantum cryptography protocols. To encode such type of qubit,
you have to use a very short pulsed excitation laser, pulse a single photon into a
standard Mach-Zehnder interferometer or any optical element that will increase
the path length of the light, and then you have two possible situations: the optical
pulse will be ahead (the so-called late L state) or behind time (the so-called early
E state). The time-bin superposition state can thus be written:

1
, = —(|L)+ |FE
‘¢>tzmefbm ﬂ(’ > ‘ >)
The dual-rail and polarization encodings are mathematically equivalent representa-
tions, and it is possible to convert between them experimentally by means of polarizing
beam splitters.
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In the single-rail encoding, implementing single-qubit gates is not feasible, as it is im-
possible to act on the “no photon” state, namely the vacuum of the electromagnetic
field. However, two-qubit entangling gates can be realized in a straightforward manner
using a simple beam splitter. In contrast, the dual-rail encoding naturally allows for the
implementation of single-qubit operations, while two-qubit gates become significantly
more challenging to realize.

Before discussing the optical elements used in practice, it is useful to introduce the
quantum states most commonly encountered in photonic implementations.
The Fock states, also known as number states, are quantum states that describe a
definite number of photons in a given system. They are eigenstates of the number
operator, n = afa (with a' and a creation and annihilation operators of single mode
quanta, respectively). Mathematically, the Fock state |n), satisfies:

a'a|n) =n|n)

where n represents the number of photons.

In order to encode qubits by using single-photon Fock states, it is necessary to efficiently
create single photons. A possible way is by attenuating the output of a laser. In fact, a
laser emits coherent states with a very good approximation. The latter are eigenstates
of the destruction operator, which are mathematically defined as:

) =53 j%w

n=0

where |n) is a n-photon energy eigenstate. The interesting feature that makes this
state useful for our purpose is that an attenuated coherent state is still a coherent state,
but weaker, and a weak coherent state can be made to have just one photon, with high
probability.
On the other hand, single quantum emitters, such as semiconductor quantum dots, are
able to emit highly pure and indistinguishable single-photons [27]. For the rest of this
thesis, we will assume that single-photon Fock states can be produced and be used as
the source of photonic qubits encoding.

1.3.2 The Kerr non-linearity

As discussed above, two-qubit gates are the central challenge in photonic quantum
computing: unlike single-qubit operations, which are readily implemented with linear
optical elements such as beam splitters and phase shifters, as shown below, entangling
gates require some form of photon—photon interaction. A natural candidate for mediat-
ing such interactions is provided by non-linear optical media, and in particular by the
optical Kerr effect.

This is a third-order non-linear optical phenomenon (i.e., originating from some x® sus-
ceptibility of an optically dense medium) in which the refractive index n of the medium
in which photons propagate acquires an intensity-dependent contribution, such as

n =mng+nsl, (1.8)

in which ng is the linear refractive index, ns is the non-linear Kerr coefficient, and I
is the local optical intensity, where optical intensity is defined as the power per unit
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area of a light wave. A detailed discussion on the origin of this non-linearity, together
with its full quantum-optical treatment, is deferred to Chapter 3 (in particular, see
Sec. 3.2); here we restrict ourselves to the minimal formalism needed to introduce the
basic principles of optical quantum computing.

In fact, the Kerr effect manifests itself into two distinct regimes: cross-phase modula-
tion (XPM) and self-phase modulation (SPM). In the cross-phase modulation regime,
the presence of one photon in one mode induces a phase shift on a second photon prop-
agating in another mode. In theory, this process is described at the Hamiltonian level
by the non-linear contribution

Hxpy = xalaralas, (1.9)

in which a; and as are the two modes propagating through the medium, and y represents
the non-linear energy scale associated to the ny coefficient.
In the self-phase modulation regime, a field instead acquires a phase shift proportional
to its own intensity, which at the quantum level can be described by the non-linear
Hamiltonian contribution

Hepn = x(a'a)?. (1.10)

While SPM can in principle generate non-classical states, such as Schrédinger cat states,
both regimes share the same fundamental drawback: the non-linear effect is extremely
weak at the single-photon level in most conventional materials known, to date.

For a non-linear crystal of length L, the XPM Hamiltonian (cross-Kerr Hamiltonian)
in Eq.1.9 generates the unitary transformation

_ixL ot g ol

K = ¢ v 0% (1.11)

schematically represented in the following sketch:

a1
X

Qg L

In principle, a phase shift of 7 would be sufficient to implement a deterministic controlled-
Z (CZ) gate between two photonic qubits, making the Kerr effect an attractive mech-
anism for scalable PQC, at least in theory. Let us briefly outline how this photonic
two-qubit gate would work, on paper.

We assume a dual-rail qubit encoding with single-photon input states, for which the
the computational basis of the two qubits would transform, under the unitary evolution
K, as:

K|00) =1[00),  K|01)=[01), K |[10)=[10),  K|11)=e xL/v|11).

Taking xL/v, = 7 and considering two dual-rail qubits implemented into four different
optical modes, the relevant subspace is spanned by the four basis states (labelled on
the occupancy of the 4 input channels) |aq, by, by, as):

{1001}, 0101}, 1010} , [0110)}.
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Then, we assume that a Kerr medium is only present between the two middle optical
modes, such that every state is left unchanged except for |0110) L |0110). In this
way, there is always a way to perform a global transformation on the input states, as
schematically represented below, that would implement exactly the CZ gate.

transform output of 2-qubits

Since, by the definition of the CZ gate (1.7), the CNOT matrix decomposes as
CNOT=(I®H)CZ(I®H), (1.12)

we conclude that a CNOT gate can always be constructed from Kerr media, together
with arbitrary single-qubit operations realized via beam splitters and phase shifters.
Unfortunately, this route is currently out of reach, since no known Kerr medium is able
to impart a m-phase shift at the single-photon level. In addition, in Refs. [3] and [4] it is
argued that single-photon states are inevitably temporally limited wavepackets, which
intrinsically constrains the achievable XPM effect:

e when the x® response time is shorter than the pulse duration, yxpu is negligible
and cross-phase modulation imparts essentially no net phase shift;

e when the y® response time is longer than the pulse duration, the phase noise
introduced by the non-instantaneous nature of the x® non-linearity strongly
reduces the gate fidelity, making it impossible to simultaneously achieve a large
() phase shift and high CZ fidelity.

A further subtlety, shown explicitly in Ref. [3], is that even when a large phase shift
appears in the Heisenberg picture, this does not translate into a correspondingly large
phase shift in the Schrédinger picture: spontaneous emission populates initially unoc-
cupied temporal modes, thus degrading the fidelity of the operation. Large phase shifts
and high gate fidelity are therefore mutually incompatible requirements. Moreover, al-
though the Kerr effect occurs in a wide range of materials, it remains extremely weak at
the single-photon level, and the accumulated phase shift cannot be increased arbitrar-
ily by extending the propagation length L, since most Kerr media are simultaneously
affected by significant absorption or scattering losses that degrade the spatial mode of
the propagating field.

These fundamental limitations, the incompatibility between large phase shifts and high
gate fidelity, together with unavoidable absorption losses, have essentially ruled out
classical non-linear optics as a viable route to scalable photonic quantum computation,
so far. Nevertheless, as Knill, Laflamme, and Milburn showed in 2001 [5], the non-
linearity required for two-qubit gates need not come from a material medium at all: it
can be induced by measurement. We will outline this historically relevant paradigm in
the following Section.
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1.3.3 Linear optical quantum computing: the KLM paradigm

The so called LOQC paradigm rests on three physical resources: linear optical ele-
ments, single-photon sources, and photon-number-resolving detectors. At first sight,
this seems insufficient for universal quantum computation, and indeed, it is impossi-
ble to implement two-qubit gates deterministically using linear optics alone, as we will
hereby show. However, the historically remarkable insight from Knill, Laflamme, and
Milburn [5] has been that this limitation can be circumvented: by allowing gate oper-
ations to be probabilistic and conditioned on measurement outcomes, photodetection
itself provides an effective non-linearity that is sufficient to complete a universal gate
set. In fact, this can be easily proved.

Let us consider a generic unitary transformation U acting on a two-qubit system en-
coded into four modes, respectively. Schematically, the qubits a and b and the generic
transformation acting on them can be represented as follows

ai U aJ{

0} U
U

ag U ag

bl Ub),

Now, we want to show that it is impossible to implement a deterministic entangling
two-qubit gate by only using linear optical transformations.
Consider, for instance, the transformation

iy U < P T)
aa, |y — — (byas + a1 b, ) [€2)
1as [$2) /3 192 T 410 |€2)
which maps a separable two-photon input to an entangled output state. However, a
linear transformation U can only perform the following operations on the input fields:

U
ai = oqai + 51bJ{ + agag + 52b$

a; £> ’ylai + 51bJ{ + ’72@5 + 52[); .

The reason for that is rooted into the bosonic nature of photons and the linearity of the
optical transformation: a linear optical network acts on creation operators via a fixed
unitary matrix, M, mapping azT - > y Mija;. As a consequence, a product input state
of the form ai ag |©2) is always mapped to another product of single-mode superpositions.
In other words, linear optics cannot generate entanglement from a separable input, there
is no combination of the eight coefficients such that the desired transformation happens.

In fact:
2 2 .

(afal)im = (Z (e af + bj)) x (Z (v af + 6, bj)) # =5 (bFaf +a7bg)
i=1 out =1 out

The remarkable insight of Knill, Laflamme, and Milburn [5] is that this limitation can
be circumvented: by allowing gate operations to be probabilistic and conditioned on
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measurement outcomes, photodetection itself provides an effective non-linearity that is
sufficient to complete a universal gate set.

Essentially, the KLM scheme (named so after the authors’ initials) relies on two key
ingredients. The first is the bosonic nature of photons, which causes two indistinguish-
able photons to bunch together at a beam splitter, i.e., the celebrated Hong-Ou-Mandel
(HOM) effect. The second is the consequence of projective measurements on ancilla
modes, which collapses the photonic state in a way that mimics a non-linear interac-
tion.

We hereby summarize the main ingredients leading to the definition of probabilistic
two-qubit gates within LOQC. We start by introducing elementary linear optical oper-
ations acting on single-photon Fock states, such as beam splitters, phase shifters, and
waveguides. Altogether, these elements allow for an arbitrary manipulation of photonic
states. Then, we will proceed by defining the HOM effect, and its relevance to the
implementation of probabilistic two-qubit gates.

Waveguides. Optical waveguides, typically realized in high index insulating or semi-
conducting materials, satisfy the need for a deterministic guiding quantum states of
light. Normally, signals are injected into waveguides in the form of single photons, or
photon wave packets, thus ensuring that they interact with other optical elements in
a controlled and reliable fashion. They come in a variety of forms, including optical
fibers and integrated photonic circuits in silicon (Si), silicon nitride (SiN), glass, and
more recently Lithium niobate. In the context of LOQC, on-chip integrated waveguides
are particularly advantageous, as they enable precise control over photon routing and
propagation. These structures can be engineered to support specific propagation modes,
such as single-mode or multi-mode operations, and can be combined with other optical
components to implement quantum gates and more complex quantum circuits. Hence-
forth, for all the purposes of the present thesis we will assume that single-mode low loss
propagating modes can be engineered in photonic integrated circuits, without further
specifying the material platform or the details of the electromagnetic engineering of the
various optical components.

Beam Splitters. Beam splitters (or directional couplers) are fundamental linear op-
tical elements that distribute photons across two distinct output paths. In quantum
optics, a beam splitter is described by a unitary transformation acting on the quantum
state of the incoming photon. A prototypical example is the 50/50 (or balanced) beam
splitter, in which an incoming photon is redirected with equal probability into either of
the two output paths. From a theoretical point of view, a 50/50 beam splitter acts on
the annihilation operators a; and as of the two input modes as follows:

1
aTout,l - E( J{ + ag)
1
s = E@ — a}) (1.13)

where a; and ay are the annihilation operators for the input modes, and @oy:,1 and oy 2
are the annihilation operators for the two output modes, respectively.
In the general case, the beam splitter can be parametrized by a single real number, i.e, an
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index 6 representing the mixing angle of the directional coupler, which is in turn related
to the reflectivity (transmissivity) of the optical element as R = sin?6# (T = cos? ),
with R+ T = 1. Hence, in the general case the beam splitter transformation (and the
corresponding optical circuit element) can be given as:

T
aout,

| = cos(f)al +isin(f)al al ., =isin(f)al — cos(h)al

out,

T T

I al

Qg

An equivalent (and very useful) representation of this problem is related to the definition
of a Hamiltonian, the beam-splitter Hamiltonian, which can be written (up to a phase
factor) as:

Hpg =0 <aJ{a2 + alag) . (1.14)

In fact, the Hamiltonian in Eq. (1.14) simply produces the following transformation
between input and output modes:

{“(}ut’l] - [‘3089 isme} [“I] = (cos(0)I + isin()o,) [ZH = R,(—20).  (1.15)

. . T
A2 7sinf cos6 ay ;

Essentially, in quantum computing terminology, this would correspond to a rotation
around the axis x by an angle . By tuning 6, and arbitrary rotation of the single-qubit
state around x can be implemented.
In the field of integrated Photonics, the very same transformation is straightforwardly
interpreted as the typical tunneling-type Hamiltonian arising, e.g., from two coupled
waveguides in an integrated circuit:

H= J(aiag + alag) ,

in which J represents the tunnel energy, and the rotation angle € is intrinsically linked
to the propagation time within the waveguides, such as § = Jt/h = JL/(hv,), where L
is the length of the tunnel-coupling region, and v, is the group velocity of the single-
photon wave packet as schematically shown below.

J

—
L

Beam splitters are useful in LOQC for tasks such as photon interference and entan-
glement generation. Crucially, the interference of two indistinguishable photons at a
beam splitter is not merely a classical wave phenomenon: it reflects the bosonic nature
of photons and gives rise to strongly non-classical correlations. As we will discuss in
the context of the KLM scheme, this quantum interference — the already mentioned
HOM effect — can be exploited, together with projective measurements, to simulate
an effective photon-photon non-linearity without requiring any non-linear medium.
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Phase Shifters. Phase shifters are optical elements designed to introduce a controlled
delay in the phase of propagating light beams. In quantum information processing,
phase shifts play a vital role in manipulating the relative phases of quantum states,
thereby modifying interference patterns and enabling the generation of entanglement.
In the LOQC framework, phase shifters typically consist of optical materials, such as
high-index semiconduting materials, or glass, whose refractive index can be tuned to
impart a desired phase shift to a passing photon. More precisely, a phase shifter applies
a shift A¢ to the photon mode, transforming the annihilation operator according to:

A
Aoyt = € ¢

Qip,
in which a;, and a,,; denote the annihilation operators of the input and output modes,
respectively. A single propagating photon experiences a spatial phase e’ with the
wave vector kK = nw/c, in which n is the modulated refractive index in the region of
length L, while ng is the refractive index of the background medium. In this way, the
overall phase shift is given as: A¢ = (n — ng)wL/c.

no

~—
L

At the Hamiltonian level, a phase shifter just acts as a normal time evolution operator,
with Hp = A¢ala — P = eidoala guch that:

Plo),=10),  P[1),=¢€??|1),
Ag

F2 0
. Ag
0 €+ZT

i

p=¢¥ [e — R.(69) . (1.16)

Hence, in quantum computing terminology, a phase shifter produces a rotation of the
qubit state around the z axis. In particular, by assuming dual rail qubit encoding, we
have the following circuit description of the phase shifter:

Vo) V)
— A —

|Wo) =  |10) + B101) |T) = ae™™|10) + Be @A |01) |

In fact, by assuming that a controlled phase shift can be imparted, we can say that an
arbitrary rotation around z can be implemented in PQC. More generally, phase shifters
are employed to implement quantum gates such as the phase gate, and to govern the
interference between different photon paths in interferometric configurations, which are
central to LOQC protocols such as Boson Sampling.
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The Hong-Ou-Mandel effect. The so called Hong-Ou-Mandel (HOM) effect is a
striking manifestation of the bosonic nature of light quanta [28, 29]. Here we give a
brief of its main features. We consider a balanced directional coupler (i.e., a 50/50
beam-splitter), schematically represented as the circuit below

T

out

T 1
Qi 2 a

T 1
bin 2 blL)ut

which can be parametrized with the following transfer operation between input and
output field operators:

al . _ (cosh isinf al L/ al
biut U SiIl % cos % b:rn \/§ i1 bjn
If we now assume the quantum state |11) as the input, this is then transformed as:

al bl = 3 (aby ) ial, +BL) = L0282+ L (al,bl, — albl) = (a2l 4 02))
So, ultimately, the input state is transformed as |11) —
and irrelevant phase.

The amplitude of the |11) state vanishes exactly at the output due to destructive
interference between the two indistinguishable bosonic paths [29]. Essentially, this
means that two indistinguishable photons entering a 50/50 beam splitter will always
exit together in the same output mode — a coincidence click (one photon in each
output) has zero probability. This “bunching” behavior is a purely quantum effect
with no classical analogue, and it is the key physical mechanism underlying the KLM
scheme.

$(]20) +[02)), up to a global

The non-linear sign gate. Another key ingredient in this construction is the so-
called non-linear sign gate (NS gate), i.e., a single-mode operation that acts as the
identity on |0) and |1) with respect to photons propagating in the system, while mapping
|2) to — |2), as follows.

NS: |0)=]0), [H)—=]1), [2)——[2)

This gate cannot be implemented deterministically with linear optics alone, but Knill,
Laflamme and Milburn showed that it can be realized probabilistically using 2 ancilla
photons, a network of beam splitters, and projective measurements on the ancilla modes,
succeeding with probability pnys = 1/4.

A scheme of the linear optical network allowing to implement the NS gate is represented
in Fig. 1.2. Essentially, the quantum circuit acts on three modes: mode 1 carries the
input state, generically given as |¢)) = ag[0) + aq |1) + a2 |2), while modes 2 and 3 are
ancillas prepared in the Fock states |1) and |0), respectively. The network consists of
three directional couplers (i.e., unbalanced beam splitters), respectively parametrised by
angles (01, ¢1), (62, ¢2) and (03, ¢3), and a phase shifter ¢4 acting on mode 1. The output
is accepted only upon a successful post-selection event, in which the single-photon
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Figure 1.2: Scheme of the circuit allowing to implement a non-linear phase shifts on a given
input state in one mode. Schematic figure adapted from Ref. [5].

photon counters register exactly one photon in mode 2 (Ry = 1) and zero photons in
mode 3 (R3 = 0); the combination of these events is shown to occur with probability
1/4. When successful, the gate realises the transformation ag |0) + aq |1) + a2 |2) —
ap|0) + aq [1) — a2 2), i.e., a conditional sign flip on the two-photon component. For
the specific case © = —1, the required angles are #; = 22.5°, ¢; = 0°, 3 = 65.5302°,
Py =0° 03 = —22.5° ¢3 = 0° and ¢4 = 180°. The dashed box defines the abbreviated
symbol NS, used to represent this gate from here on. Here we take the NS gate as a
primitive and use it to construct a probabilistic CZ gate.

CZ gate from NS gates. A CZ gate on two dual-rail encoded qubits, labelling
the four modes as ¢y, ¢y (control) and ¢, ¢y (target), can be constructed as follows [5],
according to the scheme represented below.

&1

control |c) { . NS |
NS

to
t

A~
NF

target |t) {

The input state is assumed to be the generic:

) @10y

in which ¢ and t stand for control and target (qubits), respectively, and the logical
states of the two qubits are defined, given the vacuum state |€2), as follows:

{ro»—mm {m»—ﬂrm
1), = éb|) 1), = i5]0)

The circuit above applies a 7/4 beam splitter between modes ¢y and 9, followed by a
NS gate on each of those modes, followed by a second 7/4 beam splitter. The modes
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c1 and t; pass through unchanged.
Let us now consider a general logical input, the sequences of transformations work as
follows. The general input state is:

Vi) = |}, @ [t), — (a]10). + B]01).) © (v]01), + 6]10),) =
= ay[1001) +ad [1010) 487 [0101) 56 [0110) .
—— —— N—— ——

|00) 1, |01) L [10) L, 1)L

Here, the terms [1001), [1010), [0101) contain at most one photon in the {cs, 3} sub-
space, so the beam splitter simply redistributes that photon and leaves the logical
content unchanged (up to single-photon amplitudes that will cancel in the second beam
splitter). Only the |0110) term, which contributes one photon in each of ¢; and ¢, is
affected non-trivially: as a consequence of the HOM effect, the two photons bunch into
a two-photon Fock state. After that, the NS gate maps |2) — — |2). Finally, the second
beam splitter is the inverse of the first: it maps the two-photon bunched state back to
the logical |11) term, but now with a relative minus sign introduced by the NS gates.

o/t 5
() 2225 4n]00) 1, + ad]01), + By]10), + % (10200) + J0020) ) 5

) o/d
I, 07]00), + ad|01),, + B]10), — % (|0200> + |0020>) /AR,

w/4-BS
TEBS 0|00}, + adl01), + Br|10), — BA[11);,

Hence, as a final outcome we obtain the well known result of a CZ gate, i.e., the one
represented by the matrix transformation

1 00 O
01 0 O

|\Ij>out - 00 1 0 |\Ilm> :
00 0 -1

Notice that the overall success probability is pcz = (1/4)* = 1/16, since the two NS
gates act in parallel, and each succeeds independently with probability 1/4. Since
we have already mentioned that the CNOT gate can be straightofrowardly obtained as
CNOT = (I®H)CZ (I® H), and Hadamard gates are deterministically implementable
with linear optics, the CNOT gate inherits the same overall success probability. This
probabilistic character is a fundamental feature of all two-qubit gates implementations
in LOQC, and overcoming it (through gate teleportation, resource state engineering, or
measurement-based paradigms), which is the central aspect faced in the present thesis.

1.3.4 State of the art in Photonic Quantum Computing

Controlling individual quantum systems (such as photons, atoms, or spins) lies at the
heart of quantum technologies. A key enabling technology comprises efficient tools
to generate quantum states of light. In this respect, a widely used category of inte-
grated quantum sources relies on non-linear optical phenomena, including spontaneous
parametric down-conversion (SPDC). Key strengths of this approach are the capac-
ity to multiplex photon states at high speed and the fact that the emitted photons



1.3. PHOTONIC QUANTUM COMPUTING 25

are heralded and share the same wavelength. On the downside, these sources produce
photons at relatively low rates and operate in an inherently probabilistic fashion. In
contrast, on-demand single-photon sources (SPSs) achieve higher generation efficiency,
and certain solid-state SPSs, such as defects in wide-bandgap materials or semiconduc-
tor quantum dots (QDs), can host a spin degree of freedom, which plays a key role in
entanglement distribution and quantum network implementation.

Progress in nanofabrication over recent decades has made it possible to integrate quan-
tum light sources (both SPDC sources and single QDs) with on-chip nanophotonic
elements, such as optical resonators and waveguides. Nevertheless, reconfiguring indi-
vidual photonic components on a chip remains essential for executing different quantum
protocols without requiring hardware changes. Fast source modulation (at GHz rates)
and the realization of multiple indistinguishable sources continue to pose significant
challenges.

Thus far, the only photonic components showing reliable and efficient modulation are
phase shifters, implemented in materials such as Lithium Niobate, silicon nitride, or
silicon-on-insulator (SOI) platforms. Fully programmable, integrated quantum pho-
tonic systems could open a viable path toward large-scale quantum processors char-
acterized by high bandwidth, low energy consumption, and minimal system losses.
Integrated quantum photonics is indeed a rapidly growing field that brings together
quantum light sources, non-linear materials, photonic resonators, and single-photon
detectors onto a single chip. One of the most important directions in this area is the
push toward fully programmable devices — systems that can be quickly reconfigured
without any hardware modifications.

In this Section, we will briefly mention the ongoing research directions that are actively
pursuing the development of tunable elements (such as phase shifters and quantum
light sources), and new materials (such as van der Waals crystals), which are opening
up fresh possibilities for on-chip control. To do so, we will mainly rely on Refs. [25, 30].

Single-photon Sources.

A single-photon state can be described in terms of a multimode wavepacket as

o0
1 0) =) fméd, [0),
m=1
where the amplitudes f,, satisfy Y |fm|> = 1 and characterize the temporal and

spectral profile of the emitted photon. A key diagnostic for a single-photon source is
the suppression of two-photon coincidences, quantified by the second-order correlation
function ¢ (7): a good source must exhibit g (0) =~ 0, reflecting photon antibunching.
As already mentioned, the most widely used class of integrated quantum sources relies
on SPDC, in which a pump laser drives a non-linear crystal to produce correlated
photon pairs. The output state can then be written as

[Tppe) = V1= AP A |n,n)
n=0

in which |A|? controls the pair generation probability. Key strengths of this approach
are the capacity to multiplex photon states at high speed, and the fact that emitted
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photons are heralded and share the same wavelength. However, these sources operate
in an inherently probabilistic fashion, and intrinsically suffer from multi-photon con-
tamination at higher pump powers.

Alternatively, on-demand single-photon sources (SPSs) achieve higher generation effi-
ciency. In this respect, a second class of deterministic sources is based on cavity-QFED
Raman schemes, in which a single emitter is driven by a pulsed laser to emit exactly
one photon into a cavity mode via a stimulated Raman process. The emission time
is fully controlled by the pump pulse, enabling precise wavepacket shaping. Unlike
SPDC, Raman-based sources produce photons with a Gaussian temporal profile, which
is significantly more robust to mode mismatching than the Lorentzian profile char-
acteristic of spontaneous emission([31]). Certain solid-state SPSs (such as defects in
wide-bandgap materials or semiconductor QDs) can additionally host a spin degree of
freedom, which plays a key role in entanglement distribution and quantum network im-
plementation. Since any two solid-state SPSs are inherently non-identical, significant
efforts are directed toward achieving rapid in-situ frequency tuning via strain or applied
electric fields [32, 33].

A particularly promising frontier is represented by SPSs derived from van der Waals
(vdW) crystals, which offer new degrees of freedom unavailable in conventional 3D crys-
tals, such as deterministic assembly and twist-angle control. The emission wavelength
can be adjusted by varying the twist angle or by choosing a different colour centre
within the same host material. Similarly, vdW crystals can be employed for non-linear
applications, including the generation of SPDC sources (with rhombohedral boron ni-
tride (rBN) and transition metal dichalcogenides representing notable examples [34])
and allow the engineering of periodically poled microscale crystals for efficient frequency
conversion, orders of magnitude thinner than conventional non-linear crystals([35]).
For any LOQC scheme, multiple sources must produce identical photons, since indistin-
guishability is required for high-visibility quantum interference. This characteristic is
tested via the Hong-Ou-Mandel (HOM) effect: only perfectly indistinguishable photons
produce complete suppression of coincidence events at a 50/50 beam splitter, making
HOM visibility a standard figure of merit for single-photon source quality.

Structured light.

Structured light is defined as spatial modes varying in amplitude, phase, and polar-
ization, including spatially multimodal quantum states, quantum vortices and vector
beams. It can be highly beneficial for a variety of integrated quantum systems. It has
the potential to increase information storage capacity through high-dimensional quan-
tum states (qudits), to provide enhanced coupling to spin or valley degrees of freedom
(particularly within 2D materials), and to facilitate efficient routing and multiplexing,
which is highly sought after in quantum circuitry ([36, 37]). The qudit implementation,
in particular, is not exploited in the present thesis, but may become a route to possible
extensions of this work.

The generation of quantum structured light is still in its early stages: the main chal-
lenges lie in fabricating the nanostructures needed to produce structured light on chip,
in the complexity of the detection circuitry required, and in maintaining phase stability
and mode purity [38]. Tunability during generation remains an open challenge. Greater
flexibility for dynamically tuning quantum states of structured light is offered when pho-
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tons are generated through SPDC and spontaneous four-wave mixing (SFWM), as these
processes allow the generation of entangled multi-photon states in CMOS-compatible
photonic circuitry [39].

Dynamic modulation of on-chip components.

Dynamic manipulation of on-chip components is a critical building block for pro-
grammable quantum photonics. Frequency shifters and beam splitters with low on-chip
losses have historically been difficult to realize, as traditional acousto- or electro-optic
approaches tend to be bulky, non-bidirectional, or lossy. Phase shifters play a par-
ticularly central role: when integrated into tunable couplers and splitters, they enable
both phase and amplitude modulation. Key requirements include high switching speed,
minimal optical loss, low power consumption, and compatibility with cryogenic tem-
peratures — the latter being essential for the integration of single-photon sources and
detectors.

Several technologies have been explored in this respect, each with distinct trade-offs:
thermo-optic shifters are simple and CMOS-compatible but slow and power-hungry:
free-carrier modulators improve speed but introduce optical losses; electro-optic designs
based on lithium niobate or barium titanate offer high speed but come with integra-
tion complexity; MEMS-based approaches provide compact, low-power solutions; and
phase-change materials enable non-volatile reconfiguration with zero static power [40,
41, 42, 43].

The thermo-optic phase shifter controls the phase by locally heating it the waveguide
where the photons are propagating. The working principle relies on the thermo-optic
effect ([44]): in many materials, such as silicon or silicon nitride, the refractive index de-
pends on the material temperature. When a small resistive heater (typically a metallic
wire on top of the waveguide) is driven by an electrical current, it raises the local tem-
perature, which in turn changes the refractive index of the waveguide material. Since
the phase accumulated by a light wave travelling through a medium depends on the re-
fractive index (see discussion above), this temperature change translates directly into a
controllable phase shift. By tuning the applied voltage or current, one can continuously
and precisely adjust the phase of the optical mode. Future phase-shifter solutions will
likely combine multiple mechanisms and heterogeneous material integration to meet
the full set of requirements.

Single-photon detectors.

Single-photon detection provides the projective measurements that underlie both gate
operations and readout in LOQC. T'wo broad classes of detectors are relevant: number-
resolving detectors, which can discriminate between different photon numbers, and
bucket detectors, which produce only a binary output without resolving photon number.
Real detectors are subject to two main error mechanisms: photon loss, where fewer pho-
tons are registered than were present, and dark counts, where a detection event occurs
in the absence of any input photon. The detector efficiency n € [0, 1] is defined as the
probability that a single-photon input produces a detection event.

The most common detectors in LOQC experiments are avalanche photodiodes (APDs),
which operate as bucket detectors. An incoming photon triggers an electron avalanche
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in the active semiconductor region, producing a measurable current. APDs achieve
typical efficiencies of around 85% at 660nm, with dark count rates as low as ~ 25 Hz
at cryogenic temperatures, but cannot resolve photon number due to their dead time
of a few nanoseconds.

Transition-edge sensors (TES) offer photon-number resolution via superconducting
calorimetry: incoming photons raise the temperature of an absorber, which is measured
with high precision. TES detectors operate below 100 mK and achieve efficiencies ex-
ceeding 88% with negligible dark counts, at the cost of a slow repetition rate of the
order of 10 kHz imposed by the thermal reset time.

Finally, detector cascading provides an approximate number-resolving capability by
splitting an incoming mode across N output ports, each monitored by a bucket detec-
tor. A time-domain variant known as time multiplexing achieves the same effect using
fiber delay loops, though the required fiber length grows exponentially with the desired
photon-number resolution [45, 46].

Programmable quantum photonic processing.

An early and significant example of a reconfigurable photonic platform for quantum
computing is represented by the work from J. Carolan et al. (2015) (see Ref. [47]).
Here, the authors demonstrated a single reprogrammable optical circuit built on a pho-
tonic chip, capable of implementing any linear optical protocol up to the size of the
circuit itself. The device consisted of six optical modes connected through a cascade
of 15 Mach-Zehnder interferometers, each controlled by thermo-optic phase shifters,
allowing arbitrary unitary transformations to be programmed electrically. Rather than
fabricating a dedicated chip for each specific quantum protocol, a single universal de-
vice could be reconfigured to run different experiments — from heralded quantum logic
gates to boson sampling complex Hadamard operations — achieving an average fidelity
of 0.999 + 0.001 over 100 random unitary matrices. This work established an impor-
tant proof of concept: universality and reconfigurability could coexist in an integrated
photonic platform.

Building on this foundational work, more recent developments have pushed photonic
quantum computing closer to practical usability. A notable example is the Ascella
platform developed by the private French company Quandela [24]. Ascella is a cloud-
accessible quantum computing machine based on six single photons generated by a
high-efficiency semiconductor quantum dot source, which offers a significant advantage
over the SPDC sources used in earlier experiments, as it produces photons on demand
with higher purity and indistinguishability (generated by a single electrically controlled
semiconductor QD). The photons are routed through a 12-mode reconfigurable univer-
sal interferometer, and fully controlled by 126 thermo-optic phase shifters. A distinctive
feature of this platform is the use of a machine-learned transpilation process to compen-
sate for hardware imperfections — an approach that reflects the growing role of artificial
intelligence in the optimization of photonic chips — achieving an average matrix im-
plementation fidelity of 99.7% +0.08%. The material used for the photonic chip is SiN.
The platform supports both gate-based and photon-native computation paradigms, and
benchmarks record fidelities for one, two and three qubit gates. Taken together, these
two works illustrate the trajectory of integrated photonic quantum computing: from
an early laboratory demonstration of universality to a multi-purpose, remotely acces-
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sible device capable of running a variety of quantum algorithms with state-of-the-art
performance.

As a last comment, it is worth noting that both platforms operate entirely in the linear
optical regime, without exploiting any non-linear interaction between photons. This is a
deliberate and practically motivated choice: strong optical non-linearities are extremely
difficult to engineer at the single-photon level. Instead, both works rely on the Knill-
Laflamme-Milburn (KLM) scheme ([5]), in which the effective non-linearity needed to
implement two-qubit gates is induced probabilistically through measurements on ancilla
photons: when these are detected in the correct output modes, the gate is confirmed
to have succeeded — a process known as heralding. The price to pay is that such
gates succeed only with a certain probability: for instance, the CNOT gate in Ascella
succeeds with probability 1/9, and the Toffoli gate with approximately 1/57. This prob-
abilistic nature represents one of the main limitations of the linear-optical approach.
Scaling it to a fault-tolerant regime will likely require moving towards measurement-
based paradigms that rely on pre-generated multipartite entangled states — known as
cluster states — as a universal resource for computation (highlighted in Sec. 1.5 of this
thesis), rather than on probabilistic gate sequences alone. Or, as it will be discussed in
the remainder of this thesis, we could aim for exploiting the small optical non-linearities
in Kerr-type materials to achieve a higher fidelity computational paradigm still based
on probabilistic gating.

Satisfying DiVincenzo Criteria in PQC.

With all the relevant information briefly outlined above, concerning the main aspects of
the current status of PQC, we can now check the satisfaction of the DiVincenzo criteria
for this quantum technological platform as follows:

1. Well-defined qubits: Photonic qubits can be encoded using various degrees
of freedom such as polarization, path, dual-rail, time-bin, or frequency. In dual-rail
encoding, a single qubit is represented by a single photon distributed across two distinct
spatial modes, enhancing robustness and compatibility with linear optical gates.

2. Qubit initialization: Single-photon sources combined with a spatial demul-
tiplexer can generate well-defined path-encoded qubits. Two main approaches are
available: heralded single photons from SPDC sources, and on-demand single pho-
tons from deterministic sources such as semiconductor quantum dots or cavity-QED
Raman schemes.

3. Long coherence times: Photons interact weakly with their environment, giving
them naturally excellent coherence properties. In free space or optical fibers, photons
can maintain coherence over long distances, though propagation losses must be managed
carefully.

4. Universal gate set: Linear optical elements such as beam splitters and tunable
phase shifters can implement arbitrary single-qubit operations. T'wo-qubit gates can be
realized through quantum interference and ancillary photon measurements, as in the
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KLM protocol — though they are inherently probabilistic, as discussed in detail in the
following sections.

5. Qubit-specific measurement: Photonic qubits can be measured using several
detector technologies. Avalanche photodiodes (APDs) are the most common in prac-
tice, operating as bucket detectors with efficiencies around 85%. Transition-edge sensors
(TES) offer photon-number resolution with efficiencies exceeding 88%, while supercon-
ducting nanowire single-photon detectors (SNSPDs) combine high efficiency with low
dark counts and fast timing response [48].

6. Interconversion capability: Photons naturally serve as flying qubits, making
photonic systems particularly well-suited for interfacing with quantum communication
networks and for distributing entanglement over long distances.

7. Faithful transmission: Photons can be transmitted through optical fibers or free
space with relatively low decoherence. For long-distance communication, propagation
losses must be managed through quantum repeaters or entanglement purification pro-
tocols.

In summary, we have outlined the main conceptual aspects as well as practical building
blocks behind PQC, from the encoding of qubits in optical modes to the manipula-
tion of photonic states via linear optical elements. We have seen that, while photons
are ideal carriers of quantum information due to their low decoherence, the absence
of natural photon-photon interactions that are sufficiently strong to impart a m-phase
shift to a multi-photon wave-packet as compared to single photon ones poses a fun-
damental challenge for the implementation of deterministic two-qubit gates in PQC.
The KLM scheme offers an historically elegant solution by exploiting quantum inter-
ference and projective measurements to simulate an effective non-linearity, at the cost
of probabilistic gate success. Overcoming this limitation — either through improved
linear-optical schemes, measurement-based paradigms, or the engineering of genuine
optical non-linearities — remains one of the central open problems in the field.

1.4 Alternative quantum computing platforms

Quantum computing relies on the ability to physically realize and control two-level
quantum systems, which can be used to encode information into suitable qubits. Sev-
eral hardware platforms have been developed to this end, each exploiting different phys-
ical systems and materials to encode and manipulate quantum information. Beyond
the photonic approaches outlined in the previous Section, the most experimentally ma-
ture platforms include trapped ions, trapped neutral atoms, superconducting circuits,
nitrogen-vacancy (NV) centers in diamond, and semiconductor spin qubits [49]. Despite
sharing the same underlying computational framework, these platforms substantially
differ between each other, either in their physical implementation or in control mecha-
nisms and scalability prospects. For completeness, we hereby report a brief summary
of the most relevant platforms currently explored in international research laboratories.
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In trapped ions (see, e.g., Refs. [50, 51]) and trapped neutral atoms (see Ref. [52])
platforms, quantum information is encoded in the internal electronic energy levels of
single atoms, either ionized or neutral species (typically, two stable hyperfine ground
states selected for their long intrinsic lifetimes). In trapped ion systems, the charged
nature of the ions allows effective confinement via electric fields, and manipulation is
achieved through microwave fields or external lasers; in neutral atoms, confinement
relies on the induced dipole moment created by optical potentials, such as optical
tweezers or lattices, and two-qubit interactions are typically mediated via highly excited
Rydberg states.

Superconducting circuits (see Ref. [53]) follow a radically different approach: qubits
are not natural atoms but macroscopic electrical circuits incorporating non-linear induc-
tive elements, such as Josephson junctions. The two computational levels correspond
to the two lowest energy eigenstates of these engineered “artificial atoms”, and manipu-
lation is carried out via microwave pulses. This approach allows considerable flexibility
in tailoring the energy level structure.

NV centers in diamond (see, e.g., Ref. [54]) exploit single point defects in the crystal
lattice instead, in which a nitrogen atom replaces a carbon atom adjacent to a vacancy
in the crystal lattice. The qubit is encoded in the electron spin of the NV center ground
state, controlled via microwave fields, while nearby nuclear spins — such as those of the
nitrogen atom itself (14N or '° N) or naturally occurring carbon-13 within the diamond
lattice, can serve as auxiliary qubits or long-lived quantum memories.

Finally, semiconductor spin qubits (see, e.g., Ref. [55]) encode information in the
spin of charge carriers confined in nanostructures: typically electrons or holes trapped
in quantum dots, or alternatively the nuclear or electron spin of donor atoms such as
phosphorus implanted in a silicon host. Although they share with NV centers the use
of spin in a solid-state environment, they differ significantly in the host material and in
the specific nature of the spin carrier.

All of these platforms represent promising candidates for the realization of fault-
tolerant quantum computation, as demonstrated by the remarkable experimental progress
documented over the past two decades. The stability of a physical qubit is fundamen-
tally characterized by two timescales: T}, the energy relaxation time, which quantifies
how long a qubit retains its energy before incoherently exchanging it with the environ-
ment, and 75, the dephasing time, which measures how long the relative phase between
the two computational states is preserved in a superposition. Both have improved by
orders of magnitude across all platforms, with superconducting circuits doubling their
T, every approximately one year and trapped ions doubling their 75 every 1.9 years.
Entanglement error rates have also consistently fallen, with semiconductor spins halv-
ing their error rate every 1.2 years and ion traps achieving entanglement errors as low
as 0.03%. In terms of scalability, neutral atom platforms have reached arrays of up to
6100 qubits, while superconducting circuits and trapped ions have demonstrated sys-
tems of 127 and 100 qubits respectively. Recent milestones such as the demonstration
of surface code operation below the fault-tolerance threshold on a 101-qubit distance-7
superconducting processor further confirm that these platforms are steadily converging
toward the requirements for practical quantum computation. [56]

While significant challenges remain, the trajectory of progress across all platforms gives
strong reason for optimism.
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Figure 1.3: An example of two cluster states connected by a single vertical link at the center
node, representing a two-qubit entangling operation between the clusters.

1.5 Measurement-based quantum computation

Before delving into the main subject of this thesis, it is appropriate to briefly discuss
an alternative paradigm for quantum computation: the cluster-state model. In fact,
this seems to be the most promising route in PQC, nowadays, as compared to the more
“old fashion” LOQC approach. In fact, cluster states offer an alternative paradigm to
the traditional circuit-based model of quantum computing, which is known as one-way
quantum computing or measurement-based quantum computing (MBQC), originally in-
troduced by Raussendorf and Briegel [57].

In essence, the MBQC paradigm proposes that the quantum computation is driven en-
tirely by sequential single-qubit measurements performed on a pre-entangled resource
state, rather than applying sequences of single- and two-qubit gates to evolve an ini-
tially given quantum state. A cluster state is a highly entangled multi-qubit state, in
which physical qubits are represented as nodes in a lattice, and entanglement between
neighbouring qubits is represented by edges, as illustrated in Fig. 1.3. Formally, a clus-
ter state |C) is defined as an eigenstate of a set of commuting operators S;, called the
stabilizer generators, one for each qubit 7 in the cluster [58]:

S; |C) = £|C) Vi
and
JEN(D)

where X; and Z; are Pauli operators and N (i) denotes the set of nearest neighbours of
qubit 7.

Equivalently, a cluster state can be prepared by initializing all qubits in the |+) =
(|0) + [1))/+/2 state and then applying a controlled-phase (CPHASE) gate between
every pair of neighbouring qubits [59].

With the cluster state prepared, computation proceeds by measuring qubits one
column at a time from left to right. Single-qubit gates are implemented by choosing an
appropriate measurement basis for each qubit, while two-qubit entangling gates arise
naturally from the vertical links connecting qubits in adjacent rows [59]. The outcome
of each measurement is classically feedforward to determine the basis of the next mea-
surement, so that the overall computation is steered adaptively. A computational basis
measurement simply removes a qubit from the cluster, leaving behind a known local Z™
correction on neighbouring qubits that can be compensated by classical post-processing
[59]. Crucially, two-dimensional cluster states are necessary and sufficient for universal
quantum computation [58]: it has been shown that any quantum circuit of breadth
n and depth d(n) can be efficiently simulated on a two-dimensional cluster state [57],
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whereas linear cluster chains are classically simulable and therefore insufficient [59].
In the context of LOQC, this approach is particularly attractive since single-qubit mea-
surements on photons are experimentally straightforward and naturally replace the need
for challenging deterministic two-qubit gates. However, generating the required entan-
gled cluster state with linear optics and probabilistic gates remains the central difficulty:
building the cluster requires a significant overhead in photon number and entangling
operations, and photon loss remains a critical challenge that must be addressed through
suitable error-correction strategies [25]. The Ascella platform previously introduced is
currently being explored also in the direction of MBQC, although only proof-of-principle
gate demonstrations on few qubits have been reported, so far [24].

Summary

In this broad introductory Chapter we have laid the theoretical and physical foundations
necessary to grasp the developments of this thesis, which will follow in the next Chap-
ters. Starting from the basic formalism of the circuit-model of quantum computation,
we have introduced the main physical platforms that are currently explored to realize
this computational paradigm, with particular attention to the photonic approach. We
have seen that photons are natural carriers of quantum information, but the absence
of photon—photon interactions poses a fundamental obstacle to the implementation of
deterministic two-qubit gates.

Within this context, the KLM scheme offers an elegant probabilistic resolution to
the latter issue, exploiting quantum interference and projective measurements as an
effective non-linearity. On an alternative direction, we have also briefly mentioned
measurement-based paradigms, such as cluster-state computation, which represent a
promising route to realize quantum photonics computing in practice, although it is one
that falls outside the scope of this thesis.

In the following Chapter 2, we will start from a rigorous treatment of the KLM pro-
tocol, then we will develop the full theoretical framework underlying important gates
made by linear optical quantum computation, and we will present in detail the explicit
construction of a CNOT gate realized with six waveguide channels, the central result
around which this thesis is built.



Chapter 2

Two-qubit gates in linear optical
quantum computing

The general scheme of Linear Optical Quantum Computing (LOQC) offers several ad-
vantages over competing approaches to quantum computing, as already introduced in
the previous Chapter. First, the basic optical elements do not require cryogenic tem-
peratures, unlike many alternative solid-state proposals. Second, photons naturally
maintain their coherence over timescales that are long compared to the elementary
control operations, reducing the impact of decoherence. Third, dominant noise sources
are better understood and do not depend on thermal interactions that are difficult to
predict or characterize. The resource overhead per reliable logical gate is large but not
excessive, and is comparable to that of other leading proposals for scalable quantum
computation. This puts LOQC on an equal footing with alternative approaches, making
it a genuinely competitive technology for scalable quantum information processing.

In the previous chapter, we have introduced the general principles of Photonic Quan-
tum Computing and its main features. In particular, we have already discussed how
large cross-Kerr nonlinearities can, in principle, mediate a single-photon CNOT gate.
We have also seen that, unfortunately, nonlinearities of this magnitude are far beyond
what nature provides — they fall short by many orders of magnitude. Even if such a
material is used to create long fibers for enhanced nonlinearities, photon losses in the
Kerr medium will prevent the gate from operating properly. Furthermore, Kerr nonlin-
earities are typically very noisy. LOQC thus represents a most promising alternative,
relying on projective measurements performed by photodetectors to engineer an effec-
tive photon—photon interaction. However, the drawback of this approach is that the
resulting optical quantum gates are inherently probabilistic: the gate fails with non-
negligible probability, thus corrupting the encoded quantum information. Although this
issue can be worked around by scaling up the number of optical modes exponentially,
practical scalability demands that the required modes grow only polynomially.

A breakthrough in LOQC occurred when Knill, Laflamme, and Milburn (KLM)
introduced a protocol that bypasses this limitation, proving that linear optics, ancilla
photons, and feed-forward measurements suffice for scalable universal quantum com-
putation [5], albeit probabilistic (as intrinsically constrained by the presence of only
linear optical elements). In the following years, their result triggered an extensive re-
search effort along two complementary directions. On one hand, a substantial theoret-
ical literature investigated the fundamental limits of post-selected linear-optical gates,
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sharpening and eventually closing the bounds on their achievable success probabilities
[60, 6, 7, 8, 61]. On the other hand, several groups pursued dedicated, resource-frugal
constructions of the CNOT gate itself, trading the asymptotic scalability of the KLM
architecture for immediate experimental feasibility with few-photon sources [9, 10, 11,
12]. Among these, the scheme proposed by Ralph [10] is of particular interest, as it
dispenses entirely with ancilla photons and was the first to be experimentally realized,
both in bulk optics [13] and, later, in an integrated photonic platform [14]. We will
review these protocols in detail, in the following of this Chapter.

2.1 The KLM protocol

In 2001, Knill, Laflamme, and Milburn [5] proved that universal quantum computation
is possible using only linear optical elements such as beam splitters and phase shifters,
in addition to single-photon sources and single-photon detectors. Prior to this result,
the main obstacle to scalable optical quantum information processing (QIP) had been
the apparent need for nonlinear couplings between optical modes, a requirement that
is technically demanding to satisfy at the few-photon level.

In the KLM scheme, qubits are each encoded in a single photon occupying one of
two optical modes. The scheme exploits feedback from photo-detectors and quantum
teleportation to inject probabilistic two-photon gates into a quantum circuit with ar-
bitrarily high success probability, and leverages quantum error correction to suppress
the residual failure rate to fault-tolerant levels [62][63].

The sufficiency of linear optics for efficient QIP is established through three key re-
sults. First, non-deterministic quantum computation is shown to be possible: a prob-
abilistic nonlinear sign shift, acting on one qubit and using two ancilla photons with
post-selection, succeeds with probability 1/4, and from two such operations a condi-
tional sign flip between two qubits can be constructed, succeeding with overall prob-
ability 1/16. These elementary gates rely on post-selection alone, with no feedback
involved: the ancilla measurements outcome simply determines whether the opera-
tion is accepted or discarded. Second, the success probability of the resulting two-qubit
gate can be boosted arbitrarily close to unity by consuming entangled ancilla states pre-
pared non-deterministically and applying quantum teleportation with feedback: here,
the measurement outcome determines which correction to apply, rather than whether
to discard the result. Third, by employing quantum codes (in particular, a two-qubit
stabilizer code x, that can be concatenated), the resource overhead for achieving accu-
rate logical qubits scales efficiently with the target accuracy, completing the argument
for efficient LOQC.

Taken together, these results imply that LOQC can be implemented robustly with poly-
nomial resources, placing it on a comparable footing with other leading proposals for
scalable quantum computation.

Basic elements of the scheme. The elementary building blocks of the KLM scheme
are bosonic qubits, each encoded in a single photon distributed across two optical modes,
with the logical states |0) and |1) corresponding to the photon occupying one mode or
the other. Single-qubit rotations are implemented straightforwardly via phase shifters
and beam splitters, which together can realize any unitary transformation on the mode
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pair. Readout is performed by photo-detectors, which destructively measure the photon
number in a given mode; an approximate photon counter, sufficient for the purposes
of LOQC, is constructed by splitting the mode across N output ports and placing one
detector at each. The remaining challenge, which constitutes the core of the KLM
proposal, is the realization of a non-trivial two-qubit gate such as the conditional sign
flip, also known as CZ gate that we have already seen in Chapter 1, in particular in
Sec. 1.3.3.

Quantum teleportation. The basic teleportation protocol (77) transfers the state
ao|0); + a1 |1); of mode 1 to mode 3. The protocol begins by preparing the ancilla
entangled state [t1),; o< |01),54]10),5, and adjoining it to the input. Modes 1 and 2 are
then jointly measured in the Bell basis {|01),, £ |10),,, [00),, £]11),,}, which proceeds
in two steps: first, a parity measurement determines whether the total photon number
in modes 1 and 2 is odd or even, and then the sign of the superposition is resolved.

If the parity is odd and the sign is 4+, mode 3 is left in the state ag|0); + aq 1),
recovering the input exactly; if the sign is —, a phase shifter corrects the state to
g |0)5 + a1 |1),. If the parity is even, the roles of |0) and |1) are exchanged in mode 3,
and this cannot be corrected by linear optical means alone.

In linear optics, the Bell measurement is implemented by applying a balanced beam
splitter to modes 1 and 2, and then counting the output photons, which determines the
parity; when the parity is odd, also the sign. This partial Bell measurement (BM;)
succeeds with probability 1/2, and upon success the input state is faithfully transferred
to mode 3 up to a known and correctable phase.

The success probability of the teleportation protocol T7 can be arbitrarily boosted close
to unity by generalising the ancilla entangled state. Specifically, one defines a family
of states |t,,), living in the space of n bosonic qubits, such that applying the (n + 1)-
point Fourier transform F),,; followed by photon-number measurement on n + 1 modes
realises a generalised Bell measurement BM,,. The outcome of this measurement is the
total number of detected photons k € {0,1,...,n+1}. If 0 < k < n + 1, teleportation
succeeds: the input state reappears in the output mode n+ k up to a correctable phase
shift, and the remaining modes are returned in the state |1), so that their photons can
be reused in future operations. The only two failure cases are k =0 and k =n + 1, in
which the measurement collapses the input into |0) or |1) respectively, destroying the
superposition. Each failure event occurs with probability 1/(n + 1) regardless of the
input state, so that a single teleportation succeeds with probability n/(n + 1).

This near-deterministic teleportation directly enables a conditional sign flip c-2p2 /(n41)2.
The key idea is to reduce the implementation of the two-qubit gate to a state preparation
problem: rather than applying c-z directly to the two qubits, one prepares offline a
specially entangled resource state |cs,) that encodes the action of the gate, and then
teleports the first mode of each qubit through it. The measurement outcomes of the
two teleportations extract the effect of the gate on the output, without the two qubits
ever interacting directly. Since the gate requires two independent teleportations, the
overall success probability is:

2 2
B n - n
psucc - (n + 1) <n+ 1_)2
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Figure 2.1: Recovery from Z measuremente. From [5].

The preparation of |cs,) can be attempted repeatedly and in parallel, offline, without
stalling the main circuit, so that the non-determinism is effectively confined to a classical
resource overhead.

The two-qubits quantum codes Y». At this stage of the KLM protocol, the gate
C-Zp2 /(n+1)2 can be made to succeed with probability arbitrarily close to unity, but at the
cost of preparing increasingly complex resource states |cs,,), which becomes prohibitively
demanding for large n. The solution proposed by the authors is to exploit quantum
error-correcting codes to achieve the same goal far more efficiently, keeping n small and
instead iterating a coding procedure.

The central tool is a two-qubit stabilizer code X2, which encodes a single logical qubit
into two physical bosonic qubits via the logical basis states:

0), = 00) +[11)  [1), = [01) +[10)

The logical Pauli operators X, Y, and Z; are implemented by combining physical
operations on the two constituent qubits. Logical 180° rotations can always be exe-
cuted without failure by directly applying the corresponding physical rotations. The
critical operations are the logical 90° rotations, such as Z%" and (Z, Z,)°"", which are
implemented via the teleportation networks and can fail.

However, the code is specifically designed so that a failure results at worst in an un-
intended Z measurement of the logical qubit, a structured and detectable error that
can be corrected by the recovery network (Figure2.1). With this failure protocol, the
logical failure probability f, satisfies

f: <O(f%)

and in particular f, < f whenever f < 1/6.43, where f = 1/(n + 1) is the physical
gate failure probability. This quadratic suppression of the error is achieved without
requiring large n, since even modest values are sufficient to place f below the threshold
1/6.43 . The threshold f < 1/6.43 is not chosen arbitrarily, but emerges naturally from
the quantitative analysis of the recovery protocol shown in Fig. 2.1, which bounds the
residual failure probability f,. as a function of the physical failure rate f.
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The efficiency of the scheme is further improved by concatenation: by treating logi-
cal qubits as the physical qubits of a higher-level encoding and iterating the procedure,
the logical failure probability is suppressed doubly exponentially in the number of con-
catenation levels. This is the standard mechanism underlying fault-tolerant quantum
computation, and it implies that arbitrarily accurate logical gates can be achieved with
only a polynomial overhead in physical resources. Concretely, the authors show that
just two levels of yo concatenation are sufficient to bring the logical failure probability
below 5%, requiring approximately 300 successful c-z9/16 operations per logical two-
qubit gate. This establishes that LOQC is not only possible in principle, but genuinely
scalable in practice.

2.2 Theoretical bounds for post-selected gates

As discussed above, the KLM scheme relies on two conceptually distinct ingredients: ele-
mentary post-selected gates (NS and CZ), which involve no feedback, and a teleportation-
based architecture that uses feedback to boost the overall two-qubit gate to near-unit
success probability. The latter is quite challenging to implement, with state-of-the art
technology. Hence, the bounds discussed in this section concern only the first ingredi-
ent: the maximum success probability achievable by NS and CZ themselves, within the
postselection-only (no-feedback) framework. A natural question arises: given that these
gates are inherently probabilistic, what is their maximum achievable success probabil-
ity? We believe this is the most meaningful question to answer, in view of practically
realizing even proo-of-principle demonstrations of the KLM protocol.

2.2.1 Improving the CZ gate

In 2002, Knill improved on the original KLM construction, reducing both the circuit
complexity and increasing the success probability of the CZ gate [60]. In the KLM
scheme, the CZ gate is obtained by composing two independent NS gates, requiring six
optical modes, six beam splitters, two photon counters and two additional photodetec-
tors, with overall success probability set to 1/16, as already introduced previously. In
the revised approach by Knill, the CZ gate is implemented directly as a single opti-
mized linear optics network on four modes, using four beam splitters, two initial phase
shifts, two helper photons and two photon counters, which allows to reach a success
probability of 2/27.

The value 2/27 is obtained through a combination of algebraic and numerical methods.
The action of the gate is governed by the 4 x 4 submatrix V' of the unitary U associ-
ated with the linear optics transformation. The entries of V' must satisfy polynomial
identities ensuring correct gate behaviour on all input states; these are first solved an-
alytically, exploiting scaling symmetries to reduce the number of free parameters. The
remaining variables are then optimized numerically in MATLAB, maximizing the prob-
ability of success — defined as the squared amplitude for the ancilla modes to return
to their initial state — subject to the constraint that V' extends to a unitary matrix.
This consistently converges to the matrix Vigge, with success probability 2/27.

Beyond this improved construction, Knill also shows that a success probability of 1 is
fundamentally unattainable for the CZ gate using only passive linear optics and post-
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selection. The argument relies on the fact that the states producible in the output
modes, after tracing out the helper modes, are necessarily mixtures of products of lin-
ear expressions in the creation operators. The target Bell state cannot be written in
this factored form, since the associated polynomial is irreducible, ruling out perfect
success regardless of the number of helper photons.

Interestingly, this leaves open the question of how far from 1 the true optimum lies,
which Knill explicitly poses as an open problem in LOQC: what is the maximum success
probability for CSy using passive linear optics with £ helper photons and postselection
without feedback? For 6 = 180° and k > 2, 2/27 is achieved, but its optimality re-
mained actually unknown.

2.2.2 Quantitative bounds

This gap was later addressed by Knill’s 2003 Brief Report, in which he develops a general
technique for upper-bounding the success probability of postselected gates implemented
with single-photon sources, passive linear optics, and photon counting without feedback.
The key tool behind these bounds is simple: if you start from the vacuum, add some
single helper photons, and apply only passive linear optics (beam splitters and phase
shifters), the resulting state can never have, on average, more than one photon in any
given mode. This is essentially because passive linear optics only redistributes photons
among modes, it cannot concentrate them.

Knill exploits this fact by using the NS and CZ gates as building blocks inside a larger
optical network designed to produce a state with an unusually high average photon
number in one mode, higher than what linear optics alone could ever achieve.

NS bound. For the NS gate, the idea works as follows. Suppose NS succeeds with
probability p. One can build a network that, conditioned on this success, produces the
two-photon state |2) in some mode a. Before the final postselection, the state of mode
a is therefore a mixture

p=p2)2+1-p)/,
whose average photon number is 2p + z, with > 0 coming from p’. But p itself is just

a state produced by linear optics acting on single photons, so it must obey the bound
above: its average photon number cannot exceed 1. This immediately gives

1

which is the bound pp.x(N.S) < 1/2.

CS bound. The argument for CZ follows exactly the same logic, but the construction
is slightly more involved. Using a sequence of beam splitters together with one applica-
tion of CZ (success probability p), one prepares a state in which a certain logical mode:
a specific linear combination of three physical modes has an average photon number of
4/3. Again, before post-selection, this contribution only appears with probability p, so
the overall average photon number in that mode is at least p-4/3. Since this must still
be < 1, one obtains

Wl
o

p-7<1 = p<

)
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giving pmax(CS) < 3/4.

In both cases, the strategy is the same: use the gate to artificially overload a mode with
more photons than linear optics could ever produce on its own. Since this overloaded
configuration occurs only in the successful branch of the gate, the universal bound
on the average photon number directly translates into an upper bound on the success
probability p.

These bounds apply to any implementation within the LOP+PC framework (a proce-
dure using single helper photons and linear optics + post-selection based on measured
photon counts), regardless of the specific optical network used. This is a fundamentally
different kind of result from the constructive results of [5] and [60]. However, the gap
between these bounds and the best known constructions remains large, particularly for
CZ, where 2/27 sits far below the bound of 3/4, leaving the determination of the true
optimum an open problem.

While Knill’'s bound ppax(NS) < 1/2 left a significant gap with respect to the achiev-
able value of 1/4, this gap was closed in subsequent work. Scheel and Liitkenhaus [7]
introduced an abstract model for linear-optics networks, reducing any such network to
a single active beam splitter connecting the signal mode to the ancilla. Analyzing broad
classes of ancillary states, they found semi-analytical and numerical evidence that the
success probability of NS never exceeds 1/4, conjecturing this to be the general bound.
This conjecture was proven rigorously by Eisert [8], who linked the optimization of
success probabilities to convex optimization and Lagrange duality, obtaining bounds
valid for postselected networks of arbitrary size and ancilla dimension. That solved the
difficulty, left open since Knill’s work, of bounding the network size a priori. The result
establishes that pua.x(NS) = 1/4 exactly, without feedforward: not merely an upper
bound, but the true optimum, already saturated by the original KLM construction.
The analogous question for CZ remains open: no comparably tight bound has been es-
tablished, and the gap between the known construction (2/27, [60]) and Knill’s bound
(3/4, 16]) is still unresolved.

Having established 1/4 as the optimal success probability for NS without a feedfor-
ward scheme, a further natural question then arises: how much feedforward information,
i.e., how much the use of the outcome of a failed attempt to apply a corrective network,
can improve this value? Knill’s bound of 1/2 [6] allows in principle for a significant
improvement, but does not address whether this bound is saturated. This question
was investigated by Scheel [61], who analysed the three-mode KLM implementation
of NS and classified its failure outcomes into irrecoverable errors, where information
about the signal state is destroyed, and recoverable errors, which can in principle be
corrected by a further conditional network. Applying a single round of such corrective
feedforward raises the success probability only marginally, from 1/4 to ~ 0.272, with
multiple rounds reaching at most ~ 0.28. Moreover, the maximal failure probability
obtained (= 0.66) suggests that the true bound with feedforward is much tighter than
Knill’s 1/2, closer to 1/3. These results indicate that, at the level of the elementary NS
gate, the benefit of feedforward is too small to justify its cost in additional resources.



2.3. IMPLEMENTATIONS OF LINEAR-OPTICS CNOT 41

2.3 Implementations of linear-optics CNOT

The constructions discussed so far share a common architectural philosophy: the ele-
mentary NS gate is treated as a modular primitive, whose success probability (1/4 at
best, without feed-forward [8]) is then amplified, via teleportation and quantum coding,
to near-unit probability at the level of the logical CZ/CNOT gate. In this view, the
probability of success for the NS gate is not the end goal but the input to a larger
machine designed for asymptotic scalability.

The works that we will discuss in this section take a clearly different approach. Rather
than composing CZ/CNOT out of NS gates, they design a single, dedicated optical
network that implements the two-qubit gate directly, exploiting the specific structure
of polarization-encoded qubits and entangled (or single-photon) ancillae. There is no
reusable ”NS module” here: each network is tailored ad hoc to the CNOT operation
itself, and the resulting success probabilities are constant numbers, not starting points
for further amplification via teleportation. The goal is not asymptotic scalability, but
immediate experimental feasibility with few-photon sources and detectors.

A second, related difference concerns the role of feed-forward. In the NS context,
feed-forward meant attempting to recover from a failed gate by applying an additional
conditional optical network, with strictly marginal gains (0.25 — 0.28, [61]). Here, feed-
forward instead means accepting additional successful detection outcomes that differ
from the canonical one only by a local, deterministic single-qubit correction (a phase
flip or a bit flip on the output qubits). Since such corrections cost nothing in linear op-
tics, this effectively doubles the success probability ”for free” by exploiting a symmetry
of the network, rather than trying to rescue an otherwise lost outcome.

Taken together, these proposals (see, in particular, Refs. [9, 10, 11, 12]) trace the pro-
gression from theoretical proposal to the first experimental demonstrations of a pho-
tonic CNOT gate, illustrating a complementary, resource-frugal path to linear-optical
quantum logic alongside the KLM /Knill program.

2.3.1 CNOT via quantum erasure

The theoretical proposal. Pittman, Jacobs and Franson [9] proposed a CNOT gate
built entirely from polarizing beam splitters (PBS) that fully transmit one polarization
and fully reflect the orthogonal one, without relying on quantum teleportation. Qubits
are encoded in the polarization of single photons, with |H) = |0) and |V) = |1), and
measurements are performed both in this basis and in the rotated basis:

F) == (1) + V)

- 3

|15) \/Q(IH ) —1V))
The construction, schematically described in Fig. 2.2 proceeds by first defining three ele-
mentary operations, each implemented with a single PBS followed by a single polarization-
sensitive detector, and only afterwards combining them into a full CNOT.
The quantum parity check takes an arbitrary input qubit

|in>2, = |H>2' + 8 |V>2'
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Figure 2.2: Construction of a probabilistic CNOT gate by combining a quantum encoder
with a destructive CNOT. Original picture taken from Ref. [9].

together with a second photon in the diagonal state

1
0), = 7

and mixes them on a PBS. Writing the resulting amplitudes in the F'S basis for the
detection mode ¢, one finds that conditioning on detecting a single F-polarized pho-
ton (and none in S) maps the input state, unchanged, onto the output mode 2, with
probability 1/4. Crucially, the complementary detection outcome (a single S-polarized
photon) maps the input onto the phase-flipped state o |H) — 5|V). Since this differs
from the desired output only by a known, local single-qubit correction, accepting this
outcome as well (and applying the corresponding 7 phase shift) raises the success prob-
ability from 1/4 to 1/2 at no additional resource cost.

The destructive CNOT follows the same pattern, but with the two input photons mixed
on a PBS oriented in the F'S basis: a target photon

]in>3, = ’H>3' + 5 ’V>3’

(H)o +1V)a)

and a control photon in a definite polarization state. If the control is |V'), the surviving
detection outcomes correspond to a flip of the target (H <> V); if the control is |H),
the target is left unchanged. As before, one of the two acceptable detector outcomes
requires no correction, while the other requires a local single-qubit operation (a 90°
polarization rotation followed by a conditional 7 phase shift); accepting both raises the
success probability from 1/4 to 1/2. The price paid for this operation is that the control
photon is consumed in the process, hence the name destructive.

Finally, the quantum encoder is structurally identical to the parity check, but one
of its two inputs is now one half of a maximally entangled pair

oy L
‘¢ab>_\/§<|HaHb>+|Va%>)
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A successful detection event — with probability 1/2, including the feed-forward correc-
tion as above — post-selects the transformation

a|H)y + BV )y — a|HyHy) + B|VaVy)

that is, the value of the input qubit is copied onto the second output mode b while
being preserved in mode 2. This is not in tension with the no-cloning theorem, since
the operation does not clone an arbitrary unknown state for free: it consumes one half
of a pre-shared entangled pair as a resource.
Combining these elements yields a full, non-destructive CNOT (see Fig. 2.2): the quan-
tum encoder first duplicates the control qubit, sending one copy directly to the output
and the other into the destructive CNOT together with the target qubit. The overall
success probability is the product of the two stages:
111

psucc—§'§_17
requiring only a single two-photon entangled ancilla pair }¢:b .

A key physical ingredient throughout this scheme is “quantum erasure”: naively,

the photons reaching the detectors carry which-path information that would reveal the
polarization of the input qubits, destroying the coherence of any superposition state.
By measuring these detectors in the rotated F'S basis rather than HV', this information
is erased, because an F-polarized photon is an equal superposition of H and V', and its
detection therefore reveals nothing about the original qubit values. This is the mech-
anism that allows the gate to act coherently on arbitrary superposition inputs, rather
than merely on computational basis states.
The authors explicitly contrast this result with NS-based constructions of CZ, which re-
quire the same number of ancilla photons but achieve only p = 1/16 [5]. This highlight-
ing that a direct, dedicated network can outperform the NS-based modular approach
at equal resource cost, at the price of abandoning the asymptotic scalability that the
NS/teleportation architecture provides.

Experimental realization. The CNOT scheme proposed in Ref. [9] was experimen-
tally realized by Gasparoni et al, who reported the first demonstration of a CNOT gate
for independent photons satisfying the feed-forwardability criterion [12]. The exper-
iment implements only the passive version of the gate, without the local corrections
described above: both the quantum encoder and the destructive CNOT are operated
accepting only their primary detection outcome, each succeeding with probability 1/4
rather than 1/2. The overall theoretical success probability is therefore reduced from
1/4 to 1/16, further limited experimentally by a fidelity factor of ~ 0.79. Despite this
reduced rate, the authors verified correct CNOT operation on all logical basis inputs
and demonstrated the generation of entanglement from separable inputs, confirming
that the gate performs a genuinely coherent two-qubit operation rather than a classical
logic function.

2.3.2 CNOT with a single ancilla photon

Pittman, Fitch, Jacobs and Franson [11] addressed a practical limitation of the scheme
in [9]: the reliable generation of entangled ancilla pairs remained experimentally chal-
lenging. They proposed and demonstrated a simplified CNOT gate (Fig.2.3) in which
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Figure 2.3: Comparison of the two implementations of a CNOT gate using linear optics
and ancilla photons proposed by Pittman. On the left the gate proposed in Ref. [9], with
two entangled ancilla photons. On the right the gate proposed in Ref. [11], which requires
only one ancilla photon. PBS-1 and PBS-2 are polarizing beam splitters, with PBS-2 being
rotated by 45°. Original picture taken from Ref. [11].

the entangled ancilla pair of the quantum encoder is replaced by a single ancilla photon
prepared in the equal superposition \%(|O) 4 +11)4). This single photon, fed into the
upper beam splitter where a detector previously sat, still allows the value of the control
qubit to be copied onto the two output ports, reproducing the role of the entangled-pair
encoder with half the ancilla resources.

This simplification comes at a cost. With an entangled ancilla pair, the success of
the gate could be certified by measuring the ancilla photons alone, independently of
the logical qubits (feed-forwardability). With a single ancilla photon, the isomorphism
between the input and output Hilbert spaces requires that exactly one photon emerge
from each of the three output ports — ancilla, control, and target — a condition that,
without quantum non-demolition detectors, can only be verified by eventually detecting
the logical output qubits themselves. The gate therefore operates in the coincidence
basis, sacrificing feed-forwardability for a reduction in ancilla resources.

Explicitly, for an ancilla in \/Li(]m 4 +11)4) and an arbitrary two-photon control-

target state oy [0.0;) + as |0:1y) + as |1.0;) + ay |1.1¢), the output state takes the form

1
|1/}>out = m |0A> (al |OCOt> + g |001t> + a3 |1c]-t> + oy |1c0t> )+

1
—2 ’1A> (Oél |031t> + (0] |Ocot> + Qa3 |100t> -+ g |1c]-t> )+

2v/2

+§‘¢L>?

+

where |1, ) collects all amplitudes incompatible with the coincidence condition of one
photon in each of the three output modes.

The first term is precisely the CNOT transformation of the input, obtained with prob-
ability 1/8 upon detecting the ancilla in |0) ,. The second term corresponds to the
CNOT composed with an additional, unwanted bit flip on the target (0; <> 1;); condi-
tioned on detecting the ancilla in |1) ,, this outcome can in principle be corrected by
a feed-forward bit flip, raising the overall success probability from 1/8 to 1/4. In the
experimental demonstration briefly described in the following, this correction was not
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Figure 2.4: Experimental apparatus used to demonstrate the CNOT gate. Original picture
taken from Ref. [11].

implemented, and only the |0) , outcome was used.

Experimental realization. The experimental apparatus employed for the CNOT
demonstration is shown in Fig. 2.4. In the experiment, spontaneous parametric down-
conversion was used for producing the control and ancilla photons; the target photon
was instead obtained from a strongly attenuated portion of the original laser pulse.
All the three photons were combined at two polarizing beam splitters, with single-
mode fibres, narrow-band filters, and path-length tuning used to maximise their mutual
indistinguishability. Measuring all possible combinations of logical inputs {0,1}?, the
device reproduced the truth table of a CNOT gate up to technical errors of order 20%.
Feeding in a control qubit in the superposition \%(!O} + |1)) with the target in |0), the
output was found to be entangled, with a visibility of (61.5+7.4)% in the |¢™) Bell state.
This represented the first experimental demonstration of a CNOT gate for independent
photons, albeit in a non-scalable, single-ancilla, coincidence-basis configuration.

2.4 Probabilistic CNOT without ancilla photons

All the schemes discussed so far require ancilla photons — i.e., either an entangled pair
[9, 12] or a single prepared photon [11] — as a resource to mediate the effective photon—
photon interaction. A natural question is whether ancilla photons are strictly necessary,
or whether the two logical input photons alone, combined through a purely linear-optics
network, can already produce the desired CNOT transformation via postselection.

In fact, Ralph et al. proposed a CNOT gate constructed from a minimal circuit
architecture made of only five beam splitters and no ancilla photons [10], operating in
the coincidence basis with a maximum success probability of 1/9. This has represented
a ground-breaking result, as we will discuss, and it has been implemented in different
experimental configurations and set-ups.

Essentially, the proposed gate consists of five beam splitters arranged in the network
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Figure 2.5: Schematic representation of the circuit implementing the coincidence CNOT
gate according to Ralph et al. [10]. Dashed lines indicate the surface from which a sign
change occurs upon reflection. The control modes are cy and cy. The target modes are tg
and ty, respectively. Modes v. and v; are unoccupied ancillary modes. This picture is taken
from the original Ref. [10].

as schematically shown in Fig. 2.5: beam splitters By, Bs, and Bj have reflectivity
m = n2 = N5 = 1/3, respectively, while B3 and By have reflectivity n3 = n, = 1/2. All
beam splitters are assumed asymmetric in phase. Reflection off the bottom produces
the sign change, except for B; and By which have a sign change by reflection off the
top. So, the input-output relations (Heisenberg equations), between two input mode
operators (a;, and b, ) and the corresponding output operators (ay,: and b,y ), for the
B3, B4, B beam splitters have the form:

Qout = \/main + V 11— i bzn
bout v/ 1— i Qin — \/Ebzn (21)

For By, By beam splitters have the form:

Qout = _\/Eain + V 1— Uz bzn
bout =V 1- Ni Qin + \/Ebln (22)

where 7; is the reflectivity of the beam splitter, as already introduced in Chapter 1.

(077 : : Qout
bin i bout
The authors assumed polarizing qubits in dual-rail encoding. The control qubit is
encoded in the modes cy,cy and the target in tgy,ty; v. and v, are two additional
vacuum modes, unoccupied input ports of the beam splitters. We notice that the latter
should not be confused with ancilla photons: they require no additional photon source

or state preparation, and carry no resources beyond the two logical input photons
themselves.

Analytic derivation of the optimal beam splitting ratios. Let us now develop
the evolution of a general input within the scheme, using the beam splitting operations
parametrized in Egs. 2.1 and 2.2:
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(CHO =v/1—n1v.+ /ncH,
cvo=—+Mcy +V1—n(nsta +/1—1n3ty),
tio =v/Ma(\/1 — 2 cv + /Ta/N3tu + \/%ﬂtv)-k
+V1=m(Vnsv1 =03ty — /ns/istv + /1 —ns0r),
tvo :\/1 —774(\/1 —M2cy + M2/t + 2/ 1 — n3ty)—
X — V(s /1 = st — /s /Tty + /1 =05 0,)

To solve the system of coupled equations and to implement a CNOT transformation
whose success probability is independent of the input state, it is necessary to take into
account the following requirements.

e When the control is |H),, the mode ¢y is empty and must not mix with ¢y or ty.

e When the control is |V) , the mode ¢y must mix symmetrically with both ¢y and
ty to produce the swap ty <> ty,, namely the CNOT flip on the target.

e All four postselected amplitudes must have equal modulus, so that the gate acts
unitarily on the postselected subspace regardless of the input state.

e By construction, the gate treats the two target states ty and ty symmetrically;
therefore, the swap ty <> ty must occur with the same amplitude for both.

This last condition leads to n3 = ny = 1’ and to inspect the Heisenberg equation for ¢y,
because the coefficient of ¢ty and of ¢}, must be equal.
Therefore the system of equations reduces to:

(CHo:\/l_nlvc+\/mcHa
cvo=— ey + V1 =m0 te +/1—1'ty),
VIV =ny=/1T=m\/1-7,

tio =0 (V1= n2cv + Vi1t + i/ 1 — 1 tv)+
+ V1T =1 (V51 =0ty — Vst + /1 =15 00),

tvo :\/1_"7,(\/1_772CV+\/%\/WtH+\/%\/1—n’tv)—
\ — (Vs T =0ty — sty + /1= n5v)

Then, by postselection we only retain the terms in which exactly one photon is found
in each logical output port, with the vacuum modes v. and v, that are left empty. In
other words, for each state of the computational basis, given by the states {|HH), |HV),
|\VH), [VV)}, we take the combination of the output equations, expand the calculations
and keep only the amplitude of the combination of the desired input modes. Inspecting
these Heisenberg equations, the four postselected amplitudes are obtained as follows:
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\HH) — |HH) : n'/mnz + (1 —1')\/mins,
HV) = [HV) : 0'/mns + (1 —1')v/mng,

)
)
VH) = [VV) 2 = /(' (L= 1) = /(L =15 ) + (L= m2) 3/’ (1 =)
VV) = [VH) : = /(i (L= 1) = /(L= 1)ins) + (L =) /i (1 =)
If we want that all these four amplitudes be equal, we have to impose

n'vmne+1=0")vmns = 0'vmns+(1—n")vmne = V' (L —0') (/i +1—2m2) (2.3)

Combined with the condition on ¢y, : /11T — 12 = /1T —m2y/1 — 17/, we obtain the
following simplified system to solve:

VIV T=m=/1T—m/T-7
n'mnz + (1 —n')y/mns = n’\/nm5 + (1 —n')v/mn2 (2.4)
n Vs + (1= n Wz = /' (1 —=n0")(v/n2ms + 1 — 2n)

From the first equation, we immediately obtain that " = 1/2, which allows to straight-
forwardly simplify it from the other equations of the system, thus obtaining:

/—_
=3

Ve + Vs = s + /mne
VIns + mnz = /mens + 1 — 2mp

The second equation is an identity, which means that the original system of equations
does not possess a unique solution.

Indeed, in Sec. III of their paper, Ralph et al. write: "For simplicity we assume that
the beam splitters all came from the same ‘production run’ such that any deviation from
the optimal value is common/...]” [10]. Thus, they assume that B;, Bs, and Bj share
the same actual reflectivity value (n), rather than each carrying an independent error.
This choice is justified by the fact that beam splitters from the same production run
tend to exhibit systematic, correlated deviations from the nominal value rather than
uncorrelated errors, thereby reducing the model free parameters from five to two (7,
).

Hence, with this choice of n = 1/3,7 = 1/2, which clearly satisfies the system in
Eq. 2.5, they finally obtain Heisenberg equations of motion as:

(2.5)

( 1
CHo — ﬁ <\/§’UC + CH> s
1
cvo = —=(—cv +tu +ty),
< V3
1
tgo = —= (cy +tg + v
H \/§(V H t)
1
tvo = —=(cv +tv — ),
\ V3
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Calculation of the CNOT success probability Consider the general two-photon
input state

[9)in = (arclthy +asctl +aseltly +asclt], ) 10),

with Y. |o;[* = 1. Substituting the output operators from the Heisenberg equations
and expanding, the output state is a superposition of many terms corresponding to all
possible distributions of the two photons across the six output modes. The postselection
condition — exactly one photon in each of the two logical output ports, with the vacuum
modes v., v; empty — selects one term from each of the four input amplitudes.

For the term a4 c}rqt}{, substituting the output operators gives

Cirotho = 5 (VB ) (el + 1l +01)
of which the only postselected term is %thJ}{ 0) = 5 |HH).
For ay c%ti/:

CLOtLO = % (\/51)1 + CL) (cL + tL — vf) ;
giving postselected term % |HV).
For as thL:

1
ol th = 5 (—c{, +th +ti,) (cTV il 4 vj) .

Expanding and retaining only terms with one photon in ¢y and one in ¢y or ty (all other
modes empty),the terms —thL and +thL vanish (since CI/ and tL act on different
modes, they commute), leaving %thL 0) = 3 [VV).

Similarly for ay c{r/ﬂ/:

1
hotho =+ (=ch+th 1)) (e +th —of).

giving the postselected term (1/3) ¢l ¢l [0) = (1/3) |V H).
The full postselected output state is therefore

1
V) putcp = 3 (u|[HH) + ap |HV) + a3 [VV) +ag |[VH)) ,

which is precisely the CNOT transformation with control and target qubits preserved.
The success probability is the squared norm of this state,

Puwe = 5 (Jon? + laaf? + fasf? +]auf?) = 5.
where the last equality follows from the normalisation of the input state. The value 1/9
is thus input-state independent, a consequence of the equal-amplitude constraint that
fixed n = 1/3 in the first place. If we had set different values of 1y, 72,75, we would
have had a complicated probability calculation with final value dependent on «;, so not
constant.

We notice that the success probability of 1/9 is actually lower than the 1/4 achievable
with a two-photon ancilla [9], which reflects the cost of eliminating the ancilla photons
altogether. More importantly, this gate is fundamentally not feed-forwardable: since the
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coincidence condition that signals success requires detecting the logical output photons
themselves, the gate cannot be incorporated into a larger circuit without destroying the
qubits it is supposed to process.

In fact, this is a sublte point that deserves a targeted discussion. In fact, this CNOT is
unsuitable for scalable quantum computation in the KLM sense due the reason above.
However, it may be well suited as a Bell-state analyzer: by adding a 50:50 beam splitter
to the control output, and then measuring in the superposition basis, the gate can
distinguish all four Bell states, with direct applications in quantum communication
protocols such as quantum teleportation and entanglement-based cryptography. We
notice that the authors also analyse the sensitivity of the gate to imperfections of
the beam splitting elements, concluding that error rates below 1% are realistic with
state-of-the art beam splitter technology, while mode-matching errors are the dominant
experimental limitation.

2.4.1 Experimental realizations: CNOT without ancilla pho-
tons

The scheme proposed by Ralph et al. to achieve a probabilistic CNOT gate without
the use of any additional ancilla photons other than the ones required for encoding
information into the control and target qubits has been realized in different technological
versions. Here we report the main achievements in this sense.

Free photon realization (2003). A first implementation proposal of the CNOT
gate without ancilla photons, following exactly the scheme introduced above, was made
in 2003 by J. O’Brien et al. [13]. The experimental setup is built around an inherently
stable interferometer that maps the conceptual CNOT scheme of Fig. 2.6 directly onto
a polarization-encoding architecture. It is worth noting that this entire apparatus is
implemented in free space (bulk optics): the photons propagate through air, and the
interferometer is built from discrete waveplates and beam splitters mounted on an
optical table, rather than being inscribed as waveguides on a monolithic chip.

Pairs of energy-degenerate photons, generated via beam-like spontaneous parametric
down-conversion and collected into single-mode fibers, are launched from the left of the
apparatus (see Fig. 2.6). Each input beam passes through a half-wave plate (HWP)
and quarter-wave plate (QWP), allowing any pure, separable two-qubit input state
to be prepared. The horizontal and vertical polarization components of the control
and target qubits are split and recombined using polarizing beam splitters (PBSs),
producing parallel, displaced output modes; this design is intrinsically stable against
the sub-wavelength path-length fluctuations that would otherwise plague such a scheme.
The target interferometer is realized by mixing and recombining the logical basis modes
while the target qubit remains polarization-encoded, using a HWP set to rotate the
polarization by 45°, which acts as a Hadamard gate equally mixing the two polarization
modes. The action of all three 1/3 beam splitters required by the conceptual scheme is
realized by a single 1/3 HWP: the ¢; and ¢ty components, orthogonally polarized, exit the
first PBS in the same spatial mode and are unequally mixed at this waveplate, where the
necessary two-photon quantum interference occurs because the photons become only
partially distinguishable after the second PBS. The orientation of this waveplate is
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Figure 2.6: A schematic representation of the experimental setup implementing the CNOT
gate proposed in Ref. [10]. (a) Conceptual scheme of the gate, as described in the text. A sign
change (m-phase shift) occurs upon reflection off the green side of the beam splitters (BSs).
b) A polarization encoded photonic qubit can be converted into a spatially encoded qubit,
suitable for the gate shown in (a), using a polarizing beam splitter (PBS) and a half-wave
plate (HWP) set to rotate the polarization of one of the outputs by 90°. ¢) A schematic of
the experimental CNOT gate. Original picture taken from Ref. [13].

chosen both to achieve the required interference and to correctly recombine the control
and target modes at the second PBS, while routing % of the unwanted components into
beam dumps to balance the gate. A fixed HWP is included in the control arm to correct
a residual phase shift.

Finally, the two output modes are polarization-analyzed using an automated quan-
tum state tomography system. A coincidence count, simultaneous detection of a single
photon at each output, signals successful (heralded) operation of the gate. In the logi-
cal basis the gate operates with an average success of 84%, as reported in Fig. 2.7a for
completeness. Combined with QND measurement, the CNOT gate demonstrated here
is equivalent to the KLM CNOT gate [5] and could, in principle, be rendered scalable
through the same teleportation protocol. As such, it actually constituted the first ex-
perimental indication that all-optical quantum computation using single-photon qubits
could indeed feasible.

Integrated photonics realization (2008). High-visibility quantum interference re-
quires excellent spatial overlap of the optical modes at a beam splitter, demanding
precise mode alignment, while high-visibility classical interference additionally requires
sub-wavelength stability of the optical path lengths, often calling for elaborate, care-
fully stabilized interferometers. Together with photon loss, this interference visibility
represents the dominant factor limiting the performance of optical quantum circuits.

Hence, a possible technological solution to these problems is integrated photonics. Light
is confined within waveguides, each consisting of a core surrounded by a cladding of
slightly lower refractive index (analogously to guided electromagnetic signals in optical
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(a) Experimental demonstration of CNOT operation in the logical basis. a) Ideal
logical basis operation of a CNOT gate; b) Measured operation for the gate pre-
sented in Ref. [13].

Table 1 Experimentally determined probabilities for the logical basis operation

J”DUHCD 'Dloos Plcm le) P|m
|OO} 0.95( ) 0. 023(3) 0. 024(3} 0. 0005(5)
[01) 0.031(3) 0.94(2) 0.0019(8) 0.022(3)
|10) 0.005(1) 0.011(2) 0.23(9) 0.75(2)

[11) O O‘I ‘l (2) 0.0005(1) 0.72(2) 0.26(1)

(b) Experimental data (corresponding to the ones plotted in the figure above on
the right), as taken from the original Ref. [13].

Figure 2.7: All the pictures, data, and table shown in this Figure have been taken from the
original reference [13].

fibers). These devices are typically fabricated on semiconductor substrates. Through
appropriate choice of the core and cladding dimensions, as well as of their refractive
index contrast, such waveguides can be designed to support a single transverse mode
over a given wavelength range. Beam-splitter-like coupling between two waveguides is
achieved by bringing them close enough together that their evanescent fields overlap, a
configuration known as a directional coupler, as shown in Fig. 2.8a(a). The fraction of
light transferred from one waveguide to the other, i.e.; the coupling ratio 1 — n, with n
playing the role of beam-splitter reflectivity, can be precisely tuned by lithographically
setting the separation between the waveguides and the length of the coupling region.
A realization of this type of device was made in 2008 by Politi et al. in glass ma-
terial [14], which explicitly mimics the bulk optics realization previously made by J.
O’Brien et al. in Ref. [13]. High-fidelity silica-on-silicon integrated optical realizations
of various quantum photonic circuits have been demonstrated in Ref. [14], including
a CNOT gate with an average logical basis fidelity of 94.3 & 0.2%, showing that it is
possible to implement sophisticated photonic quantum circuits onto a silicon chip.
The material platform was chosen to satisfy three requirements: i) low optical loss at
A ~ 800 nm, where commercial silicon avalanche photodiode SPCMs are near peak
efficiency; 1) a refractive index contrast A enabling single-mode operation for waveg-
uide dimensions comparable to standard single-mode fiber cores (4-5 pm), for good



2.4. PROBABILISTIC CNOT WITHOUT ANCILLA PHOTONS 53

(a) Silica-on-silicon integrated quantum
photonic circuits. (a) A directional cou-
pler, which can be used as the build-
ing block for integrated photonic quan-
tum circuits by replacing the bulk BS. (b)
The modeled transverse intensity profile
of the guided mode superimposed on the
waveguide structure. (c) Design of the
integrated two-photon CNOT quantum (b) Ideal and measured truth tables for
logic gate. the CNOT gate realized by Politi et al.

Figure 2.8: All the pictures, data, and table shown in this Figure have been taken from the
original reference [14].

fiber coupling; i) and compatibility with standard optical lithography. Silica (SiO),
doped to control its refractive index and grown on a silicon substrate, best met these
criteria. A contrast of A = 0.5% was selected to give single-mode operation at 804 nm
for 3.5 x 3.5 pm waveguides, providing moderate mode confinement that minimizes
sensitivity to fabrication and modeling imperfections, as shown in Fig. 2.8a(b).

The chips were fabricated starting from a 4-inch silicon wafer: a 16-pum thermally
grown undoped silica buffer layer, followed by flame hydrolysis deposition of a 3.5-um
germanium- and boron-doped silica core, patterned into waveguides by standard lithog-
raphy, and finally overgrown with a 16-pum phosphorus- and boron-doped silica cladding
index-matched to the buffer. The wafer was then diced into individual chips, some of
which were polished to improve fiber coupling.

Degenerate photon pairs at 804 nm were generated by type-I spontaneous parametric
down-conversion in a beta-barium borate crystal pumped by a 402-nm continuous-wave
diode laser, collected into polarization-maintaining fibers, and filtered with 2-nm inter-
ference filters to ensure spectral indistinguishability. Photons were launched into the
chip and collected via fiber arrays butt-coupled to the waveguides with index-matching
fluid, achieving an overall coupling efficiency of ~ 60%.

The integrated CNOT gate implemented on-chip, as shown in Fig. 2.8a(c), consists of
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two 1/2 couplers and three 1/3 couplers (the same as in theoretical scheme of Ralph
et al. [10]). As in the bulk-optics case [13], successful (heralded) operation occurs with
probability 1/9, signaled by detection of a photon at both the control and target out-
puts. For the nominal device (1,2 = 0.5, 7173 = 0.33), the four computational basis
states [0) [0)7, [0)e [1) g, [1)c [0)7, |1) o [1)4 were input and the output probabilities
measured, yielding peak values of 98.5% for the |0), inputs and an average logical basis
fidelity of ' = 94.3 + 0.2% (see Fig.2.8b).

Several CNOT devices with 1/2 couplers ranging from 7, = 0.4 to 0.6 (and corre-
spondingly scaled 1/3 couplers) were also fabricated on the same chip; their fidelities
were found to be lower than that of the nominal device, consistent with deviation from
the ideal coupling ratios. This high fidelity for the |0), inputs reflects the subwave-
length phase stability inherent to the monolithic waveguide architecture, in contrast to
the bulk-optics implementation, where such stability must be actively engineered.

Summary

This chapter brought together the KLM protocol, the theoretical bounds that followed
from it, and the various dedicated constructions of a linear-optical CNOT gate, ending
with two experimental realizations of the same ancilla-free scheme originally proposed
by Ralph et al. [10]: first, J. O’Brien’s bulk-optics implementation, and then A. Politi’s
integrated version on a silicon chip. Comparing all these works makes a point that will
come up again: getting high-fidelity, stable interference between photons is at least as
much an engineering problem as a theoretical one.

In the next chapter, we will examine two further approaches that have been recently
proposed to implement a linear-optical CNOT gate: a deterministic, modular scheme
built from cascaded directional-coupler blocks, and a probabilistic scheme based on
continuous-time quantum walks. Together, these two case studies illustrate the trade-
off between determinism and architectural simplicity, which will be the starting point
of our original thesis work.



Chapter 3

Nonlinear quantum walks and
interferometers

In this third Chapter, we discuss two recent and conceptually distinct approaches
proposing the implementation of two-qubit gates in photonic systems, which consti-
tute the starting point of the original work presented in this thesis.

The first proposal exploits correlated quantum walks in waveguide lattices: two indistin-
guishable photons propagating through a one-dimensional array of coupled waveguides
develop non-classical spatial correlations that can be shaped, through a suitable choice
of the lattice parameters, to implement probabilistic quantum logic with a physically
compact and simple design [15].

The second approach goes in a different direction: by introducing a distributed self-Kerr
nonlinearity in a photonic interferometer, it is shown that fully deterministic two-qubit
gates with fidelities arbitrarily close to 100% can be achieved, thus overcoming the
fundamental limitations of linear optics for quantum computing applications. However,
this result relies on a multi-block concatenated architecture, which raises questions
about practical scalability [17].

Hence, the natural question that motivates our work is whether the relative simplic-
ity of the quantum walk architecture and the power of nonlinear interactions can be
somehow combined to achieve better performance in a realistically attainable platform.

3.1 Quantum walks and probabilistic two-qubit gate

The concept of a quantum random walk was introduced by Aharonov, Davidovich
and Zagury in 1993 as the quantum-mechanical counterpart of the classical random
walk [64]. As a reminder, we notice that in a classical random walk, a particle steps left
or right at each iteration according to fixed probabilities. In its quantum version, this
rule is replaced by probability amplitudes: before any measurement is performed, the
particle exists in a superposition of both directions, and these amplitudes can interfere.
This is made possible by coupling the spatial motion of the particle to an auxiliary
two-level system, which plays the role of a quantum coin. A single step of the walk is
implemented by a unitary operator that displaces the particle to the right if the coin is
in state |1}, and to the left if it is in state |]). As long as the coin is not measured, the
two displacements coexist coherently and interfere. In the discrete-time formulation,

95
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the walker occupies one of a discrete set of sites {...,—1,0,1,...} on a line, and one
step of the walk is the composition of a coin-flip C followed by a conditional shift S.
If the coin is measured after every iteration, the process reduces to an ordinary classi-
cal random walk. A genuine quantum walk is instead obtained by iterating C' and S
without any intermediate measurement, allowing amplitudes associated with different
paths to interfere coherently. The result is a variance that grows quadratically with the
number of steps, 02 ~ T2, corresponding to a ballistic rather than diffusive propagation
(a striking departure from the classical case where o ~ T [65]).

Quantum walks in waveguide lattices The discrete-time quantum walk on a line
has a direct physical realization in integrated photonics: a lattice of evanescently cou-
pled waveguides. In this system, each waveguide corresponds to one lattice site, the
evanescent coupling between adjacent guides plays the role of the coin-and-shift oper-
ation, and the propagation of light along the length of the chip plays the role of time.
No active control is required at each step: the entire walk is encoded in the static
geometry of the device, and the number of steps is fixed by the physical length of the
chip. This equivalence between the quantum walk formalism and light propagation in
waveguide lattices was demonstrated experimentally by Perets, Lahini et al. [66], thus
establishing that the waveguide lattice is a natural and scalable platform for quantum
walk experiments.

In a waveguide lattice, the longitudinal direction (along the chip length) plays the role
of time, while the transverse direction (from one waveguide to the adjacent one) plays
the role of the discrete spatial coordinate of the walk. As light propagates forward
along the chip, the evanescent coupling between neighbouring guides continuously re-
distributes the amplitude across the lattice, implementing one step of the walk at each
incremental propagation length.

However, when a single photon propagates through such a lattice, its statistics can still
be reproduced by a classical electromagnetic wave: no genuinely quantum resource is
required [67]. The situation changes when two indistinguishable photons are injected
into the same lattice. In that case, the joint evolution of the two walkers develops
correlations that depend directly on the bosonic statistics of the photons, and these
correlations have no classical analogue [67, 68]. This is the photonic analogue of the
Hong-Ou-Mandel effect (see Sec. 1.3.3), extended from a single beam splitter to an
entire lattice of coupled waveguides evolving over many steps: the result is a rich spa-
tial correlation structure in the joint probability distribution of the two photons at the
output of the chip.

It is precisely this two-photon interference in a waveguide lattice that Lahini et al.
conceptually exploit to implement a quantum logic gate [15]. By encoding logical qubit
states in the positions of two indistinguishable photons propagating through a one-
dimensional waveguide array, and by post-selecting on specific coincidence outcomes at
the output (the states of the logical base), they show that the natural evolution of the
correlated quantum walk implements a probabilistic two-qubit gate.

3.1.1 Probabilistic CNOT gate in linear quantum walks

The starting point of the construction is the Bose-Hubbard Hamiltonian, which governs
the dynamics of both physical platforms considered in this work, and can be generally



3.1. QUANTUM WALKS AND PROBABILISTIC TWO-QUBIT GATE o7

(a) |0) (b) Single qubit gate

Figure 3.1: Quantum-walk-based quantum logic gates for cold atoms and for photons. In
atomic implementations, each well represents an atomic trap potential. a) A qubit in the
state |0). b) Implementation of a single-qubit gate. ¢) Schematic of a two-qubit system on a
lattice. Picture taken from the original Ref. [15].

formulated as:

| =

H = Z Enal an, + Z J(al a1 + ajnﬂam) + Z al am(al apm —1),  (3.1)

in which

e in the atomic case: F,, is the on-site energy of the m-site; al ,a,, are the
creation/annihilation operators for an atom; J,,, < 0 is the tunnelling rate between
the nearest-neighbour sites; I' is the on-site interaction energy, this value is usually
nonzero and can be adjusted experimentally.

e in the photonic case: FE,, is the on-site energy determined by the index of
refraction of the m-site (one-dimensional waveguide); af , a,, are the creation/an-
nihilation operators for a single photon quantum in the m-th waveguide; J,,, <0
is the tunnelling rate between the nearest sites; I' is the on-site photon-photon
interaction energy (in the linear photonic case, I' = 0).

The continuous-time QW is described by the unitary evolution under the Hamiltonian
described by Ujtomic = e ' for the atomic system, and by Uppotonic = €~ % for the
photonic system.

To define the qubits on the lattice, the usual dual-rail encoding is employed, as already
introduced in Chapter 1: a qubit is physically implemented by a single boson in a
pair of neighbouring potential wells (see, e.g., Fig. 3.1), with the logical basis states
of the single qubit, |0) and [1), defined by the particle being in the left or right well,
respectively. With this implementation, a system of n qubits can be realized in one
dimension using n bosons and N = 2n lattice sites.

The central challenge is an inverse problem: while it is straightforward to compute
the unitary evolution operator U = e~*#* from a given set of lattice parameters, the
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Figure 3.2: Schematic representation of a quantum-walk-based photonic CNOT gate. Pic-
ture taken from the original Ref. [15].

converse calculation — i.e., finding the Hamiltonian H that realizes a desired logical
gate — is far from trivial. There is no analytic inverse to the matrix exponential, the
physical constraints of the device (one-dimensionality, nearest-neighboor coupling, real
tunnelling coefficients) severely restrict the space of admissible solutions, and the logical
states span only a subspace of the full Hilbert space, leaving U not even uniquely defined
by the target gate. Lahini et al. have addressed this difficulty through a combined
analytical and numerical approach, optimizing the lattice parameters via nonlinear
algorithms to maximize the gate fidelity over the universal set given by {single-qubit
rotations, CNOT}.

In this approach, single-qubit gates are implemented analytically: since they involve
only one particle in two sites, the interaction I' is irrelevant and the lattice parameter
matrix Hgingle—particte coincides directly with the single-particle Hamiltonian.

El J12
Hsinglefparticle = (J12 E2>

The desired gate is then obtained as U = e~ #Hsingie—particte with the on-site energies and
tunneling coefficient tuned to reproduce the target transformation.

As we have already mentioned, a universal gate set for quantum computation includes
the CNOT, together with all single-qubit unitaries (see, e.g., Chapter 1). For the
two-qubit gates, the authors found the lattice parameters via numerical optimization,
by using a combination of a stochastic global search algorithm and a gradient-free
local optimizer. The gate fidelity is defined through the Hilbert-Schmidt inner product
between the target unitary, Uy (i.e., the theoretical CNOT gate) and the optimized
unitary U, restricted to the logical subspace of dimension N = 4:

F(ULU) = |Ua, U)], (U, U) = 02 (3.2)
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Figure 3.3: Fidelity of the photonic CNOT gate as a function of success probability. The
Fidelity peaks at 1 for success probability of 1/9. Picture from [15].

which can be interpreted as a lower bound on the average gate fidelity. The cost function
minimized at each optimization step is 1 — F'? rather than 1 — F, which was found to
yield superior convergence, as the local optimizer assumes a quadratic cost function.
An additional penalty term sin(arg(u;))” is included to fix the global phase of U to
match that of Uy, without affecting the fidelity.

CNOT gate by optimizing non-interacting QWs.

The non-interacting case (I' = 0) corresponds to indistinguishable photons propagat-
ing in a waveguide lattice, where no effective photon-photon interaction is available.
As discussed in Chapter 1, the absence of interactions forces any linear-optical gate
to be probabilistic: the device can only implement the desired logical transformation
on a subset of the output events, identified by post-selection on specific coincidence
outcomes. The authors therefore allow for additional auxiliary (vacuum) sites beyond
the four sites required to encode two qubits, extending the lattice to n sites with n — 1
coupling coefficients, and optimize simultaneously over gate fidelity and success proba-
bility. Given the result of Ralph et al. [10], the starting configuration to be optimized by
Lahini et al. is a six-waveguide device, in which only the central four devices constitute
the computational basis states, and are initialized with two single-photons at the input
(see Fig. 3.2 for a schematic illustration).

The key result from the optimization of the linear QW is shown in Fig. 3.3: a 100%
fidelity CNOT gate exists at a success probability of exactly 1/9, saturating the bound
derived by Ralph et al. [10] for linear-optical CNOT gates in the coincidence basis. This
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Figure 3.4: A quantum-walk-based photonic CNOT gate. a), b) The real and imaginary
values of the relevant sub-matrix of the two-particle unitary generated by the Hamiltonian in
Eq.3.1, yielding a photonic CNOT gate with success probability of 1/9. Plots ¢)-f) show the
photon amplitudes as a function of time.Picture from [15].

is achieved on a six-site lattice with optimal Hamiltonian parameters obtained as:

0 —1.27 0 0 0 0
—-1.27 —-0.73 0 0 0 0
0 0 —0.67 —0.51 0 0
Hopt = 0 0 -0.51 0.01 -1.69 0 ’ (3.3)
0 0 0 —-1.69 —-1.01 -0.52
0 0 0 0 -0.52 —1.67

where the diagonal entries represent the on-site (dimensionless) energies, E,,, the off-
diagonal entries are the nearest-neighbour (dimensionless) tunnelling coefficients J,, ;,
and sites 1 and 6 are the two auxiliary vacuum sites.

Crucially, all waveguides are straight and parallel one-dimensional channels (see Fig. 3.2),
requiring no complicated designs for tapers and bends, which is in contrast to the beam
splitters-based architecture of previous implementations (e.g., Ref. [14]. In fact, bent
waveguides may introduce additional propagation losses, which is detrimental for the
overall fidelity of the gates, of course. Interestingly, the QW architecture thus optimized
reaches the same fundamental bound predicted by Ralph et al., but in a significantly
simpler and more compact physical design.

Figures 3.4(a,b) show the real and imaginary parts of the relevant 4 x 4 sub-matrix
of the whole unitary evolution matrix, U, confirming the correct CNOT structure on
the logical basis, while the bottom panels in Fig. 3.4(c-f) display the photon amplitude
evolution along the one-dimensional QW for each logical input state. As an additional
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Figure 3.5: Optimization of the deterministic CNOT gate fidelity.a) Convergence of different
optimization runs to the optimal gate fidelity. The solid black line and the shaded area
represents the average and the standard deviation values over 512 runs. Seven example runs
are shown in the background (dotted lines). b) Gate fidelity versus the maximum allowed
interaction level T'y,q., at a constant Jy,., = 47. c¢) Gate fidelity for different maximal
tunneling rates Jyqe at a constant maximal interaction level of I'y,q, = 207. Original picture
taken from Ref. [15].

feature emerging from Fig 3.3, we notice that the fidelity remains close to unity up
to success probabilities of approximately 2/9, suggesting a possible trade-off between
single-gate fidelity and heralding efficiency that could be exploited in practical imple-
mentations.

Deterministic CNOT gate using strongly interacting QWs.

For the interacting case (i.e., I' # 0), which in practical implementations may cor-
respond to ultra-cold bosonic atoms in an optical lattice, the CNOT gate is realized
on a four-site lattice with two bosons, whose full Hilbert space has dimension 10. In
this case, the system is described by eight free parameters: four on-site energies FE,,,
three nearest-neighbor tunneling coefficients .J; ,,, and the on-site interaction strength
I', optimized numerically under physically motivated bounds:

Jl,m € [_Jmaxao] ’Em| S Jmax r S Fmax

with Jpae = 47 limiting the maximum number of tunnelling events during the gate op-
eration. The CNOT acts as a 4 x 4 sub-matrix of the full evolution operator U = e,
restricted to the logical states {|1010),]1001),|0110),]|0101)} in occupation-number
basis.

The optimization reported from the authors robustly converges across independent runs
to a gate fidelity of 99.6%, with interaction strength I' = 21.687 (which is a really high
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Figure 3.6: a) The real part and b)the imaginary part of the two-particle unitary transform,
U. The CNOT gate operation corresponds to the sub-matrix of the logic states, shown in solid-
color bars and marked with red axis labels.Picture from [15].

value, unrealistic in photonic implementations). Although, Fig. 3.5 shows that the
fidelity approaches unity as I',.c and Jyn. are relaxed, confirming that the residual
infidelity is a consequence of the experimental bounds rather than a fundamental limi-
tation of the architecture. The optimal CNOT gate is shown in Fig. 3.6, which clearly
shows that the gate is deterministic within the four-dimensional space spanned by the
computational basis states.

Remarkably, the results from Lahini et al. demonstrate that one-dimensional quan-

tum walks are a surprisingly powerful substrate for quantum logic: a minimal physical
resource suffices to realize a complete universal gate set. In the photonic case, the
waveguide architecture achieves the fundamental 1/9 success probability bound with a
design that is significantly simpler and more compact than previous beam splitter-based
implementations. In the strongly interacting case, the on-site interaction I' unlocks
deterministic operation, yielding fidelities above 99% with experimentally accessible
parameters in atomic platforms, but rather unrealistic if one has integrated photonic
implementations in mind.
On the other hand, the photonic gates remain intrinsically probabilistic, inheriting all
the scalability challenges of linear-optical quantum computing discussed in Chapter
2. The deterministic interacting case, while conceptually powerful, requires ultra-cold
atomic systems with single-site resolution and tunable interactions, which are experi-
mentally demanding.

3.1.2 Experimental realization with non-interacting QWs.

It is very interesting to highlight a recent work from the literature, in which the the-
oretical proposal from Lahini et al. has been experimentally realized in an integrated
photonic platform. In particular, Chapman et al. [16] have fabricated six-waveguide
QW array in a lithium niobate-on-insulator (LNOI) material platform, exactly fulfill-
ing the optimal CNOT parameters found in Ref. [15]. The choice for LNOI is motivated
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Figure 3.7: Experimental setup from Chapman et al.: Orthogonally polarized photon-
pairs are generated by type-2 spontaneous parametric down-conversion in a 2 mm thick beta
barium borate (BBO) crystal and the pump is filtered with a longpass filter (LPF) and
the photons with a 12 nm bandpass filter (BPF). The photons are coupled to polarization
maintaining fiber (PMF) and separated with a polarizing beamsplitter (PBS) where one fiber
pigtail is rotated such that both photons have the same output polarization. The photons are
injected into optical delay lines (ODLs) to compensate for fiber length mismatch and fiber
birefringence, and are coupled to the QW-CNOT chip with a fiber array positioned above
on-chip grating couplers. After the QW, the photons are collected in fiber and measured with
superconducting nanowire single photon detectors (SNSPDs). The arrival times are recorded
with a time correlator (TC). Polarization controllers are used to maximize the efficiency of
the SNSPDs. Original picture of the experimental table is taken from Ref. [16].

by its broad transparency range, low propagation losses, and large electro-optic and y
nonlinear coefficients, making it a leading technology for integrated quantum photonics.
The tight-binding Hamiltonian of Eq. 3.1 is engineered directly in the waveguide ge-
ometry: the on-site energies, E; = [; = 2mnes; /A, are controlled via the individual
waveguide widths, while the nearest-neighbour coupling rates, J;; = k;, are due to
evanescent coupling and set by the waveguide separations. The target Hamiltonian-
length product, HL, is matched to the matrix in Eq.3.3 over a total array length of
L =700 um, yielding a device footprint of 700 ym x 65 pm.

Indistinguishable photon pairs at 1550 nm are generated via type-2 spontaneous
parametric down-conversion (SPDC) in a beta-barium borate crystal. The experimen-
tal setup is shown in Fig. 3.7: photons are separated by polarization, routed through
motorized optical delay lines to match their arrival times, and injected into the chip
via grating couplers. Coincidence measurements are performed with superconducting
nanowire single-photon detectors. The indistinguishability of the photon source is ver-
ified through a Hong-Ou-Mandel dip with 94.6% visibility.

The central result of this work is the measurement of the two-qubit transfer matrix,
shown in Fig. 3.8. When the two photons arrive with a time delay 7 # 0, no quantum
interference occurs and the device behaves classically, with a transfer matrix fidelity of
0.994£0.001 relative to the theoretical model. When the photons arrive simultaneously
(7 = 0), quantum interference is activated and the CNOT operation is implemented,
yielding a two-qubit transfer matrix fidelity of 0.938 & 0.003. The gap between these
two values is attributed to the finite bandwidth of the SPDC source (12nm), which
introduces chromatic dispersion in the fibers and waveguides and reduces the visibility
of two-photon interference. The fidelity between the simulation — constructed from the
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Theoretical (ideal) Simulation Experiment

Pre ibability

Figure 3.8: Two-qubit transfer matrix measured from Chapman et al. (a)-(c) The theo-
retical (ideal), simulated and experimentally measured two-qubit transfer matrix when the
photons arrive with a time separation 7. In this regime, the photons do not quantum interfere.
(d)-(f) The theoretical (ideal), simulated and experimental two-qubit transfer matrix with
indistinguishable photons that arrive with zero time delay. Picture taken from Ref. [16].

classically characterized Hamiltonian — and the experiment is 0.98540.002, confirming
that the main source of infidelity is the photon source rather than the device itself.

It is worth highlighting that these results constitute the first experimental demon-
stration of a quantum logic gate realized in a continuous-time photonic quantum walk,
confirming the theoretical predictions of Lahini et al. in an actual integrated device.
The key achievement is that the compact multi-mode interaction region of the waveg-
uide array replaces the network of five individual beamsplitters required by the tradi-
tional linear-optical CNOT architecture, with no on-chip routing and no bent waveg-
uides. The measured two-qubit transfer matrix fidelity of 0.938 £ 0.003 demonstrates
that the QW architecture is a viable and compact platform for photonic quantum
logic. At the same time, the gate remains intrinsically probabilistic, operating with
a success probability of 1/9: a fundamental bound of linear optics that no engineer-
ing improvement can overcome. This limitation motivates the search for architectures
that go beyond linear optics, introducing nonlinear interactions to achieve deterministic
two-qubit gates.

3.2 Quantum nonlinear interferometers and deter-
ministic two-qubit gates

Before turning our discussion to the papers that are central to this Chapter [69, 17], it
is essential to first define the self-Kerr nonlinearity [70, 71], and understand why it is
relevant in photonics.

In conventional classical electro-optical processes, the polarization, P of a dielectric
medium induced by an applied electric field, E, is linearly proportional to its strength,
i.e., P = exE, where ¢ is the vacuum permittivity and y = (! is the linear suscep-
tibility of the medium, which can be treated as a scalar for linear, homogeneous, and
isotropic dielectric media.
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For a sufficiently strong field, this linear relation no longer holds, and the induced
polarization must be generalized to

P=c¢ (xVE+x?E-E+\xPEPE+...), (3.4)

in which y® and x® are the second- and third-order nonlinear susceptibilities, re-
spectively (still in scalar approximation, also for the higher order susceptibility con-
tributions). As is typical for nonlinear-optics effects, a clear manifestation of these
higher-order terms generally requires high light intensities.
The Kerr effect arises from the third-order term in Eq. (3.4), which is the dominant
nonlinear effect when the y(® susceptibility can be neglected (such as, e.g., in cen-
trosymmetric crystals): the field experiences an intensity-dependent phase shift, so
that the medium behaves as having a refractive index proportional to the field intensity
|E|?, i.e., n = ng + n»I, as already introduced in Chapter 1, Sec. 1.3.2. The coupling
X appearing in the quantum-mechanical treatment below is proportional to this same
third-order susceptibility, and hence to ns. The self-Kerr nonlinearity is the special case
of this effect, in which a single mode interacts with itself.
Unlike many nonlinear optical phenomena, the self-Kerr, cross-Kerr, and Pockels effects
do not change the number of excitations in a mode. Instead, they modify the resonance
frequency of a mode a. In the self-Kerr effect, the frequency shift is produced by the
field in the same mode. In the Pockels effect, the frequency shift is proportional to
the amplitude of a second field, (b+ b'). In the cross-Kerr effect, the frequency shift is
instead proportional to the photon number of a second mode, b'b. All these effects can
be described at the Hamiltonian level by quantizing the electromagnetic field, and then
applying the nonlinear response as in Eq. 3.4, from which the three main contributions
arise as

HK = XK(CLT(J/>2,

Hex = Xex a'ab'd, (3.5)

Hp=yxpaa (b+ by,
which describe the self-Kerr, the cross-Kerr, and the Pockels interactions, respectively,
and where y; gives the strength of the corresponding nonlinear interaction energy. As
discussed in Chapter 1 (see, in particular, Sec. 1.3.2), it is precisely H.x that underlies
the Kerr-mediated CZ gate at the core of the original KLM proposal.

Self-Kerr effect. Focusing on the self-Kerr term, for a single bosonic mode with
[a,a’] = 1, the unitary generated by Hx over a duration ¢ is

U(t) _ eixt a*a*aa’

where we identify x = xg. It is convenient to define the dimensionless parameter
6 = xt, which will be used throughout the rest of this section. Restricting to the
two-photon level, the unitary acts on the Fock basis as

al0)+ B11) +7[2) — al0)+B[1) +ve*|2),

where 26 is the phase shift acquired by the two-photon component.

Single-photon states are left unaffected, while the two-photon component accumulates a
phase proportional to the nonlinearity strength and the propagation time. It is precisely
this selective phase shift on two-photon states that constitutes the key resource exploited
by Scala et al. [17] to generate entanglement between photonic qubits.
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3.2.1 Deterministic entangling gates in Kerr-nonlinear inter-
ferometers

The theoretical framework underlying the work of Scala et al. [17] was introduced
in a preceding paper by Nigro et al. [69], which first analyzed integrated circuits of
propagating exciton-polaritons, as a platform for nonlinear quantum photonic gates.
Polaritons are hybrid light-matter quasiparticles characterized by an intrinsically large
Kerr-type nonlinearity and the Hamiltonian model describing their propagation in two
co-directional evanescently coupled waveguides reads as

H =3 (Hi + HY) + J(x) |albe + blag] (3.6)

where HJ = wkalak + Fk(olt)Qai describes the single-waveguide Hamiltonian including
the two-body interaction energy I'y, and J(z) is the space-dependent evanescent cou-
pling between the two channels.

A key insight of the paper [69] is that the two-polariton dynamics can be mapped exactly
onto that of a driven two-level atom, with nonlinearity ['y acting as a detuning and the
hopping J as an effective Rabi frequency. This atom-polariton correspondence reveals
that even weak nonlinearities (I'y/J < 1) can have a significant effect on the output
two-photon correlations, provided the circuit geometry is appropriately designed.

The most direct physical consequence of this nonlinearity is a modification of the Hong-
Ou-Mandel (HOM) effect: in a standard linear beamsplitter, two indistinguishable
bosons always bunch at the output. In the presence of polariton interactions, how-
ever, the on-site repulsion suppresses the probability of two polaritons occupying the
same channel, progressively destroying the HOM dip and driving the system towards
an anti-bunching regime in the strongly interacting limit I'y > J. It is precisely this
competition between hopping and nonlinearity, and the nontrivial two-photon phase
shifts it generates, that Scala et al. [17] identify as the key physical mechanism for
building deterministic entangling gates. However, the encoding assumed in [69] is of
the single-rail type, in which the logical states |0) and |1) correspond to the absence
or presence of a photon in a single waveguide channel. As pointed out in [17], un-
avoidable photon bunching severely hinders the application of single-rail encoding for
optical quantum computing, motivating the transition to the dual-rail scheme already
discussed in the context of Lahini et al. [15].

These considerations directly motivate the work of Scala et al. [17], which builds on
the polariton framework of Nigro et al. [69] while moving to a more general and ex-
perimentally flexible setting. They propose a quantum computing paradigm based on
dual-rail encoded photonic qubits propagating in nonlinear interferometers, without
any restriction to a specific material platform. The central result is that a suitable
concatenation of a finite number of elementary interferometric blocks (each combining
free propagation and nearest-neighbor hopping regions) is sufficient to implement de-
terministic two-qubit entangling gates with fidelities arbitrarily close to 100%, without
any post-selection. This is demonstrated explicitly for the CNOT and the Mglmer—
Sgrensen gates, both achieving theoretical fidelities of 99.96% with a circuit depth of
around 10-20 blocks.

Crucially, the optimal regime is found at weak nonlinearity relative to the hopping,
['/Jmax = 0.5. This is non-trivial: for T' > Jy.x, the system enters the photon block-
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ade regime, in which the large energy cost of having two photons in the same channel
suppresses precisely the two-photon states through which the qubits interact, hindering
rather than enhancing the gate. The value I'/Jax &~ 0.5 thus represents the optimal
balance between generating sufficient entanglement and avoiding blockade, and is com-
patible with realistic photonic platforms where single-photon nonlinearities are typically
small.

The model system.

The key physical ingredients are a distributed self-Kerr nonlinearity I', active throughout
the entire circuit whenever two photons simultaneously occupy the same waveguide
channel, and localized nearest-neighbor hopping J between adjacent channels. The
general Hamiltonian describing n propagating channels reads as

H = Z {wialai + T (al) a?} + 5 Z Jij(x) [ajaj + a}al} : (3.7)

i=1 ij=1

jj#i
where w; is the energy-momentum dispersion in the i-th channel, I'; = I';(k) is the self-
Kerr nonlinearity and J;;(z) are the space-dependent hopping terms between nearest-
neighbor channels. For the two-qubit gate implementation, a 4-channel circuit (n = 4)
is considered, with all channels assumed identical, i.e., w; = w and I'; = T" for all . The
dual-rail encoding maps (see Fig. 3.9a)the two logical qubit states onto single-photon

Fock states in pairs of adjacent channels:

0), =10) =|1,0), 1), =[1)=1[0,1),

so that a two-qubit state is represented by two single photons propagating in a 4-channel
device, and the computational basis is S = {|00) ,|01),[10), |11)}.

A single-qubit operation emerges naturally from the hopping between two adjacent
channels. In the single-photon subspace, the evanescent coupling between the two
channels of a qubit implements a rotation around the x-axis of the Bloch sphere, Rx
(see eq.(1.15)), with rotation angle 20 = © = 2.Jt:

T
R.(—20) = R,(—0©) = (cos(0/2)[ + isin(©/2)ox) [zﬂ :
2
where t is the time spent in the hopping region (see Fig. 3.9b). Combined with a phase
shifter that implements Ry (see eq.(1.16)), this gives a complete set of single-qubit
operations. The linear part of the circuit is therefore already sufficient for arbitrary
single-qubit rotations; the nonlinearity is only needed for the two-qubit entangling
operation.

For the two-qubit gate, a 4-channel circuit is considered, where channels 1-2 encode
the first qubit and channels 3-4 encode the second. The circuit is built by concatenating
M identical elementary blocks. Each block consist of five types of unitaries acting on the
4-channel device, as sketched in Fig. 3.9c. In the hopping regions (HR), two adjacent
channels are evanescently coupled with a tunable coupling rate J, implementing a
beam-splitter-like interaction between neighboring modes

Unr(t) = Rx(2J%), (3.8)
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Figure 3.9: Photonic QC elements. a) Qubit logical state obtained with a dual-rail encoding
of a pair of photonic channels, in which single-photon Fock states can be injected into each
waveguide and measured at the output through single-photon detectors. b) The hopping
process of a single photon between two channels can be viewed as an RX gate (see paragraph
Single-qubit gates). c¢) Single block of a two-qubit information processing unit: Multiple
repetitions of such an elementary block can be concatenated to obtain the desired two-qubit
gate. Hopping regions (HR) (green boxes) depend on two parameters (J,,t, ), while free
propagation (FP) (blue regions) depends only on a single parameter (¢,, ) for a given value of
the photon—photon nonlinearity, U. The FP layers within the Unter, Ugown, and U, regions
are assumed to have fixed propagation time set by the corresponding HR terms (implicitly
represented by a simple line in the sketch). Picture taken from the original in Ref. [17].

with I and o, being the identity and the Pauli-X matrices respectively. In the free prop-
agation regions (FP), the channels are decoupled (J = 0) and each photon propagates
independently, accumulating a nonlinear phase shift I if two photons are simultane-
ously present in the same channel. Indeed, since for a single propagating channel, the
Hamiltonian H is diagonal, one has the following evolution matrix

1 0 0
gt 0 . (3.9)

1Ht 0
0 0 e—i2(F+w)t

U, Fp =€ =
In particular the unitaries are:

o Upeo: all four channels in free propagation, no hopping; the self-Kerr nonlinearity
I' acts on any two-photon state present in the same channel.

Utee = Upp @ Upp @ Upp @ Urp
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Figure 3.10: CNOT optimization. Comparison of a) the best cost function (see Eq.3.12)
and b) average gate fidelity (see Eq.3.13) for different values of the Kerr nonlinearity U
(in hopping parameter J,q, units) after the optimization of the block structure. The free
propagation and interaction times were both fixed to ¢ = 1 in dimensionless units. Picture
from [17].

® Upara: simultaneous hopping between channels (1,2) and (3,4); acts indepen-
dently on the two qubits.
uparal = UHR ® UHR

® Uinier: hopping between channels (2, 3); this is the only operation that directly
couples the two qubits and, in the presence of I', is responsible for generating
entanglement.
Uinter = Upp @ Unr ® Urp

o Uyp, Ugown: hopping on channels (1,2) or (3,4) respectively, with the remaining
channels in free propagation.

Udown = Urp @ Urp @ Unr
Upp = Unr @ Urp @ Upp

The hopping parameters {J;;} in each block are the free variables of the optimization
(denoted as {0,}) while I' and the propagation times are fixed. The total unitary is

M
Ut ({05}) = HUb =UnUn-1---Ur. (3.10)
b=1

By increasing the number of blocks M, the circuit becomes more expressive and the
optimizer can find configurations that more faithfully reproduce the target gate.
CNOT gate optimization.

The optimization targets the CNOT gate, whose ideal matrix representation on the
computational basis S is (see eq:1.6)

Tovor = (3.11)

o O O =
o O = O
_ o O O
O = O O
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Figure 3.11: Best CNOT matrix. a) Real and b) imaginary parts (rounded at the third
decimal digit) of the approximate CNOT matrix on the basis of all the possible twophoton
input/output states obtained by using a 12-block structure with U = 0.5.J,,4, and F({#%**}) ~
99.96%. Vertical and horizontal black lines divide the logic space from the one based on states
that are not on the computational basis. The projection of logic states of the computational
space is negligible, as clearly seen from the plot. The zoom highlights the gate matrix in the
two-qubit logic space. Picture from [17].

The cost function minimized at each step is the Frobenius norm between the optimized
unitary Uy, and the target Tenor,

C({HS}) = ||Utot({98}) - TC’NOTH%“? (312)

giving a set of optimized parameters ', and the performance is quantified by the
average gate fidelity

F{o}) = ZI i| Ul ({0P 1T 10) 2. (3.13)

zeS

The results are shown in Fig. 3.10: for nonlinearities in the range 0.05 < I'/Jpax <
0.5, the fidelity converges rapidly towards unity as the number of blocks increases,
reaching F' ~ 99.96% with just 12 blocks at I'/Jyax = 0.5. For negligible nonlinearity
the cost function cannot be minimized, consistently with the known impossibility of
deterministic two-qubit gates in linear optics.

The real and imaginary parts of the optimized gate matrix are shown in Fig. 3.11,
confirming that no logical state leaks outside the computational basis, a direct signature
of the deterministic nature of the gate.
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Conclusion.

The results obtained by Scala et al. [17] demonstrate that deterministic two-qubit
entangling gates are achievable in nonlinear photonic interferometers with dual-rail en-
coding, overcoming the fundamental probabilistic limitation of linear optics for quan-
tum comptuing applications. The optimal CNOT gate reaches a theoretical fidelity of
99.96% with 12 elementary blocks at I'/Jyax = 0.5, a value that compares favourably
with the state-of-the-art CNOT fidelities in superconducting circuits (99.77%) and
trapped-ion devices (99.4%). The gate is deterministic in the sense that no logical
state leaks outside the computational basis at the output, and its structure is preserved
even in the presence of realistic losses and fabrication imperfections, as verified through
open quantum system simulations.

On the other hand, the practical scalability of the scheme remains an open challenge.
The required concatenation of 10-20 elementary blocks implies a total circuit depth
that, combined with the inevitable photon losses in realistic waveguides, may limit the
achievable fidelity in actual devices. Furthermore, the scheme requires on-chip self-Kerr
nonlinearities at the single-photon level, which, while compatible with polariton plat-
forms and potentially with silicon nitride (SiN) or lithium niobate-on-insulator (LNOI)
technologies, have not yet been demonstrated with sufficient strength and control in a
propagating geometry.

Summary

In this Chapter, we have summarized the recent developments in the quest for the
implementation of two-qubit quantum operations in photonics: both Lahini et al. [15]
and Scala et al. [17] have demonstrated, essentially, that a deterministic CNOT gate is
achievable beyond the linear optics paradigm, although in conceptually different ways
and with different trade-offs.

In the quantum walk approach by Lahini et al., determinism is achieved by exploiting
the on-site interaction I' between ultra-cold bosonic atoms in an optical lattice. The
proposed gate implementation requires only four lattice sites and two atoms, with a
static Hamiltonian optimized once, a remarkably compact and conceptually clean ar-
chitecture. In the quantum walk approach, the interaction is distributed continuously
along the propagation direction, rather than localized in discrete hopping regions as in
Scala et al. The fidelity of 99.6% is limited only by the experimental bounds imposed
on the tunneling and interaction parameters, and approaches unity as these bounds are
relaxed. However, the platform is inherently atomic: it requires single-site addressing,
single-atom detection, and precise tuning of the on-site interaction strength I', which in
atomic systems is controlled via external magnetic fields through Feshbach resonances
— all of which are experimentally demanding and difficult to scale to many qubits.
On the other hand, in the nonlinear interferometer approach of Scala et al., determin-
ism is instead achieved in a photonic platform by exploiting a distributed self-Kerr
nonlinearity in a concatenated multi-block circuit. The fidelity of 99.96% is higher,
and the scheme is general (it does not rely on a specific material and is in principle
compatible with several photonic platforms). On the other hand, the circuit requires
10-20 elementary blocks, implying a significantly larger physical footprint and a higher
sensitivity to propagation losses compared to the four-site lattice of Lahini.
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In summary, the quantum walk architecture offers compactness and conceptual sim-
plicity at the cost of experimental complexity in the atomic platform, while the nonlin-
ear interferometer achieves higher fidelity and platform flexibility at the cost of a more
complex circuit structure. The natural question is whether these two strengths can be
combined. That is, whether a nonlinear quantum walk in a photonic platform could
yield a deterministic CNOT gate that is both compact and experimentally accessible.
This is precisely the question addressed in the original work presented in the following
Chapter.



Chapter 4

Algorithmic optimization of
photonic two-qubit gates

The results presented in Chapters 2 and 3 establish a clear picture highlighting where
photonic quantum computing currently stands, and what its main bottlenecks are. On
one side, the linear-optical paradigm, culminating in the quantum-walk-based opti-
mized CNOT gate implementation from Lahini et al. [15], and its experimental real-
ization by Chapman et al. [16], achieves the fundamental bound of success probability
Psuce = 1/9 with a remarkably compact architecture: six straight, parallel waveguides,
no ancilla photons, straight-line routing. More than that, it confirms the previous the-
oretical bound by Ralph et al., proposed in a minimal interferometric architecture [10].
On the other side, the nonlinear interferometer scheme proposed by Scala et al. [17]
demonstrates that deterministic two-qubit gates are in principle achievable in pho-
tonic platforms, provided that the circuit is complemented by a distributed self-Kerr
nonlinearity, although at the cost of a multi-block concatenated architecture with a
significantly larger physical footprint.

At this point of our tale, these two results naturally bring to ask ourselves a ques-
tion: can the architectural simplicity of the quantum-walk approach be combined with
the power of a monlinear photon-photon interaction to push the success probability be-
yond the 1/9 bound, or even to reach deterministic operation, while keeping the minimal
siz-wavequide geometry?

In fact, this chapter addresses this question directly. First, we take the six-site waveg-
uide lattice of Lahini et al. as our starting point: same Hamiltonian structure, dual-rail
encoding, fixed propagation time (7" = 1). To go beyond this setting, in the final part
of the work we introduce a uniform on-site self-Kerr nonlinearity (parametrized by I')
acting on all sites simultaneously and throughout propagation. Unlike the scheme of
Scala et al., where the circuit is structured as a concatenation of multiple blocks with
piecewise-constant hopping parameters, here the Hamiltonian terms are always on:
both the hopping between waveguides and the self-Kerr phase accumulation act contin-
uously and simultaneously over the full propagation length. Furthermore, while Scala
et al. assumed identical waveguides with uniform on-site energies, here each waveguide
is allowed to have a distinct on-site energy E,,, which is treated as a free parameter in
the optimization, along the same spirit already used by the Lahini et al [15].

This combination, the architectural simplicity of the parallel waveguide geometry, en-
riched with individual on-site energies and the continuous distributed nonlinearity, is

73
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what allows us to find, in the same minimal six-waveguide structure, a regime that goes
beyond the previously found probabilistic bound, and approaches the deterministic op-
eration previously demonstrated but now in a more compact architecture. Practical
realization of this paradigm will be discussed in the end: in fact, it is shown how this
regime could be naturally realized by photons propagating in a waveguide array with
an intrinsic material nonlinearity, such as exciton-polariton systems or silicon nitride
waveguides.

Throughout this work, we systematically explore the trade-off between gate fidelity and
success probability as a function of I' by means of a numerical optimization of the ten
free parameters of the Hamiltonian: five on-site energies and five nearest-neighbour
hopping coefficients, over a dense grid of target success probabilities. In the linear case
(I' = 0), our optimization results essentially reproduce the ones previously obtained
from Lahini et al., thus confirming that the fundamental 1/9 bound is saturated, and
that no configuration in this geometry can exceed it. On the other hand, we numeri-
cally find that as I' is increased, new regions of the fidelity-probability trade-off become
accessible: high fidelity is achieved at success probabilities well above 1/9, a regime that
is strictly forbidden by the no-go results of linear optics. For sufficiently large nonlin-
earity the optimization approaches fully deterministic operation, with fidelity close to
unity at psuee — 1. The latter are the main original results of this numerical campaign,
and of the thesis.

4.1 The nonlinear quantum walk

4.1.1 Hamiltonian and waveguide lattice

The physical system studied in this work is a one-dimensional array of six evanescently
coupled straight waveguides (see, e.g., Fig. 4.1). Eventually, we will allow for self-Kerr
nonlinearity to be present in each waveguide during propagation, which is compatible
with the definition of a nonlinear quantum walk in a one-dimensional waveguide array.
As it is typical of similar schemes in LOQC, the outer waveguides, |a;) and |ay), are
empty ancillary modes containing no photons, while the four inner waveguides encode
the control and target qubits in pairs: |¢1) , |c2) represent the control qubit and |t1) , |t2)
represent the target qubit, following dual-rail encoding. This model is then described
by the Hamiltonian

6 5 6
H = Z E,al an, + Z  — (a:rnamﬂ + aInHam) +7T Z a;rnam(ajnam —-1), (4.1)

m=1 m=1 m=1

in which a! and a,, are the bosonic creation and annihilation operators for a photon in
the m-th waveguide, satisfying [a,,, ajn/] = Omms- As already mentioned in the previous
Chapter, this Hamiltonian can also be viewed as the standard Bose-Hubbard model, in
which each term has a direct and well justified physical origin.

The first term assigns an on-site energy E,, to each photon present in waveguide m,
weighted by the number operator 7, = al a,,; physically, E,, is proportional to the
effective refractive index of waveguide m relative to a reference value, and can be tuned
by adjusting the waveguide width or the local refractive index contrast.

The second term describes nearest-neighbor hopping: ajn 410, annihilates a photon in
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Figure 4.1: The six waveguide array employed to implement a nonlinear quantum walk with
two-qubit encoding and ancillary channels.

waveguide m and creates one in waveguide m + 1, modelling the evanescent tunnel
coupling between adjacent waveguide channels. The coefficients J,, 11 are then pro-
portional to the evanescent coupling strength, which physically depends exponentially
on the waveguide separation: a smaller gap yields a larger |J,, ;4+1|. The term is re-
stricted to nearest neighbours since the coupling decays exponentially with distance,
and it is written together with its Hermitian conjugate (a! a,,+1) to ensure the Hamil-
tonian is Hermitian. Positive and negative values of J,, 11 correspond to different
relative phases of the coupling, and both are in principle accessible by engineering the
waveguide geometry. In the algorithmic optimization presented in the following, both
E,, and Jp,,,+1 will be allowed to take any real value within a symmetric interval
[_Emaxa Emax]'
The third term is the on-site self-Kerr interaction introduced before: the product
T (N, — 1) vanishes whenever n,,, = 0 or 1, and equals 2 only when two photons simul-
taneously occupy the same site, correctly capturing the fact that the nonlinearity is a
pairwise interaction effect. This is the standard second-quantized form for a x® non-
linear interaction energy, with I" proportional to the third-order nonlinear susceptibility
of the waveguide material.

In the photonic realization of this scheme, the longitudinal coordinate along the
waveguides, e.g., z, plays the role of time, and the system evolves according to the
unitary operator

U=e ™ (4.2)

in which Hamiltonian parameters are given in dimensionless units (the evolution is
regulated by phases that are units of 7, see the exponent in Eq. 4.2), and T is the
dimensionless propagation time. In the following, we will fix T = 1 throughout the
optimization procedure. In fact, the choice for a fixed T' = 1 is not arbitrary, but it
is motivated by a consistency check against the physical scales of the photonic device.
Let us briefly discuss this point here, once for all.

Let us assume, for concreteness, to have an array made of waveguides of length L =
60 pm, and that photonic signals propagate in the single waveguide at a group velocity
v, = 30 pum/ps (estimated, e.g., from unpublished experimental data, and reported in
a previous work on exciton-polariton waveguides [69]). Then, the physical propagation
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Figure 4.2: Schematic illustration of a single amplitude oscillation of the photon field prop-
agating in a waveguide of length L at group velocity v,.

time would be Tnys = L/v, =~ 2 ps. Requiring the coupling strength J be large
enough to produce a full oscillation of the excitation over this propagation length,
ie., JIpnys ~ 7, yields a coupling energy hJ ~ 1 meV, in agreement with the order
of magnitude reported experimentally. This estimate confirms that couplings on the
order of 7 are physically reasonable, and it is this scale that ultimately justifies fixing
the dimensionless propagation time to 7' = 1 in the model. This choice sets the natural
unit of the problem: all energies and hopping rates are expressed in units of 1/.
Having fixed the propagation time this way, we have then verified numerically that
the model parameters obtained from the optimization scale consistently with Eq. (4.2):
while the optimized parameters are of order 10° for T' = 1, they reduce to order 107!
for T = 10. This behaviour confirms that the model correctly captures the trade-off
between propagation time and interaction strength, i.e., JTpnys ~ 7. This considera-
tion ultimately supports the choice of working at 7' = 1 throughout, since it keeps the
optimized parameters within a numerically convenient range.
This physical estimate also motivates the choice for the bounds of the parameters to
be optimized. In the linear case (I' = 0), an energy scale of order 7 is expected to
be sufficient to induce a full oscillation in the circuit, consistent with the experimental
estimate above; therefore, the bounds were chosen as [—4, 4], which comfortably con-
tains this scale. When I # 0, the nonlinear term increases the energy scale required to
achieve the same dynamics, so the bounds must be widened accordingly as I' increases,
in order to avoid artificially constraining the optimizer.
The on-site energy of the first waveguide is fixed to E; = 0 without loss of generality,
leaving ten free parameters: Fj,..., EFg and Jio,. .., Js.
Finally, it is important to contrast the role of I' in this system with its role in the two
reference works. In Lahini et al., the nonlinear case (I" # 0) was studied for ultra-cold
bosonic atoms in optical lattices, where the on-site interaction is strong and localized,
and the photonic case was treated as strictly linear (I' = 0). Unlike the scheme of
Scala et al., where the circuit is structured as a concatenation of multiple blocks with
piecewise-constant hopping parameters and the nonlinearity accumulates over many
sequential segments, here, the system consists of a single propagation region of fixed
length in which hopping and self-Kerr nonlinearity act simultaneously and continuously,
with all parameters optimized globally.

4.1.2 Qubit encoding

Logical qubits are encoded, as usual, by applying the dual-rail scheme, in which a single
photon distributed across two adjacent waveguides represents one qubit. Formally, the
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logical states of a single qubit are thus expressed as
0y = a} Q) = [1) @ |0) = [1,0)  [1),, =a}|Q) =[0) @ 1) =|0,1),  (43)

in which Q) = |0,0) is the vacuum state and the labels 1,2 refer to the left and right
waveguide of the pair. For a two-qubit system, two photons are injected into the lattice,
one per qubit. The four computational basis states are encoded in waveguides 2-5, with
waveguides 1 and 6 serving as auxiliary vacuum modes:

100) = af o} |Q),
01) = a} al [2),
110) = af o} |Q),
111) = al al Q). (4.4)

The first qubit (control) is encoded in waveguides 2-3, the second qubit (target) in
waveguides 4-5. Waveguides 1 and 6 are implemented empty and act as vacuum ancilla
modes, as in the original scheme from Ralph et al. [10]. The full Fock space of the system
is spanned by states with minimum zero photon and at most two photons distributed
across six modes; to correctly capture all two-photon states, each mode is truncated to
a maximum occupation of 2 photons, yielding a local Hilbert space of dimension 3 (i.e.,
accounting for photon occupations 0, 1, and 2). The total Hilbert space therefore has
dimension 3% = 729.

The action of the device on the logical subspace is described by a 4 x 4 matrix Gyy4,
obtained by projecting the full unitary U onto the logical basis:

(Gaxa)ij = (4:|U18;) , (4.5)
in which {|¢;)} are the four logical basis states defined in Eq. (4.4).

4.2 Definitions of Success probability and Fidelity

4.2.1 Success probability

In the linear case (I' = 0), the matrix G4x4 is not unitary on the logical subspace: ampli-
tude leaks into states outside the computational basis (those with both photons in the
same waveguide pair, or in the ancilla modes), and the gate is necessarily probabilistic.
To justify the definition of success probability used in this work, it is useful to recall
the general formalism of quantum measurements, following Nielsen and Chuang [1].
First, we remind that a general quantum measurement is described by a collection of
measurement operators, { M, }, acting on the state space of the system, where the index
m labels the possible outcomes. If the system is in state [¢)) immediately before the
measurement, the probability that outcome m occurs is

p(m) = (Y| M My, ), (4.6)

and the measurement operators satisfy the completeness relation (see 1.5):

> MiM, =1 (4.7)
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This relation guarantees that probabilities sum up to one over all possible outcomes,
> ,p(m) =1, and this is the only constraint imposed on the operators M,,: unlike
projective measurements, the M,, need not be orthogonal projectors, which makes
this formalism general enough to describe measurements with intrinsic loss, such as
postselection on a subspace.
In our setting, the relevant outcome is binary: either the two output photons are
detected in the logical subspace spanned by {|¢;)} (success), or they are found elsewhere
in the Hilbert space, e.g. bunched in the same waveguide or leaked into the ancilla modes
(failure). The operator describing a successful event is the projection of the full unitary
evolution U onto the logical subspace, which is precisely G4x4 as defined in Eq. (4.5).
Identifying Mgycc = Gaxq in Eq. (4.6), the probability of success for a given logical input
state |¢;) is

psucc - <¢J‘G4X4G4X4|¢J> (G£X4G4X4) L (48)

13

i.e. the j-th diagonal entry of G£X4G4X4 in the logical basis. Since the optimization
is required to perform well on all four logical inputs Slmultaneously, and not only on
a particular one, the natural figure of merit is the average of psuCC over the four basis
states, weighted uniformly. This average is exactly the normalized trace of G4X 1Glaxa,
which is equivalent to the mean of its eigenvalues (equivalently, the mean of the squared
singular values cr,%, of G4x4, since G£X4G4X4 is Hermitian and positive semi-definite):

psucc

IIM%

1 o 1o

;1 péﬂ)cc =4I <Gjl><4G4><4> =1 ;Uz- (4.9)
This definition has a clear physical interpretation. Each singular value o7 € [0, 1] mea-
sures the fraction of the k-th input amplitude that survives projection onto the logical
output subspace; averaging over k gives the overall fraction of two-photon events that
are correctly detected in the computational basis, regardless of which of the four logical
states was injected.

In the deterministic gating limit (i.e., psuec — 1), all the output amplitudes remain
within the logical subspace: G4.4 becomes proportional to a unitary matrix, so that
every o = 1 and pguee = %Tr(G:EX 1Gix4) = 1, meaning no amplitude leaks outside the
computational basis.

Conversely, the condition pg,.. = 0 would describe a gate whose output never over-
laps with any logical state of the computational basis of the two qubits. Practically,
this never occurs in practice, since some residual probability always remains in the
computational basis even for unoptimized parameters.

4.2.2 Two-qubit gate fidelity

While pguec quantifies how often the two-qubit gate succeeds, it carries no information
about whether the output, conditioned on success, actually implements the desired
CNOT transformation. This second requirement is captured by the gate fidelity.
In general terms, the standard notion of fidelity between two pure quantum states, |¢)
and |p), is given by the overlap between the two, as introduced by Nielsen and Chuang
[1]

F(l¢), [e)) = [{&]e)] (4.10)
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which equals 1 if and only if the two states coincide up to a global phase, and 0 if they
are orthogonal. When the objects to compare are not states but unitary operators, as
it is our case with the ultimate goal of comparing the optimized gate (i.e., the matrix
G4x4) With the target operation (i.e., the two-qubit matrix UcnoT), this notion must
be lifted from the level of vectors to the level of operators. In this context, Nielsen and
Chuang outline this generalization in their discussion of the diamond norm and related
distance measures between quantum operations, where the central idea is to treat an
operator as a vector in the space of linear operators on the Hilbert space, equipped
with the Hilbert-Schmidt inner product

(A, B)us = Tr(A'B). (4.11)

This inner product turns the space of d x d operators into a d*>-dimensional Hilbert space,
in which the natural notion of overlap between two operators A and B is precisely the
analogue of Eq. (4.10).

A fully explicit construction along these lines is given by Wang, Yu, and Yi, who
define an operator fidelity between two operators A and B by first normalizing them

with respect to the Hilbert-Schmidt norm, A//Tr(AA") and B/\/Tr(BBT), and then
taking the normalized overlap [72]

|Tr(ATB)|

Fl4,B) = JTr(AA) Te(BBT)

(4.12)

This definition satisfies the key properties expected from a fidelity measure (i.e., nor-
malization, symmetry, and invariance under unitary transformations), reducing, when
A and B are pure-state projectors, to the usual state fidelity defined in Eq. (4.10).
When A = Uy and B = U; are both d-dimensional unitary operators, Tr(UpUj) =
Tr(U,U)) = d, and Eq. (4.12) reduces to the particularly simple form

1

F(Uo, Uh) = - T (U UY) (4.13)

In our case, the comparison is not between two unitary operators of the same dimension,
but rather between the ideal d = 4 unitary Ucnor and the matrix G4y4, which is
generally mot unitary, since amplitude is lost outside the logical subspace whenever
Psuce < 1. To apply Eq. (4.12) consistently, G4 must first be normalized with respect
to its own Hilbert-Schmidt norm, exactly as prescribed by Wang et al. for a generic
(not necessarily unitary) operator:

~ G
G=24 || Gullr = \/Tr(G1X4G4X4), (4.14)
[Gaall
where || - ||z denotes the Frobenius norm, which coincides with the Hilbert-Schmidt

norm 4/ Tr(AA") used in Eq. (4.12). Since Ugnor is already unitary,

[Uexorllr = y Tr(UyorUenor) = Vi =2

is a fixed normalization constant. Substituting A = Ucnor and B = G into Eq. (4.12),
and using Tr(UcnorUdnor) = 4 together with Tr(GGT) = 1 by construction, gives the
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fidelity used throughout this work:

T (Ulnor G|

F:
lUcnor||F

: (4.15)

where the absolute value makes F invariant under multiplication of G by an arbitrary
global phase, consistent with the properties of the operator fidelity discussed in [72]
and with the phase-invariance of the state fidelity in Eq. (4.10).

By construction, F € [0, 1], with F = 1 corresponding to a perfect CNOT gate up to
a global phase, and F = 0 corresponding to an output completely orthogonal to the
target operation in the Hilbert-Schmidt sense. This definition can be interpreted as a
lower bound on the average gate fidelity over all input states in the logical subspace,
since it only tests the overlap of G4y4 with UonoT as a whole, rather than averaging
fidelities computed independently on each of the four logical basis states.

We remind the the target CNOT matrix in the computational basis {|00), |01),]10), |11) }
is

Ucnor = : (4.16)

o O O+
S O = O
_ o O O
O = O O

with ||UCNOT||F = 2.

Together, F and pg,c. characterize the performance of the two-qubit gate: a useful device
must achieve high fidelity (the output state is close to the target) and simultaneously a
success probability that is as large as possible (the gate succeeds frequently). These two
quantities define a Pareto front in the (F, psucc) plane, that is, the set of multi-objective
optimal solutions for which no feasible solution can improve one objective (such as, e.g.,
the Fidelity) without degrading the other (such as, e.g., the success probability). The
goal of the optimization is to trace this front and analyse its evolution as a function of
fixed values of the nonlinearity, I'.

4.3 Optimization strategy

The figures of merit introduced in the previous section, fidelity and success probability,
are in general competing quantities: increasing one typically comes at the cost of the
other. The goal of the optimization is therefore not to find a single optimal configuration
of the physical parameters, but to reconstruct the trade-off between the two quantities,
i.e. the Pareto front of the problem, as a function of the nonlinearity I'.

4.3.1 Parameters, search space and cost function

The free parameters of the model are the on-site energies F; and the tunneling rates
Jiit1 of the six-site lattice, for a total of n = 10 independent parameters

9:(E27"'7E67J127"'7‘]56)7

with E; = 0 fixed as a reference, as discussed in the previous section. Each parameter
is bounded in a symmetric interval [— Epax, Emax], wide enough to allow full exploration
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of the relevant interference regimes while keeping the search space bounded, as required
by the optimization algorithm.

For a given choice of parameters 0, the gate GG4»4 is obtained by evolving the logical
basis under the Hamiltonian H (@) for the fixed time 7' = 1, as described above, and
the fidelity F(0) and success probability psuc.(€) follow from Egs. (4.9) and (4.15).
To reconstruct the Pareto front between these two quantities, we adopt the so called
weighted-constraint scalarization method, it is a multi-objective optimization technique
that transforms multiple conflicting objectives into a single-objective problem. So,
we fix a target success probability piarger and minimize the infidelity while penalizing
deviations from the target, via the cost function

2

C(0) = (1—F(8)?) + w (Psucc(0) — Prarget) (4.17)

where w is a penalty weight chosen to strongly enforce the constraint on pg... relative
to the infidelity term. Repeating the minimization of C'(0) for a set of 80 target values
Ptarget linearly spaced in [0.02,0.99] yields, for each target, the best achievable fidelity
compatible with that constraint; the resulting set of points (F*,pZ,..) traces out the
Pareto front of the problem for the chosen value of T'.

4.3.2 Optimization algorithm and strategy

The cost function defined in Eq. (4.17) depends on the parameters through the matrix
exponential e~ TH(®) whose analytical gradient with respect to 0 is not implemented:;
moreover, the underlying physical problem is expected to exhibit multiple local op-
tima, owing to the interferometric, oscillatory dependence of the gate on the tunneling
and on-site energy parameters. For these reasons, a deriwative-free, global optimiza-
tion strategy is required, as opposed to gradient-based local methods (e.g. BFGS),
which would normally need an explicit analytical gradient and would be predisposed
to converging to suboptimal local minima close to the chosen starting point. Several
global, derivative-free optimization algorithms were tested before settling on the final
scheme: Differential Evolution and Dual Annealing from the scipy.optimize package,
and ISRES and AUGLAG combined with COBYLA from the NLopt library', together
with L-BFGS-B as a gradient-based local baseline, in which the gradient was approx-
imated via finite differences in the absence of an analytical expression; this approach,
however, remains computationally expensive in higher dimensions and, being a local
method, is still prone to convergence toward suboptimal minima. All of these meth-
ods converged, qualitatively, to the same overall trade-off between fidelity and success
probability, which is itself a useful consistency check: it indicates that the resulting
Pareto front reflects a genuine feature of the physical system, rather than an artifact
of a specific optimizer. However, at comparable computational budget, all of these al-
ternatives produced visibly noisier fronts, with larger point-to-point fluctuations in the
optimal fidelity between neighbouring target probabilities. The scheme finally adopted,
described below, consistently produced the smoothest and most consistent front among
those tested, and was therefore used for all the results presented in this chapter.

The adopted optimization strategy is a two-stage scheme, implemented via the
NLopt library. In the first stage, a global search is carried out using the Multi-Level

INLopt source website: https://nlopt.readthedocs.io/en/latest/
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Single-Linkage algorithm (MLSL) with a low-discrepancy sampling sequence (LDS).
MLSL is a stochastic global optimization meta-algorithm: it samples candidate start-
ing points over the parameter space and launches a local optimizer from a selected
subset of them, discarding points that fall too close to previously identified local min-
ima (the so-called clustering criterion), so as to avoid redundant local searches. This
guarantees, with probability tending to one as the number of function evaluations in-
creases, convergence to the global minimum. The local optimizer used internally by
MLSL is BOBYQA (Bound Optimization BY Quadratic Approximation), a derivative-
free trust-region method that builds a quadratic interpolation model of the objective
function from sampled values and uses it to determine the search direction, without
requiring gradient information. During the global stage, BOBYQA is run with a loose
convergence tolerance of 1072 and a small evaluation budget per local search, 20 it-
erations, so as to explore many regions of the parameter space efficiently rather than
converging to high precision in any single one, we will refine the local optimization in the
next stage. The number of iterations performed by the global optimizer for each point
on the Pareto front ranged from 11’000, in the linear case, to 18000, for I' = 1, with
convergence tolerance of 1073, This increase was necessary because a larger nonlinearity
widens the search bound, requiring more iterations to properly explore the parameter
space. In the second stage, the best point found by the global search is refined with a
separate high-precision run of BOBYQA, with a tight convergence tolerance of 1079,
and a larger evaluation budget compared to the local refinement of the previous stage,
between 1’000 and 1’500 iterations, to obtain the final optimized parameters. This com-
bination of a multi-start global search (MLSL) with a local, gradient-free refinement
step (BOBYQA) is a common choice for optimizing variational photonic systems with
nonlinear components, having also been used, for example, to train quantum optical
neural networks [18].

For each target probability, piareet, the full two-stage procedure described above
is repeated from scratch, i.e., a new MLSL global search over the entire parameter
space is performed, rather than warm-starting the optimization from the optimal pa-
rameters found for a neighbouring target value. This choice is deliberate: reusing the
previous optimum as the new starting point would bias the optimizer toward nearby
local minima, artificially smoothing the resulting front and making it impossible to
assess whether the underlying trade-off is genuinely continuous or merely an artifact
of the initialization strategy. As a consequence, a single run of the procedure displays
small irregularities, and occasional local non-monotonicities, reflecting the fact that the
global optimizer does not always converge to an equally good optimum for nearby tar-
get values; nonetheless, the overall trend is smooth and continuous, confirming that the
trade-off between fidelity and success probability is a genuine feature of the physical
system, and not an artifact of the optimization procedure. The full source code used
for the simulations is provided in Appendix A.1, for completeness.

4.3.3 Multi-run aggregation

A single execution of the scheme described above already produces a full Pareto front,
since the 80 target values of piarger are scanned within the same run, each optimization
being carried out independently via its own MLSL global search. However, because
the initial starting points sampled by MLSL in the global stage are drawn randomly
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(via the low-discrepancy sequence), different executions of the same script can con-
verge to slightly different local optima for the same pearger, depending on the random
initialization, with the irregularities described above. To obtain a more robust and
representative front for each value of I', the full optimization script is executed N in-
dependent times, each producing an independent set of 80 points (F*, p¥,..)-

For each target probability, we then compare the corresponding results across all N
runs and retain the one with the highest fidelity. The Pareto front defined in the plots
reported throughout this Chapter is, therefore the upper envelope, in fidelity, over the
N independent runs, rather than the output of any single execution; this is the source
of the smooth, near-monotonic behaviour observed in most of the reported fronts, as
opposed to the more irregular front that would be obtained from a single run alone.
In addition to this consolidated Pareto front, we also generate a set of supplemen-
tary physical plots for a selected configuration, by default the one achieving the high-
est fidelity across the entire dataset (unless a specific iteration is manually selected).
These include the real and imaginary parts of the resulting gate G4«4, displayed as
three-dimensional bar plots; the time evolution of the photon density across the six
waveguides for each of the four logical input states, shown as a density map over the
propagation length T'; and the corresponding photon density distribution at the final
time T" = 1, displayed as a bar plot for each input state. These plots are used in the
following sections to provide a physical interpretation of the optimized gates beyond
the aggregate figures of merit F and pgycc.

Again, the full source code used for the simulations is provided in Appendix A.2, for
completeness.

4.4 Numerical results: CNOT in linear regime

Let us start by considering the linear case, i.e., I' = 0, in which the self-Kerr term is
absent and the Hamiltonian reduces to a standard tight-binding model

6 5
H = Z B, al an, + Z  — (afnamﬂ + ajnﬂam) ) (4.18)

m=1 m=1

In this regime, the system implements a linear-optical quantum walk, and the results
of the optimization can be directly compared with two established reference points in
this thesis.

The first reference result to be compared to is represented by the already mentioned
the no-go theorem by Ralph et al. [10], which establishes that any probabilistic CNOT
gate implemented with linear optics, dual-rail encoding, and without ancilla photons is
bounded by a maximum success probability of pgee = 1/9 at unit fidelity. This bound
sets the theoretical ceiling for the linear quantum walk case as well, and the optimiza-
tion should saturate it if the six-waveguide geometry is well enough designed to achieve
optimality.

The second reference point is the optimized photonic CNOT gate already discussed
in the previous Chapter [15], which demonstrated that precisely this bound can be
achieved within a six-site waveguide lattice under quantum walk dynamics, with the
same dual-rail encoding and the same Hamiltonian structure adopted here (see, e.g.,
Fig. 3.3). Since our theoretical setup in the linear limit is essentially identical to that of



4.4. NUMERICAL RESULTS: CNOT IN LINEAR REGIME 84

Pareto front: fidelity vs success probability ] 23=free

1.00 ~ —e— Best fidelity per prob_scelta

---- Limite teorico 1/9 = 0.1111
0.95

0.90

0.85 ~

—e— Best fidelity per prob_scelta
---- Limite teorico 1/9 = 0.1111

Fidelity

0.80 ~

0.75 1

0.70 -

0.2 0.4 0.6 0.8 1.0
Success Probability

Figure 4.3: Optimized Pareto front obtained from the algorithmic optimization procedure
in the linear regime (i.e., for I' = 0). The inset shows a zoom around the theoretical bound
Psuce = 1/9, where the fidelity reaches its maximum (close to 100%) value.

Lahini et al., we expect the optimization to reproduce their result, both in terms of the
maximum success probability and in terms of the structure of the optimal parameters.
The only difference from the setup of Lahini et al. lies in the number of free param-
eters. In their work, both the on-site energy of the first waveguide (i.e., F;) and the
hopping coefficient Jo3 between waveguides 2 and 3 are fixed to zero, reducing the free
parameters from 10 to 9. The constraint Jo3 = 0 is deliberately imposed to replicate
the traditional scheme of Ralph et al. [10], in which no coupling is allowed between the
first two sites (i.e., the ancillary site |a;) and the first site of the control qubit |c;)),
and the other four sites.

In our optimization, instead, Jo3 is left as a free parameter: we decided not to deliber-
ately enforce the architecture from Ralph et al., but rather ask whether the optimizer
reproduces it spontaneously. As it will be shown in the results below, this is indeed the
case: interestingly, the optimal value of .Jo3 found by the optimizer is of the order 1072,
i.e., Jog — 0, thus confirming that the decoupling condition emerges naturally as the
optimal configuration, without being imposed as a constraint.

So, following the optimization strategy outlined in Sec. 4.3, we have numerically
obtained the Pareto front shown in Fig. 4.3, in which we report the best achieved
fidelity as a function of the success probability in the linear regime. A few points worth
being discussed are highlighted in the following paragraphs.

Maximal fidelity and optimal success probability

We can immediately notice a striking result from Fig. 4.3: the optimal configuration
achieving the highest fidelity of all linear-regime runs corresponds to a target success
probability of pareet = 0.1182, which is very close to the theoretical bound 1/9 ~ 0.1111.
All the optimized model parameters are given in units of the largest hopping coefficient
of the optimized set of piarger, defined as J%¢ = max;; |J55|. For this optimization,

max
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Figure 4.4: Intensity graph of the time evolution of the photon density across the six
waveguides, from 7' = 0 to 1" = 1, obtained after initializing each computational basis state,
at the best-fidelity point (corresponding to pgyce ~ 1/9, F = 0.9962), and for I" = 0.

Jloc = J¥, =~ 3.2727~ 1, and the optimized parameter vector thus reads

0 [ E Es  Jiz Jse \
Jloc - Jloc LA Jloc ’ Jloc rrt Jloc o

max max max max max ( 41 9)
= (0.975, —0.385, —0.840, 0.650, 0.580,

1.000, 1.4-107*, 0.719, 0.940, 0.498).

max

close to zero, thus confirming that the optimizer spontaneously reproduces the decou-
pling condition imposed by hand in Lahini et al. The resulting figures of merit in the
optimal configuration corresponding to the array above are

We notice that the second hopping coefficient, Jy3/J!%¢ = 1.4-107%, is numerically

Dowce = 0.11822,  F = 0.99623 (4.20)

with a residual cost C(0*) = 7.52-1073. The corresponding gate matrix, projected onto
the logical subspace, is

0.377 — 0.010i  0.015 + 0.003i 0 0
G _ | 0:015+0.003i 0.303 - 0.033i 0 0 (4.21)
axd 0 0 0.001 + 0.007¢ 0.344 —0.022; | * &
0 0 0.344 — 0.022;  0.007 — 0.0013

Density at T=1 - two excitation subspace

Input [00} Input [01) Input [10) Input [11)
2.00

Density (at T=1)

Figure 4.5: Photon density at T" = 1 across the six waveguides, for each computational basis
input state, for parameters as in Fig. 4.4.
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which compares well with the one reported in Fig. 3.4(a). Its normalized, phase-
corrected version reads

0.548 0.022 0 0
0.022 0.443 0 0
0 0 0.010 0.501 |°
0 0 0501 0.010

G= (4.22)

where the entries below 1072 have been set to zero for readability. The block structure
of G is then evident: the upper-left 2 x 2 block acts on the {|00) , |01)} subspace (control
qubit in state |0)), while the lower-right block acts on {|10) , |11)} (control qubit in state
|1)), with small off-diagonal coupling between the two subspaces. Within the second
block, the dominant off-diagonal entries implement the required bit-flip on the target
qubit, in agreement with the expected CNOT action.

It is worth noting that the entries of G should not be compared directly with those
of UonoT, whose non-zero entries are all equal to 1. In fact, since G is normalized to
the unit Frobenius norm by construction, the correct reference for comparison is the
normalized CNOT matrix, i.e., Ucnor/||Ucnot||F = Ucnor/2, whose non-zero entries
are all equal to 1/2. The dominant entries of G (0.501 and 0.548, 0.443) are close to this
value, and the small deviations from 1/2 are consistent with the fidelity F = 0.99623.
To complement the discussion above, we show the raw temporal evolution of the photon
density together with the projected logical gate, both evaluated at the best-fidelity
point. In particular, Fig. 4.4 shows the time evolution of the photon density across
the six sites, from T = 0 to T = 1, for each of the four computational basis input
states, using the optimized Hamiltonian parameters. Fig. 4.5 shows the same evolution
evaluated only at the final time 7' = 1, as a bar graph on the six sites. Since this is the
raw, un-projected output of the evolution, it does not by itself resemble a CNOT gate:
a sizable fraction of the population remains outside the logical subspace, consistent
with the modest success probability (i.e., only slightly larger than 10%) at this point
of the Pareto front.

By contrast, Fig. 4.6 shows the gate G4«4 obtained after projecting the evolution
onto the logical subspace, normalizing, and correcting for the global phase: G. In this
representation, the CNOT structure is immediately recognized: the real part reproduces
the identity action on |00) and |01), and the swap between |10) and |11), while the
imaginary part remains close to zero throughout.

The tail of the Pareto front at larger success probability

As a representative example of the behaviour in the high-probability tail of the Pareto
front, we report the optimized configuration for piareer = 0.9409, where the fidelity has
dropped to F = 1/v/2 ~ 0.7071. Expressing all parameters in units of J'%¢ = |J| ~
2.740 7!, the optimized parameter vector now reads

0*
= (~1.201, 1.356, —0.251, —0.251, —0.148,
x (4.23)

—0.520, 1.5-107°, —0.012, —1.000, 3.8 -107%),

in which, as before, J'°¢_is the largest hopping coefficient in absolute value for this con-

max

figuration. In particular, Joz/J'% = 1.5-107% and J56/J1%, ~ 3.8 - 1073 are negligible,

max
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Figure 4.6: Three-dimensional histogram of the gate matrix, projected onto the logical
subspace, normalized and de-phased, G, for I' = 0.

and Jyy/Jl%¢ ~ —0.012 is also essentially zero, thus producing a decoupling of the two

max "

qubits. Only Ji» and Jy5 remain as active hopping channels, respectively. In fact, the
hopping between the first ancilla and the first site of the control qubit, and the hopping
between the two sites of the target qubit are preserved. The figures of merit resulting

from the algorithmic optimization are

1
succ — 09409, F=—=0.7071 , 4.24
! V2 (4.24)

with a residual cost C'(6*) = 0.5000, which is consistent with 1 — F? = 1/2 at the
penalty minimum.

The consequences of this parameters configuration are directly visible in the time evo-
lution of the photon density, as shown in Fig. 4.7, and in the corresponding density at
T =1, as shown in Fig. 4.8, for each computational basis input state. For inputs |00)
and |01) (control qubit in |¢;)), the population oscillates only between sites 1 and 2,
with no leakage onto site 3; conversely, for inputs |10) and |11) (control qubit in |e3)),
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Figure 4.7: Time evolution of the photon density across the six waveguides, from 7' = 0 to
T = 1, for each computational basis input state, at a representative tail point on the Pareto

front (i.e., psucc = 0.9409, F = 1//2), for T = 0.
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Figure 4.8: Photon density at T' = 1 across the six waveguides, for each computational basis
input state, at a representative tail point on the Pareto front, as in Fig. 4.7.

the population remains pinned to site 3 throughout the evolution, with unit density and
no oscillation at all. This is the direct signature of Jo3 &~ 0: the control-qubit photon is
confined to whichever of the two control sites it started in, and cannot access the other.
The target block (sites 4 and 5), by contrast, oscillates in the same way regardless of
the control input, confirming that its evolution is independent of the control qubit’s
state (due to J34 =~ 0).

The optimized matrix, after projecting onto the logical subspace, normalizing, and
de-phasing, explicitly obtained as

0.332 0353 0 0
0.353 0.332 0 0
0 0 0.353 0.376 |’
0 0 0376 0.353

G = (4.25)

whose entries below 10™3 have been set to zero, and is shown in Fig. 4.9. The two-block
structure is preserved, confirming that the decoupling due to Jo3 — 0 persists even at
high success probability. However, the entries are now far from the reference values of
1/2 expected for a perfect normalized CNOT, reflecting the significant loss of fidelity:
in particular, the diagonal and off-diagonal entries within each block are comparable in
magnitude, indicating that the gate is no longer implementing a clean bit-flip operation
on the target qubit.

Now, going back to analyse the whole Pareto front in Fig. 4.3, it is clear that be-
yond pguee = 0.44, the optimizer begins to show signs of difficulty in satisfying the target
probability constraint: the achieved success probability stagnates for several consecu-
tive target values, suggesting that the high-fidelity family of solutions has reached the
boundary of its accessible region in the fidelity—success plane. As the target is further
pushed, the optimizer transitions to a qualitatively different family of solutions, and
the fidelity drops clearly, stabilizing at F = 1/4/2 ~ 0.707 for all pgyc. = 0.63.
Inspection of the optimized parameters in this region shows that not only Jo3 but also
Js34 tends to zero, progressively decoupling the two qubits; correspondingly, the opti-
mizer converges to configurations belonging to multiple distinct families, all sharing the
same fidelity ceiling. This behaviour is qualitatively consistent with the existence of
competing families of solutions with low fidelity, as reported, e.g., by Smith et al. [73]
for the linear-optical CNOT gate. Since this region corresponds to a regime of low
CNOT gate quality, thus of limited practical interest, a detailed characterization of
these solution families is left as a possible direction for future investigation.
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Figure 4.9: Real and imaginary parts of the normalized, de-phased logical gate G at a
representative tail point on the Pareto front (i.e., psuce = 0.9409, F = 1/4/2), showing the
factorized, product-like block structure discussed in the text, for I' = 0.

Comparison with the solution from Lahini et al.

As a final comparison, we compare our results for the linear quantum walk case with
the ones reported by Lahini et al. [15] and already discussed in Fig. 3.3, shown side by
side in Fig. 4.10 for easier visualization. As it is immediately evident, the two curves
agree qualitatively in the high-fidelity, low-probability region: both reach fidelities close
to unity around psyec & 1/9, consistent with the known theoretical bound.
However, in the tail the two results differ noticeably: our data saturate sharply at
F=1/ V2 2~ 0.7071 for peyce 2 0.6, whereas the fidelity reported by Lahini et al. de-
creases monotonically as a function of pg,.., without an analogous plateau and reaching
values as low as F =~ 0.25 at pguec = 1.
Interestingly, an independent piece of evidence for the same physical floor comes from
Scala et al. [17], in which a distinct architecture is optimized (as already mentioned
in the previous Chapter) by using a different optimizer. In Ref. [17], the average
gate fidelity was defined as the mean of the squared diagonal overlaps, i.e., F =
|S|71 32, |(6|UT|i)|?, rather than the modulus of the average overlap used in this work.
For the noiseless linear case (i.e., U = 0 in the parametrization of nonlinearity given
in that work), average gate fidelity plateaus at F' = 0.5 are obtained regardless of the
number of blocks. Since a product-gate approximation gives F' = F? under this alter-
native convention, the result reported there is fully consistent with our F = 1/4/2 floor,
although neither work explicitly comment on this feature. We regard this agreement,
obtained with an unrelated optimization scheme and circuit parametrization, as inde-
pendent support for the physical origin of the tail plateau discussed in this Chapter.
To conclude, it is fair to say that the origin of the discrepancy with the tail behaviour re-
ported by Lahini et al. remains unclear to us, at this stage. No supplementary material
or code accompanying the work in Ref. [15] is publicly available, and repeated verifica-
tion of our implementation against their formalism did not reveal any discrepancy. We
initially conjectured that the difference might stem from their choice of fixing Jo3 = 0
by construction throughout the whole Pareto front, whereas in this work Jog is left free
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Figure 4.10: Direct comparison between (a) the fidelity-vs-success-probability Pareto front
reported by Lahini et al. and (b) the one obtained in this work for the linear case, I' = 0.
Both show near-unit fidelity around the theoretical bound pgyce =~ 1/9, but differ substantially
in the tail behaviour, as discussed in the text.

and only vanishes spontaneously in the tail. However, repeating our optimization with
Jas fixed to zero as an initial condition yields the same F = 1/ V2 plateau in the tail,
ruling out this explanation: the floor appears to be a robust consequence of the fact
that once the control and target qubits are fully decoupled, each evolves independently
of the other, and no such independent evolution can reproduce an entangling operation
like the CNOT beyond F = 1/v/2, regardless of whether Jos is optimized freely or fixed
to 0. The reason for the qualitatively different, monotonically decreasing tail reported
by Lahini et al. remains therefore an open question.

4.5 CNOT gate in nonlinear quantum walks

We now turn to the case I' # 0, in which the self-Kerr term of Eq. (4.1) is switched
back on, and the full Hamiltonian

6 5 6
H= Z Enal an, + Z Jrm1 (@l @y + ajnﬂam) +T Z al am(al a, —1) (4.26)
m=1 m=1

m=1

is used to generate the evolution. This solution has not been provided previously in the
literature, and it thus constitutes a genuine original contribution of the present thesis.
Physically, the nonlinearity introduces an energy cost whenever two photons simulta-
neously occupy the same waveguide, which occurs during the intermediate propagation
even though the computational basis states of Eq. (4.4) always contain exactly one
photon per qubit. As discussed in the linear case, the bound at pge. = 1/9 found by
Ralph et al. is a direct consequence of the fact that linear optics alone cannot induce
the kind of conditional, photon-photon interaction required by an entangling gate; the
self-Kerr term is precisely the ingredient that reintroduces such an interaction, and the
central question of this section is: to what extent, and at which cost in nonlinearity
strength, this allows the optimization to move beyond the linear bound?

Following the convention adopted by Scala et al. [17], we express the strength of the
nonlinearity relative to the natural energy scale of the hopping, Jp.x, rather than in
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r Emax - ']max F/Jmax

0 4 0
0.01 4.5 0.0022
0.1 5 0.020
0.25 2.5 0.045
0.5 6 0.083
0.75 7 0.107

1 8 0.125

Table 4.1: Optimization bounds F.x used for each value of I', and the corresponding
normalized nonlinearity I'/ Jyax.

absolute units of I' alone. In our case, Jy., is not extracted a posteriori from the opti-
mized parameters, but coincides with the bound FE,,,, of the symmetric search interval
[— Enax, Emax] used for the optimization at each value of T', as discussed in Section 4.1:
since this bound must be widened as I' increases to avoid artificially constraining the
optimizer, it grows together with I' itself, and the two must be considered jointly. The
values used throughout this work are summarized in Table 4.1.

Since Epax = Jmae 1s increased together with I', the normalized ratio I'/ Ji,ax grows more
slowly than T itself, reaching only I'/Jyax &~ 0.125 at I' = 1. This is worth contrasting
with the regime identified by Scala et al.[17], who find their best CNOT performance
around U/Jn.x =~ 0.5, with a disadvantageous photon-blockade effect setting in only
for U/Jmax 2 1. All the values of I' explored in this work therefore remain, in this
normalized sense, in a comparatively weak-nonlinearity regime relative to the hopping
strength. We will discuss this point more once the results of this section have been
presented.

Essentially, we repeated the optimization procedure described in Sec. 4.3 for a broad
range of I' values, starting from vanishingly small nonlinearities down to I'/ Jyayx ~ 1074,
up to I'/Jpmax = 0.125. For I'/Jpax S 0.02, the resulting front is essentially indistin-
guishable from the linear case discussed above, both in the position of the high-fidelity
peak as well as in the shape of the Pareto front tail. A qualitatively different behaviour
first becomes visible around I'/ Jy.x & 0.045, and it becomes increasingly pronounced
as the nonlinearity is further increased.

4.5.1 Weak non-linearities

In Fig. 4.11 we immediately report the main result of this work, showing the optimized
Pareto fronts for weakly nonlinear quantum walks. In the following, we will focus on
selected results in order to give more extensive discussions. First, let us notice that
the linear result is here reported for direct comparison, which allows to confirm the
picture built up progressively in the previous sections: as I' increases, the front does
not simply shift upward uniformly, but undergoes a qualitative reorganization. At
I' = 0, a single family of solutions gradually decrease from the Ralph bound down to
the floor F = 1/4/2. At intermediate I (0.5, 0.75), this single-family picture breaks
down: the Jo3 &~ 0 family inherited from the linear regime now competes with a second,
structurally different one in which Ji5, Jo3, and Jsg all vanish and only the three-site
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Figure 4.11: Numerically optimized Pareto fronts for the cases of linear or weakly nonlinear

quantum walks, i.e., ' =10, 0.5, 0.75, 1.

block J34—Jy5 remains active, with neither family clearly dominating over the full range
of Psuce; this unresolved competition is what produces the irregular, non-monotonic
fronts observed above. As we will discuss in detail below, starting from I' = 1 this
competition resolves in favour of a single, robust family capable of sustaining near-

unit fidelity across virtually the entire range of success probabilities, up to unity (i.e
deterministic gating).

Let us now focus our discussion on the two regions of greatest physical interest:
the neighbourhood of the linear-optical bound around pg,.. = 1/9, and the near-
deterministic region pg,.c — 1, respectively.

Near the LOQC bound, all the values of I' perform comparably well, with I' = 0 actually
achieving the single highest fidelity of the whole dataset (F = 0.9962); the nonlinearity
does not provide any appreciable advantage here.

The picture is entirely different in the near-deterministic region: here, I' = 1 is the
only value maintaining F > 0.997 for pguce =

2 0.83, while every other value of I' remains
capped well below F = 0.9 (while for T' = 0 the Fidelity collapses to the 1/v/2 floor)

2 .
This confirms that the principal benefit of the self-Kerr nonlinearity investigated in this
work is not an improvement over the linear optimum, but the ability to sustain high

fidelity at high success probability, up to and including deterministic operation. We
consider the latter result one of the main outcomes of our work

4.5.2 Strong non-linearities

As a qualitative exploration beyond the regime studied in Fig. 4.11, we report in
Fig. 4.12 the Pareto fronts obtained from single optimization runs when larger values
of the photon-photon nonlinearity are assumed, i.e., I' € {10, 20,30}. These runs were
performed with the same computational resources as in the systematic multi-run anal-
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Figure 4.12: Numerically optimized Pareto fronts for the cases of strongly nonlinear quan-
tum walks, i.e., I' > 10. The results for I' = 1, already reported in the previous Figure, are
here shown for direct comparison.

ysis of ' = 1 described below. However, these are insufficient for this case, which would
require a much broader bound, which implies a greater number of iterations to explore
it with a gradient free optimizer, and therefore more computational power. Therefore,
these runs should be regarded as indicative rather than convergent results. For direct
comparison, we report again in this Figure the same results already shown for I' = 1 in
Fig. 4.11. Nevertheless, the overall trend is clear: for large I', the fidelity—success trade—
off becomes increasingly irregular and the front fails to maintain high fidelity across the
full range of success probabilities. This is consistent with the findings of Scala et al. [17],
who observed that excessively large nonlinearity, pushing the system toward the photon
blockade regime, is detrimental to gate performance, and that optimal operation occurs
for moderate nonlinearity values (i.e., I'/Jymax < 0.5). A thorough characterization of
this large-I" regime, requiring significantly greater computational resources, is left for
future work. We further notice, in this respect, that this nonlinearity regime might be
experimentally unattainable in realistic material platforms, and its investigation could
be regarded as a purely academic interest.

In what follows, we will focus the discussion on the most significant result, i.e. the
Pareto front obtained for I' = 1, for which the deviation from the linear behaviour
is most significant; the remaining intermediate cases are reported in Appendix B for
completeness.

4.5.3 Focus on nonlinear results for I' =1 (I'/Jyax = 0.125)

In Fig. 4.13 we isolate the optimized Pareto front for I' = 1, i.e., the nonlinearity that
gives the most striking result reported so far in this work. For comparison with Scala et
al. [17], we notice that this value corresponds to the normalized I'/ Jy,ay = 0.125 for this
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Figure 4.13: Optimized Pareto front for I' = 1 (i.e., I'/Jpmax = 0.125), here reported again
for close inspection.

batch of simulations. Unlike the other cases shown in Fig. 4.11, the front is remarkably
smooth and uniformly high until very large success probability. In fact, the Fidelity
remains above F = 0.95 throughout the entire range of 0 < pgucc < 1, with only two
modest, isolated dips, around pguec ~ 0.59 (F ~ 0.959) and pguec =~ 0.71 (F =~ 0.969).
Beyond pguec = 0.73, the Pareto front remarkably stabilizes above F = 0.997, and there
remains all the way to psuce — 1, as shown in Fig. 4.14.

Inspecting the optimized parameters across the whole front shows a qualitative

difference from the cases discussed previously: rather than a competition between mul-
tiple, comparably good families, I' = 1 is dominated almost everywhere by a single
robust family, with Jo3 =~ 0, decoupling the first two sites from the others, and, for
much of the front, J55 ~ 0 as well, decoupling the last ancilla. The two isolated dips
mentioned above are the only points at which this family appears to be locally inter-
rupted, without being replaced by a persistent alternative family. Beyond these two
dips, the same family persists uninterrupted into the near-deterministic regime, with
fidelity increasing monotonically towards unity.
This confirms the trend anticipated in the previous sections: as I' increases, the front
does not merely flatten in an average sense, but converges towards a single, increasingly
robust family of solutions capable of sustaining near-unit fidelity across the entire range
of success probabilities. This behaviour does not hold forever, as shown in Fig. 4.12:
when further increasing I', convergence towards high Fidelities remains problematic on
approaching unitary success probability.

Highest-fidelity point The highest-fidelity configuration on this Pareto front is
found for piarget = 0.8795, deep in the near-deterministic region of the optimized CNOT
gate. It is worth noting that this point is only nominally the maximum: the fidelity
remains essentially unchanged, within 5 - 107#, for all of the subsequent points up to
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Figure 4.14: Zoom-in of the Pareto front shown in Fig. 4.13 for I' = 1, in the near-
deterministic region of the CNOT gate, i.e., psucec = 0.83. The highlighted (red) point corre-
sponds to the highest-fidelity configuration, as discussed below.

Psuce — 1 (see Fig. 4.14), such that this configuration should be understood as repre-
sentative of the entire near-deterministic plateau, rather than as a uniquely optimal
point. Expressing all the optimal parameters in units of J'%¢ = |Ji| ~ 5.869 71, the
optimized parameter vector reads
0*
—— =(0.756, —0.058, —0.788, —0.815, —1.007,
S (4.27)
—0.149, 1.8-1077, —0.148, 1.000, —1.7-1077),

Both Joz/J%¢ ~ 1.8 - 1077 and Js6/J%%, ~ —1.7- 1075 are negligible, confirming the
decoupling mechanism found throughout this chapter, that persists even in this strongly
non-linear near-deterministic regime.
The resulting figures of merit are

Peuce = 0.8795,  F = 0.99950, (4.28)

with a residual cost C'(60*) = 1.00- 1072, the smallest of all the configurations discussed
in this chapter. The corresponding gate matrix, projected onto the logical subspace, is

0.937 + 0.029;  —0.001 — 0.0114 0 0
G. — | —0-001-0011i  0.937 +0.021i 0 0
Axd 0 0 —0.024 +0.0417  0.937 +0.025; |
0 0 0.937 4+ 0.025;  —0.024 — 0.0214

(4.29)
in which the elements significantly different from zero tend now to be close to 1, as
a further indication that the CNOT gate tends to be deterministic. Its normalized,
phase-corrected version reads

0.500 0.006 0 0
0.006 0.500 0 0
0 0 0.025 0.500 [~
0 0 0500 0.017

G = (4.30)
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Figure 4.15: Time evolution of the photon density across the six waveguides, from T = 0
to T =1, for each computational basis input state, at the highest-fidelity point for I' = 1.

Density at T=1 - two excitation subspace
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Figure 4.16: Photon density at 7" = 1 across the six waveguides, for each computational
basis input state, at the highest-fidelity point for I' = 1.

in which again the entries with modulus below 107 have been set to zero. The dom-
inant entries are now essentially indistinguishable from the ideal value 1/2 expected
for a perfect normalized CNOT, with deviations at the 1072 level. This is a marked
improvement over all other configurations presented in this chapter and it is consistent
with the near-unit fidelity value obtained from the optimization F = 0.99950.

Figures 4.15 and 4.16 show the time evolution of the photon density, and its value
at T' = 1, respectively, for each computational basis input state. The ancillary site |as)
(i.e., site 6) remains essentially unpopulated throughout the evolution for all of the four
inputs, which is consistent with the optimal value Js5 =~ 0: in this near-deterministic
regime, the second ancilla basically plays no dynamical role. The other ancillary site,
lat) (i.e., site 1), does retain a small residual population (approximately 11%) for the
inputs with the control qubit in |¢;) (sites |00), |01)), consistent with the non-negligible
value of Jig; this residual loss is precisely what keeps pgucc = 0.8795 below unity, rather
than reaching full determinism. For the remaining inputs, the density is essentially
fully recombined onto the correct logical output sites at 7' = 1, with only percent-level
residual leakage elsewhere. We notice the striking difference with the corresponding
result shown in Fig. 4.5.

Finally, in Fig. 4.17 we report the corresponding projected, normalized, de-phased
matrix G, whose near-uniform bar heights visually confirm the closeness to an ideal

CNOT.
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Figure 4.17: Real and imaginary parts of the normalized, dephased logical gate, G at the
highest-fidelity point for I' = 1.

4.6 Physical plausibility of optimized parameters

A natural question is whether the optimized parameters found throughout this Chapter
actually correspond to physically achievable couplings and nonlinearities in a physi-
cally realistic implementation, rather than to purely formal solutions of the optimiza-
tion problem. While a definitive answer would require a specific target platform and
fabrication constraints, an order-of-magnitude estimate can be obtained by fixing the
dimensionless model parameters to the physical scale already introduced in Section 4.1:
with Tphys = L/vy, = 2ps and the condition JTp,nys ~ 7 yielding hJ ~ 1meV for a
model coupling of order unity, any of our optimized parameter J,,qe corresponds to a
physical coupling of
thhys = Jmodel - 1meV. (431)

Since I' enters the Hamiltonian on exactly the same footing as the hopping terms, the

same calibration applies to it. Under this estimate, the optimized J¢_values found

in this chapter (ranging from J'° = 3.3 in the linear case to J'%¢ = 6.8 at T' = 0.75)

correspond to physical couplings of a few meV, somewhat larger than the ~ 1 meV ref-
erence value but not unreasonable, given that J depends exponentially on the physical
separation between waveguides and can be increased simply by bringing them closer
together.

A more informative comparison is obtained by considering the ratio I'/Jy.x rather
than the absolute values, since this ratio is independent of the specific calibration con-
stant used above (both I" and J scale with the same conversion factor, which therefore
cancels). Scala et al.[17] report that realistic to optimistic values of the self-Kerr non-
linearity achievable in exciton-polariton waveguide platforms, given hJy.c ~ 1meV,
correspond to U/Jpax &~ 0.01-0.5. The values of T'/J.x explored in this work (Ta-
ble 4.1) range from 2.2-1073 to 0.125, closely matching this physically motivated range:
the bulk of this chapter’s analysis (I"' < 0.75, i.e. I'/Jpax < 0.125) falls within of values
considered achievable by Scala et al. This agreement, obtained without any deliberate
tuning towards numbers from Scala et al., lends some physical credibility to the ac-
tual realization of the nonlinear regime explored in this chapter, although an objective
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evaluation would require committing to a specific material platform and repeating the
analysis of Section 4.1 with platform-specific values of L and v,.

Summary

This chapter has explored whether the architectural simplicity of the linear-optical
quantum-walk CNOT of Lahini et al. can be combined with a distributed self-Kerr
nonlinearity, with the aim of overcoming the fundamental ps.. = 1/9 bound estab-
lished from the theory of LOQC, while retaining the minimal six-waveguide geometry.
In the linear case (I' = 0), the optimization reproduces the result of Lahini et al. al-
most exactly, spontaneously recovering the decoupling condition .Jo3 &~ 0 that Ralph et
al. impose by construction, and saturating the theoretical bound with F = 0.9962 at
Psuce = 1/9. Beyond this point, the fidelity degrades smoothly and settles onto a robust
floor at F = 1/+/2, which was shown to be a genuine consequence of the factorizing into
an uncorrelated product evolution, a limit independently confirmed by the analogous
plateau found in the results of Scala et al. under a different fidelity convention. The
qualitatively different, monotonically decreasing tail reported by Lahini et al., however,
could not be reconciled with our results and remains an open question.

Switching on the nonlinearity reshapes this picture substantially, though not uniformly.
Near the linear-optical bound, I' = 0 remains the best-performing configuration found
in this work, and moderate nonlinearities offer no advantage there. The benefit of I'
instead emerges at high success probability, where linear optics is fundamentally in-
capable of sustaining high fidelity: at I' = 0.5 and I' = 0.75, this is achieved only
partially, through an unresolved competition between multiple, qualitatively distinct
decoupling families, producing markedly irregular Pareto fronts. At I' = 1, this compe-
tition resolves in favour of a single robust family, sustaining F > 0.997 for pgue. = 0.83
and approaching fully deterministic operation as pgue — 1. Across all values of T,
the mechanism enabling fidelities beyond the linear floor was traced, at the level of
individual optimized parameters, to qualitatively different hopping topologies: from
the near-decoupling of a single waveguide pair, to a three-site "engine” conditionally
accessed by the control-qubit photon, to the essentially full recombination onto the
logical subspace found at I' = 1.

Finally, an order-of-magnitude comparison with the physical estimates of Scala et al.
showed that the normalized nonlinearity strengths explored in this chapter, I'/Jyax,
are broadly compatible with values considered experimentally achievable in exciton-
polariton waveguide platforms, lending some physical plausibility to the results pre-
sented, although a definitive assessment would require committing to a specific material
platform. Taken together, these results indicate that a genuinely deterministic CNOT
gate is, in principle, achievable within the same minimal six-waveguide geometry orig-
inally proposed for the probabilistic linear-optical case, provided a sufficiently strong
and continuously distributed self-Kerr nonlinearity is available — without resorting to
the multi-block concatenated architecture required by previous nonlinear proposals.



Conclusions

This thesis started from asking ourselves a relatively simple question: can the archi-
tectural simplicity of the quantum-walk CNOT gate proposed by Y. Lahini et al. a
few years ago [15] be combined with a distributed self-Kerr non-linearity, in order to
overcome the 1/9 success-probability bound that is well known from the linear optical
quantum computing paradigm, without giving up the minimal six-waveguide geometry?
In fact, Chapter 4 answered this question in a systematic way, and the final answer is:
yes, it does.

To briefly summarize the main outcomes of this work, we started from the analysis
of the purely linear quantum walk case, i.e., by imposing I' = 0 (I" representing the en-
ergy scale associated with the two-particle nonlinearity within the propagating system,
given in dimensionless units). Here, the optimization reproduces the result of Lahini et
al. almost exactly: the algorithm spontaneously finds the decoupling condition Jo3 &~ 0
that Ralph et al. [10] impose by construction, and it saturates the theoretical bound
with fidelity F' = 0.9962 at pguee =~ 1/9. At difference with the result previously found
by Lahini et al., in our numerical optimization the fidelity does not collapse when mov-
ing away from this point. Instead, it settles smoothly onto a robust floor at F' =1/ V2.
We showed that this floor is not a numerical artefact, but rather a real consequence of
the system factorizing into an uncorrelated product evolution on the two qubits. This
same plateau also appears, independently, in the results of Scala et al. [17], under a
different fidelity convention, which supports our interpretation. One thing we could
not explain is the different, monotonically decreasing tail reported by Lahini et al.: this
remains an open point for future work.

Switching on the non-linearity (i.e., setting I" # 0 since the beginning of the numer-
ical optimization procedure) radically changes this picture, albeit smoothly and non-
uniformly. Close to the linear-optical bound, I' = 0 is still the best choice we found: a
small or moderate non-linearity gives no advantage there. The real benefit of I' appears
at high success probability, exactly where linear optics cannot keep the fidelity high.
At I' = 0.5 and I" = 0.75 (for the meaning of these dimensionless values, we remind
the reader to the presentation of results in Chapter 4), we found that this improvement
is only partial, and comes from a competition between multiple, qualitatively different
families of solutions, which makes the Pareto front irregular. At I' = 1, this competi-
tion resolves: a single, robust family of solutions dominates the whole front, keeping
F > 0.997 for psue. = 0.83, and approaching a fully deterministic gate as pgyec — 1.
Looking at the individual optimized parameters, we could trace this improvement to
different hopping topologies: from the near-decoupling of a single pair of waveguides,
to a three-site "engine” conditionally used by the control-qubit photon, to an almost
complete recombination onto the logical subspace at I' = 1. This is considered the main
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result of the thesis.

Furthermore, we also asked whether these results are physically reasonable, not just
mathematically optimal. Using an order-of-magnitude estimate based on the physi-
cal scale introduced in Sec. 4.6, we compared our dimensionless non-linearity values,
i.e., normalized to the largest hopping rate found by the optimizer during each dif-
ferent iteration (i.e., I'/Jpax ranging from 2.2 x 1073 to 0.125) with the values that
Scala et al. report as realistic to optimistic for exciton-polariton waveguide platforms
(U/Jmax == 0.01-0.5). All our results fall inside this physically motivated range. This
agreement was not built into the optimization in any way, so it gives some real physical
credibility to our non-linear results, even if a definitive answer would require choosing
one specific material platform.

Taken altogether, these results show that a genuinely deterministic CNOT gate is
achievable within the same minimal six-waveguide geometry originally used for the prob-
abilistic, linear-optical case, as long as a sufficiently strong and uniformly distributed
self-Kerr non-linearity is available. This is a simpler route to determinism than the
multi-block architecture required by previous non-linear proposals [17]. The results of
Chapter 4 open more questions than they close, and several natural directions follow
directly from this work.

The most direct one is experimental. An exciton-polariton implementation of a non-
linear photonic CNOT gate is currently being explored by other groups working on
this platform [17, 69], and the optimized parameters found in this thesis could serve
as a concrete target for such an effort. To make this connection realistic, the model
used here would need to be extended: dissipation should be added through Lindblad
master equations, to model photon loss in a realistic semiconductor device, and full
electromagnetic-field propagation should be simulated with a Maxwell solver, to in-
clude dispersion and realistic waveguide geometry. The optimization itself could also
be extended to richer non-linearity structures, such as site-dependent self-Kerr terms
or a combination of self-Kerr and cross-Kerr interactions, and to other gate geometries
and other two- or three-qubit gates (for example CZ or Toffoli gates). More broadly,
this optimization-based approach connects to the growing field of quantum optical neu-
ral networks, where trainable nets of linear optics and single-site non-linearities are
used to design a wide range of quantum operations [18, 19]; extending the present six-
waveguide geometry into such a trainable network could offer a natural path toward
the higher-dimensional, multi-gate architectures mentioned above.

A second, more theoretical direction is to understand why the optimized system works,
rather than only that it works. The numerical optimizer finds high-fidelity configura-
tions, but treats the system as a black box. Some features of the optimized Hamiltonians
found in Chapter 4 suggest that something structured is happening: the two-photon
dynamics is regular and close to periodic, the ancilla waveguides are effectively ex-
cluded at high I', and each logical state is built from only a few dominant eigenstates
instead of being spread over the whole system. This raises a natural question: does the
probabilistic-to-deterministic transition, driven by I, correspond to a genuine spectral
phase transition of the optimized Hamiltonian? Two complementary pictures could be
used to address this. The first is many-body localization, where the transition would
separate a thermalizing phase, in which the photons explore the full system including
the ancillas, from a localized phase, in which the dynamics stays confined to the logical
subspace. The second is the theory of Hopfield networks, where the inhomogeneous
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couplings J;; found by the optimizer could be seen as storing the gate as a stable dy-
namical attractor. If this picture holds, it would also suggest a natural generalization:
instead of a one-dimensional chain of six waveguides, one could design a disordered,
higher-dimensional network of coupled waveguides, engineered to store several quan-
tum gates at once as distinct attractors, moving toward a programmable non-linear
photonic quantum processor.
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Appendix A

Simulation code

This appendix reports the Python implementation of the numerical simulations dis-
cussed in Chapter 4. The code excerpt reported below represents only a portion of the
full implementation; auxiliary parts that are not essential for understanding the algo-
rithm, but are merely required for its execution, have been omitted for clarity. The first
script performs a single optimization run, scanning the full set of target success prob-
abilities and producing one realization of the fidelity—success-probability Pareto front
for a given value of I'. The second script aggregates the results of multiple independent
runs of the first script, selecting, for each target probability, the configuration with
the highest fidelity, in order to obtain the consolidated Pareto front and the associated
physical plots discussed in the main text. Both of the codes take the case of I' = 1 as
the paradigmatic example.

A.1 Single-run optimization script

Listing A.1: Optimization script (single run)

#Space settings

#Working space dimension (in our case, for two relevant qubits, it is
4)
NSpace=4

# Time and nonlinearity
T =1

Gamma= 1

# Define a, adaga and Id as dense 3x3 matrices initially

a_dense=np.array([[0, np.sqrt(l), 0],
o, 0, np.sqrt(2) 1,
(o, 0, 011)
adaga_dense=np.array ([[0, 0, ol,
[np.sqrt (1), O, ol,
(o, np.sqrt(2), 011
Id_dense=np.array([[1,0,0],
[0,1,0],
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30

39

10

41

(0,0,111)

# Convert the matrices to sparse format (CSR - Compressed Sparse Row)
a = sparse.csr_matrix(a_dense)

adaga = sparse.csr_matrix(adaga_dense)

Id = sparse.csr_matrix(Id_dense)

n=adaga@a #automatically a sparse matrix

#Now extend the single a and adaga to the remaining subspaces using
sparse.kron

A_1_daga= sparse.kron(adaga, sparse.kron(Id, sparse.kron(Id, sparse.
kron(Id, sparse.kron(Id, Id)))))

A_2_daga= sparse.kron(Id, sparse.kron(adaga, sparse.kron(Id, sparse.
kron (Id, sparse.kron(Id, Id)))))

A_3_daga= sparse.kron(Id, sparse.kron(Id, sparse.kron(adaga, sparse.
kron(Id, sparse.kron(Id, Id)))))

A_4_daga= sparse.kron(Id, sparse.kron(Id, sparse.kron(Id, sparse.kron(
adaga, sparse.kron(Id, Id)))))

A_5_daga= sparse.kron(Id, sparse.kron(Id, sparse.kron(Id, sparse.kron(
Id, sparse.kron(adaga, Id)))))

A_6_daga= sparse.kron(Id, sparse.kron(Id, sparse.kron(Id, sparse.kron(
Id, sparse.kron(Id, adaga)))))

A_1= sparse.kron(a, sparse.kron(Id, sparse.kron(Id, sparse.kron(Id,
sparse.kron(Id, Id)))))

A_2= sparse.kron(Id, sparse.kron(a, sparse.kron(Id, sparse.kron(Id,
sparse.kron(Id, Id)))))

A_3= sparse.kron(Id, sparse.kron(Id, sparse.kron(a, sparse.kron(Id,
sparse.kron(Id, Id)))))

A_4= sparse.kron(Id, sparse.kron(Id, sparse.kron(Id, sparse.kron(a,
sparse.kron(Id, Id)))))

A_5= sparse.kron(Id, sparse.kron(Id, sparse.kron(Id, sparse.kron(Id,
sparse.kron(a, Id)))))

A_6= sparse.kron(Id, sparse.kron(Id, sparse.kron(Id, sparse.kron(Id,
sparse.kron(Id, a)))))

@ 0 © © © ©

# List of number operators
N_list = [N_1, N_2, N_3, N_4, N_5, N_6]

# List of annihilation operators
A_list = [A_1, A_2, A_3, A_4, A_5, A_6]

# List of creation operators
A_dag_list = [A_1_daga, A_2_daga, A_3_daga, A_4_daga, A_5_daga,

A_6_dagal
I = sparse.eye(N_list [0].shape[0], format= )
ketVuoto=np.zeros (729) #vector of one omne followed by 728 zeros
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112

ketVuoto [0]=1

#logical states

ket00_dense=(A_2_daga@(A_4_daga@ketVuoto))
ketO01_dense=(A_2_daga@(A_5_daga@ketVuoto))
ket10_dense=(A_3_daga@(A_4_daga@ketVuoto))
ketll_dense=(A_3_daga@(A_5_daga@ketVuoto))

hopping_ops = [A_dag_list[i] @ A_list[i+1] + A_dag_list[i+1] @ A_listl[
i] for i in range(5)]

basis_matrix = np.column_stack([ketOO_dense, ketOl_dense, ketlO_dense,
ket11l_dense])

basis_matrix_conj = basis_matrix.conj().T

CNOT = np.array([[1,0,0,0],[0,1,0,0],[0,0,0,1]1,[0,0,1,0]], dtype=
complex)

CNOT_daga = CNOT.conj().T

f========================

# Optimizer configuration

ff========================

n_parametri = 10

lowEJ=-8 #minimum bound value

uppEJ =8 #maximum bound value

w=20

# =====================================================

# UTILITY FUNCTION: builds H and computes the 4x4 gate

def compute_gate (parametri):
E_i = np.zeros(6)
J_ij = np.zeros(5)
E_i[1:6] = parametri[0:5]
E_i[0] = 0.0
J_ij[0:5] = parametri[5:10]

#Hamiltonian
H_full = (sum(E_i[i] * N_list[i] for i in range(6)) +
sum(J_ij[i] * hopping_ops[i] for i in range(5))) + Gammax*
sum(N_1ist[iJ@(N_1ist[i]-I) for i in range(6))

#Projected matrix
evolved_matrix = expm_multiply(-1j * np.pi * T * H_full,
basis_matrix)
G4x4 = basis_matrix_conj @ evolved_matrix
return H_full, G4x4

def CostF(parametri):

#Energy of the 6 sites

E_i = np.zeros(6)

#Tunneling rate between the 6 sites (j=i+1l, i.e.: 1ij
=[01,12,23,34,45])
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166

J_ij=np.zeros (5)

#Unpack parameters from the input array

E_i[1], E_i[2], E_i[31, E_i[4], E_i[5s1, J_ijflol, J_ij[11, J_ijIl2],
J_ij[3], J_ij[4]= parametri

E_i[0]= 0.00

#HAMILTONIAN and gate (delegated to compute_gate)
_, G4x4 = compute_gate(parametri)

#Normalize and then remove the phase
GdagaG = G4x4.conj().T @ G4x4
eigvals= np.linalg.eigvalsh(GdagaG)
succes_prob_local = np.mean(eigvals)

G4x4_normalized = G4x4 / np.linalg.norm(G4x4, ’fro’)

Fidelity=np.abs(np.trace(CNOT.conj().T @ G4x4_normalized)/ np.linalg
.norm (CNOT, ’'fro’))

return Fidelity, succes_prob_local, G4x4, G4x4_normalized

def nlopt_objective(x, grad):
Fidelity, succes_prob_local, G4x4 , G4x4_normalized = CostF(x)
objective_value = float(1-Fidelity**2)
penality = w*(succes_prob_local - prob_scelta) **2

return objective_value + penality

## =====================================================
# NLopt OPTIMIZER: global MLSL + local BOBYQA

#f =====================================================
nomeopt = "MLSL"

# Local optimizer used INTERNALLY by MLSL during the global search
opt_local_for_mlsl = nlopt.opt(nlopt.LN_BOBYQA, n_parametri)
opt_local_for_mlsl.set_lower_bounds([lowEJ] * n_parametri)
opt_local_for_mlsl.set_upper_bounds ([uppEJ] * n_parametri)
opt_local_for_mlsl.set_xtol_rel(le-3)
opt_local_for_mlsl.set_maxeval (20)

# Global MLSL optimizer

opt_global = nlopt.opt(nlopt.G_MLSL_LDS, n_parametri)
opt_global.set_lower_bounds ([lowEJ] * n_parametri)
opt_global.set_upper_bounds ([uppEJ] * n_parametri)
opt_global.set_min_objective(nlopt_objective)
opt_global.set_local_optimizer (opt_local_for_mlsl)
opt_global.set_maxeval (18000)
opt_global.set_xtol_rel(le-2)

# Local optimizer for the FINAL refinement on the best global point
opt_refine = nlopt.opt(nlopt.LN_BOBYQA, n_parametri)
opt_refine.set_lower_bounds ([lowEJ] * n_parametri)
opt_refine.set_upper_bounds ([uppEJ] * n_parametri)
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opt_refine.set_min_objective(nlopt_objective)
opt_refine.set_xtol_rel(le-6)
opt_refine.set_maxeval (1500)

opt = opt_global

intervalli = 80

valoridadare_prob_scelta = np.array(np.linspace(0.02, 0.99, intervalli
))

print ("Genero prob_scelta_values:")

print(valoridadare_prob_scelta)

#============================================================
#START OPTIMIZATION
========================S====S====S=S=S===S=S=S===S==================
probabilita_successo = np.zeros(intervalli)

valori_fidelity = np.zeros(intervalli)

valori_costo = np.zeros(intervalli)

valori_parametri = np.zeros((intervalli, n_parametri))

# Define the bounds for the random generation of xO
lower_bounds_x0 = [lowEJ] * (n_parametri)
upper_bounds_x0 = [uppEJ] * (n_parametri)

rng = np.random.default_rng()
random_seed = rng.integers (0, 50)
np.random.seed(random_seed)

for i in range(intervalli):

prob_scelta = valoridadare_prob_sceltal[il]
print (f"\nOttimizzatore {nomeopt}, iterazione {i+1} per prob target
= {prob_sceltal}...")

# Random starting point
x0 = np.random.uniform(lower_bounds_x0, upper_bounds_x0, n_parametri
)
try:
x_opt = opt_global.optimize (x0)
x_final = opt_refine.optimize(x_opt)
# Retrieve the final data
Fidelity, succes_prob_local, G4x4, G4x4_normalized = CostF(x_final

)
costo_minimo = opt_refine.last_optimum_value ()
valori_parametri[i, :] = x_final
valori_costo[i] = costo_minimo
valori_fidelity[i] = Fidelity
probabilita_successo[i] = succes_prob_local

except nlopt.RoundofflLimited:
print (" Attenzione: limite di precisione raggiunto.")
except Exception as e:
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221

print(f" Errore: {e}")

print("fine iterazioni')

A.2 Multi-run aggregation script

Listing A.2: Aggregation script for multiple runs (mash up)

# MASHUP: best fidelity for each prob_scelta

# All unique prob_scelta values present in the loaded files
tutti_prob_scelta = np.unique(np.round(
np.concatenate ([d["prob_scelta"] for d in tutti_i_dati]), 10))

print (f"\nUnique prob_scelta values: {len(tutti_prob_scelta)l}")
print (f"Range: [{tutti_prob_scelta.min():.4f}, {tutti_prob_scelta.max
() :.4f31™)

len(tutti_prob_scelta)
tutti_i_dati[0]["valori_parametri"].shape[1]

n_prob
n_parametri

best_prob_scelta
best_fidelity

np.zeros (n_prob)
np.zeros(n_prob)

best_prob_successo = np.zeros(n_prob)

best_costo = np.zeros(n_prob)

best_parametri = np.zeros((n_prob, n_parametri))
best_file_origine = []

print ("\nSelecting best fidelity for each prob_scelta...")

for idx, p_target in enumerate(tutti_prob_scelta):

fidelity_migliore = -1.0
best_entry = None
file_migliore = "N/A"

for dati in tutti_i_dati:
mask = np.abs(dati["prob_scelta"] - p_target) <=
TOLLERANZA_PROB
if not np.any(mask):
continue

fidelity_candidate = dati["valori_fidelity"][mask]
idx_locale np.argmax(fidelity_candidate)
idx_globale np.where (mask) [0] [idx_localel

if fidelity_candidate[idx_locale] > fidelity_migliore:
fidelity_migliore = fidelity_candidate[idx_locale]
best_entry = {

"fidelity": dati["valori_fidelity"][idx_globalel,

"prob_successo": dati["probabilita_successo"][
idx_globalel],

"costo": dati["valori_costo"][idx_globalel,
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"parametri": dati["valori_parametri"][idx_globale
1,
}

file_migliore = dati["nome_file"] # correct traceability

if best_entry is None:
print (£f" [WARN] No entry for prob_scelta={p_target:.6f}")

best_prob_scelta[idx] = p_target

best_fidelity [idx] = np.nan

best_prob_successo[idx] = np.nan

best_costo [idx] = np.nan

best_parametri [idx] = np.full(n_parametri, np.nan)
else:

best_prob_sceltal[idx] = p_target

best_fidelity[idx] = best_entry["fidelity"]

best_prob_successo[idx] = best_entry["prob_successo"]

best_costo [idx] = best_entry["costo"]

best_parametri [idx] best_entry["parametri"]
best_file_origine.append(file_migliore)

print(f"Selection completed for {n_prob} prob_scelta values.")

plt.figure(figsize=(8, 4))
plt.plot(best_prob_successo[valid], best_fidelity[valid], ’o-’,
markersize=5, linewidth=1.2, label="Best fidelity per
prob_scelta")
plt.axvline(x=1/9, color=’red’, linestyle=’--’, linewidth=1, label=f"
Limite teorico 1/9 =1/9:.4f}")
plt.xlabel ("Success Probability")
plt.ylabel ("Fidelity")
plt.title(f"Pareto front: fidelity vs success probability {name_graph}
")
plt.legend ()
plt.grid(True)
plt.tight_layout ()
plt.savefig(f"best_fidelity_vs_prob_{name_graph}.png", dpi=150)
plt.show ()

idx_plot = idx_max if ITERAZIONE_SCELTA is None else int(
ITERAZIONE_SCELTA)

print (£"\n--- Physical analysis: iteration {idx_plot} ---")

print (f"prob_scelta: {best_prob_sceltal[idx_plot]:.6f}")
print(f"Fidelity: {best_fidelity[idx_plot]:.6£f}")

print (f"Prob_successo: {best_prob_successo[idx_plot]:.6£f}")

print (f"Costo: {best_costo[idx_plot]:.6f}")

print (f"Source file: {Path(best_file_origine[idx_plot]) .name}")
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94 |print (£

96 | selected_params = best_parametri[idx_plot]
o7 |H_full, G4x4 = compute_gate(selected_params)

99 | GdagaG = G4x4.conj().T @ G4x4

o |eigvals = np.linalg.eigvalsh(GdagaG)

101 | succes_prob_local = np.mean(eigvals)

102 | G4x4_normalized = G4x4 / np.linalg.norm(G4x4, )
103 | phi_global = np.angle(G4x4_normalized)

101 | G4x4_phase_corrected = G4x4_normalized * np.exp(-1j * phi_global)

105

106 | print ( )

107 | print (np.round (G4x4, 4))

108 | print( )

109 |print (np.round (G4x4_normalized, 4))

110 | print ( )

111 |print (np.round (G4x4_phase_corrected, 4))

113 |# ==========================================================
114 |# 3D plot -- Real and Imaginary part of G4x4_phase_corrected
115 |# =====================S====S==S===S=S=S==S=S=S=S=S=S=SS==S=S===S===========
116 | real_G4x4 = np.real (G4x4_phase_corrected)

117 | imag_G4x4 = np.imag(G4x4_phase_corrected)

s |state_labels = [ , > , ]

119
120 |fig, (axl, ax2) = plt.subplots(l, 2, figsize=(12, 5), subplot_kw={
i)

122 |x_pos = np.arange (4)

123 |y_pos = np.arange (4)

12¢ |X_pos, Y_pos = np.meshgrid(x_pos, y_pos)
125 | X_flat = X_pos.flatten()

126 | Y_flat Y_pos.flatten ()

127 |Z_flat = np.zeros_like(X_flat)

128 |dx = dy = 0.7

130 |axl.bar3d(X_flat, Y_flat, Z_flat, dx, dy, real_G4x4.flatten(), cmap=

, zZsort= )
131 |axl.set_xticks (x_pos); axl.set_xticklabels(state_labels, rotation
=-15, ha= )
132 |axl.set_yticks(y_pos); axl.set_yticklabels(state_labels, rotation=15,
ha= )
133 |axl.set_xlabel( ); axl.set_ylabel( )
131 |axl.set_zlabel( ); axl.set_title( )

155 |ax1l.set_zlim(-0.1, 1.1)

137 |ax2.bar3d(X_flat, Y_flat, Z_flat, dx, dy, imag_G4x4.flatten(), cmap=

, zZsort= )
135 |ax2.set_xticks(x_pos); ax2.set_xticklabels(state_labels, rotation
=-15, ha= )
130 |ax2.set_yticks(y_pos); ax2.set_yticklabels(state_labels, rotation=15,
ha=
140 |ax2.set_xlabel( ); ax2.set_ylabel( )
111 |ax2.set_zlabel( ); ax2.set_title( )
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191

ax2.set_z1lim(-0.08, 0.08)

fig.suptitle(£"G4x4 - iterazione {idx_plot}_{name_graphl}(F={
best_fidelity[idx_plot]:.4f})", fontsize=13)

plt.tight_layout ()

plt.savefig(f"G4x4 _3d_plot_iter_{idx_plot}_{name_graph}.png", dpi=150)

plt.show ()

files.download (f"G4x4_3d_plot_iter_{idx_plot}_{name_graphl}.png")

#§ =====================================================
# GRADIENT PLOTS -- correct physical normalization
# =====================================================
initial_states_mapping = {

"00": np.array(ket00).flatten(),

"01": np.array(ketO1).flatten(),

"10": np.array(ketl10).flatten(),

"11": np.array(ketll).flatten(),
}

times = np.linspace(0, T, 100)

fig_grad, axes_grad = plt.subplots(l, 4, figsize=(13, 4))
fig_grad.suptitle(’Density Maps for Different Initial States’,
fontsize=16)

for idx, (label, psiO) in enumerate(initial_states_mapping.items()):
ax = axes_grad[idx]
density = np.zeros((n_sites, len(times)))

for i, t in enumerate(times):
psi_t = scipy.sparse.linalg.expm_multiply(-1j * np.pi * H_full
* t, psiO)
psi_t = psi_t / np.linalg.norm(psi_t) # physical
normalization

for site_idx in range(n_sites):
density[site_idx, i] = np.real(
psi_t.conj() @ (N_list[site_idx] @ psi_t)
)

im = ax.imshow(density.T, aspect=’auto’, origin=’lower’, cmap=’
inferno’,
extent=[0.5, 6.5, times[0], times[-1]],
vmin=0, vmax=2)
ax.set_title(f"Input State {label}")
ax.set_xlabel(’Site’)
ax.set_ylabel (’Time (T)7)
fig_grad.colorbar (im, ax=ax)

plt.tight_layout (rect=[0, 0.03, 1, 0.95])

plt.savefig(f"gradient_plot_iter_{idx_plot}_{name_graphl}.png", dpi
=150)

plt.show ()

files.download (f"gradient_plot_iter_{idx_plot}_{name_graph}.png")




196
197
198
199
200
201
202
203

204

219

# BAR PLOT at T=1 -- correct physical normalization
fig_bars, axes_bars = plt.subplots(l, 4, figsize=(16, 5), sharey=True)
fig_bars.suptitle(f’Density at T=1 for Each Initial State_{name_graph}

>, fontsize=16)

for idx, (label, psiO) in enumerate(initial_states_mapping.items()):

ax = axes_bars([idx]
psi_T1 = expm_multiply(-1j * np.pi * H_full * T, psiO)
psi_T1 = psi_T1 / np.linalg.norm(psi_T1) # physical normalization

density_at_T1 = np.array ([
np.real(psi_Tl.conj() @ (N_list[site_idx] @ psi_T1))
for site_idx in range(n_sites)

D

ax.bar(np.arange(l, n_sites + 1), density_at_T1, color=’skyblue’)
ax.set_title(f"Input State {label}")
ax.set_xlabel (’Site’)
if idx == 0:
ax.set_ylabel (’Density (at T=1)7)
ax.set_xticks(np.arange(l, n_sites + 1))
ax.grid(axis=’y’, linestyle=’--’, alpha=0.7)
ax.set_ylim (0, 2)

plt.tight_layout (rect=[0, 0.03, 1, 0.95])

plt.savefig(f"density-T=1-barplot_iter_{idx_plot}_{name_graphl}.png",
dpi=150)

plt.show ()
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Appendix B

Numerical results for small
non-linearity values

B.1 Non-linear regime of I' = 0.1 (I'/ Jjax = 0.020)

Pareto front: fidelity vs success probability gamma=0.1
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Figure B.1: Optimized Pareto front for I' = 0.1 (I'/Jmax = 0.020). The inset zooms in on
the region around the highest-fidelity point, highlighted in red.

The highest-fidelity configuration is found for page; = 0.1182. Expressing all pa-

rameters in units of J'%¢ = |J;,| ~ 4.699 77!, the optimized parameter vector reads
0*
— = (0.791, —0.159, 0.598, —1.043, —0.485,
Jloe (B.1)
—0.654, 2.7-10*, —1.000, 0.828, —0.833),
The resulting figures of merit are
Dsuce = 0.1178, F = 0.9956, (B.2)

112



with a residual cost C(0*) = 8.84-1073. The corresponding gate matrix, projected onto
the logical subspace, is

—0.034 — 0.369:  0.023 + 0.0132 0 0
G — 0.023 +0.013¢ —0.010 — 0.309: 0 0
b 0 0 —0.014 + 0.0017  —0.022 — 0.3434 |’
0 0 —0.022 — 0.343: —0.020 4 0.008:
(B.3)
and its normalized, phase-corrected version reads
0.539 0.039 0 0
G 0.039 0.451 0 0 (B.4)

0 0 0.021 0.501 |
0 0 0.501 0.031

where entries below 1072 have been set to zero.
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Figure B.2: Time evolution of the photon density across the six waveguides, from T' = 0
to T = 1, for each computational basis input state, at the highest-fidelity point for I' = 0.1
(Psuce = 0.1178, F = 0.9956).
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Figure B.3: Photon density at T = 1 across the six waveguides, for each computational
basis input state, at the highest-fidelity point for I' = 0.1 (pgyce = 0.1178, F = 0.9956).
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Pareto front: fidelity vs success probability gamma = 0.25
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Figure B.5: Optimized Pareto front for I' = 0.25 (I'/Jmax = 0.045). The zooms in on the
region around the highest-fidelity point, highlighted in red.
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Figure B.4: Real and imaginary parts of the normalized, de-phased logical gate G at the

highest-fidelity point for I' = 0.1 (pgyce = 0.1178, F = 0.9956).

B.2 Non-linear regime of I' = 0.25 (I'/ Jyax = 0.045)

The highest-fidelity configuration is found for paget = 0.1428. Expressing all parame-

ters in units of J%¢ = |Ji| ~ 4.392 77!, the optimized parameter vector reads

o*
Jloc

max

= (—0.455, 0.068, 0.514, —0.995, —0.626,
(B.5)
0.487, 4.4-107%, —0.801, 1.000, —0.529),

The resulting figures of merit are
Psuce = 0.1394, F =0.9914, (B.6)
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with a residual cost C(6*) = 1.73-1072. The corresponding gate matrix, projected onto
the logical subspace, is

—0.383 — 0.0147  0.050 — 0.035¢ 0 0
G — 0.050 — 0.035¢  —0.358 — 0.051: —0.001 0
B 0 —0.001 —0.004 + 0.0227 —0.367 — 0.034 |’
0 0 —0.367 — 0.0342 —0.023:
(B.7)
and its normalized, phase-corrected version reads
0.514 0.082 0.001 0
~ 0.082 0.484 0.001 0.001

G = 0.001 0.001 0.030 0.493 |’ (B-8)

0 0.001 0.493 0.031

where entries below 1072 have been set to zero.
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Figure B.6: Time evolution of the photon density across the six waveguides, from T' = 0
to T =1, for each computational basis input state, at the highest-fidelity point for I' = 0.25
(Psuce = 0.1394, F = 0.9914).
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Figure B.7: Photon density at T" = 1 across the six waveguides, for each computational
basis input state, at the highest-fidelity point for I' = 0.25 (pgyce = 0.1394, F = 0.9914).

B.3 Non-linear regime of I' = 0.5(I"/J,;,0, = 0.083)

Figure B.9 shows the optimized Pareto front for I' = 0.5. Compared to the linear case,
the high-fidelity region extends visibly beyond the Ralph bound: fidelities above 0.95
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Figure B.8: Real and imaginary parts of the normalized, de-phased logical gate G at the
highest-fidelity point for I' = 0.25 (psucc = 0.1394, F = 0.9914).

are sustained up to psucc &~ 0.65, well past pguee = 1/9. Beyond this point, however, the
front becomes markedly irregular, with a sharp drop to F ~ 0.86 around pgu.. ~ 0.68,
a narrow and isolated recovery to F ~ 0.975 at pguce =~ 0.72, and a further decline to

F =~ 0.70 as psucec — 1.

Highest-fidelity point The highest-fidelity configuration is found for piarget = 0.1673,
close to but past the Ralph bound. Expressing all parameters in units of J/%¢ = |Jz,| ~

5.865 7!, the optimized parameter vector reads

0*
~_ — (—1.019, 0.189, 0.105, —0.641, —0.749,
Jloc (B.9)

max

0.758, 3.4-107%, 1.000, —0.716, 0.866),

As in the linear case, Jp3/J2¢ =~ 3.4-1073 is negligible, indicating that the spontaneous
decoupling between the ancillary site |a;)—|c;) block and the rest of the chain persists

even in the presence of a moderate nonlinearity. The resulting figures of merit are

Dsuce = 0.1657, F = 0.9866, (B.10)

with a residual cost C'(6*) = 0.0266. The corresponding gate matrix, projected onto

the logical subspace, is

—0.007 + 0.024: 0.002 + 02 0.001 — 0.002¢

—0.307 + 0.3272
—0.310 + 0.1862 0+ 0: 0+ 0.001z

—0.007 + 0.024¢

G =1 0,002 + 0i 0+ 0i 0.047 4+ 0.024i  —0.310 + 0.256i |’
0.001 — 0.002i 040.001i  —0.310+0.256i —0.026 — 0.055i
(B.11)
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Pareto front: fidelity vs success probability gamma = 0.5
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Figure B.9: Optimized Pareto front for I' = 0.5 (I'/Jmax = 0.083). The inset zooms in on
the region around the highest-fidelity point, highlighted in red.

and its normalized, phase-corrected version reads

0.551 0.030 0.003 0.002
0.030 0.445 0  0.002
0.003 0 0.065 0.494 |~
0.002 0.002 0.494 0.075

G= (B.12)

where entries below 1073 have been set to zero. The block structure inherited from the
linear case is preserved, with dominant entries close to the ideal value 1/2, consistent
with the high fidelity F = 0.9866.

Figure B.12 shows the corresponding projected onto the logical subspace, normalized,
and de-phased gate G, confirming the approximate CNOT structure.

Figures B.10 and B.11 show, respectively, the time evolution of the photon density and
its value at T' = 1, for each input state of the computational basis. Unlike the linear

Density Maps - two excitation subspace

Input |00) Input [01) Input |10) Input |11}
1.0 2.00 L0 2.00 J 2.00 . 2.00
175 175 175 1.75
0.8 0.8 .
150 150 150 1.50
£ os 125 £ os 125 : 125 125
] 100 @ 1.00 1.00 1.00
£ E !
s p7s F 04 075 : 0.75 075
0.50 0.50 0.50 0.50
0.2 0.2 .
0.25 0.25 0.25 0.25
0.0 0.00 0.0 0.00 . 0.00 0.00
2 4 6 2 4 6 2 4 6 2 4
Site Site Site Site

Figure B.10: Time evolution of the photon density across the six waveguides, from T = 0
to T = 1, for each computational basis input state, at the best-fidelity point for I' = 0.5
(psucc - 0.1657, .F - 0.9866).
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Density at T=1 - two excitation subspace
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Figure B.11: Photon density at 7" = 1 across the six waveguides, for each computational
basis input state, at the best-fidelity point for I' = 0.5 (psyec = 0.1657, F = 0.9866).
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Figure B.12: Real and imaginary parts of the normalized, de-phased logical gate G at the
best-fidelity point for I' = 0.5 (psycc = 0.1657, F = 0.9866).

case, the target block (sites 4-5) is no longer confined to a simple two-site oscillation: the
self-Kerr term visibly reshapes the dynamics, with population spreading further into
neighbouring sites during the evolution before recombining close to the ideal logical

output at T' = 1.

The isolated point of the second family To illustrate the second family of three-
sites identified above, we examine the isolated recovery point at prarget = 0.7322 (Psuce =
0.7188, F = 0.9752). Expressing the parameters in units of J'% = |J5| ~ 5.7807 !,

the normalized vector reads

0*
- = (0.730, —0.120, —0.978, —1.038, —0.268,
Tl (B.13)

—52-107°, —2.8-1077, —0.123, 1.000, —1.5-107°),

Here, Jyo/J¢ | Jog/Ji¢  and Jse/Jl, are all negligible (of order 107°~1077), leaving
only J3, and Jy5 as active hopping channels. The ancillary sites are fully decoupled,
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and the control-qubit photon accesses the target block only when it occupies site 3.
With a residual cost C'(0*) = 0.0526, this family achieves a fidelity substantially higher
than the Jos-only family at comparable success probability, which at this point of the
front is closer to F = 0.86-0.87 (see Fig. B.9).

Figures B.13 and B.14 confirm this picture: the density is confined to sites 2-5 through-
out the evolution, with the |10) and |11) inputs (control qubit in |c3), i.e. site 3) showing
population reaching site 5, while the |00) and |01) inputs (control in |¢;), site 2) remain
comparatively more localized near sites 2-4. The corresponding normalized, phase-
corrected gate matrix,

0479 0.128 0 0
0.128 0451 0 0
0 0 0.081 0.511]"
0 0 0.511 0.083

G = (B.14)

shown in Fig. B.15, maintains the same block-diagonal structure seen in the dominant
family, with dominant entries close to the ideal reference 1/2, consistent with the higher
fidelity of this configuration. This confirms that the two competing families identified
in this front, despite relying on entirely different decoupling patterns among the five
hopping coefficients, converge to qualitatively similar block-structured approximations
of the CNOT gate.

B.4 Non-linear regime of I' = 0.75(I"/ J,;;0, = 0.107)

Figure B.16 shows the optimized Pareto front for I' = 0.75. The front is considerably
more irregular than in the previous cases, repeatedly oscillating between F ~ 0.95 and
F =~ 0.98 throughout its range, with a pronounced dip around pgue. ~ 0.67.

Highest-fidelity point The highest-fidelity configuration is found for parger = 0.1182.
Expressing all parameters in units of J'% = |Ji| ~ 6.791 7!, the optimized parameter
vector reads
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Figure B.13: Time evolution of the photon density across the six waveguides, from 7' = 0
to T' = 1, for each computational basis input state, at the second-family point for I' = 0.5
(Psuce = 0.7188, F = 0.9752).
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Density at T=1 - two excitation subspace

Input [01) Input [10) Input [11)

Input |00}

Density (at T=1)

site site Site site

Figure B.14: Photon density at 7" = 1 across the six waveguides, for each computational
basis input state, at the second-family point for I' = 0.5 (pgyce = 0.7188, F = 0.9752).
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Figure B.15: Real and imaginary parts of the normalized, de-phased logical gate G at the
second-family point for I' = 0.5 (pgycc = 0.7188, F = 0.9752), showing the same block-diagonal

structure found in the dominant family.

9*
— = (1.028, —0.531, —0.113, —1.031, —0.569,
Jloc (B.15)

~1.000, —1.1-107%, 0.610, 0.521, —0.541),

As in the previous cases, Jy3/J% =~ —1.1-1072% is negligible, confirming that the
decoupling between the |a;)—|c;) block and the rest of the chain remains a robust
feature of this family. The resulting figures of merit are

Pawce = 0.1209,  F = 0.9939, (B.16)
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Pareto front: fidelity vs success probability gamma = 0.75
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Figure B.16: Optimized Pareto front for I' = 0.75 (I'/ Jyax = 0.107). The inset zooms in
on the region around the highest-fidelity point, highlighted in red.

with a residual cost C'(0*) = 0.0123. The corresponding gate matrix, projected onto
the logical subspace, is

—0.096 — 0.3647  0.008 + 0.006¢ 0 0
G 0.008 4+ 0.006¢ —0.122 — 0.284: 0 —0.001: 0
b 0 0—0.001i  —0.010 +0.032i —0.113 —0.3317 |’
0 0 —0.113 — 0.33172 —0.023 4+ 0.020:
(B.17)
and its normalized, phase-corrected version reads
0.542 0.014 0.001 0
G 0.014 0.444 0.001 0.001 (B.18)

0.001 0.001 0.049 0.503 )"
0 0.001 0.503 0.044

where entries below 1072 have been set to zero. The block structure and the near-ideal
diagonal values (0.503, 0.542, 0.444) are consistent with the high fidelity F = 0.9939.
Figures B.18 and B.19 show the time evolution of the photon density and its value at
T = 1, for each computational basis input state. As in the I' = 0.5 case, the target
block no longer shows the clean two-site oscillation of the linear regime, with population
spreading across a wider set of sites during the evolution before recombining close to
the logical output at 7' = 1. Figure B.17 shows the corresponding normalized, dephased
gate G.

Lowest-fidelity point One particular point along this front is worth examining in
detail, not because it is the overall minimum, but because its underlying structure is
qualitatively different from every other configuration discussed so far: piarget = 0.6830
(Psuce = 0.6680, F = 0.8734). It is worth noting that, in addition to being the absolute

121



Real part of G4x4_phase_corrected Imaginary part of G4x4_phase_corrected

2 o p
=] o o
AL ected

o
B
Real part of G4x4 _phase corr

o
]

it
o

100

fors
f10x
te f1s

fﬂp,_, I Sta

Figure B.17: Real and imaginary parts of the normalized, dephased logical gate G at the
highest-fidelity point for T' = 0.75 (psuce = 0.1209, F = 0.9939).
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Figure B.18: Time evolution of the photon density across the six waveguides, from 7' = 0
to T =1, for each computational basis input state, at the highest-fidelity point for I' = 0.75
(Psuce = 0.1209, F = 0.9939).

minimum of the Pareto front, it is also significantly lower than the surrounding points
on either side of it (F a~ 0.93). Normalizing the optimized parameters by J2¢ =
| /35| ~ 5.785 w1 reveals a decoupling pattern different from every other configuration
discussed so far: here it is Jyo/J%% =~ 71079 and Js6/J%¢. ~ 71077 that vanish,
rather than J,3. Physically, the two ancillary sites |a;) and |az) become fully decoupled
from the rest of the chain, isolating the four inner sites — the control and target qubits
— as a self-contained four-site subsystem, connected internally by Jo3, J34, and Jys, all
now non-negligible.

Figures B.21 and B.22 confirm this picture: the photon density is confined to sites
2-5 throughout the evolution, with no leakage onto the ancilla sites 1 and 6 at any
time. However, unlike the tail of the linear case, this decoupling does not translate
into a simple product structure. Since Ja3, Js34, and Jys are all active simultaneously,
population is free to hop across the entire four-site block, and the resulting dynamics
visibly mixes the control and target degrees of freedom, rather than confining each to
an isolated pair of sites. This is directly reflected in the normalized, phase-corrected
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Density at T=1 - two excitation subspace
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Figure B.19: Photon density at 7" = 1 across the six waveguides, for each computational
basis input state, at the highest-fidelity point for I' = 0.75 (psucc = 0.1209, F = 0.9939).
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Figure B.20: Real and imaginary parts of the normalized, de-phased logical gate G at the
lowest-fidelity point of this Pareto front (psyec = 0.6680, F = 0.8734), showing the absence of

the block-diagonal structure observed elsewhere in this chapter.

gate matrix,
0.455 0.082 0.174 0.157

0.082 0.450 0.169 0.125
0.174 0.169 0.062 0.421 | (B.19)
0.157 0.125 0.421 0.143

shown in Fig. B.20. In sharp contrast to every other configuration examined in this
chapter, G has no block-diagonal structure at all: the off-diagonal entries coupling the
two qubit subspaces are comparable in magnitude to the diagonal blocks themselves,
indicating that the gate substantially mix all four logical states into one another, rather
than factorizing into two independent single-qubit operations as in the product-gate

floor discussed in the linear case.

é:
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Density Maps - two excitation subspace
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Figure B.21: Time evolution of the photon density across the six waveguides, from 7" = 0
to T' =1, for each computational basis input state, at the lowest-fidelity point of this Pareto
front (psuce = 0.6680, F = 0.8734).
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Figure B.22: Photon density at 7' = 1 across the six waveguides, for each computational
basis input state, at the lowest-fidelity point of this Pareto front (psyce = 0.6680, F = 0.8734).
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